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Abstract: The purpose of this paper is to define the notions of weak partial b-metric spaces and weak
partial Hausdorff b-metric spaces along with the topology of weak partial b-metric space. Moreover,
we present a generalization of Nadler’s theorem by using weak partial Hausdorff b-metric spaces in
the context of a weak partial b-metric space. We present a non-trivial example which show the validity
of our result and an application to nonlinear Volterra integral inclusion for the applicability purpose.
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1. Introduction

The famous Banach contraction principle has been generalized in many directions, whether by
generalizing the contractive condition or by extending the domain of the function. Bakhtin [1] and
Czerwik [2] introduced b-metric spaces generalizing the ordinary metric space and considering the
problem of convergence of measurable functions with respect to measure; Czerwik [2] proved the
variant of Banach contraction in b-metric spaces. Later on, many authors proved fixed point results for
both single and multivalued mapping in the context of b-metric spaces (see also [2-13]).

Matthews [14] established the notion of a partial metric space and proved an analogue of Banach’s
principle in such spaces. The concept of partial Hausdorff metric was given by Aydi et al. [6] and they
established a fixed point theorem for multivalued mappings in partial metric spaces. Excluding the
idea of small self-distance, Heckmann [15] generalized the partial metric space to weak partial metric
spaces (see more [16-22]).

Shukla [23] introduced the concept of the partial b-metric and proved some fixed point results.
Beg [7] presented the idea of the almost partial Hausdorff metric and extended Nadler’s theorem
(Nadler [19]) to weak partial metric spaces.

The aim of this paper is to introduce the notion of the weak partial b-metric space, the H " -type
partial Hausdorff b-metric and prove Nadler’s theorem to weak partial b-metric spaces. An example
and application to Volterra type integral inclusion to support our result will be given.
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2. Preliminaries

Consistent with Beg [7], notion of weak partial metric and related concepts are as follows:

Definition 1. [7] Let M be a nonempty set. A function ¢ : M x M — R is called weak partial metric if for
all s, t,z € M, following assertions hold:

(WP1) o(s,s) = o(s,t) iff s=1¢
(WP2) o(s,s) < o(s,t);
(WP3) ofs, t) = o(t,s);
(WP4) (s, t) < o(s,z) + 0(zt).

The pair (M, 0) is called weak partial metric space.

We refer [7] to readers for detail work in weak partial metric space.
Let CB?(M) be the family of nonempty, closed and bounded subsets of a weak partial metric
space (M, 0). Define

o(x,U) =inf{o(x,u),u € U}, 6,(U,V)=sup{o(u,V):ucU}

and
5o(V,U) = sup{o(v,U) :v € V},

where U,V € CB¢(M) and s € M. Also
0(x,U) = 0= ¢°(x, L) =0,

where 0°(x, U) = inf{o°(x, u),u € U}.
Remark 1. [7]If ¢ # U C M, then

u € Uifand only if o(u, U) = o(u, u).
Definition 2. [7] Let (M, ) be a weak partial metric space. For U,V € CB?(M), define

HE(U,V) = %{%(u, V) 1 6,(V, )}
The mapping Hy : CB(M) x CB%(M) — [0, 00), is called H ] -type Hausdorff metric induced by .

Proposition 1. [7] Let (M, 0) be a weak partial metric space. For any U, V,Y € CB?(M), we have:
(whl) H: (U, U) < HS (U, V),

(wh2) Hy (U, V) = Hy (V,U);

(wh3) Hy (U, V) < He (U,Y) +HE (Y, V).

Definition 3. [7] Let (M, 0) be a weak partial metric space. A multivalued mapping T : M — CB¢(M) is
called H ] -contraction if

(1°) 3k € (0,1) such that
Hy (Ts\{s}, TH\{t}) < ko(s, t) for every s,t € M,
(2°) foreverys € M, tin Tsand € > 0, there exists z in T t such that

o(t,z) <HS(Ts, Tt) +e
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Beg [7] gave the following variant of Nadler’s fixed point theorem.

Theorem 1. [7] Every "Hg-type multivalued contraction on a complete weak partial metric space (M, o) has
a fixed point.

3. Weak Partial b-Metric Space

We now define weak partial b-metric space and related concepts:

Definition 4. Let M # ¢ and s > 1, a function 0, : M x M — R is called weak partial b-metric on M if
foralls,t,z € M, following conditions are satisfied:

(WPB1) ¢;(s,s) = 0p(s,t) & s=1¢
(WPB2) 0,(s,5) < 0,(s,t);

(WPB3) 0;(s,t) = 0p(t,s);

(WPB4) ¢;(s,t) <s [Qb(s z) + 0v(z 1))

The pair (M, oy) is a weak partial b-metric space.
Example 1. (i) (R*,0p), where g : RT x RT — R is defined as
op(s,t) = |s —t|> +1foralls,t € RT.

(i) (R*,0p), where gp : RT x RT — R is defined as
op(s, t) = |s—t|2+max{s t} foralls,t € R,
Definition 5. A sequence {s, } in (M, op) is said to converges a point s € X, if and only if
0 (55) = lim 0(5,5.)

Remark 2. If ¢, is a weak partial b-metric on M, the function ¢,° : M x M — R™T given by 0,°(s,t) =
op(s,t) — [0b(s,8) + 0y (t, 1)), defines a b-metric on M. Further, a sequence {s,} in (M, 0,°) converges to
a point s € M, iff

im0y (sn,5m) = lim op(sn,5) = (s, 9). 1)

n,m—00

Definition 6. Let (M, o) be a weak partial b-metric space. Then

(1) A Cauchy sequence in metric space (M, 0;) is Cauchy in M.
(2) If the metric space (M, o) is complete, so is weak partial b-metric space (M, ).

Let (M, 0;) be a weak partial b-metric space and CB?% (M) be class of all nonempty, closed and
bounded subsets of (M, ¢;). For U,V € CB% (M) and s € M, define

op(s,U) = inf{op(s,u),u € U}, 6,,(U, V) =sup{op(u,V):uc U}

and
00, (V,U) = sup{op(v,U) : v € V}.

Now 0, (s, U) = 0= 0,°(s,U) = 0, where 0,°(s,U) = inf{o,°(s, u), u € U}.
Remark 3. Let (M, 0p) be a weak partial b-metric space and U a nonempty subset of M, then

uel<s op(u,U) = op(u,u).
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Proposition 2. Let (M, 0p) be a weak partial b-metric space. For any U,V,Y € CB% (M), we have
the following:

(i) Jo, (U, U) = sup{op(u,u) :u c U};
Gi) 0y, (U, U) < b, (U, V);

(i) 6o, (U, V) =0=UC V;

(V) 8, (U, V) < 5[6g,(U,Y) + 8, (Y, V)].

Proof. (i) If U € CB% (M), then for all u € U, we have g;(u, U) = 0,(u,u) as U = U. This implies
that 5o, (U, U) = sup{op(u,U) : u € U} = sup{op(u,u) :u € U}.

(i) Let u € U. Since gy(u,u) < 0p(u, w) for all w € U, therefore we have o, (u, u) < inf{op(u,v)
v eV =oy(u,V) <sup{op(u, V) :u € U} =6, (U, V).

(iii) If 6,,(U,V) = 0, then ¢4(u,V) = 0 for all u € U. From (i) and (ii), it follows that
0p(u,u) <6y, (U, V) =0forallu € U. Hence ¢s(u,V) = 0p(u,u) for all u € U. By Remark
3, wehaveu e V=V,soUCV.

(iv) Letu € U,v € Vand t € Y. By (WPB4), we have ¢, (u,v) < s[op(u,t) + 0p(t,v)]. Since v € V' is
arbitrary, therefore oy, (1, V) < s[oy(u,t) + 0p(t, V)] and 05 (1, V) < s[op(u, t) +sup,cy 0p(t, V)],
so that ,(u, V) < s[op(u,t) + 9o, (Y,V)]. Since t € Y is arbitrary, therefore ¢;(u,V) < s
[0p(1,Y) 4 6,,(Y, V)]. Since u € U is arbitrary, we have d,, (U, V) < s[5y, (U, Y) + 0, (Y, V)].

O

Definition 7. Let (M, 0y) be a weak partial b-metric space. For U,V € CB%(M), the mapping H, :
CB% (M) x CB% (M) — [0, o0) define by

1
Hy (U, V) = E{5€,b(u, V) +8,,(V,U)}
is called ’HQ*b-type Hausdorff metric induced by gp.

Proposition 3. Let (M, 0p,) be a weak partial b-metric space. For any U, V,Y € CB% (M), we have:

(whb1) ’Hgtb(ll, u) < ’Hé_’h(u, V);
(Whb3) Hg, (U, V) <s[Hj (U, Y)+HS (Y, V)].

b b
Proof. From (ii) of Proposition 2, we have
He, (U U) = 8,,(U,U) < 6, (U, V) < Hg (U, V).
Also (whb2) obviously holds by definition. Now for (whb3), from (iv) of Proposition 2, we have

ML) = 20 (UV)+6,,(V,U)}

< 3 {5060, (U, Y) + 80, (¥, V)] [0, (V, Y) 8, (¥, )]}

= 5[ {00, (U, Y) + 80, (Y, U)} + 305, (¥, V) + 6, (V, V)]
= s[Hg, (UY) +H, (Y, V)],

Following lemma is essential:
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Lemma 1. Let (M, 0p) be weak partial b-metric space with's > 1and T : M — CB% (M) be a multivalued
mapping. If {u,} is a sequence in M such that u, € Tu,_1 and

0p (U, tpnt1) < Aop (Uy—1,Un)

for each where A € (0,1), then {uy} is Cauchy.

Proof. Letuy € M and u, € Tu,_4 forall n € N. We divide the proof into two cases:
CaseI. Let A € [0,1) (s > 1). By the hypotheses, we have

0p (U, 1) < A0y (U1, tn) < A20p (ty_2,tly—1) < -+ - < A0y (ug, uq) -

Thus, for n > m, we have

0p (Um,un) < 5[0y (U, Umt1) + Qb (U1, Un)]

< 50p (tmy 1) + 57 [0 (1, Umt2) + 0 (Umir2, )]
< 50y (tm, thnr1) +570p (U1, Qum+2) +5° (06 (42, thm+3) + Qp (i3, 14n)]
< 50y (tmy 1) + 570 (U1, v2) + 8200 (Mmy2, tms3)

o " oy (g, pq) + 8" oy (U1, tn)
< sA™gy (ug, 1) + s*A" gy (o, ur) + 5°A" 20y (g, un)

e s"TTIA 20y (g, up) + 8" TTIA gy (g, u7)

n—m—1

< sA™ <1 F(SA) 4 (SA)2 4 (sA)TT (S/\)S> op (10, 11)
<

1 SA n—m—1
SA™ (1_5/\+( )S )Qb(“o,ul)

AT _
(15_ AT (s1)" 1) 0y (uo,u1) — 0(n,m — 00).

Using (1) and the definition of ¢;, we get that o (s, tn) < 0p(m, un) tends to 0 as m,n tends to + co
which implies that {u,} is Cauchy in b-metric space (M, g;). Since (M, gp) is complete, therefore
(M, 0j) is a complete b-metric space. Consequently, the sequence {u,} converges to a point (say)
u* € M w.r.t b-metric gj, that s, nlirfoo 0j (uy,u*) = 0. Again, from (1) we get

op(u’,u”) = Um oy(uy,u”) = Um op(utn, ttn) = 0.

Thus {u, } is a Cauchy sequence in (M, 0;).

CaseIL Let A € [1,1) (s > 1). In this case, we have A" — 0 as n — oo, then there is k € N such that
A< % Thus, by Case-I, we have that

{Mk, Ukt 1, Uk 42y ooor Uty } ,
is a Cauchy sequence. Since
{un Yoo = {0, 1,y tig—1 } U {tge, g1, U2y ooy Uy o}
we obtain that u, € 7"ug, n = 1,2,... is a Cauchy sequence in M. [

Definition 8. Let (M, 0,) be a complete weak partial b-metric space. A multivalued mapping T : M —
CB% (M) is called H, -contraction if
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(1) foreverys,t € M, 3k € (0,1) such that

Hy, (Ts\{s}, TE\{t}) < kay(s,t);

(2) foreverys € X, tin Tsand € > 0, 3 z in Tt such that
op(tz) <Hg (Ts, Tt) +e.

4. Fixed Point Result

Our main result is the following;:

Theorem 2. Every H&—type multivalued contraction on a complete weak partial b-metric space (M, oy,) has
a fixed point.

Proof. Let uy € M be arbitrary. If uy € Tug then ug is the fixed point. Therefore, we assume that
ug & Tug. Letu; € Tug and ug # uq such that u; € Tuy. From (2), we have up € Tuj such that
U 75 uq and

Qb(u1,u2) < HT (TM(), Tul) + €.

Obp

Continuing this process we get 1,11 € T u, such that 1,11 # u, and

0p(thy, uyyp) < ’HZ,'b(Tunq, Tuy)+e. )

Choosing € = (ﬁ — 1) ’H&(Tun,l,Tun) in (2), we have

(i t11) < HG (T3, o)+ (2 = 1) (T, Tat) = G (T, Tin)

€
vk
Thus

Vikay (tn, 1) < Hérb (Tun—1, Tun) = 7'131, (Tun-1\{un—1}, Tun\{un}) .

From (1"), we get

\/%Qb(uﬂ/ ul’l—l—l) < ka(un—lluTl) = (ﬁ)ZQb(un—lluﬂ)'
Thus foralln € N,

0p (ttn, ty 1) < Vhop (-1, ). 3)

Taking vk = A, we obtained by Lemma 1 that {u,} is a Cauchy sequence. Since (M, g;) is complete.
Therefore, there exists u* € M such that lim u, = u*. To show that u* € 7. On contrary suppose

n——+o0o
that u™ ¢ Tu*. Since

60, (Totn, Tu) 0, (T, Tun)] = M, (T, Tu")
= Hg (Tun\{un}, Tu\{u*})
< kop(un,u),
hence
Jim inf[So, (T, Tu*) + 8, (Tu", Titn)] = 0.
Since

nlirrw inf 8o, (Tun, Tu™) + nETw infé,, (Tu*, Tuy) < nEToo inf[Sg, (Tun, Tu®) + 6, (Tu™, Tun)),
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we have
nl_i)Tw inf 8o, (T un, Tu*) + HETM inf 8o, (Tu*, Tuy) = 0.
This implies that
n1_i>1}r1°o infé,, (Tun, Tu*) = 0.
Since
0y (u*, Tu*) < 8o, (Tun, Tu*) + 0p(tps1,u*),
therefore

op(u*, Tu*) < lim inf[dy, (Tun, Tu™) + 0p(ttpg1, u™)]

n—+oo

- HETOO inf (Sgb (Tun, TM*) T nE)Too Qb (Mn+1, 1/[*).
This implies o, (u*, Tu*) = 0, therefore from (1), we obtain
(", u7) = op(u”, Tu),

which implies u* € Tu* = Tu*,as Tu* is closed. 0O

Example 2. Consider a set M = {0, %, 1} and g, : M x M — R a weak partial b-metric given by

1 1
op(u,v) = §|u — o2+ Emax{u,v} forall u,ve M.

Since oy (%,%) =1 #0andgy(1,1) = % # 0. Also

ue {0} & op(u,{0}) = op(u,u)

1 1 1
& Pt u=-usu=0

2 2 2
< ue{0}.
Also
uef{01} < o, {0,1}) = gp(u,u)
(1, 1 1 , 1 1
& mm{zu —I—Eu,i\u 1] —i—zmax{u,l}}—zu
< ue{01}
and

N =

u G{O,} & o (u,{O,;}) = op(u,u)
-

u, 5

2Jrlmx u1 —lu
P MM ( T2

1
2 2
1
= ME{O,Z}

Hence, {0}, {0,1} and {O, %} are closed w.r.t weak partial b-metric gy,.
Define T : X — CB% (M) by

.{12
& min —u” +

7(0) = {0}, T(;) _ {0;} and T(1) = {0,1}.

7 of 12
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To show that for all u,v € M, the contractive condition (1') holds for all k € (0,1), we consider the
following cases:

For u = v =0, we have

Mo, (T(0\{0}, T(0\{0}) = Hy, ({01\{0}, {0}\{0}) = Hy, (2,@) =0,

so (1') satisfied.

Foru=0,v= %, we have

i, (TonL 7 (5)\{3}) = (onon{o 3 1 {3}) = @ on o,

so (1') satisfied.

Foru=v= %, we have

s (G 16 () (02 - )

so (1') satisfied.
Foru = 0,v = 1, we have

Ho, (TON1} T(D\{1}) = Hg, ({01\{0}, {0, 1}\{0}) = 7, (2,{0}) =0,

so (1') satisfied.
Foru = %,v =1, we have

s, (7 (3)\ {3} roniy) =2 ({03} von0anay) =5 o, o)
= (0,0 =0,

so (1') satisfied.
Foru = v =1, we have

Ho, (TN} TM\{1}) = Hy, ({0, 11\ {1}, {0, 13\ {1}) = Hy, ({0}, {0}) = ¢,(0,0) =0,
so (1') satisfied.
Further, we show that for every u € M,v € Tuand e > 0, 3w € Tv such that
op(v,w) < Hg, (Tu, To) +e.
So,
@ Ifu=0,0eT(0)={0},e>0IweTv={0}
0=gp(v,w) <Hg (To, Tu) +e.

) Ifu=3}veTu=T(1)={01} forv=0e>03Iwe To={0}such that

0=op(v,w) < %+e < Hg (To, Tu)+e
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and forv = 1,€ >0, 3w € To = {0, 3} such that

1
4

@ Ifu=1lLveTu=T(1)={0,1},forv=0,e >0, 3w € Tv = {0} such that

= o(v,w) < 7 +e<Hy (To,Tu)+e.

N

3
0=o0y(v,w) < 1tes He, (To, Tu) +e

and forv =1, >0,3w € Tov = {0,1} such that

1 1
5= 0p(v,w) < ;tes< He, (To, Tu) +e.

Thus condition (2') is satisfied.
Hence Theorem 2 can be applied and we conclude that u € {0, %, 1} is fixed points of T.

5. Application

We now apply our main result to show the existence of solution of nonlinear integral inclusion of
Volterra type. Suppose I = (0,1), and M = C]I,R), the space of all continuous functions f : I — R.
Consider weak partial b-metric on M by

os(x,y) = supe Px(t) —y(H)]F +a,

tel

Vx,y € C(LR), p > 1anda > 0. We have ¢} (x,y) = sup,.; e P!|x(t) — y(t)|P, so by Definition 6,
(C(I,R), 0p) is complete partial b-metric space. Denote by P,(R) the class of all nonempty closed
subsets of R.

Theorem 3. Assume the integral equation inclusion of Volterra type

y(t) € f(t) + /OtK(t,s,y(s))ds, tel. @)

Suppose

(@) K:IxIxR — Py(R) is such that K,(t,s) := K(t,s,y(s)) is continuous for all (t,s) € I x I and
y € C(I,R);

() feC(,R)

(c) foreacht € 1, there exist y € C(I,R), such that

Ho, (K(t, 2, y(x)), K(t, x,h(x))) < % (SUP ly(x) h(X)I”+fX> /

forallt,x € land all y,h € C(I,R).
Then there is at least one solution of (4) in C(I,R).

Proof. Define 7 : C(I,R) — P, (C(I,R)) by

Tx(t) = {y € C(I,R) such that y(t) € f(t) + /OtK(t, s,x(s))ds,t € Z}

for each x € C(I,R). For each Ky : I X [ — P.(R) there exists ky : I x I — R such that ky(¢,s) € Ky(t,9)
for all t,s € I. This implies that f(t) + fot ky(t,s)ds € Tx,and so Tx # @. Itis easy to prove that 7 x
is closed.
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We show that T is H{, -type multivalued contraction. Let u1,up € C(I,R) and y € T x. Then 3
ki, (t,s) € Ky, (t,5), t,5 € I such that y(t) = f(t) + fot kx(t,s)ds,t € 1. Also by hypothesis (iii),

sel

1
Hg, (K(t,s,u1(s)), K(t,5,u2(s))) < T (sup luq(s) — ua(s)|? —I—a) Vitsel
Then there exist g(t,s) € Ky, (t,s) such that

[Kuy (t,8) = (£,8)[F + & < t% [[u1(s) — ua(s)|” + 4]

forall t,s € I. Define a multivalued operator Q(t,s) by

1
Qt,s) = Ky (£,5) N {1y €R, [kuy =117 +a < g fun(s) — ua(s)[” + a}

for all t,s € I. Since Q is continuous operator, there exists a continuous operator k;, : [ X I — R such
that ky, (t,5) € Q(t,s) forall t,s € I and

h(t) :f(t)+/0tkuz(t,s)ds ef(t)—f—/OtK(t,s,uz(s))ds.

Therefore, let g4 > 1 such that % + % =1

o (y(t), Tua(t)) < ap(y(t), h(t))
= supe Ply(t) —h(b)|] +a
tel
t P
— supe /[kul(t,s)—kuz(t,s)]ds ta
tel 0
, t N7 /gt 7
< stléllae*ﬂ </0 ds) (/0 |kul(t,s)—ku2(t,s)|pds> ta
t
< supe P (t)g (/ |kul(t,s)—ku2(t,s)|pds) +a
tel 0
t
= supe PH(r)P? (/ eﬁse_ﬁs|ku1(t,s)—kuz(t,s)”ds) +u
tel 0
t
= supe P (P! (/ eﬁse_ﬁs|ku1(t,s)kuz(t,s)”ds> +a
tel J0
t
= e P! (/ (e’gssup{eﬁsku](t,s)—kuz(t,s)|p—|—a}—tx> ds) +a
0 tel
N 1
< e PP / P sup{——|ur(t) —up(t)|P +a} —a | ds | +a
0 tel tF
1 t t
_ L Btpp-1 1 Bs 1o ,—Bt (p\p—1
= e P (1) tpflgb(”l(t)'”Z(t))/oe ds —e P (t) /Oacderoc
= e Ploy(ur(t),ua(t)) (P —1) —e P ()Pt +a
= (1= Pop(m(t)uz(t)) + (1 —e Pt
< (1—e Papua(t), us(t))

k.gp(u1(t), uz(t)),
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where k = (1 — e P!) < 1. Since y(t) is arbitrary, we have
(SQb(Tulr Tu2) < k'Qb(ull Mz). &)

Similarly, we get
6917 (TuZI Tul) S k'Qb(uZ/ M]). (6)

From (5) and (6), we get

H (T, Tuz) = k. .

< k.gp(u2, u1).

Hence, T is H,-type multivalued contraction. Thus all the assertions of Theorem 2 are satisfied and
hence (4) has a solution. [

6. Conclusions

In this paper, we present the concept of weak partial b-metric spaces with their topology and
weak partial Hausdorff b-metric spaces and generalized the famous Nadler’s theorem in weak partial
b-metric space by using weak partial Hausdorff b-metric spaces. We give an example to show the
validity and an application to nonlinear Volterra integral inclusion for the usability of our result.
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