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1. Introduction

Let H be a real Hilbert space and ∅ 6= C ⊂ H be a closed convex set. LetA : C → H be a nonlinear
operator. Let us consider the variational inequality problem (VIP) which aims to find x∗ ∈ C verifying

〈Ax∗, x− x∗〉 ≥ 0, ∀x ∈ C. (1)

We denote the solution set of VIP (1) by VI(C,A).
In [1], Korpelevich suggested an extragradient method for solving VIP (1). Korpelevich’s method

has been studied by many authors, see e.g., references [2–13] and references therein. In 2011, Ceng,
Ansari and Yao [14] considered the following algorithm

uk+1 = PC[αkγVuk + (I − αkµF)Tuk], ∀k ≥ 0. (2)

They showed that {uk} strongly converges to x† ∈ Fix(T) which solves the following VIP

〈(µF− γV)x†, x† − x̃〉 ≤ 0, ∀x̃ ∈ Fix(T). (3)
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Ceng, Guu and Yao [15] presented a composite implicit scheme

xt = (I − θtB)Txt + θt[Txt − t(µFTxt − γVxt)], (4)

and another composite explicit scheme{
yn = (I − αnµF)Txn + αnγVxn,

xn+1 = (I − βnB)Txn + βnyn, ∀n ≥ 0.
(5)

Ceng, Guu and Yao proved that {xt} and {xn} converge strongly to the same point x† ∈ Fix(T),
which solves the following VIP

〈(B − I)x†, x† − x̃〉 ≤ 0, ∀x̃ ∈ Fix(T). (6)

In [2], Peng and Yao considered the generalized mixed equilibrium problem (GMEP) which aims
to find x† ∈ C verifying

ϕ(y)− ϕ(x†) + Θ(x†, y) + 〈Ax†, y− x†〉 ≥ 0, ∀y ∈ C, (7)

where ϕ : C → R is a real-valued function and Θ : C× C → R is a bifunction. The set of solutions of
GMEP (7) is denoted by GMEP(Θ, ϕ,A).

It is clear that GMEP (7) includes optimization problems, VIP and Nash equilibrium problems as
special cases.

Special cases:
(i) Letting ϕ = 0, GMEP (7) reduces to find x† ∈ C verifying

(GEP) : Θ(x†, y) + 〈Ax†, y− x†〉 ≥ 0, ∀y ∈ C,

which was studied in [13,16].
(ii) Letting A = 0, GMEP (7) reduces to find x† ∈ C verifying

(MEP) : Θ(x†, y) + ϕ(y)− ϕ(x†) ≥ 0, ∀y ∈ C,

which was considered in [17].
(iii) Letting ϕ = 0 and A = 0, GMEP (7) reduces to find x† ∈ C verifying

(EP) : Θ(x†, y) ≥ 0, ∀y ∈ C,

which was discussed in [18,19].
GMEP (7) has been discussed extensively in the literature; see e.g., [6,7,20–32].
Now, we consider the minimization problem (CMP):

min
x∈C

f (x), (8)

where f : C → R is a convex and continuously Fréchet differentiable functional. Use Ξ to denote the
set of minimizers of CMP (8).

For solving (8), an efficient algorithm is the gradient-projection algorithm (GPA) which is defined
by: for given the initial guess x0,

zk+1 := PC(zk − µ∇ f (zk)), ∀k ≥ 0, (9)

or a general form,
zn+1 := PC(zk − µk∇ f (zk)), ∀k ≥ 0. (10)
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It is known that S := PC(I − λ∇ f ) is a contractive operator if ∇ f is α-strongly monotone and
L-Lipschitz and 0 < λ < 2α

L2 . In this case, GPA (9) has strong convergence.
Recall that the variational inclusion problem is to find a point x ∈ C verifying

0 ∈ Bx + Rx. (11)

where B : C → H is a single-valued mapping and R is a multivalued mapping with D(R) = C.
Use I(B, R) to denote the solution set of (11).

Taking B = 0 in (11), it reduces to the problem introduced by Rockafellar [33]. Let R : D(R) ⊂
H → 2H be a maximal monotone operator. The resolvent operator JR,λ : H → D(R) is defined by
JR,λ = (I + λR)−1, ∀x ∈ H. In [34], Huang considered problem (11) under the assumptions that B is
strongly monotone Lipschitz operator and R is maximal monotone. Zeng, Guu and Yao [35] discussed
problem (11) under more general cases. Related work, please refer to [36,37] and the references therein.

In the present paper, we introduce two composite schemes for finding a solution of the CMP (8)
with the constraints of finitely many GMEPs and finitely many variational inclusions for maximal
monotone and inverse strongly monotone mappings in a real Hilbert space H. Strong convergence
of the suggested algorithms are given. Our theorems complement, develop and extend the results
obtained in [6,15,38], having as background [39–46].

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that the metric
projection PC : H → C is defined by ‖x− PCx‖ = infy∈C ‖x− y‖ =: d(x, C). A mapping A : H → H
is called strongly positive if 〈Ax, x〉 ≥ γ̄‖x‖2, ∀x ∈ H for γ̄ > 0. A mapping F : C → H is called
Lipschitz if ‖Fx− Fy‖ ≤ L‖x− y‖, ∀x, y ∈ C for some L ≥ 0. F is called nonexpansive if L = 1 and it
is called contractive provided L ∈ [0, 1).

Proposition 1. Let x ∈ H and z ∈ C. Then, the following hold

• z = PCx ⇔ 〈x− z, z− x†〉 ≥ 0, ∀x† ∈ C;
• z = PCx ⇔ ‖x− z‖2 + ‖x† − z‖2 ≤ ‖x− x†‖2, ∀x† ∈ C;
• 〈PCx− PCx†, x− x†〉 ≥ ‖PCx− PCx†‖2, ∀x† ∈ H.

Definition 1. A mapping F : C → H is called

• monotone if 〈Fx− Fx†, x− x†〉 ≥ 0, ∀x, x† ∈ C;
• η-strongly monotone if 〈Fx− Fx†, x− x†〉 ≥ η‖x− x†‖2, ∀x, y ∈ C for some η > 0;
• α-inverse-strongly monotone (ism) if 〈Fx− Fx†, x− x†〉 ≥ α‖Fx− Fx†‖2, ∀x, x† ∈ C for some α > 0.

In this case, we have for all u, u† ∈ C,

‖(I − µF)u− (I − µF)u†‖2 ≤ ‖u− u†‖2 + µ(µ− 2α)‖Fu− Fu†‖2, (12)

where µ > 0 is a constant.

Definition 2. A mapping T : H → H is called firmly nonexpansive if 2T − I is nonexpansive. Thus, T is
firmly nonexpansive iff T = 1

2 (I + S), where S : H → H is nonexpansive.

Let Θ : C× C → R be a bifunction satisfying the following assumptions:

(A1) Θ(x, x) = 0 for all x ∈ C;
(A2) Θ(x, x†) + Θ(x†, x) ≤ 0 for all x, x† ∈ C;
(A3) for x, x†, y ∈ C, lim supt→0+ Θ(ty + (1− t)x, x†) ≤ Θ(x, x†);
(A4) Θ(x, ·) is convex and lower semicontinuous for each x ∈ C.
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Let ϕ : C → R be a lower semicontinuous and convex function satisfying the following conditions:

(B1) for each x ∈ H and r > 0, there exists a bounded subset Dx ⊂ C and yx ∈ C such that for any
z ∈ C \ Dx,

Θ(z, yx) + ϕ(yx)− ϕ(z) +
1
r
〈yx − z, z− x〉 < 0;

(B2) C is a bounded set.

Let r > 0. Define a mapping T(Θ,ϕ)
r : H → C by the following form: for any x ∈ H,

T(Θ,ϕ)
r (x) := {x† ∈ C : Θ(x†, y) + ϕ(y)− ϕ(x†) +

1
r
〈x† − x, y− x†〉 ≥ 0, ∀y ∈ C}.

If ϕ ≡ 0, then TΘ
r (x) := {x† ∈ C : Θ(x†, y) + 1

r 〈x† − x, y− x†〉 ≥ 0, ∀y ∈ C}.

Proposition 2 ([17]). Let a bifunction Θ : C × C → R satisfying assumptions (A1)–(A4). Let a convex
function ϕ : C → R be a proper lower semi-continuous. Assume conditions (B1) or (B2) holds. Then, we have

• ∀x ∈ H, T(Θ,ϕ)
r (x) 6= ∅ is single-valued;

• T(Θ,ϕ)
r is firmly nonexpansive;

• Fix(T(Θ,ϕ)
r ) = MEP(Θ, ϕ);

• MEP(Θ, ϕ) is convex and closed;

• ∀s, t > 0, ‖T(Θ,ϕ)
s z† − T(Θ,ϕ)

t z†‖2 ≤ s−t
s 〈T

(Θ,ϕ)
s z† − T(Θ,ϕ)

t z†, T(Θ,ϕ)
s z† − z†〉 for z† ∈ H.

Proposition 3 ([41]). We have the following conclusions:

• A mapping T is nonexpansive iff the complement I − T is 1
2 -ism.

• If a mapping T is α-ism, then γT is α
γ -ism where γ > 0.

• A mapping T is averaged iff the complement I − T is α-ism for some α > 1/2.

Lemma 1. Let E be a real inner product space. Then,

‖x + x†‖2 ≤ ‖x‖2 + 2〈x†, x + x†〉, ∀x, x† ∈ E.

Lemma 2. In a real Hilbert space H, we have the following results

• ‖x− x†‖2 = ‖x‖2 − 2〈x− x†, x†〉 − ‖x†‖2, ∀x, x† ∈ H;
• ‖λx + γx†‖2 = λ‖x‖2 + γ‖x†‖2 − λγ‖x− x†‖2, ∀x, x† ∈ H and λ, γ ∈ [0, 1] with λ + γ = 1;
• {un} ⊂ H is a sequence satisfying un ⇀ x. Then,

lim sup
n→∞

‖un − x†‖2 = lim sup
n→∞

‖un − x‖2 + ‖x− x†‖2, ∀x† ∈ H.

Lemma 3 ([45]). Let H be a real Hilbert space and ∅ 6= C ⊂ H be a closed convex set. Let T : C → C be a
k-strictly pseudocontractive mapping. Then,

• ‖Tx− Ty‖ ≤ 1+k
1−k‖x− y‖,∀x, y ∈ C.

• I − T is demiclosed at 0.
• Fix(T) of T is closed and convex.

Lemma 4 ([39]). Let H be a real Hilbert space and ∅ 6= C ⊂ H be a closed convex set. Let T : C → C be a
k-strictly pseudocontractive mapping. Then,

‖γ(x− x†) + µ(Tx− Tx†)‖ ≤ (γ + µ)‖x− x†‖, ∀x, x† ∈ C,
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where γ ≥ 0 and µ ≥ 0 with (γ + µ)k ≤ γ.

Let T : C → C be a nonexpansive operator and the operator F : C → H be κ-Lipschitzian
and η-strongly monotone. Define an operator Tλ : C → H by Tλx := Tx − λµF(Tx), ∀x ∈ C,
where λ ∈ (0, 1] and µ > 0 are two constants.

Lemma 5 ([42]). Let 0 < µ < 2η

κ2 . Then, for ∀x, y ∈ C, we have ‖Tλx − Tλy‖ ≤ (1 − λτ)‖x − y‖,
where τ = 1−

√
1− µ(2η − µκ2).

Lemma 6 ([46]). Let {an} ⊂ [0,+∞), {ωn} ⊂ [0, 1], {δn} and {rn} ⊂ [0,+∞) be four sequences. If

(i) ∑∞
n=0 ωn = ∞ and ∑∞

n=1 rn < ∞;
(ii) either lim supn→∞ δn ≤ 0 or ∑∞

n=0 ωn|δn| < ∞;
(iii) an+1 ≤ (1−ωn)an + ωnδn + rn, ∀n ≥ 0.

Then, limn→∞ an = 0.

Lemma 7 ([44]). Let bounded linear operator A : H → H be γ̄-strongly positive. Then, ‖I − ρA‖ ≤ 1− ργ̄

provided 0 < ρ ≤ ‖A‖−1.

Let LIM be a Banach limit. Then, we have following properties:

• an ≤ cn, n ≥ 1⇒LIMnan ≤ LIMncn;
• LIMnan+N = LIMnan, where N is a fixed positive integer;
• lim infn→∞ an ≤ LIMnan ≤ lim supn→∞ an, ∀{an} ∈ l∞.

Lemma 8 ([40]). Assume that the sequence {sn} ∈ l∞ satisfy LIMnsn ≤ M, where M is a constant.
If lim supn→∞(sn+1 − sn) ≤ 0, then lim supn→∞ sn ≤ M.

Let the operator R : D(R) ⊂ H → 2H be maximal monotone. Let λ, µ > 0 be two constants.

Lemma 9 ([43]). There holds the resolvent identity

JR,λx = JR,µ(
µ

λ
x + (1− µ

λ
)JR,λx), ∀x ∈ H.

Remark 1. The resolvent has the following property

‖JR,λx− JR,µx†‖ ≤ ‖x− x†‖+ |λ− µ|( 1
λ
‖JR,λx− x†‖+ 1

µ
‖x− JR,µx†‖), ∀x, x† ∈ H. (13)

Lemma 10 ([34,35]). JR,λ satisfies

〈JR,λx− JR,λy, x− y〉 ≥ ‖JR,λx− JR,λy‖2, ∀x, y ∈ H.

3. Main Results

Let H be a real Hilbert space and ∅ 6= C ⊂ H be a closed convex set. In what follows, we assume:
f : C → R is a convex functional with gradient ∇ f being L-Lipschitz, the operator F : C → H

is η-strongly monotone and κ-Lipschitzian, Ri : C → 2H is a maximal monotone mapping and
Bi : C → H(i = 1, ..., N) is ηi-ism, Θj : C × C → R satisfies (A1)–(A4), ϕj : C → R ∪ {+∞} is a
proper convex and lower semicontinuous satisfying (B1) or (B2), and Aj : C → H is µj-ism for each
j = 1, ..., M;

V : C → H is a nonexpansive mapping and A : H → H is a γ̄-strongly positive bounded linear
operator such 1 < γ̄ < 2, 0 < µ < 2η

κ2 and 0 ≤ γ < τ with τ = 1−
√

1− µ(2η − µκ2);
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PC(I − λt∇ f ) = st I + (1− st)Tt where Tt is nonexpansive, st =
2−λt L

4 ∈ (0, 1
2 ) and λt : (0, 1)→

(0, 2
L ) with limt→0 λt =

2
L ;

The operator ΛN
t : C → C is defined by ΛN

t x = JRN ,λN,t(I − λN,tBN) · · · JR1,λ1,t(I − λ1,tB1)x, t ∈
(0, 1), for {λi,t} ⊂ [ai, bi] ⊂ (0, 2ηi), i = 1, ..., N;

The operator ΛN
n : C → C is defined by ΛN

n x = JRN ,λN,n(I − λN,nBN) · · · JR1,λ1,n(I − λ1,nB1)x with
{λi,n} ⊂ [ai, bi] ⊂ (0, 2ηi) and limn→∞ λi,n = λi, for each i = 1, ..., N;

The operator ∆M
t : C → C is defined by ∆M

t x = T(ΘM ,ϕM)
rM,t (I − rM,t AM) · · · T(Θ1,ϕ1)

r1,t (I −
r1,t A1)x, t ∈ (0, 1), for {rj,t} ⊂ [cj, dj] ⊂ (0, 2µj), j = 1, ..., M;

The operator ∆M
n : C → C is defined by ∆M

n x = T(ΘM ,ϕM)
rM,n (I − rM,n AM) · · · T(Θ1,ϕ1)

r1,n (I − r1,n A1)x
with {rj,n} ⊂ [cj, dj] ⊂ (0, 2µj) and limn→∞ rj,n = rj, for each j = 1, ..., M;

Ω := ∩M
j=1GMEP(Θj, ϕj, Aj) ∩ ∩N

i=1I(Bi, Ri) ∩ Ξ 6= ∅;

{αn} ⊂ [0, 1], {sn} ⊂ (0, min{ 1
2 , ‖A‖−1}) and {st}t∈(0,min{1, 2−γ̄

τ−γ })
⊂ (0, min{ 1

2 , ‖A‖−1}).
Next, set

Λi
t = JRi ,λi,t(I − λi,tBi)JRi−1,λi−1,t(I − λi−1,tBi−1) · · · JR1,λ1,t(I − λ1,tB1), ∀t ∈ (0, 1),

Λi
n = JRi ,λi,n(I − λi,nBi)JRi−1,λi−1,n(I − λi−1,nBi−1) · · · JR1,λ1,n(I − λ1,nB1), ∀n ≥ 0,

∆j
t = T

(Θj ,ϕj)
rj,t (I − rj,t Aj)T

(Θj−1,ϕj−1)
rj−1,t (I − rj−1,t Aj−1) · · · T

(Θ1,ϕ1)
r1,t (I − r1,t A1), ∀t ∈ (0, 1),

and
∆j

n = T
(Θj ,ϕj)
rj,n (I − rj,n Aj)T

(Θj−1,ϕj−1)
rj−1,n (I − rj−1,n Aj−1) · · · T

(Θ1,ϕ1)
r1,n (I − r1,n A1), ∀n ≥ 0,

for j = 1, ..., M and i = 1, ..., N, Λ0
t = Λ0

n = I and ∆0
t = ∆0

n = I.
By Proposition 3, λ∇ f is 1

λL -ism for λ > 0. In addition, hence, I − λ∇ f is λL
2 -averaged. It is

clear that PC(I − λt∇ f ) is 2+λt L
4 -averaged for each λt ∈ (0, 2

L ). Thus, PC(I − λt∇ f ) = st I + (1− st)Tt,
where Tt is nonexpansive and st := st(λt) =

2−λt L
4 ∈ (0, 1

2 ) for each λt ∈ (0, 2
L ). Similarly, for each

n ≥ 0, PC(I − λn∇ f ) is 2+λn L
4 -averaged for each λn ∈ (0, 2

L ) and PC(I − λn∇ f ) = sn I + (1− sn)Tn.
Please note that Fix(Tt) = Fix(Tn) = Ξ. Since {λi,t} ⊂ [ai, bi] ⊂ (0, 2ηi), by (12) and Lemma 10,
we deduce

‖ΛN
t x−ΛN

t y‖ = ‖JRN ,λN,t(I − λN,tBN)ΛN−1
t x− JRN ,λN,t(I − λN,tBN)ΛN−1

t y‖ ≤ ‖x− y‖.

On the other hand, since {ri,t} ⊂ [ci, di] ⊂ (0, 2µi), according to (12) and Proposition 2, we get

‖∆M
t x− ∆M

t y‖ = ‖T(ΘM ,ϕM)
rM,t (I − rM,t AM)∆M−1

t x− T(ΘM ,ϕM)
rM,t (I − rM,t AM)∆M−1

t y‖
≤ ‖(I − rM,t AM)∆M−1

t x− (I − rM,t AM)∆M−1
t y‖

≤ ‖x− y‖.

Next, we present the following net {xt}t∈(0,min{1, 2−γ̄
τ−γ })

:


ut = T(ΘM ,ϕM)

rM,t (I − rM,t AM)T(ΘM−1,ϕM−1)
rM−1,t (I − rM−1,t AM−1) · · · T

(Θ1,ϕ1)
r1,t (I − r1,t A1)xt,

vt = JRN ,λN,t(I − λN,tBN)JRN−1,λN−1,t(I − λN−1,tBN−1) · · · JR1,λ1,t(I − λ1,tB1)ut,

xt = PC[(I − st A)Ttvt + st[Vxt − t(µFVxt − γTtvt)].

(14)

We prove the strong convergence of {xt} as t→ 0 to a point x̃ ∈ Ω which solves

〈(A−V)x̃, p− x̃〉 ≥ 0, ∀p ∈ Ω. (15)
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Let x0 ∈ C, define a sequence {xn} as follows
un = T(ΘM ,ϕM)

rM,n (I − rM,n AM)T(ΘM−1,ϕM−1)
rM−1,n (I − rM−1,n AM−1) · · · T

(Θ1,ϕ1)
r1,n (I − r1,n A1)xn,

vn = JRN ,λN,n(I − λN,nBN)JRN−1,λN−1,n(I − λN−1,nBN−1) · · · JR1,λ1,n(I − λ1,nB1)un,

yn = αnγTnvn + (I − αnµF)Vxn,

xn+1 = PC[(I − sn A)Tnvn + snyn], ∀n ≥ 0.

(16)

We will show the convergence of {xn} as n→ ∞ to x̃ ∈ Ω, which solves (15).
Now, for t ∈ (0, min{1, 2−γ̄

τ−γ}), and st ∈ (0, min{ 1
2 , ‖A‖−1}), let Qt : C → C be defined by

Qtx = PC[(I − st A)TtΛN
t ∆M

t x + st[Vx − t(µFVx − γTtΛN
t ∆M

t x)], ∀x ∈ C. By Lemmas 5 and 7,
we have

‖Qtx−Qty‖ ≤ ‖(I − st A)TtΛN
t ∆M

t x− (I − st A)TtΛN
t ∆M

t y‖
+ st‖((I − tµF)Vx + tγTtΛN

t ∆M
t x)− ((I − tµF)Vy + tγTtΛN

t ∆M
t y)‖

≤ (1− stγ̄)‖x− y‖+ st[(1− tτ)‖x− y‖+ tγ‖x− y‖]
= [1− st(γ̄− 1 + t(τ − γ))]‖x− y‖.

It is easy to check that 0 < 1− st(γ̄− 1 + t(τ − γ)) < 1. Therefore, Qt : C → C is contraction and
Qt has a unique fixed point, denoted by xt.

Proposition 4. Let {xt} be defined via (14). Then

(i) {xt} is bounded for t ∈ (0, min{1, 2−γ̄
τ−γ});

(ii) limt→0 ‖xt − Ttxt‖ = 0, limt→0 ‖xt − ΛN
t xt‖ = 0 and limt→0 ‖xt − ∆M

t xt‖ = 0 provided
limt→0 λt =

2
L ;

(iii) xt, st, λi,t, rj,t are locally Lipschitzian.

Proof. (i) Pick up p ∈ Ω. Noting that Fix(Tt) = Ξ, Λi
t p = p and ∆j

t p = p for all i ∈ {1, ..., N} and
j ∈ {1, ..., M}, by the nonexpansivity of Tt, Λi

t and ∆j
t and Lemmas 5 and 7 we get

‖xt − p‖ ≤ ‖(I − st A)TtΛN
t ∆M

t xt − (I − st A)TtΛN
t ∆M

t p‖+ st‖(I − tµF)Vxt + tγTtΛN
t ∆M

t xt − Ap‖
≤ st‖(I − tµF)Vxt − (I − tµF)Vp + t(γTtΛN

t ∆M
t xt − µFVp) + Vp− Ap‖

+ (1− stγ̄)‖TtΛN
t ∆M

t xt − TtΛN
t ∆M

t p‖
≤ [1− st(γ̄− 1 + t(τ − γ))]‖xt − p‖+ st(t‖(γI − µFV)p‖+ ‖(V − A)p‖).

Thus,

‖xt − p‖ ≤ ‖(V − A)p‖+ ‖(γI − µFV)p‖
γ̄− 1

.

Hence {xt} is bounded and so are {Vxt}, {ut}, {vt}, {Ttvt} and {FVxt}.
(ii) From (14), we obtain

‖xt − Ttvt‖ = ‖PC[(I − st A)Ttvt + st((I − tµF)Vxt + tγTtvt)]− PCTtvt‖
≤ st‖Vxt − ATtvt‖+ t‖γTtvt − µFVxt‖ → 0 as t→ 0.

(17)

From (12), we have

‖vt − p‖2 ≤ ‖Λi
tut − p‖2

= ‖JRi ,λi,t(I − λi,tBi)Λi−1
t ut − JRi ,λi,t(I − λi,tBi)p‖2

≤ ‖xt − p‖2 + λi,t(λi,t − 2ηi)‖BiΛi−1
t ut − Bi p‖2,

(18)
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and
‖ut − p‖2 ≤ ‖∆j

txt − p‖2

= ‖T(Θj ,ϕj)
rj,t (I − rj,t Aj)∆

j−1
t xt − T

(Θj ,ϕj)
rj,t (I − rj,t Aj)p‖2

≤ ‖xt − p‖2 + rj,t(rj,t − 2µj)‖Aj∆
j−1
t xt − Aj p‖2.

(19)

Simple calculations show that

xt − p = xt − wt + (I − st A)(Ttvt − Tt p) + st[(I − tµF)Vxt − (I − tµF)Vp

+ tγ(Ttvt − Tt p) + t(γI − µFV)p] + st(V − A)p,
(20)

where wt = (I− st A)Ttvt + st(tγTtvt +(I− tµF)Vxt). Then, by the nonexpansivity of Tt, Proposition 1,
and Lemmas 5 and 7, from (18)–(20) we obtain that

‖xt − p‖2 ≤ 〈(I − st A)(Ttvt − Tt p), xt − p〉+ st[〈(I − tµF)Vxt − (I − tµF)Vp, xt − p〉
+ tγ〈(Ttvt − Tt p), xt − p〉+ t〈(γI − µFV)p, xt − p〉] + st〈(V − A)p, xt − p〉

≤ (1− st(γ̄− tγ))
1
2
[‖xt − p‖2 + rj,t(rj,t − 2µj)‖Aj∆

j−1
t xt − Aj p‖2

+ λi,t(λi,t − 2ηi)‖BiΛi−1
t ut − Bi p‖2 + ‖xt − p‖2] + st[(1− tτ)‖xt − p‖2

+ t‖(γI − µFV)p‖‖xt − p‖] + st‖(V − A)p‖‖xt − p‖

≤ ‖xt − p‖2 − 1− st(γ̄− tγ)
2

[rj,t(2µj − rj,t)‖Aj∆
j−1
t xt − Aj p‖2 + λi,t(2ηi − λi,t)

× ‖BiΛi−1
t ut − Bi p‖2] + st(t‖(γI − µFV)p‖+ ‖(V − A)p‖)‖xt − p‖,

(21)

which together with {λi,t} ⊂ [ai, bi] ⊂ (0, 2ηi), i = 1, ..., N and {rj,t} ⊂ [cj, dj] ⊂ (0, 2µj), j = 1, ..., M,
implies that

1− st(γ̄− tγ)
2

[cj(2µj − dj)‖Aj∆
j−1
t xt − Aj p‖2 + ai(2ηi − bi)‖BiΛi−1

t ut − Bi p‖2]

≤ 1− st(γ̄− tγ)
2

[rj,t(2µj − rj,t)‖Aj∆
j−1
t xt − Aj p‖2 + λi,t(2ηi − λi,t)‖BiΛi−1

t ut − Bi p‖2]

≤ st(t‖(γI − µFV)p‖+ ‖(V − A)p‖)‖xt − p‖.

Since limt→0 st = 0 and {xt} is bounded, we have

lim
t→0
‖BiΛi−1

t ut − Bi p‖ = 0 and lim
t→0
‖Aj∆

j−1
t xt − Aj p‖ = 0 (i ∈ {1, ..., N}, j ∈ {1, ..., M}). (22)

According to Proposition 2, we have

‖∆j
txt − p‖2 ≤ 〈(I − rj,t Aj)∆

j−1
t xt − (I − rj,t Aj)p, ∆j

txt − p〉

≤ 1
2
(‖∆j−1

t xt − p‖2 + ‖∆j
txt − p‖2 − ‖∆j−1

t xt − ∆j
txt − rj,t(Aj∆

j−1
t xt − Aj p)‖2),

which implies that

‖∆j
txt − p‖2 ≤ ‖∆j−1

t xt − p‖2 − ‖∆j−1
t xt − ∆j

txt − rj,t(Aj∆
j−1
t xt − Aj p)‖2

≤ ‖xt − p‖2 − ‖∆j−1
t xt − ∆j

txt‖2 + 2rj,t‖∆
j−1
t xt − ∆j

txt‖‖Aj∆
j−1
t xt − Aj p‖.

(23)

Also, by Lemma 10, we obtain that for each i ∈ {1, ..., N}
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‖Λi
tut − p‖2 ≤ 〈(I − λi,tBi)Λi−1

t ut − (I − λi,tBi)p, Λi
tut − p〉

=
1
2
(‖(I − λi,tBi)Λi−1

t ut − (I − λi,tBi)p‖2 + ‖Λi
tut − p‖2

− ‖(I − λi,tBi)Λi−1
t ut − (I − λi,tBi)p− (Λi

tut − p)‖2)

≤ 1
2
(‖ut − p‖2 + ‖Λi

tut − p‖2 − ‖Λi−1
t ut −Λi

tut − λi,t(BiΛi−1
t ut − Bi p)‖2),

which implies

‖Λi
tut − p‖2 ≤ ‖ut − p‖2 − ‖Λi−1

t ut −Λi
tut − λi,t(BiΛi−1

t ut − Bi p)‖2

≤ ‖ut − p‖2 − ‖Λi−1
t ut −Λi

tut‖2 + 2λi,t‖Λi−1
t ut −Λi

tut‖‖BiΛi−1
t ut − Bi p‖.

(24)

Thus, utilizing Lemma 1, from (21), (23) and (24) we have

‖xt − p‖2 ≤ (1− st(γ̄− tγ))
1
2
(‖Λi

tut − p‖2 + ‖xt − p‖2) + st‖(V − A)p‖‖xt − p‖

+ st[(1− tτ)‖xt − p‖2 + t‖(γI − µFV)p‖‖xt − p‖]

≤ (1− st(γ̄− tγ))
1
2
[‖xt − p‖2 − ‖∆j−1

t xt − ∆j
txt‖2

+ 2rj,t‖∆
j−1
t xt − ∆j

txt‖‖Aj∆
j−1
t xt − Aj p‖ − ‖Λi−1

t ut −Λi
tut‖2

+ 2λi,t‖Λi−1
t ut −Λi

tut‖‖BiΛi−1
t ut − Bi p‖+ ‖xt − p‖2]

+ st[(1− tτ)‖xt − p‖2 + t‖(γI − µFV)p‖‖xt − p‖] + st‖(V − A)p‖‖xt − p‖

≤ ‖xt − p‖2 − 1− st(γ̄− tγ)
2

(‖∆j−1
t xt − ∆j

txt‖2 + ‖Λi−1
t ut −Λi

tut‖2)

+ rj,t‖∆
j−1
t xt − ∆j

txt‖‖Aj∆
j−1
t xt − Aj p‖+ λi,t‖Λi−1

t ut −Λi
tut‖‖BiΛi−1

t ut − Bi p‖
+ st(t‖(γI − µFV)p‖+ ‖(V − A)p‖)‖xt − p‖,

which together with {λi,t} ⊂ [ai, bi] ⊂ (0, 2ηi) and {rj,t} ⊂ [cj, dj] ⊂ (0, 2µj), leads to

1− st(γ̄− tγ)
2

(‖∆j−1
t xt − ∆j

txt‖2 + ‖Λi−1
t ut −Λi

tut‖2)

≤ dj‖∆
j−1
t xt − ∆j

txt‖‖Aj∆
j−1
t xt − Aj p‖+ bi‖Λi−1

t ut −Λi
tut‖‖BiΛi−1

t ut − Bi p‖
+ st(t‖(γI − µFV)p‖+ ‖(V − A)p‖)‖xt − p‖.

Since limt→0 st = 0, limt→0 ‖Aj∆
j−1
t xt− Aj p‖ = 0 and limt→0 ‖BiΛi−1

t ut− Bi p‖ = 0 (due to (22)),

we deduce from the boundedness of {xt}, {Λi
tut} and {∆j

txt} that

lim
t→0
‖Λi−1

t ut −Λi
tut‖ = 0 and lim

t→0
‖∆j−1

t xt − ∆j
txt‖ = 0. (25)

Hence we get

‖xt − ut‖ ≤ ‖∆0
t xt − ∆1

t xt‖+ ‖∆1
t xt − ∆2

t xt‖+ · · ·+ ‖∆M−1
t xt − ∆M

t xt‖
→ 0 as t→ 0,

(26)



Mathematics 2019, 7, 270 10 of 20

and
‖ut − vt‖ ≤ ‖Λ0

t ut −Λ1
t ut‖+ ‖Λ1

t ut −Λ2
t ut‖+ · · ·+ ‖ΛN−1

t ut −ΛN
t ut‖

→ 0 as t→ 0.
(27)

So, taking into account that ‖xt − vt‖ ≤ ‖xt − ut‖+ ‖ut − vt‖, we have

lim
t→0
‖xt − vt‖ = 0. (28)

In the meantime, from the nonexpansivity of Tt and ΛN
t , it is easy to see that

‖xt − Ttxt‖ ≤ ‖xt − Ttvt‖+ ‖Ttvt − Ttxt‖
≤ ‖xt − Ttvt‖+ ‖vt − xt‖,

and
‖xt −ΛN

t xt‖ ≤ ‖xt −ΛN
t ut‖+ ‖ΛN

t ut −ΛN
t xt‖

≤ ‖xt − vt‖+ ‖ut − xt‖.

Consequently, from (17), (26) and (28) we immediately deduce that

lim
t→0
‖xt − Ttxt‖ = 0 and lim

t→0
‖xt −ΛN

t xt‖ = 0. (29)

(iii) Since ∇ f is 1
L -ism, PC(I − λt∇ f ) is nonexpansive for λt ∈ (0, 2

L ). Then,

‖PC(I − λt∇ f )vt0‖ ≤ ‖PC(I − λt∇ f )vt0 − PC(I − λt∇ f )p‖+ ‖p‖
≤ ‖vt0‖+ 2‖p‖.

This implies that {PC(I − λt∇ f )vt0} is bounded. Also, observe that

‖Ttvt0 − Tt0 vt0‖ ≤
4L|λt0 − λt|‖PC(I − λt∇ f )vt0‖

(2 + λtL)(2 + λt0 L)
+

4L|λt − λt0 |
(2 + λtL)(2 + λt0 L)

‖vt0‖

+
4(2 + λtL)‖PC(I − λt∇ f )vt0 − PC(I − λt0∇ f )vt0‖

(2 + λtL)(2 + λt0 L)

≤ |λt − λt0 |[L‖PC(I − λt∇ f )vt0‖+ 4‖∇ f (vt0)‖+ L‖vt0‖]
≤ M̃|λt − λt0 |,

(30)

where supt{L‖PC(I − λt∇ f )vt0‖ + 4‖∇ f (vt0)‖ + L‖vt0‖} ≤ M̃ for some M̃ > 0. So, by (30),
we have that

‖Ttvt − Tt0 vt0‖ ≤ ‖Ttvt − Ttvt0‖+ ‖Ttvt0 − Tt0 vt0‖
≤ ‖vt − vt0‖+ M̃|λt − λt0 |

≤ ‖vt − vt0‖+
4M̃
L
|st − st0 |.

(31)

Utilizing (12) and (13), we obtain that
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‖vt − vt0‖ ≤ ‖JRN ,λN,t(I − λN,tBN)ΛN−1
t ut − JRN ,λN,t(I − λN,t0 BN)ΛN−1

t ut‖

+ ‖JRN ,λN,t(I − λN,t0 BN)ΛN−1
t ut − JRN ,λN,t0

(I − λN,t0 BN)ΛN−1
t0

ut0‖

≤ ‖(I − λN,tBN)ΛN−1
t ut − (I − λN,t0 BN)ΛN−1

t ut‖
+ ‖(I − λN,t0 BN)ΛN−1

t ut − (I − λN,t0 BN)ΛN−1
t0

ut0‖+ |λN,t − λN,t0 |

× (
1

λN,t
‖JRN ,λN,t(I − λN,t0 BN)ΛN−1

t ut − (I − λN,t0 BN)ΛN−1
t0

ut0‖

+
1

λN,t0

‖(I − λN,t0 BN)ΛN−1
t ut − JRN ,λN,t0

(I − λN,t0 BN)ΛN−1
t0

ut0‖)

≤ |λN,t − λN,t0 |(‖BNΛN−1
t ut‖+ M̂) + ‖ΛN−1

t ut −ΛN−1
t0

ut0‖

≤ M̃0

N

∑
i=1
|λi,t − λi,t0 |+ ‖ut − ut0‖,

(32)

where
sup

t
{ 1

λi,t
‖JRi ,λi,t(I − λi,t0 Bi)Λi−1

t ut − (I − λi,t0 Bi)Λi−1
t0

ut0‖

+
1

λi,t0

‖(I − λi,t0 Bi)Λi−1
t ut − JRi ,λi,t0

(I − λi,t0 Bi)Λi−1
t0

ut0‖} ≤ M̂,

for some M̂ > 0 and supt{∑
N
i=1 ‖BiΛi−1

t ut‖+ M̂} ≤ M̃0 for some M̃0 > 0. Also, utilizing Proposition 2,
we deduce that

‖ut − ut0‖ ≤ ‖T
(ΘM ,ϕM)
rM,t (I − rM,tBM)∆M−1

t xt − T(ΘM ,ϕM)
rM,t0

(I − rM,tBM)∆M−1
t xt‖

+ ‖T(ΘM ,ϕM)
rM,t0

(I − rM,tBM)∆M−1
t xt − T(ΘM ,ϕM)

rM,t0
(I − rM,t0 BM)∆M−1

t xt‖

+ ‖(I − rM,t0 BM)∆M−1
t xt − (I − rM,t0 BM)∆M−1

t0
xt0‖

≤ |rM,t − rM,t0 |[‖BM∆M−1
t xt‖+

1
rM,t
‖T(ΘM ,ϕM)

rM,t (I − rM,tBM)∆M−1
t xt

− (I − rM,tBM)∆M−1
t xt‖] + · · ·+ ‖∆0

t xt − ∆0
t0

xt0‖

+ |r1,t − r1,t0 |[‖B1∆0
t xt‖+

1
r1,t
‖T(Θ1,ϕ1)

r1,t (I − r1,tB1)∆0
t xt − (I − r1,tB1)∆0

t xt‖]

≤ M̃1

M

∑
j=1
|rj,t − rj,t0 |+ ‖xt − xt0‖,

(33)

where M̃1 > 0 is a constant and

M

∑
j=1

[‖Bj∆
j−1
t xt‖+

1
rj,t
‖T(Θj ,ϕj)

rj,t (I − rj,tBj)∆
j−1
t xt − (I − rj,tBj)∆

j−1
t xt‖] ≤ M̃1.

In terms of (31)–(33), we calculate

‖Ttvt − Tt0 vt0‖ ≤ ‖xt − xt0‖+ M̃1

M

∑
j=1
|rj,t − rj,t0 |+ M̃0

N

∑
i=1
|λi,t − λi,t0 |+

4M̃
L
|st − st0 |,

and hence
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‖xt − xt0‖ ≤ ‖(I − st A)Ttvt + st((I − tµF)Vxt + tγTtvt)− (I − st0 A)Tt0 vt0

− st0((I − t0µF)Vxt0 + t0γTt0 vt0)‖
≤ |st − st0 |‖A‖‖Ttvt‖+ (1− st0 γ̄)‖Ttvt − Tt0 vt0‖+ t0γ‖Ttvt − Tt0 vt0‖
+ |st − st0 |[‖Vxt‖+ t(γ‖Ttvt‖+ µ‖FVxt‖)] + st0 [(γ‖Ttvt‖+ µ‖FVxt‖)|t− t0|
+ (1− t0τ)‖xt − xt0‖]

≤ (1− st0(γ̄− 1 + t0(τ − γ)))(‖xt − xt0‖+ M̃1

M

∑
j=1
|rj,t − rj,t0 |+ M̃0

N

∑
i=1
|λi,t − λi,t0 |

+
4M̃
L
|st − st0 |) + |st − st0 |[‖A‖‖Ttvt‖+ ‖Vxt‖+ t(γ‖Ttvt‖+ µ‖FVxt‖)]

+ st0(γ‖Ttvt‖+ µ‖FVxt‖)|t− t0|.

This immediately implies that

‖xt − xt0‖ ≤
‖A‖‖Ttvt‖+ ‖Vxt‖+ t(γ‖Ttvt‖+ µ‖FVxt‖) + 4M̃

L
st0(γ̄− 1 + t0(τ − γ))

|st − st0 |

+
γ‖Ttvt‖+ µ‖FVxt‖
γ̄− 1 + t0(τ − γ)

|t− t0|+
M̃1

st0(γ̄− 1 + t0(τ − γl))

M

∑
j=1
|rj,t − rj,t0 |

+
M̃0

st0(γ̄− 1 + t0(τ − γl))

N

∑
i=1
|λi,t − λi,t0 |.

Since st, λi,t, rj,t are locally Lipschitzian, we conclude that xt is locally Lipschitzian.

Theorem 1. Assume that limt→0 st = 0. Then, xt defined by (14) converges strongly to x̃ ∈ Ω as t → 0,
which solves (15).

Proof. Let x̃ be the unique solution of (15). Let p ∈ Ω. Then, we have

xt − p = xt − wt + st[(I − tµF)Vxt − (I − tµF)Vp + tγ(Ttvt − Tt p) + t(γI − µFV)p]

+ (I − st A)(Ttvt − Tt p) + st(V − A)p,

where wt = (I − st A)Ttvt + st((I − tµF)Vxt + tγTtvt). Then, by Proposition 1 and the nonexpansivity
of Tt, we obtain from (18) that

‖xt − p‖2 ≤ 〈(I − st A)(Ttvt − Tt p), xt − p〉+ st[〈(I − tµF)Vxt − (I − tµF)Vp, xt − p〉
+ tγ〈Ttvt − Tt p, xt − p〉+ t〈(γI − µFV)p, xt − p〉] + st〈(V − A)p, xt − p〉
≤ (1− stγ̄)‖vt − p‖‖xt − p‖+ st[(1− tτ)‖xt − p‖2

+ tγ‖vt − p‖‖xt − p‖+ t〈(γI − µFV)p, xt − p〉] + st〈(V − A)p, xt − p〉
≤ [1− st((γ̄− 1) + t(τ − γ))]‖xt − p‖2 + 〈(V − A)p, xt − p〉+ st(t〈(γI − µFV)p, xt − p〉).

Hence,

‖xt − p‖2 ≤ 1
γ̄− 1 + t(τ − γ)

(〈(V − A)p, xt − p〉+ t〈(γI − µFV)p, xt − p〉). (34)

It follows that xtn → x∗, where {tn} ∈ (0, min{1, 2−γ̄
τ−γ}) such that tn → 0. By Proposition 4,

we get limn→∞ ‖xtn − Ttn xtn‖ = 0. Observe that

‖PC(I − λtn∇ f )xtn − xtn‖ = ‖stn xtn + (1− stn)Ttn xtn − xtn‖
≤ ‖Ttn xtn − xtn‖,
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where stn =
2−λtn L

4 ∈ (0, 1
2 ) for λtn ∈ (0, 2

L ). Hence we have

‖PC(I − 2
L
∇ f )xtn − xtn‖ ≤ ‖(I − 2

L
∇ f )xtn − (I − λtn∇ f )xtn‖+ ‖PC(I − λtn∇ f )xtn − xtn‖

≤ (
2
L
− λtn)‖∇ f (xtn)‖+ ‖Ttn xtn − xtn‖.

By the boundedness of {xtn}, stn → 0 (⇔ λtn → 2
L ) and ‖Ttn xtn − xtn‖ → 0, we deduce

‖x∗ − PC(I − 2
L
∇ f )x∗‖ = lim

n→∞
‖xtn − PC(I − 2

L
∇ f )xtn‖ = 0.

Therefore, x∗ ∈ VI(C,∇ f ) = Ξ.
Furthermore, from (25), (26) and (28), we have that ∆j

tn
xtn → x∗, Λm

tn
utn → x∗, utn → x∗

and vtn → x∗. First, we prove that x∗ ∈ ∩N
m=1I(Bm, Rm). Please note that Rm + Bm is maximal

monotone. Let (v, g) ∈ G(Rm + Bm), i.e., g − Bmv ∈ Rmv. Noting that Λm
tn

utn = JRm ,λm,tn
(I −

λm,tn Bm)Λm−1
tn

utn , m ∈ {1, ..., N}, we have

Λm−1
tn

utn − λm,tn BmΛm−1
tn

utn ∈ (I + λm,tn Rm)Λm
tn utn ,

that is,
1

λm,tn

(Λm−1
tn

utn −Λm
tn utn − λm,tn BmΛm−1

tn
utn) ∈ RmΛm

tn utn .

According to the monotonicity of Rm, we have

〈v−Λm
tn utn , g− Bmv− 1

λm,tn

(Λm−1
tn

utn −Λm
tn utn − λm,tn BmΛm−1

tn
utn)〉 ≥ 0

and hence

〈v−Λm
tn utn , g〉 ≥ 〈v−Λm

tn utn , Bmv +
1

λm,tn

(Λm−1
tn

utn −Λm
tn utn − λm,tn BmΛm−1

tn
utn)〉

≥ 〈v−Λm
tn utn , BmΛm

tn utn − BmΛm−1
tn

utn〉+ 〈v−Λm
tn utn ,

1
λm,tn

(Λm−1
tn

utn −Λm
tn utn)〉.

Since ‖Λm
tn

utn −Λm−1
tn

utn‖ → 0 (due to (25)) and ‖BmΛm
tn

utn − BmΛm−1
tn

utn‖ → 0, we deduce from
Λm

tn
utn → x∗ and {λm,tn} ⊂ [am, bm] ⊂ (0, 2ηm) that

lim
n→∞
〈v−Λm

tn utn , g〉 = 〈v− x∗, g〉 ≥ 0.

By the maximal monotonicity of Bm + Rm, we derive 0 ∈ (Rm + Bm)x∗, i.e., x∗ ∈ I(Bm, Rm). Thus,

x∗ ∈ ⋂N
m=1 I(Bm, Rm). Next we prove that x∗ ∈ ∩M

j=1GMEP(Θj, ϕj, Aj). Since ∆j
tn

xtn = T
(Θj ,ϕj)
rj,tn

(I −
rj,tn Aj)∆

j−1
tn

xtn , j ∈ {1, ..., M}, we have

Θj(∆
j
tn

xtn , y) + ϕj(y)− ϕj(∆
j
tn

xtn) + 〈Aj∆
j−1
tn

xtn , y− ∆j
tn

xtn〉+ 〈y− ∆j
tn

xtn ,
∆j

tn
xtn − ∆j−1

tn
xtn

rj,tn

〉 ≥ 0.

By (A2), we have

ϕj(y)− ϕj(∆
j
tn

xtn) + 〈Aj∆
j−1
tn

xtn , y− ∆j
tn

xtn〉+ 〈y− ∆j
tn

xtn ,
∆j

tn
xtn − ∆j−1

tn
xtn

rj,tn

〉 ≥ Θj(y, ∆j
tn

xtn).
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Let y ∈ C and t ∈ (0, 1]. Set zt = ty + (1− t)x∗. Thus, zt ∈ C. Hence,

〈zt − ∆j
tn

xtn , Ajzt〉 ≥ ϕj(∆
j
tn

xtn)− ϕj(zt) + 〈zt − ∆j
tn

xtn , Ajzt − Aj∆
j
tn

xtn〉+ Θj(zt, ∆j
tn

xtn)

+ 〈zt − ∆j
tn

xtn , Aj∆
j
tn

xtn − Aj∆
j−1
tn

xtn〉 − 〈zt − ∆j
tn

xtn ,
∆j

tn
xtn − ∆j−1

tn
xtn

rj,tn

〉.
(35)

By (25), we have ‖Aj∆
j
tn

xtn − Aj∆
j−1
tn

xtn‖ → 0 as n → ∞. Please note that 〈zt − ∆j
tn

xtn , Ajzt −
Aj∆

j
tn

xtn〉 ≥ 0. Then,
〈zt − x∗, Ajzt〉 ≥ ϕj(x∗)− ϕj(zt) + Θj(zt, x∗). (36)

Applying (A1), (A4) and (36), we obtain

0 = Θj(zt, zt) + ϕj(zt)− ϕj(zt)

≤ t[Θj(zt, y) + ϕj(y)− ϕj(zt)] + (1− t)t〈y− x∗, Ajzt〉,

and hence
0 ≤ Θj(zt, y) + ϕj(y)− ϕj(zt) + (1− t)〈y− x∗, Ajzt〉.

Thus,
0 ≤ Θj(x∗, y) + ϕj(y)− ϕj(x∗) + 〈y− x∗, Ajx∗〉.

So, x∗ ∈ GMEP(Θj, ϕj, Aj) and x∗ ∈ ∩M
j=1GMEP(Θj, ϕj, Aj). Therefore, x∗ ∈

∩M
j=1GMEP(Θj, ϕj, Aj) ∩ ∩N

m=1I(Bm, Rm) ∩ Ξ =: Ω.
Next, we prove that xt → x̃ as t→ 0. First, let us assert that x∗ is a solution of the VIP (15). As a

matter of fact, since xt = xt − wt + (I − st A)TtΛN
t ∆M

t xt + st((I − tµF)Vxt + tγTtΛN
t ∆M

t xt), we have

xt−TtΛN
t ∆M

t xt = xt−wt + st(V−A)TtΛN
t ∆M

t xt + st(Vxt−VTtΛN
t ∆M

t xt + t(γTtΛN
t ∆M

t xt−µFVxt)).

Since Tt, ΛN
t and ∆M

t are nonexpansive mappings, I − TtΛN
t ∆M

t is monotone. By the monotonicity of
I − TtΛN

t ∆M
t , we have

0 ≤ 〈(I − TtΛN
t ∆M

t )xt − (I − TtΛN
t ∆M

t )p, xt − p〉
≤ st〈(V − A)Ttvt − (V − A)xt, xt − p〉+ st〈Vxt −VTtvt, xt − p〉
+ st〈(V − A)xt, xt − p〉+ stt〈(γTtvt − µFVxt), xt − p〉.

Hence,

〈(A−V)xt, xt − p〉 ≤ ‖(V − A)Ttvt − (V − A)xt‖‖xt − p‖+ ‖Vxt −VTtvt‖‖xt − p‖
+ t‖γTtvt − µFVxt‖‖xt − p‖
≤ (2 + ‖A‖)‖Ttvt − xt‖‖xt − p‖+ t(γ‖Ttvt‖+ µ‖FVxt‖)‖xt − p‖.

(37)

Now, replacing t in (37) with tn and noticing the boundedness of {γ‖Ttn vtn‖+ µ‖FVxtn‖} and
the fact that (V − A)Ttn vtn − (V − A)xtn → 0, we deduce

〈(A−V)x∗, x∗ − p〉 ≤ 0.

Thus, x∗ ∈ Ω is a solution of (15); hence x∗ = x̃ by uniqueness. Consequently, xt → x̃ as
t→ 0.
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Theorem 2. Assume that the sequences {αn} ⊂ [0, 1] and {sn} ⊂ (0, 1
2 ) satisfy: (C1) limn→∞ αn = 0

and limn→∞ sn = 0. Let the sequence {xn} be defined by (16). Then LIMn〈(A − V)x̃, x̃ − xn〉 ≤ 0,
where x̃ = limt→0+ xt and xt is defined by

xt = PC[(I − st A)TΛN∆Mxt + st(Vxt − t(µFVxt − γTΛN∆Mxt))], (38)

where T, ΛN , ∆M : C → C are defined by Tx = PC(I − 2
L∇ f )x, ΛN x = JRN ,λN (I − λN BN) · · · JR1,λ1(I −

λ1B1)x and ∆Mx = T(ΘM ,ϕM)
rM (I − rM AM) · · · T(Θ1,ϕ1)

r1 (I − r1 A1)x for λi ∈ [ai, bi] ⊂ (0, 2ηi), i = 1, ..., N
and rj ∈ [cj, dj] ⊂ (0, 2µj), j = 1, ..., M.

Proof. We assume, without loss of generality, that 0 < sn ≤ ‖A‖−1 for all n ≥ 0. Let limt→0 xt =

x̃ and x̃ is the unique solution of (15). By Proposition 4, we deduce that the nets {xt},
{Vxt}, {∆Mxt}, {ΛN∆Mxt} and {FVxt} are bounded.

Let p ∈ Ω. Then Tn p = p, ΛN
n p = p and ∆M

n p = p. Applying Lemmas 5 and 7, we obtain that

‖xn+1 − p‖ ≤ sn[(1− αnτ)‖xn − p‖+ αnγ‖vn − p‖+ αn‖(γI − µFV)p‖]
+ (1− snγ̄)‖vn − p‖+ sn‖(V − A)p‖
≤ sn[(1− αnτ)‖xn − p‖+ αnγ‖xn − p‖+ αn‖(γI − µFV)p‖]
+ sn‖(V − A)p‖+ (1− snγ̄)‖xn − p‖

≤ max{‖(V − A)p‖+ ‖(γI − µFV)p‖
γ̄− 1

, ‖xn − p‖}.

By induction

‖xn − p‖ ≤ max{‖(V − A)p‖+ ‖(γI − µFV)p‖
γ̄− 1

, ‖x0 − p‖}, ∀n ≥ 0.

Thus, {xn}, {un}, {vn}, {Tnvn}, {FVxn}, {Vxn} and {yn} are all bounded. By (C1), we obtain

‖xn+1 − Tnvn‖ ≤ ‖(I − sn A)Tnvn + snyn − Tnvn‖ = sn‖yn − ATnvn‖ → 0 as n→ ∞.

By (31), we also have

‖TΛN∆Mxn − TnΛN
n ∆M

n xn‖ ≤ ‖ΛN∆Mxn −ΛN
n ∆M

n xn‖+ M̂| 2
L
− λn|, (39)

where supn≥0{L‖PC(I − 2
L∇ f )vn‖+ 4‖∇ f (vn)‖+ L‖vn‖} ≤ M̂ for some M̂ > 0. According to (32),

we have

‖ΛN∆Mxn −ΛN
n ∆M

n xn‖ ≤ M̂0

N

∑
i=1
|λi − λi,n|+ ‖∆Mxn − ∆M

n xn‖, (40)

where
sup
n≥0
{ 1

λi
‖JRi ,λi (I − λi,nBi)Λi−1∆Mxn − (I − λi,nBi)Λi−1

n un‖

+
1

λi,n
‖(I − λi,nBi)Λi−1∆Mxn − JRi ,λi,n(I − λi,nBi)Λi−1

n un‖} ≤ N̂,

for some N̂ > 0 and supn≥0{∑
N
i=1 ‖BiΛi−1∆Mxn‖ + N̂} ≤ M̂0 for some M̂0 > 0. In terms of (33),

we have

‖∆Mxn − ∆M
n xn‖ ≤ M̂1

M

∑
j=1
|rj − rj,n|, (41)
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where supn≥0{∑
M
j=1[‖Aj∆j−1xn‖+ 1

rj
‖T(Θj ,ϕj)

rj (I − rj Aj)∆j−1xn − (I − rj Aj)∆j−1xn‖]} ≤ M̂1 for some

M̂1 > 0. In terms of (39)–(41) we calculate

‖TΛN∆Mxn − TnΛN
n ∆M

n xn‖ ≤ M̂1

M

∑
j=1
|rj − rj,n|+ M̂0

N

∑
i=1
|λi − λi,n|+ M̂| 2

L
− λn|.

It is clear that

‖TΛN∆Mxt − xn+1‖ ≤ ‖TΛN∆Mxt − TΛN∆Mxn‖+ ‖TΛN∆Mxn − TnΛN
n ∆M

n xn‖
+ ‖TnΛN

n ∆M
n xn − xn+1‖

≤ ‖xt − xn‖+ M̂1

M

∑
j=1
|rj − rj,n|+ M̂0

N

∑
i=1
|λi − λi,n|+ M̂| 2

L
− λn|

+ ‖Tnvn − xn+1‖
= ‖xt − xn‖+ εn,

(42)

where εn = M̂1 ∑M
j=1 |rj − rj,n| + M̂0 ∑N

i=1 |λi − λi,n| + M̂| 2L − λn| + ‖Tnvn − xn+1‖ → 0 as n → ∞.
Please note that

〈Axt − Axn, xt − xn〉 ≥ γ̄‖xt − xn‖2. (43)

Furthermore, for simplicity, we write wt = (I− st A)TΛN∆Mxt + st((I− tµF)Vxt + tγTΛN∆Mxt).
By (38), we get xt = PCwt and

xt − xn+1 = (I − st A)TΛN∆Mxt − (I − st A)xn+1 + st[(I − tµF)Vxt − (I − tµF)Vxn+1

+ t(γTΛN∆Mxt − µFVxn+1) + (V − A)xn+1] + xt − wt.

Applying Lemma 1 and Proposition 1, we have

‖xt − xn+1‖2 ≤ 2stt〈γTΛN∆Mxt − µFVxn+1), xt − xn+1〉+ 2st〈(V − A)xn+1, xt − xn+1〉
+ 2st〈(I − tµF)Vxt − (I − tµF)Vxn+1, xt − xn+1〉
+ ‖(I − st A)TΛN∆Mxt − (I − st A)xn+1‖2

≤ (1− stγ̄)
2‖TΛN∆Mxt − xn+1‖2 + 2st〈Vxt −Vxn+1, xt − xn+1〉

− 2sttµ〈FVxt − FVxn+1, xt − xn+1〉+ 2st〈(V − A)xn+1, xt − xn+1〉
+ 2stt‖γTΛN∆Mxt − µFVxn+1‖‖xt − xn+1‖
≤ (1− stγ̄)

2‖TΛN∆Mxt − xn+1‖2 + 2st〈Vxt −Vxn+1, xt − xn+1〉
+ 2stt(µ‖FVxt − FVxn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖
+ 2st〈(V − A)xn+1, xt − xn+1〉.

(44)

Using (42) and (43) in (44), we obtain

‖xt − xn+1‖2 ≤ (1− stγ̄)
2(‖xt − xn‖+ εn)

2 + 2st〈Vxt −Vxn+1, xt − xn+1〉
+ 2stt(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖
+ 2st〈(V − A)xn+1, xt − xn+1〉
≤ s2

t γ̄〈A(xt − xn), xt − xn〉+ ‖xt − xn‖2 + (1− stγ̄)
2(2‖xt − xn‖εn + ε2

n)

+ 2stt(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖
+ 2st[〈(V − A)xt, xt − xn+1〉+ 〈A(xt − xn+1), xt − xn+1〉
− 〈A(xt − xn), xt − xn〉].

(45)



Mathematics 2019, 7, 270 17 of 20

Applying the Banach limit LIM to (45), we have

LIMn‖xt − xn+1‖2 ≤ s2
t γ̄LIMn〈A(xt − xn), xt − xn〉+ LIMn‖xt − xn‖2

+ 2sttLIMn(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖
+ 2st[LIMn〈(V − A)xt, xt − xn+1〉+ LIMn〈A(xt − xn+1), xt − xn+1〉
− LIMn〈A(xt − xn), xt − xn〉].

(46)

Using the property LIMnan = LIMnan+1, we have

LIMn〈(A−V)xt, xt − xn〉 = LIMn〈(A−V)xt, xt − xn+1〉

≤ stγ̄

2
LIMn〈A(xt − xn), xt − xn〉+

1
2st

[LIMn‖xt − xn‖2 − LIMn‖xt − xn+1‖2]

+ tLIMn(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖
+ LIMn〈A(xt − xn+1), xt − xn+1〉 − LIMn〈A(xt − xn), xt − xn〉

=
stγ̄

2
LIMn〈A(xt − xn), xt − xn〉

+ tLIMn(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖.

(47)

Since
st〈A(xt − xn), xt − xn〉 ≤ st‖A‖‖xt − xn‖2 ≤ st‖A‖K2 → 0 as t→ 0, (48)

where ‖xt − xn‖+ ‖γTΛN∆Mxt − µFVxn‖ ≤ K,

t‖xt − xn+1‖2 → 0 and t‖γTΛN∆Mxt − µFVxn+1‖‖xt − xn+1‖ → 0 as t→ 0, (49)

we conclude from (47)–(49) that

LIMn〈(A−V)x̃, x̃− xn〉 ≤ lim sup
t→0

LIMn〈(A−V)xt, xt − xn〉

≤ lim sup
t→0

tLIMn(µκ‖xt − xn+1‖+ ‖γTΛN∆Mxt − µFVxn+1‖)‖xt − xn+1‖

+ lim sup
t→0

stγ̄

2
LIMn〈A(xt − xn), xt − xn〉

= 0.

This completes the proof.

Theorem 3. Let the sequences {αn} ⊂ [0, 1] and {sn} ⊂ (0, 1
2 ) satisfy: (C1) limn→∞ αn = 0, limn→∞ sn =

0 and (C2) ∑∞
n=0 sn = ∞. Let the sequence {xn} be defined by (16). If xn+1 − xn ⇀ 0, then xn converges

strongly to x̃ ∈ Ω, which solves (15).

Proof. We assume, without loss of generality, that αnτ < 1 and 2sn(γ̄−1)
1−sn

< 1 for all n ≥ 0. Let xt be
defined by (38). Then, limt→0 xt := x̃ ∈ Ω (due to Theorem 1). We divide the rest of the proof into
several steps.

Step 1. It is easy to show that

‖xn − p‖ ≤ max{‖x0 − p‖, ‖(V − A)p‖+ ‖(γI − µFV)p‖
γ̄− 1

}, ∀n ≥ 0.

Hence {xn}, {un}, {vn}, {Tnvn}, {FVxn}, {Vxn} and {yn} are all bounded.
Step 2. We show that lim supn→∞〈(V − A)x̃, xn − x̃〉 ≤ 0. To this end, let

an := 〈(A−V)x̃, x̃− xn〉, ∀n ≥ 0.
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According to Theorem 2, we deduce LIMnan ≤ 0. Choose a subsequence {xnj} of {xn} such that

lim sup
n→∞

(an+1 − an) = lim sup
j→∞

(anj+1 − anj)

and xnj ⇀ v ∈ H. This indicates that xnj+1 ⇀ v. Hence,

w− lim
j→∞

(x̃− xnj+1) = w− lim
j→∞

(x̃− xnj) = (x̃− v),

and therefore

lim sup
n→∞

(an+1 − an) = lim
j→∞
〈(A−V)x̃, (x̃− xnj+1)− (x̃− xnj)〉 = 0.

Then, by Lemma 8, we derive

lim sup
n→∞

〈(V − A)x̃, xn − x̃〉 = lim sup
n→∞

〈(A−V)x̃, x̃− xn〉 ≤ 0.

Step 3. We show that limn→∞ ‖xn − x̃‖ = 0. Set wn = (I − sn A)Tnvn + snyn for all n ≥ 0.
Then xn+1 = PCwn. Utilizing (16) and TnΛN

n ∆M
n x̃ = Tn x̃ = x̃, we have

xn+1 − x̃ = sn[(I − αnµF)Vxn − (I − αnµF)Vx̃ + αnγ(Tnvn − Tn x̃) + αn(γI − µFV)x̃]

+ (I − sn A)(Tnvn − Tn x̃) + sn(V − A)x̃ + xn+1 − wn.

Thus, utilizing Proposition 1 and Lemma 1, we get

‖xn+1 − x̃‖2 ≤ [(1− snγ̄)‖Tnvn − Tn x̃‖+ sn((1− αnτ)‖xn − x̃‖+ αnγ‖Tnvn − Tn x̃‖)]2

+ 2sn[αn‖(γI − µFV)x̃‖‖xn+1 − x̃‖+ 〈(A−V)x̃, x̃− xn+1〉]
≤ [1− sn(γ̄− 1 + αn(τ − γ))]‖xn − x̃‖2

+ 2sn[αn‖(γI − µFV)x̃‖‖xn+1 − x̃‖+ 〈(A−V)x̃, x̃− xn+1〉]
= [1− sn(γ̄− 1 + αn(τ − γ))]‖xn − x̃‖2 + sn(γ̄− 1 + αn(τ − γ))

× 2
γ̄− 1 + αn(τ − γ)

[αn‖(γI − µFV)x̃‖‖xn+1 − x̃‖+ 〈(A−V)x̃, x̃− xn+1〉]

= (1−ωn)‖xn − x̃‖2 + ωnδn,

where ωn = sn(γ̄− 1 + αn(τ − γ)) and

δn =
2

γ̄− 1 + αn(τ − γ)
[αn‖(γI − µFV)x̃‖‖xn+1 − x̃‖+ 〈(A−V)x̃, x̃− xn+1〉].

It is easy to check that ωn → 0, ∑∞
n=0 ωn = ∞ and lim supn→∞ δn ≤ 0. By Lemma 6 with rn = 0,

we deduce that limn→∞ ‖xn − x̃‖ = 0. This completes the proof.
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