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Abstract: The current article studies a coupled system of fractional differential equations
with boundary conditions and proves the existence and uniqueness of solutions by applying
Leray-Schauder’s alternative and contraction mapping principle. Furthermore, the Hyers-Ulam
stability of solutions is discussed and sufficient conditions for the stability are developed. Obtained
results are supported by examples and illustrated in the last section.
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1. Introduction

Fractional calculus is undoubtedly one of the very fast-growing fields of modern mathematics,
due to its broad range of applications in various fields of science and its unique efficiency in modeling
complex phenomena [1,2]. In particular, fractional differential equations with boundary conditions
are widely employed to build complex mathematical models for numerous real-life problems such
as blood flow problem, underground water flow, population dynamics, and bioengineering. As an
example, consider the following equation that describes a thermostat model

—x" = g(t)f(t,x),x(0) = 0,Bxs(1) = x(n),

where t € (0,1),1 € (0,1] and B is a positive constant. Note that solutions of the above equation with
the specified integral boundary conditions are in fact solutions of the one-dimensional heat equation
describing a heated bar with a controller at point 1, which increases or reduces heat based on the
temperature picked by a sensor at 7. A few of the relevant studies on coupled systems of fractional
differential equations with integral boundary conditions are briefly reviewed below and for further
information on this topic, refer to References [3,4].

In Reference [5], Ntouyas and Obaid used Leray-Schauder’s alternative and Banach’s fixed-point
theorem to prove the existence and uniqueness of solutions for the following coupled fractional
differential equations with Riemann-Liouville integral boundary conditions:

D&, u(t) = g(t,u(t),v(t)),t € [0,1],
Df, o(t) = < Jult), <t>> te [o 1],
u(0) = ylPu(n) = y fi U=k

v(0) = 6I0(C —6f0 ) 8)ds,0 < < 1.

(s)ds,0<n<1,
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Here, CDS‘ 4 and CDg , are Caputo fractional derivatives, 0 < a, <1, f,g € C([O, 1] x RZ,R) and
p,q,v,0 €R.

Similarly, Ahmed and Ntouyas [6] employed Banach fixed-point theorem and Leray-Schauder’s
alternative to prove the existence and uniqueness of solutions for the following coupled fractional
differential system:

‘Dix(t) = f(t,x(t),y(t)), tel[0,1], 1<g<2,
{ DPy(t) = g(t,x(1), y(1), tel0,], 1<q<2,

supplemented with coupled and uncoupled slit-strips-type integral boundary conditions, respectively,
given by

x(0) =0, x(Q) = ufon y(s)ds + bf; y(s)ds, 0<n<(C<é<l,

y(0)=0, y(Q) = afor’ x(s)ds + bf; x(s)ds, 0<n<C<é&<],

and

x(0) =0, x(Q) = afon x(s)ds + bf; x(s)ds, 0<n<(C<é<l,
y(0) =0, y(0) = afon y(s)ds + bf; y(s)ds, 0<n<C<é&é<l

Furthermore, Alsulami et al. [7] investigated the following coupled system of fractional differential
equations:
D (t) = f(t,x(t),y(t)),t€[0,T],1 <a <2,
{ DPy(t) = g(t,x(t), y(1),t € [0, T|,1 < p <2,

subject to the following non-separated coupled boundary conditions:

{ x(0) = Ay(T), ' (0) = A2y/(T),
¥(0) = ux(T), y' (0) = p2x'(T).

Note that D% and °DP denote Caputo fractional derivatives of order a and . Moreover, A;,
i, i =1, 2, are real constants with A;u; # 1 and f,g:[0,T] xRxR — R are appropriately chosen
functions. For further details on this topic, refer to References [8-21].
The current paper studies the following coupled system of nonlinear fractional differential
equations:
‘D(t) = f(t,x(t),y(t)), te[0,T], 1<a<?2,

M
DPy(t) = g(t,x(t),y(t)), te[0,T], 1<p<2,
supplemented with boundary conditions of the form:
X(T) =ny'(p), y(T) = Cxr(u), x(0)=0, y(0) =0,p,ue0,T] @

Here, DF denotes Caputo fractional derivative of order k (k = a,f); and f, g € C([O, T] x R?, R)
are given continuous functions. Note that 1, C are real constants such that T? — 1 # 0.

The rest of this paper is organized in the following manner: In Section 2, we briefly review some
of the relevant definitions from fractional calculus and prove an auxiliary lemma that will be used later.
Section 3 deals with proving the existence and uniqueness of solutions for the given problem, and
Section 4 discusses the Hyers-Ulam stability of solutions and presents sufficient conditions for the
stability. The paper concludes with supporting examples and obtained results.

2. Preliminaries

We begin this section by reviewing the definitions of fractional derivative and integral [1,2].
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Definition 1. The Riemann-Liouville fractional integral of order t for a continuous function h is given by

. 1 S h(t) .
Ih(s)—r(T)f(; (s—t)l_Tdt, >0,

provided that the right-hand side is point-wise defined on [0, o)

Definition 2. The Caputo fractional derivatives of order T for (h — 1)—times absolutely continuous function
¢:[0, ) — R is defined as

S
‘Dig(s) = ﬁj; (s—)""eM(p)dt, h-1<t<h h=[]+1,

where [t is the integer part of real number t.

Here we prove the following auxiliary lemma that will be used in the next section

Lemma 1. Let u,v € C([0, T|,R) then the unique solution for the problem

‘D%(t) =u(t), tel0,T], 1<a<2,
{ ‘DBy(t) =o(t), te[0,T], 1<B<2, 3)
x(T) =ny'(p), y(T)=0Cx"(u), x(0)=0, y(0)=0,p,u€cl0T]
is
x(t) = %(anp I Tfo e s)ds +nC f“ - s_ s)ds—r]fOT (Ts) _1v(s)ds) @
+ [ <f;2;71u(s)ds,
and
y(t) = H(nc f Celrots)ds — ¢ ) Celus)ds + TC Ul uge) - T ) o s)as) 5

p-1
+ %U(S)ds

where A = T?> —nC # 0.
Proof. General solutions of the fractional differential equations in (3) are known [6] as

x(t) =at+b+ F(la fot $)*u(s)ds, @

y(t)—ct—i—d—l-r(lﬁ b ( v(s)ds,

where a,b, ¢c,and d are arbitrary constants.
Apply conditions x(0) = 0 and y(0) = 0, and we obtainb =d =0

Here
t
xr(t) =a+ ﬁ j(; (t—s)""2u(s)ds,
t
v =ct ﬁl_ 5 fo (t = 5)F20(s)ds.

Considering boundary conditions
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we get T (T—s)“_l o 0 (p_s)ﬁ—z )
aT—i—‘fO Wu(s) s—r]cjtr)‘f0 mv(s) s,
and
T (=)™
cT—i—L 0 U(s)ds-uC—i—CfO Fa=1) u(s)ds,
SO

_\B2 T —s a-1
= %(nc—knfop (‘I?(,B—S—)l)v(s)ds_fo‘ %u(s)ds}

_1 b (u—s)"? T(T-s)"
= T(QC+C£ mﬂ(S)dS—jo‘ WU(S)dS].

Hence, by substituting the value of 2 into ¢, we obtain the final result for these constants as

c=4(f [nc+n e S os)as - T s ds]+c Ay i L o(s)ds),

e T %( ¢ [n v (g(-ﬁsji‘)zv(s)ds_ = ds] i f <;z—:1‘;‘2u(s)ds_ [ <T;<sﬁ>‘;‘1v(s)ds),

c(TZT‘f”) = J(E[n  Galrots)ds - T T uts)as] + ¢ U sy - [ T o(s)as),
[’7 I (lg(‘;jzzv(s)ds - foT (Tr‘(siaf u(s)ds] Ot (#(_:K)zu(s)ds B foT (Tr_(sﬁ)/;ilv(s)ds),

= Tf@(nc I 8@? ro(s)ds =T IRl u(s)ds + TC ‘#-:ii‘zwsws—TfJ Co(s)ds)

p-1
- ( fp(pﬁsl) Cfo T(a) dS+TCf0P e 1 ”( )ds =T T% (S)ds)'

and
-1

= 3 i os)as = T ) Tl us)ds + e [ Ul u(oyds - ) Tk o(s)as),

Substituting the values of a,b, ¢c,and d in (6) and (7) we get (4) and (5). The converse follows by
direct computation. This completes the proof. O

3. Existence and Uniqueness of Solutions

Consider the space C([0, T|,R) endowed with norm ||x|| = 0 <silp< T |x(t)} Consequently, the

product space C([0, T], R) x C([0, T],R) is a Banach Space (endowed with [|(x, y)|| = ||x|| + [lyll).
Inview of Lemma 1, we define the operator G : C(]0, T],R) x C([0,T],R) — C([0,T],R) x C([0,T],R)
as:

G(x, y)(t) = (G1(x, y)(t), Galx, y) (1)),
where

v—l

Gl =% (1T %7 r(ﬁ 7 g(s x(s), y(s))ds =T fi| & w F(s,x(s), y(s))ds
+’7Cf0# a f(S x(s),y(s) ds—’?fo g(s x(s), y(s ))ds) @)
+ trii) f(s x(s), y(s))ds,




Mathematics 2019, 7, 354 50f12

and

Cale )= £ (10 (55)1 )y ds—éfo r( R o6,y
+TCf mf (s,x(5), y(s)ds = T T Cbmg(s,x(), y(o))as)  ®)
£ (t—s)f!
+ %f(s,x(sxy(s))ds,

Here we establish the existence of the solutions for the boundary value problem (1) and (2) by
using Banach’s contraction mapping principle.

Theorem 1. Assume f,g: C([0,T] x R> — R are jointly continuous functions and there exist constants
o, € R, such that Y x1,x2,y1,y2 € R,Vt € [0, T], we have

)
)

£t x1,%2) = f(t, y1,92)| < CP(Ixz —xl+|y2 -1

lg(t,x1,x2) = f(t,y1,2)| < l/’(lxz —xl+ -0

where

P(Q1+Q3) +9(Q+Q4) <1
then the BVP (1) and (2) has a unique solution on [0, T|. Here

[~

To+! U T
(F(a+1) + ] Tl(a) )+ Tlat1)’
[n|Tpf~ n [n|T#

fp T ) ©)
lare | Tigpe!
I'(a+1) T'(a) )
[nclpft | e )+ T8

r(g) r(p+1) r(p+1)"

Q1=

=

@)
N
I

=5

@)
Ny
Il

=

l®)
[68)
Il
=
S~

Proof. Define O<SMP<T | (t,0, 0| 00, O<SLtlp<T |g(t,0,0)| = g0 < o and Q, =
{(x,y) € C([0,T],R) x C([0, T],R) : |I(x, )II < &}, and € > 0, such that

(Q1+Q3)fo+ (Q2+Q4)80

—[p(Q1 +Q3) +¥(Q2 + Q)]

Firstly, we show that GQ), € Q..
By our assumption, for (x,y) € Q, t € [0, T], we have

[F(tx(0), y(0))]  <|f(tx(1), y(t)) -
< ¢(Jx(#) | )y t |) +fo < ¢(||x|| + IIyII) + fo,
< ¢pe+ fo,

and
lg(t,x(8), y(1)] < p(jx()] + [y(B)]) + g0 < (Il + lIyll) + go,
< e+ go,
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which lead to

G1(x,y) (1)< IAI(InIT fo" r(ﬁ sl + Iyl + g0)
+T f El—ds (1l + Iyl + fo)
+ne] (# 5)1 (q><||x|| Iyl + fo)
il S ”S Ykl + 11yl + o))
erer J% ds( (Il + 1yl + fo)

a a-1 a
< (U -+ i) + fo)| oy + 5 ) +
(

(Il + 1) + g0) | (2 + 7k )|
< (@Il + 1yl + £o) Q1 + (@ (Il + Iyl + g0) Q.
< (e + fo)Q1 + (Ve + 80) Q2.

+

In a similar manner:

|G2(x, y) (8)] < (@Il + 1Iyll) + fo) Qs + ((Ilxll + lIyll) + g0)Qa < (e + fo)Qs + (e + g0) Qs

Hence,

IG1(x, Il < (e + fo)Q1 + (e + g0)Q2,

and

G2 (x, y)Il < (pe + fo)Qs + (Y + g0)Qa-

Consequently,
IG(x, Yl < (Pe + fo)(Q1+ Q3) + (Pe +80)(Q2 + Q) <€

and we get ||G(x, y)|| < € thatis GQ, € Q.
Now let (x1,y1), (x2,y2) € C([0, T],R) x C([0,T],R), V¥t € [0, T].
Then we have

|G (21, 1) (1) - Gl(xzfyz)()|
IAI(|n(T f(f rﬁ] sz =l + lly2 = )
+Tf0 dS(P(Ixz xall+lly2 = yall)
+ng] [ %‘ ;)1) dsep(Ilvz = 1l + lly2 = yal)
il " Eeh— sy s =l + lyz - )

sup
o v b SR dsoe - xill+ lyz - i),

IG1 (%1, y1) — G1(x2, y2)Il < Q1dp(llxa — x11l + lly2 — y1ll) + Qoo (llx2 — x1ll + lly2 — yall)-

and likewise

IG2(x1, y1) = Ga(x2, y2)Il < Q3 (llx2 = x11l + lly2 — yall) + Qap(llxa — x4l + lly2 — vall).

From (11) and (12) we have

IG(x1, y1) = Gx2, y2)Il < (p(Q1 + Q3) +¥(Q2 + Q4)) (llx2 — x1ll + lly2 — wll).

6 0of 12

(10)

(11)
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Since ¢(Q; + Q3) + ¥(Q2 + Q4) < 1, therefore, the operator G is a contraction operator. Hence,
by Banach'’s fixed-point theorem, the operator G has a unique fixed point, which is the unique solution
of the BVP (1) and (2). This completes the proof. O

Next we will prove the existence of solutions by applying the Leray-Schauder alternative.

Lemma 2. “(Leray-Schauder alternative [71, p. 4) Let F : E — E be a completely continuous operator (i.e., a
map restricted to any bounded set in E is compact). Let E(F) = {x € E : x = AF(x) for some 0 < A < 1}. Then
either the set E(F) is unbounded or F has at least one fixed point)”.

Theorem 2. Assume f,g: C([0, T] x R? — R are continuous functions and there exist 01,05, 11,12 > 0
where 01, 02, A1, Ay are real constants and 0y, Ag > 0 such that ¥x;, y; € R, (i = 1,2), we have

|[f(t,x1,%2)| < Op + O1]x1] + O2lx2l,

|8(t,x1,22)| < Ag + Aglxy| + Aalxal,

If
(Q1+Q3)01 + (Q2 + Qu)A1 <1,

and
(Q1+Q3)02+ (Q2 +Q4)A2 < 1,

where Q;,i =1,2,3,4 are defined in (10), then the problem (1) and (2) has at least one solution.

Proof. This proof will be presented in two steps.

Step 1: We will show that G : C([0, T],R) x C([0, T],R) — C([0,T],R) x C([0,T],R) is completely
continuous. The continuity of the operator G holds by the continuity of the functions f, g.

Let B < C([0,T],R) x C([0,T],R) be bounded. Then there exists positive constants k, k, such that

|F(tx(8), y(D)| < ki, [g(tx(t),y(1)| <k, VEe[0,T].

Then Y(x, y) € B, and we have

|G1(x, 1) (1) < Qik1 + Qaks,

which implies

IG1(x, y)Il < Qik1 + Qoko,

and similarly
IG2(x, )|l < Qsk1 + Qako.

Thus, from the above inequalities, it follows that the operator G is uniformly bounded, since

IG(x, y)Il < (Q1 + Q3)k1 + (Q2 + Qa)ko.
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Next, we will show that operator G is equicontinuous. Let w1, w; € [0, T] with w1 < wy. This yields

|G1(x, ) (@w2)—  Gi(x,y)(an)]

= szAlwl( |Tf0p F(ﬁ Ty 18(s, x(s), s))|ds
+1f 55 1fsx >1ds+ln61f0“ £, x(5), (o)) fds
il <s>>| 5)

5 %(3 s, 3(5) y(s) s

)
eI (s x(s), y(s) s

= m2|£|w1(| |Tk2 0 (F(ﬁ)l) ds +Tk1f0 ds+|17C|k1 0 #(;)1)2ds
il fy Eras) + | (L - ““F(fﬁ) = )£, x(5), y(s)ds

wy (wy—s)*7
2 L s, x(5), ),

w1
wz—wl("zthp‘f‘l T+ K nclpt! kzInITﬁ)

Al T(p) TarD) T~ T T(+1)

—i—%(fowl((wz —5)" — (wy - s)“_l)ds + f(jf (wa — s)“_lds).

+

<

And we obtain

wy—awr [Fa|n|TpP? ky T kanClut ka|n| TP
61 ) @) = G ) on)| < 5B+ s + = + 1)

k
+I“(a—}i-l)[w2 - a)lu‘].

Hence, we have [Gi(x,y)(w2) = G1(x,y)(w1)ll = 0 independent of x and y as wp — ws.
Furthermore, we obtain

wr—w1 [(kanl|pft | kT kTGt kT
Gale ) (wa) ~ Gale ) (wn)] - < (= + ey + 0 + 5
k;
Frgled - o]

which implies that |G (x, y) (w2) — Ga2(x, y) (w1)ll = 0 independent of x and y as w2 — w;.
Therefore, operator G(x, y) is equicontinuous, and thus G(x, y) is completely continuous.
Step 2: (Boundedness of operator)
Finally, we will show that Z = {(x,y) € C([0,T],R) x C([0,T],R) : (x,y) = hG(x,y),h € [0,1]} is
bounded. Let (x, y) € R, with (x,y) = hG(x, y) for any t € [0, T], we have

x(t) = hGy(x, y)(t), y(t) = hGa(x, y)(t).

Then
lx(t)] < Qu(60 + O1[x(8)] + Oaly(B)]) + Qa(Ao + Arfx(t)] + Aoy (1)),
and
|y(£)] < Qs(B0 + O1]x(1)] + Oafy(1)]) + Qa(Ao + A1 |x(B)] + A2ly(1)]).
Hence,
llxll < Q1 (6o + O1llxll + O2llyll) + Q2 (Ao + Axllxll 4 Azllyll),
and

Iyl < Q3(00 + O1llxll + O2llyll) + Qa(Ao + Axllxll + Azllyll),
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which implies

llll + Iyl < (Q1+Q3)600 + (Q2 4+ Q4)Ao + ((Q1 +Q3)61 + (Q2 + Qa) A1)l
+((Q1+ Q3)02 + (Q2 + Qu)A2) Iyl

Therefore,

e )l < (Q1+Q3)9050(Q2+Q4) ,

where Qo = min{l - (Q1 +Q3)01 — (Q2 + Q4)A1, 1~ (Q1 + Q3)02 — (Q2 + Q4)A2}. This proves that
Z is bounded and hence by Leray-Schauder alternative theorem, operator G has at least one fixed point.
Therefore, the BVP (1) and (2) has at least one solution on [0, T|. This completes the proof. O

4. Hyers-Ulam Stability

In this section, we will discuss the Hyers-Ulam stability of the solutions for the BVP (1) and (2) by
means of integral representation of its solution given by

x(t) = Gi(x, y) (1), y(t) = Ga(x, y)(b),

where G; and G; are defined by (8) and (9).
Define the following nonlinear operators Ny, N, € C([0,T],R) x C([0, T|,R) — C([0, T], R);

“Dx(t) - £(t,x(t), y(H) = Ni(x,y)(1), t€[0,T],
Dby (t) - g(t,x(£), y(1)) = Na(x,y)(£), te[0,T].

For some ¢1, &2 > 0, we consider the following inequality:

N1(x, y) <é&q, Nz(x, y) < ép. (12)

Definition 3. ([8,9]). The coupled system (1) and (2) is said to be Hyers-Ulam stable, if there exist My, My > 0,
such that for every solution (x*,y*) € C([0, T],R) x C([0, T], R) of the inequality (13), there exists a unique
solution (x,y) € C([0, T],R) x C([0, T],R) of problems (1) and (2) with

(%, v) = (2%, y)Il < Mye1 + Mae.

Theorem 3. Let the assumptions of Theorem 1 hold. Then the BVP (1) and (2) is Hyers-Ulam-stable.

Proof. Let (x,y) € C([0,T],R) x C([0, T],R) be the solution of the problems (1) and (2) satisfying (8)
and (9). Let (x*, y*) be any solution satisfying (13):

‘Dex(t) = f(tx*(t),y" (1) + Ni(x%, y*) (1), te[0,T],
DPy(t) = g(t,x"(t), y"(t)) + Na(x", y) (t), t€[0,T].

So
Y= Gy
+A(anP <p;>1) Na(w,y) (s)ds =T Jy & r() Ny, y) (s)ds
e [ SN ) 6) s—nfo I N o, ) )

e N1<x y*)(s)ds,
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It follows that

Gi (v, y) ()= x' (1)
< i 7 5 GOSLIN I e -+ nc] Y
+|T]|f0 Tr(sﬁ) )—i—fo r dsel,
< [y + )+ r(ﬁl)] e+ (e + e
< Qie1 + Qaén.
Similarly,
(G, (1) =30 < (s + T e + [ (26 + o)+ )

< Q3é1 + Quér,

where Q;,i =1, 2, 3, 4 are defined in (10).
Therefore, we deduce by the fixed-point property of operator G, that is given by (8) and (9), which

(®) = (t)]  =|x(t) = Gi(x, y) (8) + G (x", y) (1) —x*(8)]
< |Gi(x,y) (8) = G (x, y) ()] + |Ga (', ) () — x* (1)] (13)
< (@10 + Q) (x,y) — (¢ ¥) + Quer + Qoey,
and similarly
() -y ()] =[y(t) = Galx', y) (£) + Galx", y*) (1) =y (1)]

Ga(x, 1) (1) = Go(x", y) (1) + |Ga (x, ) (1) — y* (1) (14)
(Q3p + Qui)(x, y) — (¢, ¥") + Qzer + Quer,

<
<

From (14) and (15) it follows that

I(x, y) = (x, ¥l < (Qup + Qatp + Q3P + Quip)lI(x, v) — (x, ¥ )l + (Q1 + Q3)e1 + (Q2 + Qa) e,

(Q11+Q3)e1+(Q2+Q4)e2
1-((Q14+Q3)p+(Q2+0Q4)¢)”
M1€1 + Mz&z.

(e y) = (e y)ll <
<

with

M — (Q1+Q3)
- (Q1+ Q)¢+ (Q+Qa)y)’
My = (Q2+Q4)
—((Q1+Q3)P + (Q2+Qu)¥)

Thus, sufficient conditions for the Hyers-Ulam stability of the solutions are obtained. O

5. Examples

Example 1. Consider the following coupled system of fractional differential equations

P} x(t) t)

Dix(t) = em/g%(st |)| + 5-|g|x(t|)|)’

Diy(t) = = (sin(x(t) +sin(y(t))), (15)
x(1) =2y/(1), y(1) =-x'(1/2), x(0) =0, y(0) =0,
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3 7 1
E;ﬁ — ZIT_ ]-rn — Z/C - _1/[”1 - E’p =1
Using the given data, we find that A = 3,Qq = 1.269, Q> = 1.1398, Q3 = 0.5167, Q4 = 1.554,¢ =

1 _ 1
5 Y = wr
It is clear that

1 Jx(t)] ly()]
ey = e 3+ [x(1)| Ty ()] )
and
1 . .
g(tx(t),y(t)) = m(SIW(x(f)) +sin(y(t))),

are jointly continuous functions and Lipschitz function with ¢ = 54n P = ﬁ. Moreover,

L (1269 4 05167) + ——(1.1398 + 1.554) — 0.0283 < 1.

54n 48m

Thus, all the conditions of Theorem 1 are satisfied, then problem (16) has a unique solution on [0, 1], which
is Hyers-Ulam-stable.

Example 2. Consider the following system of fractional differential equation

CP5/3+(1) — |x(t)] 1 -3
D>3x(t) = & t4 + T2 (t)) + tcos(y(t)), t €10,1]
CD6/5y(t) = \/17 cost + g5 tsin(y(t)) + mgx(t), t € [0,1] (16)
x(1) = -3y’'(1/3), y(1) =x'(1), x(0) =0, y(0) =0,
= g,ﬁ - g,T: Ln=-3C=1u=1p=1/3.

Using the given data, we find that A = 3,Qq = 1.269, Q> = 1.1398, Q3 = 0.5167, Q4 = 1.554,¢ =

1 o, =_1
54’ 17b T 481
It is clear that

Yl

1 1
|f(txy) _%+ﬁl |+200

| txy|_—+ﬁ| I+ﬁ|y|.

Thus/ 60 - 81_0/61 - ﬁ)/QZ - m//\o - Z/Al - m//\Z - ﬁ
Note that (Qq + Q3)01 + (Qa + Q4)A1 = 0.0298 < 1and (Q1 + Q3)6s + (Qz + Qu)As = 0.0269 < 1,
and hence by Theorem 2, problem (17) has at least one solution on [0, 1].

6. Conclusions

In this paper, the existence, uniqueness and the Hyers-Ulam stability of solutions for a coupled
system of nonlinear fractional differential equations with boundary conditions were established
and discussed.

Future studies may focus on different concepts of stability and existence results to a neutral
time-delay system/inclusion, time-delay system/inclusion with finite delay.
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