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1. Introduction

Recently, many mathematicians and researchers have extensively studied fractional difference
calculus since this subject can be used for describing many problems of real-world phenomena such
as mechanical, control systems, flow in porous media, and electrical networks (see [1,2] and the
references therein). The basic definitions and properties of fractional difference calculus are given
in the book [3]. The applications and developments of the theory can be found in [4—47] and the
references cited therein. For example, Ferreira [20] studied the fractional difference equation of order
less than one. Goodrich [22] presented the fractional difference equation of order 1 < o < 2 with a
constant boundary condition. Chen et al. [28] proposed the initial value problem of order less than
one. Chen and Zhou [29] studied the antiperiodic boundary value problem of order 1 < a < 2.
Sitthiwirattham et al. [38] initiated the study of the fractional sum boundary value problem of order
1 < a < 2. Sitthiwirattham [40] proposed the sequential fractional difference equation with the
fractional sum boundary condition. We observe that these research works are fractional problems
containing only one equation.

The study of coupled systems of fractional differential equations is an important topic in this area
(see [48-53] and the references cited therein), and a recent example of the application of systems of
fractional difference equations is [54].

For the boundary value problems for systems of discrete fractional equations, there are some
studies in this area (see [55-60] and the references cited therein).

Pan et al. [55] proposed the system of discrete fractional difference equations as given by:

—Ayi(t) = fn(t+v),pt+p-1)),
—Aya(t) = gyit+v),ya(t+p—1)), @
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fort € Nopyq :={0,1,2,...,b+ 1}, with the difference boundary conditions:
y1(v—=2)=Ay(v+0b) =0,
vo(u—2) = Aya(n+b) =0, )

whereb € No:=NU{0};1 < p,v<2,0< B <1;and f,¢: R x R — R are continuous functions.
A" and A¥ are fractional difference operator of order v and y, respectively.

In 2015, Goodrich [58] discussed the coupled system of discrete fractional difference equations:

—AVx(t) = Mf(t+v—1Ly(t+p—1)), t€Nop,
—ATHy(t) = Ag(t+p—1Ly(t+v—1)), ®3)

with the nonlinearities satisfying no growth conditions:
x(v—2) = H (i ay(@i),  x(v+b+1)=0,
y(—=2) = Ha (T bx(6)),  y(p+b+1)=0, )

where 1 < v <2;1<p <2 M,A2 > 0; {ai}y, {bj}}.; € (0,);and Hy, Hy : [0,0) = [0,0) are
continuous functions.
In this paper, we considered the coupled system of fractional difference equations:

{A"‘lul(t) =F(t+ar—1Lt+a— 1, AP (t+aq — Br), ua(t + ap — 1)), 5)
A2uy(t) = B(t+ag — Lt +ay — 1, APup(F+ap — By), ug (F+ag — 1)),
for t € Ny, subject to the nonlocal fractional sum boundary conditions on the discrete half-line Ny:
up(ag —2) = 1 (u, u2),
uz(ag = 2) = ¢o(u, u2), ©)

lim;_, ul(f + a1 — 2) = )\ZA_ngz(ﬂz + 92)u2(172 + 92),
limy—ye0 Mz(i’ +ay — 2) = AlAielgl(l’]l + 91)M1(7]1 + 91).

Fori=1,2, a; € (1,2]; v;,7;,0; € (0,1]; Bi € (ai =L a;); A, A2 >0,and 1 € Ny 1,740,1
are given constants; F; € C (Ny,—2 x Ny,_» x R%,R) and g; € C (Ny,_2, 744, RT) are given functions;
¢;(u1, up) are given functionals; and A~% are fractional sums of order 6;.

The goal of this study is to show the existence of solutions of the governing problems (5) and (6).
The paper is structured as follows. Some definitions and basic lemmas are recalled in Section 2.
In Section 3, we prove the existence of solutions of the boundary value problem (5) by employing
Schauder’s fixed point theorem. Finally, we present an example to illustrate our result in the last section.

2. Preliminaries

In what follows, the notation, definitions, and lemmas used in the main results are given.

Definition 1. The generalized falling function is defined by t* := m, for any t and « for which the

right-hand side is defined. If t + 1 — w is a pole of the Gamma function and t 4 1 is not a pole, then t* = 0.

Lemma 1. [4] Assume the falling factorial functions are well defined. If t < r, then t* < r% for any a > 0.
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Definition 2. For a > 0 and f defined on N,, the a-order fractional sum of f is defined by:

t—

A7) 1= i L o)),

Q

where t € Npyqyand o(s) = s+ 1.

Definition 3. For « > 0 and f defined on N,, the a-order Riemann—Liouville fractional difference of f is

defined by:
1 t+uo

AF(t) = ANANTR £ (1) = = ) (= 0(s)) =L f(s),
r(_“> s=a
wheret € Ny n_q and N € Nare chosensothat0 < N—1 < a < N.
Lemma?2. [4]Let0 < N —1 < a < N. Then,
ANy () = y(t) + Crt*=t + Cutt=2 ... 4+ Cnt*=N,

forsome C; € R, with1 <i < N.

The following lemma deals with the linear variant of the boundary value problems (5) and (6)
and gives a representation of the solution.

Lemma 3. Let «; € (1,2], 6; € (0,1], A;,A2 > 0 and n; € Ny _q17144,1 be given constants,
ki € C(Ny,_o,R) and g; € C (Ny, o144, R") given functions, and ¢;(u1,1u2) given functionals. For each
i,j € {1,2} and i # j, then the problems:

A%u(t) = ki(t+a; —1), t€N, @)
ui(a; —2) = ¢i(u1,u), 8)
Lim i (f + ;) = AiA 08+ 6)u;(; + ;) ©)

have the unique solutions:

ap—1 A i _ o —
u(h) =t;— {Ar(lel) Yo (461 —0(s) L g1 (s)s=L P (ky, ko)
s=a1—2

172
_ Al:\(292) Szgfz(m + 0y —0(s)) 2 ga(s)s22-1 Q(klka)} 10

-2 _
tr— 1 (1, uz hot

1 —
+ T(a1) ) + () Yo (h—o(s) 1 ki (s+ a1 — 1), t € Nyyo,
s=0
1 tlll’l’l t;Z;l thm tl;l;l
e B — 0
() = tzz {2[\ Pk, k) — 1T Q(kl,kz)} an
82 ty—a
(U, u 1 ho® B
4+ 2 1?1206(2)1 2) e Y (- o(s)2 k(s +an — 1), ta € Nyo,
s=0

provided that both uy(t1), uz(t2) are uniformly bounded on Ny, _o and N, _», respectively, and:

Ao thm 1?71 1
A:L s+ 0y — 0(s))2=L gy (5) s%2=1L (12)
g L (5% (5)
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] — 1
M t1h—r>r;°t < 61—1 1
ot _ 1~ a1 — .
1—-(“1) . azl: 1(7]1 + 01 U(S)) gl(S) s , b€ N“i—z’
lim i’ ¢1(u1,u2) 2
_ h—eo Ao (ug, uz) B 0,1 -2
Pk k) = T(aq) ['(a2)T(62) SZ,XZZ;J(UZ o -2 g(s) 5=

1 ) t1—aq o AZ
T(a1) t]hgéo s;() (h—0o(s) k(s + a0 — 1) — W (13)

D C—ao
3 Y (2 4 02 — (€)1 (E = 0(5)) 2 (s + 2 — Dka(s 4+ — 1),

é*le s=0
lim t2 ¢2(u1,u2) n
b Mg (g, up) B 0,1 )
Qlkurke) =75 TaT(y) , 4,10 oO a0

1 fat2 A
o) Jim, Zo (tr —o(s)) 2L ky(s +ap — 1) — 7““1);(91) X (14)
n ¢—a

Y Z m+ 0 —o(@)1L(E—o(s) g1 (s + a — Dk (s +ag — 1).

{=nq s=

Proof. For each i,j € {1,2} and i # j, using Lemma 2 and the fractional sum of order « € (1, 2] for (7)

we obtain:
ti—u;
ui(t;) = C11 Sy sz Z Sl k(s +a;—1), (15)
fort; € Ny, o.
By using the boundary condition (8), we find that:
¢i(u1, u2)
_ , 1
C21 F(D‘i) ( 6)
Then, for t; € Ny, 2, we have:
(Y — Pi(u1, up) ai—2
ul(tl) - C11 F(Dci) ti
N4 Lki(s +a; — 1). (17)
Taking the fractional sum of order 0 < 6; < 1 for (17), we obtain:
]uz(tz) (18)
Ci ¥ 61 a1, Pilur,uz)
= (ti+6—0(s))Z i(s)s5i—= 4 I——== X
s 22 )% gi(s) r
ki i C—a
Yo (ti+6i—0(s) i gi(s) s4 2+ 2 Z (ti+6; — 0(8)%=
s=u;—2 é w; s=0
(& =o)L gi(s +a — 1) ki(s + o — 1),

for t; € Ny, o.
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Employing the boundary condition (9), this implies that:

_ li - f1—aq
C1q hm t + m lim tlil 2 + S 2 (ti - (T(S))al_l ki(s+ a1 — 1)

F(D(l) t]—o0 r(ﬁtl) =0
ACra & 0p—1 -1
= + 6, —o(s))=L -1 19
T(62) S:§_1<nz h —0(s))2—g2(s) s (19)

Ao (u1,13) 2 2= 22
W s*%*z(nz + 6, — U(S>)ug2(s) st2=2

2 §—ap
T Tarie) 2 Z (m2+ 02 — 0(8)21(& — o(s)) 2L ga(s + ap — 1) ka(s + a2 — 1),

é ay S=|
and:

1 fy—ap

¢2(”1/ Mz) li

IJK272

T A - a1 _
T(az) e g ['(ay) til—lgo s;() (t2 —o(s))2—ka(s + a2 — 1)
CMCp & B 01 -
= @) s:azl‘,_l(ﬂl +6; —0(s) A2 gy (s) st 20
M (un,uz) - g o1

[ (ar)T(6) 57“21;72(771 61— o(5)%=] gy (5) 12

n ¢—aq

r( 5L L+t —o(@)1 @ - o)

5“15

+ == (s+a1—1)k(s+a;—1).

After solving the system of Equations (19) and (20), we obtain:

)Ll 3 6171 w1 —1
Cu AT(67) s:§72('71 +01 — 0(s)2=g1(s)s"—P (k1 k2) 21)
/\2 3 6—1 wr—1
AT(6) L 1 02— 0= gals)sm= Ol ka),
and:
tlim tzrl tlim ti‘l_l
> —c0
Co A Plak) - = Qlk k), (22)

where A, P (kq,ky) and Q(kq, ky) are defined as (12)—(14), respectively. [J

The following lemma deals with the solutions u;(t;), i = 1,2 of the problems (7)-(9), and
APiu;(t; — B; + 1) are uniformly bounded on Ny, B; € (a; — 1, a;).

Lemma4. Foreach i,j € {1,2} and i # j, let k; € C (Ny,_»,R) and g; € C (Ny,—2,R™) be given functions,
¢i(u1, up) be given functionals, p; > max{B; —a;}, Bi € (a; — 1, a;), and 0 < g; < gi(s;) < G;, for each
$i € Ny, 2744

The solution u;(t;) of the problems (7)~(9) and APiu;(t; — B; + 1) are uniformly bounded on Ny, _», if
and only if u;(t;) and APiu;(t; — B; + 1) satisfy the following properties:

(A1) There exist constants My, Ny, my,nq > 0 such that, for uy and APruy,

k()] < My e m@htt)
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‘(Pi(ulr l/lz)‘ <N; (tl + pl)pilgfnl (tlJrl)'
(Ay) There exist constants My, Ny, ma, 1y > 0 such that, for uo and AP2us,

‘ki(ti)‘ <M, (tz + pz)&e*mz(t1+2t2),
(1 (11, 112)] < No(ty + p1)L [(b2 + p2)2]? e72(t21),

(As) There exist constants Q); > 0, i = 1,2 such that,

(tl -1+ 1)270(1 (tZ -y + 1)270(2
. . Q‘
{ 1+ (tl + P1)&(t2 + pz)"i2 ‘ul(tl)| <L),

(h—m +DE( —a+ D22 | g
A.BZ . . Q'.
{ 1+ (t + 1) (f2 + p2)2 | APiu;(t)] < O

Proof. Firstly, taking the fractional difference of order o; — 1 < B; < a;, i = 1,2 for (10) and (11),
we obtain:

Aﬁlul (t1>
1 t1+1 it )\1
- WSEJ“ ~ Bt o) R
1 A
s:oczl:—z(m 01— ()" g1 (5)s P (ky ko) - AF(292)
2
L (12+0>—0(s))2 = ga(s)s™2 =% Q(kl,kQ} (23)
s=ar—2
t+1
+ 1% 72 2(t1 —B1+1— U(s))ﬂsﬂ
1 t1+1 8- :
T BT () é(:Zal L-piei- o(s)) PN E — o)1 (s + a0 — 1),
and:
APy (1)
1 bl Jlim e
~T(B2) S:%_l(fz —Ba+1—o(s)) P tsmal x {ZA P(ky, ko) (24)
lim ti‘l;l bt

t1—o0 ¢2(u1, uz) —B2—1 ap—
S Ottt o R S ot it

1 th+1 ¢—ap

Y Y (b= Br+1—0(s)=E(E — o(s)) 2 ko (s + ap — 1).

T pT () &, &

If u;(t;) and APiu;(t; — B; + 1) are uniformly bounded on N, _,, we have:

Ay lim tm
Al < Do "Zz (112 + 6 — ()21 go(s) s21
r(az) s=ap—1
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0(1—1

)\1 thm tli M1
__ hmee _ 61—1 -1
e I
=1
< max { tli_r}n tgz;l(ﬂz + 6y — a2)271GoA0 Ay |,
2 [ee]
lim tiq;l(l’ll + 61 — 0(1)9171(;1/\1./41 }
t1~>00
Furthermore, considering u1(t;) and AP1u;(t;), we obtain:
My el=(titt2) ,for Lll(fl)
My e~ (2hith) ,for APLuy(t — By +1
k()] < M o =t ) 26)
M, (f2+P2)&6 (hi+h) ,for le(tz)
My (tp + pp)P2e~(1+20)  for AP2uy(ty — By +1)
and:
Ny (tl + 01 —l—l)p—l , for ul(tl)
Np (t1 + pp)PLe(iFD) for APluy(t — B+ 1
it )] < N e - =Pty (27)
Ny (t1 4 1) [(t2 + p2 + 1)72] ,for uy(tp)
N (t1 + 1) [(t2 + Pz)&]2 e~ (4D for AP2uy(ty — By +1)
where:
M, = min MGy (1 — a1 + 91)91—_1«41, Gi(m —ar1 + 91)91—_1,““1)/
A2gol' () Ay S1
Gi(m — a1 +61)2=L Gy(mpy — g +61)0=1 4, (28)
Ag1gl(w1)Cr 7 Axg18aT(a2)AxCy ’
M, =min {F(az),)tsz(ﬂz oy +02)2 Ay, G (1 — g+ 0)BTLA,,
Gi(m — a1 +61)12=2 A1 Go(p — an + 62)271 A, (29)
g1C1 ’ 202 ’
: r'(61) Gi(m — aq + 6)=1 A,
Ni =min< I'(61),T(6,),T(a1), , , 30
1 { ( 1) ( 2) ( 1) /\zgzr(ﬂcl)Bz Azglng(ocl — 1)81./42 ( )
N, =min {r(“z)f)\ZGzF(lxl)(ﬂz — a4 62) %21 Ag, MGiT () (11 — a1+ 61) =LAy,
Go(1p2 — a2+ 62)2=2 Ay Gy(y — g + 67)1=1 A (31)
2B ’ 181 '

Consequently, the conditions (A1) and (A2) hold.
We next show that the condition (A3) holds. By using the conditions (A1) and (A2), we obtain:

ap wm+p1—1 ao+pr—1
lui(t)| < 57O < B O
+2 +2
14 5=
(b —a + 125 —ap +1)2%2 |

and:
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o LK
| 8P (k= B+ 1)| < (i —ai = B+ 1)L 0y < (1170

2 2
1 +tP1+ p2+2
(tl — o1+ 1)72 al (tz —ay + 1>727a2

]Qi, i£j=1,2

where:

/\2G2F(¢x1)(172 — K2 + 92)92;1 %
I'(6,)

N-
Ql—max{ ! + M; +

M,C
( N2 B; + 22 1 >
MGy 171*0(1+91)1 Ay

MGiT(a2) (11 — g +67) =L y

T(G ) INCD)
<N181 T NGn Ajzl (i 92)92‘1A2> }
+ F(L)(Ml +N), (32)
2 = max { Ga(i2 — a2 ir 02)%2-1 4, ];4(1“;3)]:]21 ! F(ezl)Az (Nsz " MZCZ) ] /

1
Gi(m — a1 + 61)=1 4

My + Ny 1
+ N1B; + M;C
I'(az)M 1"(61),41< L ! 1)1}

+ r(162)(1\/12 1 Ny), (33)
with

Ai =oF (aj,a; — 1 — Lag — 17, — 0;;1) (34)

Bi = F (a; —1,0; — i — Lo — i — 6; — 1;1) (35)

Ci=h (ai+1,0; — i — 1 — 0; + 1;1). (36)

Therefore, the condition (A3) holds.
Finally, if the conditions (A1)—(A3) hold, it is clear that u;(t;) and APiu;(t; — B; + 1) are uniformly
bounded on Ny, _». Our proof is complete. []

We next provide the following theorems used for proving the existence result for the problems (5)
and (6).

Theorem 1. (Arzeld—Ascoli theorem [61])
A set of functions in Cla, b] with the sup norm is relatively compact if and only if it is uniformly bounded
and equicontinuous on [a, b].

Theorem 2. [61] If a set is closed and relatively compact, then it is compact.

Theorem 3. (Schauder’s fixed point theorem [61])
If S is a convex compact subset of a normed space, every continuous mapping of S into itself has a fixed point.
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3. Main Result

In this section, we aim to establish the existence result for the problems (5) and (6). To accomplish
this, we let C; = C(N,,_2,R) be a Banach space of all functions on N, 5, foreach i,j € {1,2} and i # j.
Obviously, the product spaces:

U, = {(u1,u2) €l xCy: Aﬁiui(ti —Bi+ 1) € C;and X‘u]'(i’j)l,

x| APt — Bi+1)| are bounded on Na]._z,Nai_z,respectively,}

is also the Banach space endowed with the norm defined by:
1, 12) g, = AP wille, + llujllc;
where:

APiyi||e = ’Aﬁfu' t;—B;+1,t; d ||u;lle. = max x|u;(t;, t:)],
| 1”01 tig{ﬁ);X i(ti—Bi+ ]) and || ]HC] tjeNaj—Z)d ](z ])l

with for p; > max{B; —a;} and B; € (&; — 1,4;),

(tl —uq + 1)ﬂ(t2 — 0 + 1)2_$
= 14 20t ‘ 7
1 2

Let U = Ui NUy; clearly, the space (U, || (11, u2)]|z ) is the Banach space with the norm:
Y, P P

11, 2) o = max { |, u2) g 1|, u2) gy } -

Next, we define the operator F : U/ — U by:

(Fluy,up)) (1, 1) = ((fl(ul,uz))(tl,tg),(Fz(ul,uz))(tl,tz)), (38)

and:

gl i
(Fa(un, ) (1, 12) = { LY (6 0(s) B gy (9)s=L PR, Fy)

r(gl) s=aq—2
Az S 6,1 ay—1
- Y. (i +62—0(5) 2 ga(s)s2= L Q(Fy, B)
F(@z) s=ay—2
a2 -1
t ¢1(u]/u2) 1 I -1
+ - H4a—1—0(s))1==x
r(al) r(al) s:%—l( 1 1 ( ))
Fi(s,to, APYuy (s — B + 1), ua(f2)), £ € Ny o, (39)
0(271
t . ay—1 . a—1
(Fa(ug,u2)) (t, t2) = ZT { tll_rgo tb—P(F,F) — t}l_rgo e Q(Flsz)}
=2 -1
£ $2(u,u2) 1 Z 1
+ 2 th +ay —1—0(s))2=2x
M) T, )

F(t1,s,u1(t1), AP2up(s — o+ 1)), t € Ny o, (40)
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where A is defined as (12), and:

_ Aaa(uy,up) 2

PR =T (o) 22,1202 O aele) 5
t1—1
F(il) thm Z (h + a1 —1—0(s))tR (s, ta, APy (s — B1+1),ua(t2))
1701

A 72 (-1 . o
Tt L (0B e = 1 o)

2(5)EB(t,s, u(t1), AP uy (s — By + 1)), (41)

lim tnggbz(ul, uy)

O B = T il ) S_Zzz_zwl 0, — o(5))1 gy (5) st
1 ty—1
Ty A, £ (a+a 1= o) SRty (), 6%un(s — -+ 1)
A mo ¢—1

- T(a)T(61) égl s:%l(’h +601 — 0(8) 27N (E + 0y — 1 — o(s)) 1 x

gl(S)Fl (S, tr, Aﬁlul(s —B1+ 1),142(1’2)). (42)

We next make the following assumptions:

(Hi1) There exist positive numbers ;,02 € (—1,02) and M;,,m;, >0 (i = 1,2and p = 1,2,3) such
that, for each t; € Ny, > and v; € R,

1 1 _
F; <t1,t2, }vl, sz> —Mj (t2 + ilpz)zlpz e~ Min(h+h)

< Mp(th+ izpz)izpz e~ Mi2(ti+t2) |01]

+Mjz (ty + j300)2F2 e~ M3 (litE2) ||

(Hz) There exist positive numbers ;,0; € (—1,p;) and N, n;, > 0 (i = 1,2 and p = 1,2,3) such that,
for v; € C;,

1 1 y 15212 .
i <X01, sz) —Ni1 (t1 4 1p1)"" {(fz + i1ﬁ2)”p2] e~maltith)
_ 12
< Na(h+op1)™ [(t2 + )2 | e maltirta) oy

D JURRNY, 2 5.
+Nis (t1 + i301) " {(fz +i3P2)13p2] e "s(hit) gy .

(H3) g < g&i(n;) forall 7; € Ny, 1744;,-1-

Lemma 5. Suppose that (Hy)—(H3) hold. Then, the fixed point of F coincides with the solution of the
problems (5) and (6), and F : U — U is completely continuous.

Proof. Let (u1,up) € U, for each i,j € {1,2} and i # j. By the above assumptions (H;) and (Ha),
it follows that:

F; (h, ty, APiu; (4 — Bi + 1%”;‘(%’)) )
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1 _ 1
F; (tL ta, P [XAﬁl”i(ti —Bi+ 1)} > [XW(H‘)])
Myt (t2 + np2)"? e "1 1H12) 4 My (t + 1ppp) 22 e~ 2(1H12) || APy |
+ M3 (ta + 3p2) 22 e ettt |y, e (43)

IN

and |¢; (u1,u2) | = | (1 [xu1] ,% [Xuﬂ) ‘

X
5+ )i1P 5 'ﬁzz—n»(t-&-t)
Nil (t1+ilpl)ﬂ 1 [(t2‘|’i1‘02)11 :| e MiltiTiz
5 512
+ Nig (t1 + i2p1)" [(fz+izpz)’2"2] e m2(F2) |1y e,

IN

" - in D 2 —n.
+ Niz (t1 + i301)>! [(t2+i392)’3p2} e st 2) [y | o, (44)

The rest of the proof follows from Lemmas 3 and 4. This implies that the fixed point of F coincides

with the solution of the problems (5) and (6).
To show that F is completely continuous, we organize the proof as the following four steps.

Step I. Fis well defined and maps bounded sets into bounded sets.

Let Bg = {(uy,u2) € U : ||(u1, u2) |y < R}, then for (uq,u) € U:
R > max {[|(u1,u2)lleg, || (1, u2) [l }

= max {X“Aﬁlm(h - B1+ 1){ + |“2(t2)|},
)([|u1(t1)|+ |A52u2(t2—ﬁ2+1)}}}. (45)

By the definition of F, we get F;(uy,up), APi F;(u1,us) € U. Therefore, (43) and (44) imply that:
Fi(ty, to, AP (4 — B+ 1), uj(t))) ’
1 1
4 - Biyy.(t: — B - (t:
Fl (tll t2/ X |:XA Z’ll<tl :Bl + 1):| 4 X [Xu](t]):l)

< My (t2 + np2)"2 "1 1) £ RMp (f2 + 22) 2 %

e M2(lt2) 4 RMs (ty + j3p) 302 e Misllith),

b ()1( ] [Xuz]> ’ @)

5 12
< Nit (t1 + 1) [(tz + i1pz)’1p2} e ()

(46)

and |pi (u1,u2) | =

) 12
+ RNp (H + np1)2" [(t2 _i_inz)isz} e ni2(tith)
i 12
+ RNz (t1 + i301)°" [(fz + z‘sf’z)"m} e maliith),
Let

01 =1 (N11 + NipR+ Ni3R) Qi1 + (No1 4+ NapR + NosR) Oy

+ (M11 + MppR + M13R) Qi3+ (M21 + M»R + M23R) (oI
o =: (N11 + NioR + N13R) Q1 4 (N21 + NooR + Nz R) O

+ (M1 4+ M1aR + M13R) Qg3 + (M1 + MyR + Mp3R) Q4
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where:

r(6,)" T(61)

~ 1 AGoT(aq) 0, —
le—max{r(ez), T(6) (12 — ap + 6)2=—= 1B, %,

013: [max{l,W(ﬂl—al+gl—l)el—lC1}+ ! ],
1

~ 1 MGT 1
On = [max{ ( 1o <a2)(’71—0¢1+91)91131}+ ],

QM = maX {1, M(ﬂz — K + 92 — 1)92_102},
I'(6,)

Oy = max{ ! By }
2 GaAoT (a7) (172 — t + 05) 2L A, T(61) Ay f”

Oy = max{ L 5, }+ !
2 i (@) (1 — aq + 61)14; ' T(02) Az [ ' T(ap) |’

()3 = max { ! G }
3 Gz/\zr(lxl)(ﬂz — &y + 92)62;1A2’ F(91).A1 ’

= | max 1 G 1
o = [ {Gl/\lr("CZ)(m — o+ 91) —1A1 (92)A2} * F(DQ)].

Hence, we obtain:
X’ (F1(uq,u2)) (f1,f2)|

< (N11 + N1pR + N13R)

1 MGiT(a) . )
max{r(el)' 11“291)2 (771—061+61)9 1Bl}+ ]

1 )Lszr(Dq)
62)"  T(62)

I(
{1/ A1G1F 062

+ (N21 + N2R + Np3R) max { (10 —ap + 92)92—132}

+ (M11 + MR+ M13R [max — o+ 61 — 1)911C1} +

)Lszr(‘Xl)

+ (M21 + M»R + M23R) max {1, r(02)

(172 —ay+ 60y — 1)92_162}
= (),

and:

x| (Fa(ur, uz)) (t1,t2)|

1 By
< (N11 + N12R + Ni3R) max { , }
( 11 12 13 ) GaAoT (a1) (2 — oz + 92)92—1A2 r'(6,)A;

+ (N1 + NppR + N23R)

ma 1 Ba } " 1
GiMT ocz)(m —u1 + 91)91 1./41 (62>A2 r(“Z)

GoAol (a1) (2 — ap + 62) 2714, T(61) A4
+ (M1 + MR + MzgR)

(
I~
+ (M + MiaR + Mp3R) max { 1 9 }
(
I~

1 C } 1
+
ma GiMT 0(2)(171 — a1 + 91)61 1./41 (GZ)AZ r(“2)]

12 of 22

(48)
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= (. (49)
Similarly, we have:

x| AP (Fi(ur,u2)) (= B1+ 1 b)| < Oy, (50)
X|Aﬁ2 (.Fz(ul,uz)) (tl,tz—ﬁ2+1)| <02. (51)

Therefore, F;(u1,uy) € U. This implies that F : U — U is well defined.

Furthermore, we obtain:
| F (u1, u2) ||y, = max {X\Aﬁi (Filur, u2)) (t; — Bi +1,1)|
+ | (Fj () (8, 1) for i j € (1,2}, i # ji}. (52)
Hence,
[ F(ui,u2)llee = max {||F(ur, u)llog, 1F (1, u2) ey} < Q1 + Q. (53)
Thus, F maps bounded sets into bounded sets.

Step II. F is continuous.

Let € > 0 be given. Since F; and ¢; are continuous, then F; and ¢; are uniformly continuous.
Therefore, there exists 6 = min {5;,0;} > 0 such that, for each t; € N, o, u;v; € C; with

max {X|Aﬁi”i(ti — Bi+1) —APivi(t;)] + x|uj(t;) — Uj(tj)|} < &,
Fi(i’l, tr, Aﬁiu,’(ti —-Bi+ 1), M](t])> —F (f1, t, Aﬁ"vi(t,» —Bi+ 1), U](t])) ‘

[XW(’-‘;’)])

1
) - Biy.(t. — R,
Fl <t1,t2, X [XA ul(tl /31 + 1)] ’

€

< 2Mj; + 2MpR + 2MpR < ——.
10;

(54)

For each u;,v; € C; with |u; —v;| < §;,

01 n,2) = s on,02) | = o (& o, 3 Dol ) = (5 [ronl 2 ) |

X
< 2Nj; +2NjpR +2Nj3R <

€
o (55)

Similar to Step I, we obtain:
x| (Filur, uz)) — (Fi(vr,02)) | < 20 < §

and x| AP (Fi(ur,u0)) — AP (Fi(v1,02)) | < 20y < §.
Thus, we have:

| Fi(u1, u2) — Fi(v1,02) |y,
= (18P Fi(ur, un) — APLFi(01,0) ¢, + (| Fj (11, u2) — Fj(v1,02) |,
< 2(()1 +Qz) < €. (56)
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This means that each F;, i = 1,2 is continuous. This shows F is continuous.

In order to prove that F maps bounded sets of &/ C C; x C; to relatively compact sets of
U C Cq x Cy, it suffices to show that both F; and F, map bounded sets to relatively compact sets.
Let ©; C Cj, i = 1,2 be bounded sets and @1 x ®; C U. Recall that ©; are relatively compact if:
e  both ®; are bounded,
e both x@®; are equicontinuous on any closed subintervals of Ny, »,
e  both x©; are equiconvergent as t; — .

It has been shown from in Step I that both F; are uniformly bounded. Now, we show that F;
maps bounded sets into equicontinuous sets of U.

Step III. Both F; : ©; x ©, — U are equicontinuous on ([a1, b1] NNy, —2) % ([a2, bp] NNy, —») := D.

For any € > 0, there exists ¢ > 0 such that, for each t;1,tjp € Ny, _» N [a;, bi],

ti1 + 01)P1 (t21 + p2)%2 — (t12 + p1)P1 (t2 + p2)P2| < €y 57
‘( 1 Pz p2) (2 00)% {122+ 2) | T 2max{Q)] + O} 57)
where:
. 1 1
O = [N+ NizR+ NioR] + M+ MiaR + M) ) | 55+ 7y

+ <[N11 + N12R + Ni3R]B; + [My1 + MpR + MlaR]Cl> X

MGiT(a) (11 — aq + 7)1

58
NI ©8)
1
+ ([Nzl + NpR + Np3R] + [Mp1 + MarR + MzsR]> (67
+ <[N21 + N2oR + Np3R] Bz + [Mp1 + MpnR + MzsR]C2> X
/\szr(l’él)(I]z — Ko + 92)92;1
[(61)T(62) ’
Q5 = [Nij+ NppR+ NisR] ! - (59)
2 e B G (1 — an + 62)%2=14, ' T(a)
1
+[Np1 + NozR + NozR] -
MGi(1 — ag +6;)8=1 A,
B B>
+|Mq1 + M1pR + M13R + (M1 + M»R + M>»R .
[ 11 12 13 ]F(G])Al [ 21 22 23 }F(QZ)AZ
Hence, for each t;1,t;p € Ny, N [a;, b;], and u; € ©;, we have:
X (Frun) (b1, 1) = x (Faun) (tio, b)) |
a | [g1(ug,uz)|  [pa(ug, up)l |¢1(“1/u2)|] 1
< x|Ex - + + x
11{[ I'(61) I'(62) T'(ay) T'(01)T(62)
M (a2) By |1 (ug, uz)| | AaT (a1) Ba|pa (11, u2)| 1
21 + a1 T, <
tTF(OLl) tll F(zxz) 1 2
M (a2) By |Fy (1, ta, APYuy, up)| | Aol (a1) Bo| Fa(ty, ty, ur, AP2u3) |
+ Dézfl + 0(171
5 F(Dél) D T'(ap)

[|F1(f1,f2,Aﬂ1u1,u2)|  |Ba(ty, ta, ug, AP2uy) | |F1(t1,t2,A’31M1,M2)|]
I'(61) I'(62) I'(a1)
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X

4 {|¢1(u1,u2)| _ (1, m)] |¢1(”1,u2)|} 1
2y |7 T8, T(6,) (o) T(6,)T(6,

)
AT (ag) By|¢r (ua,u2)| | Aol (a1)Ba|¢pa(uq, u2)| 1
i1 + e T(6)0(6) ~
oy T(a1) tir T(a2) 12172
)\11—'(062)81|F1(t1,tz,Aﬁlul,uzﬂ /\zr(ﬂcl)Bz‘Fz(tl, tr, ul,Aﬁ2u2)|
+ 06271 + 11171
thy T (aq) to T (a2)
[|Fl(t1,t2,Aﬁ1ul,u2)|  |Ra(ty, ta, w1, AP2ug) | n |F1(f1,f2,Aﬁ1u1/M2)|]
r'(61) I'(62) (o)

(t11 4 p1)2(ta1 4 p2)22 — (t12 + p1) 2 (t2 + p2)22 | Of

<

< (60)

N @

and:

|X (Fauz) (t11, t21) — x (Fati) (t12, t20)|
—1 -1
&2 { 1 ¢ (1, 10)| o1 |2 (u1, 1) |¢p2 (11, 1)
A Gy

IN

2 (772 —ap + 92>92;1./42 a /\1G1(171 — a1+ 91)(91;1./41 Iw("‘Z)

1
taz—l[51|¢1(u1ru2)| -~ Bz|¢2(u1,b¢2)|} Vﬁ |[Fi(ty, b, APLug, up)|
2 1—‘(91>~'41 1—‘(92)~AZ AQGQ(Y]Q —ay + 92)92_1./42
1
_tg‘i—|F2(t1,t2,u1,Aﬁzu2)| |F2(tl,t2,u1/A,32u2)|]
MG — aq +61)8=1 4 I'(a2)

oS f%(fl\F1(t1,f2,N51M1,M2)| B t2Ca|Fa(ty, b, iy, AP2uy)|
21 I'(61)A; I'(6;)A;

X2

B [ A1 1 (u1,12) | B tyr |2 (11, 12) | !¢z(u1,uz)|}
2 Asz(Uz — K + 92)92;1.,42 )Ll G] (171 — K1 + 91 )bAl F(D‘Z)
-1
n taz—l[51|¢1(u1,uz)| 3 32|<P2(u11142)q { fi1— |Fi(t, t, APy, )|
2 r(91>~’41 F(GZ)AZ Asz(ﬂz -y + 92)92;1,42
-1
_ t;ii|F2(t1’ t2’ Ml, A‘B2M2)| |F2(t1/ t2/ Ml, A'Bzuz) | :|
MGi(1 — ag +6;)8=1A, I'(az)

Ll %Cl\ﬂ(fl,fz,Aﬁlm,Mzﬂ B t2Ca|Fa(ty, b, iy, AP211y) |
21 I'(6)A I'(6;)A;

< (t 4 1) (k21 + p2)22 — (t12 + p1) 2 (k22 + 02)22 | O

< (61)

N ™

Similarly, for each i,j € {1,2} and j # i, we obtain:

| AP (Fi(ur,u2)) (k1 — Bi+ L tj) — AP (Fi(ug,u2)) (tn — Bi+ Ltp)| < (62)

N o

Hence:

(| Fiur, u2)(tr1, tar) — Fiur, u2)(to, t22) |z,
= AP Fi(uy, u2) (b — Bi+ 1, t10) — AP Fi(uy, uz) (t — Bi + L) e,
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11 (1, 2) (b1, 1) = F (1, 02) (12, t22)
€ €
e, _ 63
< fif-e (63)

This implies that both /7 and F; are equicontinuous on D, which shows that F is equicontinuous

on D. Therefore, by the Arzeld—Ascoli theorem and Theorem 2, we can conclude that F is completely
continuous.

Step IV. Both F; : ©1 X @, — U are equiconvergent as t,tp — 0.
By the assumption (H1) — (H2), we obtain:

()*

)(| (fl(ul,uz)) (tl,tz)‘ < G laz — 0 uniformly in®; X Oy as t1,tp — oo,
1%

x| (F2(u1,u2)) (1, 12)| < @ — 0 uniformlyin @; x ®; as t1,t; — oo,
7t7
12

where O, )} are defined as (58) and (59).
Furthermore, we have:

X‘A‘Bl (F1(uq,up)) (b1 — B1 +1,t2)| < 07?

a0
1h
uniformly in @1 x @y as t1,tp — oo,
()*
X‘AﬁZ (]:2(1/[1,142)) (tl,tz—ﬁz—i-l)} < th&—} 0
1h
uniformly in ©; x ®; as tq,f; — co.
Hence, both F; are equiconvergent as t1,tp — oo.

Consequently, from Step I-Step IV, we conclude that F is completely continuous.
This complete the proof.

]
Finally, we present the main result of the article. For the sake of convenience, we set
Y1 = (Ni2 + Ni3) Q1 + (No2 + Nog) Qi + (Mip + My3) Qs
+ (M2 4+ Ma3) Oy, (64)
and (65)
¥, = (N2 + Ni3) Qa1 4+ (Na2 + Nosg) Qp 4+ (Miz + Mi3) Qo3
+ (M2 + M3) oy, (66)
where ()1,,,()2]9, p=1,2,3,4 are defined as (48) and (49).
Theorem 4. Suppose that (Hy)—(Hy) hold. Then, the problems (5) and (6) has at least one solution if:
Y, Y, < 1. (67)

Proof. Under the Banach space U equipped with the norm || - ||/, we let:
wi(ty, t2)

041—1 9 —1
b MGiI (@) (71 — wq + 61)2—A P11 (t1+1)
TA { ey (ot Re
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-2
(an;x1 ~ NaAGo(ip —az + 92)92_152> n Mye ™Mb

T'(a1) I (6;) T(ap)
t1—a 6,1 — 5
121(1‘1 —o(s))le2ms _ My Go(y — g + 0, — 1)2-Le—m(2h+h)
60 I'(62)
6,1
4 M2Gal (o) (12 — 4z + 02)2 A, [(h +pp)PLe (D)
Ir'(6,)
Noity™— ~ NuMiGi(p — a +61)"18, Mye~2mh
F(IXZ) r(gl) F(a2)
ta— 01—1,—mq(2
2Xitz(tz —o(s))te ™ — MnGi(m — a1 + 6y — Df—te™ t1+t2)]
5=0 (61)
N1 _ Mlleimltz bh—m L
+ t 4 07 )Pre—m(ti+1) 4 AUE 7 t — o(s))a=le=2ms 68
r(al)( 1 Pl) F(D(l) 5;0 ( 1 ( )) ( )
and
wa(ty, t2)
ap—1 w)—2
t —1 _ N ti
=3 {t? [(tl + 1) [(t2 + p2)2]* e 2l ) (;2@31)
NypAyGy (17 — ap + 92)92132> Mypem2t2 bt .
- ty + p2)2 t —o(s))==x
T (02) T (e X (h=0()
o—2ms _ MnGa(i2 —az + 67 — 1)falemmalti2) (¢, + Pz)pz] Ll
I(6>) 1

2
_ Naoty—  NpMGi(p —a + 60718,
t+ 1) [(kg + pp)f2]? e 22+ D) 2__ _
M e*ﬂlztl ty—ay 4
M S oo
s=!

M22G1(171 -1+ 01— 1)91—1€m2(t2+2t2):| Ny 2 _ ap—2
_ + fy 4+ 02 e nZ(t2+1)t7
r'(61) [(az) [(t2+p2)] 2

M e*ﬂlztl ty—ap 1
T L (= o) e 1 4 )2 ©
s=0

It is clear that (wy, wy) € U. For ¢ > 0, we define:
Eg = {(ul,uz) euU ||(u1,u2) — (a)l,a)2)||u < K} (70)
For (uq,uy) € &y, we have:

| (ur, u2) s < |[(u, u2) — (w1, w2) [l + (w1, w2) |l < €4 [[(wr, w2) |lus, (71)
(| (1, u2)ller = max { || (1, u2) e, 1 (w1, u2) logy b < €+ [ (w1, @2) ]y (72)

Using the conditions (Hj)-(Ha), together with the procedure employed in Lemma 5, we have:

F; (t1/t2/ APiu;, M]') — My (t + ) 222 et H2)

< {MiZ (2 + ppp) 22 el Ht2)
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+ Mz (t2 + iapz)me_mi3(t1+t2)} | (1, u2) 24, (73)

and:

B - 1 D 2 9.
¢i (u1,u2) — Ny (t1 + 1) [(fz + i1pz)ﬂ} e m(lith)

= {NiZ (1 + p1)22 [(fz + iZﬁZ)@} ’ e~ miz{hitt)
+ Ni (t1 + 31 )L [(tz + isﬁz)@r en’S(tlHZ)} [ (1, 12) [l (74)
Therefore, we obtain:
x| (Filwi, ) (1, 12) = wiltr )] < (€4 (1, @2) ) ¥ 75)

Furthermore, we have:

X| AP (Fi(uuy)) (= Bi + 1, 8) — APrw;(t; — B+ 1, )|
< (5 + ||(W1,w2)||u)‘f’i- (76)

Hence, it follows that:

| (Fiur, u2)) — wil, < (f + ||(w1,w2)||u)2‘1’i- (77)
Therefore,
| (F(ur,u2)) = (wr,w2)l],, < (6 + ||(w1/w2)|\u> 2max {¥1,¥2}. (78)
Choosing:
2 Mool
and for (u1,uy) € Ey, we consequently obtain:
H (F(uy,uz)) — (wl,wz)Hu < 4. (80)
From the Schauder fixed point theorem, this implies that F has a fixed point (uq,up) € &y,
which is a bounded solution of the problems (5) and (6). The proof is complete. O
4. Example

In order to illustrate our result, we consider the following fractional sum boundary value problem:
4 3
5 2/, 4 (£4+3)° e O3y (14 3)
Au(t) = 3 (t+3> e (12145) 4. 5
4000 (£ + %) (1 + cos? up)
3
(t " %) 2 e_[(12t+5)+(t+%)n]A%ul (t + %)

5000e + 10 cos? (t + %) s

+ , teNy




Mathematics 2019, 7, 256 19 of 22

F43)3 e (B35 )y (141
Auy(t) = % (t+ g) (124+5) (t+3) 1 ! (2 2>
1000 (e("*2) + 10)
3
(t + %) * e=(12645) arctan (cos2 (t + %) n) Alu, (b + 1)
+ 5 , teNy
10007 (¢ +¥)
1—|u3+2]
1y _ ul o |up|u3 +2|—2=
w(=3) = 9ilmue) = s cost | + 200072(u2 +e)
1—|u?+3|
2\ _ luz| . 2 | [ + 31—
w(=3) = g2l = g5 sin’ ||+ 20007 (uf + )
. 1 1, _1 2
th_r}nooul (t—i) = EA 4(1Ze+cos(4)) Uy (4)
: 2 3 2 _715\\° /15
fim a(t=3) = o (106‘8“‘ <4)) () &)
3 . _ 4 10 5, _
Here/lxl—zz 2—31,[%1—31182—4/’)’1—4/’)’2—6/91—4/92—3/711—2/772— 3/2\1—
2 A =3,T=4, g(t) = (10e —sint)3, g(t2) = (12¢ + cost)?, and:

4

1 fotd 3o [12(t1+2) +12] (t

Fl (tl/ tz,A3u1 (tl + %) ’ Mz(tz)) - % (t2 T 1) otttz T ( j100:2)2152+10)2(H»cos2 uij)Z)
(

3 1
tz+%) 2o 16(t+2)+1 T A3 “1(f1+%)

5000e+10 cos? t1 7t

3 fopd —[12(t1+12)+ 1] (4

)25 (f1,t2,A4M2 (tz + %) ,ul(tl)) Lty +1)e0ltith) (+3) 1200( o u(f)
4 (et

) 2676(t1+t2) arctan(cos tzn)A4 Uy (t2+ )

+

100077 (to+3)>
Choose p1 = 1, po = 2, yp1 = a1 = %, 201 = if1 = %r B01 = 301 = %
102 = 1, ppp = %, 302 = %, myp = nyg = 6, mp = np = 6, mjz = nz = 12, where
pi > max{By — a1, B2 — a2}, ipp1 € (=1,1),;p02 € (=1,2) for i =1,2and p = 1,2,3.
(1) (-3
Let H €N 111, €N 5,46 and x = 2 =3 Since:
2/72 3/73 1+t

1 1 2
‘Fl (flffz, *A%m, uz) — S (tp+1)e 0lth)
X X 3

3
1 4\3 1241 1 3)\? ~6(ti+t)
< —— (4,4 = 1+t2 [ S 1+t
= 361000(2+3) ¢ 2l + so00e0 710 \2 T2 ) €

XIS
1 1 1
FZ (tlr tZr *A%uz, M]) — = (t2 + 1) 3_6(t1+t2)
X X 2
1 4 5 9 3 5
< o 4 = —12(t1+t2) b2 —6(t1+12) |73 ,
~ 121000 (2+3) ‘ w2l Tog000 \2T2) ¢ 2

we find that (Hl) holds with Mj; = 0.666, M1, = 9.080, M3 = 2.770 and Mj; = 0.500, My, =
0.000046, M»3 = 0.0000083.
Furthermore, we obtain:

1
L y_2 132 1Y —6(t+t)
‘4)1< u1,Xu2> : <t1+2> (t2+2>e
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2 4 3 3
1 2\3 2\ i 1 3\ i 3\ 3
< - < < 1+t - e e
= 200083 <t1+3> <t2+3> ¢ Il + o0z \iF ) (2F7) ~

673(t1+t2) ||u2||/
1
1\? 1
<t1 + 2) (tz + 2) e 0lhith)
4
3

(L L) -2
2 LX 2 6

1 3\ 1 3\ ?
< —6(t1+t2) =
= 2000n< > < > H”1”+5002 (t1+4) <t2+4> %

673(t1+t2 ||u2||/

and (10e —1)% < g1(t1) < (10e +1)® and (12e — 1)? < ga(t2) < (12e +1)2.

Thus, (Hs), (H3) hold with Nj; = 0.4, Nj, = 0.0000249, Nj3 = 0.0000253, N»; = 0.833,

Nap = 0.000159, Npz = 0.000271, g1 = 17949.37, o = 999.79, G; = 22384.80 ,and G, = 1130.26.

Finally, we find that:
Q11 = 2313.238, Oy, = 319.647, ()13 = 27053.522, ()14 = 2597.063,
Q1 = 0.0212, Opp = 1.1403, Op3 = 0.0198, Ops = 1.5093.

Therefore, we have:
Y1+ ¥, =0.00057 + 0.4692 = 0.4698 < 1.

Hence, by Theorem 4, this boundary value problem has at least one solution. g
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