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1. Introduction

Let I be an interval in R. A function f : I — R is said to be convex on [ if

fltx+ (1= ty) < tf(x) + (1= 1)f(y)

forallx,y € I and t € [0, 1]. The following inequalities which hold for convex functions is known in
the literature as the Hermite-Hadamard type inequality.

Theorem 1 ([1]). If f : [a,b] — R is convex on [a, b] with a < b, then

f<a—|—b)§ 1 /bf(x)dx§f<a)+f(b).

2 b—a 2

Many authors have studied and generalized the Hermite-Hadamard inequality in several ways
via different classes of convex functions. For some recent results related to the Hermite-Hadamard
inequality, we refer the interested reader to the papers [2-11].

In 2016, Gordji et al. [12] introduced the concept of #-convexity as follows:

Definition 1 ([12]). A function f : I — R is said to be yj-convex with respect to the bifunction : R x R —
R if

fltx+ (1= t)y) < f(y) +t7(f(x), f(y))

forallx,y € Iand t € [0,1].
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Remark 1. If we take n(x,y) = x —y in Definition 1, then we recover the classical definition of
convex functions.

In 2017, Awan et al. [13] extended the class of 77-convex functions to the class of strongly #-convex
functions as follows:

Definition 2 ([13]). A function f : I — R is said to be strongly n-convex with respect to the bifunction
7 : R xR — R with modulus y > 0 if

fltx+(1=1y) < f(y) + tn(f(2), f(y)) — put(1 = B)(x —y)?
forallx,y € Iand t € [0,1].
Remark 2. Ifn(x,y) = x — y in Definition 2, then we have the class of strongly convex functions.

For some recent results related to the class of #-convex functions, we refer the interested reader to
the papers [8,12-16].

Definition 3 ([17]). The left- and right-sided Riemann—Liouville fractional integrals of order &« > 0 of f are
defined by

() = gy [ e 02 (e

and

Jp—f(x) == F(loc) /:(t — )" f (1) dt

witha < x < band T(-) is the gamma function given by
I'(x):= / t*~le~tdt, Re(x) >0
0
with the property that T'(x + 1) = xT(x) .

Definition 4 ([18]). The left- and right-sided Hadamard fractional integrals of order o > O of f are defined by

HY, f(x) := r(la) /ux (in %)H @dt

and

Hy f(x) = 1"(11x) /xb (ln i)al @dt.

Definition 5. X! (a,b) (c € R, 1 < p < o) denotes the space of all complex-valued Lebesgue measurable
functions f for which ||f|| y» < oo, where the norm || - || v is defined by

. 1/p
Il = ( h Frore) T asp<o
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and for p = oo

| fllxee = ess sup [t°f(¢)]-

a<t<b

In 2011, Katugampola [19] introduced a new fractional integral operator which generalizes the
Riemann-Liouville and Hadamard fractional integrals as follows:

Definition 6. Let [a,b] C R bea finite interval. Then, the left- and right-sided Katugampola fractional integrals
of order w > 0 of f € XF (a,b) are defined by

1—u x —1
i f) = s [ e

and

pl—a b tp—l

070 —

) =Sy | Gy (e

witha < x < band p > 0, if the integrals exist.

Remark 3. It is shown in [19] that the Katugampola fractional integral operators are well-defined on XZ (a, b).

Theorem 2 ([19]). Let « > 0and p > 0. Then for x > a

1l I £(x) = (),
2. phm Pl f(x) = Hpy f(x).

Similar results also hold for right-sided operators.

For more information about the Katugampola fractional integrals and related results, we refer
the interested reader to the papers [19-21]. Recently, Chen and Katugampola [20] introduced several
integral inequalities of Hermite-Hadamard type for functions whose first derivatives in absolute value
are convex functions via the Katugampola fractional integrals. We present two of their results here for
the purpose of our discussion. The first result of importance to us employs the following lemma.

Lemma 1 ([20]). Let « > 0, p > O and f : [a?,b°] — R be a differentiable mapping on (af,bf) with
0 < a < b. Then the following equality holds if the fractional integrals exist:

f@?) + f(v°)  p*'T(a)
ap (b —ar)®

o /01 P11 9)af £ #080) — F/(10a + (1 10)08)] . 1)

PIEF(00) + T f(af)]

By using Lemma 1, the authors proved the following result.

Theorem 3 ([20]). Let f : [a®,b°] — R be a differentiable mapping on (af,bf) with 0 < a < b. If |f'| is
convex on [af, bP], then the following inequality holds:

) 100 o oy o)+ 015 ptah) ]| < s [1760) 17 0

The second result of importance to us also uses the following lemma.
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Lemma 2 ([20]). Let « > 0, p > O and f : [a°,b°] — R be a differentiable mapping on (af,bP) with
0 < a < b. Then the following equality holds if the fractional integrals exist:

f(a®) ﬂsz(bP) N gz‘;(ﬂi:pl)l [plg+f(bp) +p1§7f(ap)}
b° —af (1
= 5 /0 [(1 — tP)lx N tPtX]tP*lf/(tPaP 4 (1 _ tP)bP)dt. )

By using Lemma 2, the authors proved the following result.

Theorem 4 ([20]). Let f : [a°,b°] — R be a differentiable mapping on (af,bf) with 0 < a < b. If |f'| is
convex on [af, bP], then the following inequality holds:

PO I e e o) vergfa))
b — af 1\ 1. ,
< s (175 ) [+ o]

Remark 4. It is important to note that Lemmas 1 and 2 are corrected versions of [20] (Lemma 2.4 and
Equation (14)).

Our purpose in this paper is to provide some new estimates for the right hand side of the
inequalities in Theorems 3 and 4 for functions whose second derivatives in absolute value at some
powers are strongly #-convex.

2. Main Results

To prove the main results of this paper, we need the following lemmas which are extensions of
Lemmas 1 and 2 for the second derivative case of the function f.

Lemma3. Leta > 0,p > 0and f : [a°, b’] — R be a twice differentiable mapping on (a°,bP) with0 < a < b.
Then the following equality holds if the fractional integrals exist:

LI o sy o)

ap (b —af)
_ B =@ T e )] ot g1 o a o o
= D /0[1 t }t F((1 = t9)aP + tbP)dt
1
—/O tﬂ(“+2)—1f”(tPaP+(1—tP)bP)dt]. )
Proof. Let
L= /1 [1 - tP(““)} =L ((1 = 19)af + bR ) dt
0
and

1
L= / )= g1 (100 4 (1 — 19)bP)dt.
0
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By using integration by parts we have that

1
I = /O [1— D] L (1= 19)af + 1019t
1

:mWimgU—ﬂ”Wﬁ«r4ﬂW+WW>
0
“+1 /tf’ D)=L (1 — 9)af + 1P dt
1 / (a+1) plat1)— 0P 4 (OLP
:_Wf(g ) /t (1= t0)ab + 1P dt. @

By a similar argument, one gets:

o1 (a+1) Ji D)= (400 4 (1 1) ). &)

o —a)! )T o=y o
Using (4) and (5), we have

(e +1)

h=L = Gy

1
/ po(et+1)-1 [f’((1 — t0)aP 4+ 1PDP) — F(t0af + (1 — tP)bP)]dt. ©)
0
The desired identity in (3) follows from (6) by using (1) and rearranging the terms. [

Lemma4. Leta > 0,0 > Oand f : [a°,b°] — R be a twice differentiable mapping on (a®, b®) with0 < a < b.
Then the following equality holds if the fractional integrals exist:

I IO o o)+ 01 fia)]
= B [ oy - R e e+ (1 00 %

Proof. We start by considering the following computation which is a direct application of integration
by parts.

1
/O [1— (1= #0)Ft — D=L 7 (1000 4 (1 — )b )dt

1

= p(PllaP)[l -(1- tP)a+1 _ tp(“+1)]f’(tpap + (1 —t)b°)
. 0
_ m /01[(1 Y 0L (1000 4 (1 — 10)bP)dt
- M /(;1[(1 — ) — L (Haf (1 9)bP)dt. @®)

The intended identity in (7) follows from (8) by using (2) and rearranging the terms. O

We are now in a position to prove our main results.
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Theorem 5. Let « > 0, p > Oand f : [a°,bP] — R be a twice differentiable mapping on (a®,b) with
0 <a <b. If|f"|7 is strongly n-convex with modulus y > 0 for g > 1, then the following inequality holds:

L) EREE D ) o))

b — a2 T a+1\ "7 (at1,,,
<G |(oa) (e

e+l o, ; (b —a?)? [(& +1)% +5(a+ D] \ 7
stz (£ @011 @)17) - Srewir )

+(a12)1_q(“2|f"< BN+ e (1" @), £ )1

B ‘u(bP — gp)z > ;:|
(a+3)(x+4) '
Proof. Using Lemma 3, the well-known power mean inequality and the strong ;7-convexity of |f”|7,
we obtain

a =17 (g
L LI L [ s+ 0 s))

< m [/01 [1— D] (1~ )0 + 100) | di

1
+/ tPOA2) =L f7(10aP 4 (1 — 19)bP) | dt}
0

< w [(/1 [1 - tf’(“*l)}tpldt)

+

1-1

1

x pla+1) }tﬂ V(1= t0)a? + thP)|‘7dt> !

1

(hh
+ </ po(at2)— 1dt>l ;</01 po(at2)-1 |f”(tPaP+(1—tP)bP)|dt>q
wwrn [(F]
(bl

1 - tP<“+1)} o= 1dt>
(a + 1 0

1
X

o(a+1) }tp 1(f”(11p)|q+fp17(|f” bp |'1 ‘f//(ap)ﬂ)

0

(1 — ) (b — aP)2> dt) '

. </01 tp(a+2)1dt) (/ pola+2)— <|f"(bp)
(1@ L) = (1= )0 — ) ) ;}
= M [(/01 [1 - tp(“l)}tp_ldt)l_; <|f”(aP)q/01 [1 ; (a—&-l)}tp 1
Fr(I7 )17 ) [ e et

1
) !
— u(bf —af)? / [1— e 21 tp)dt) "

0
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1

1-1
+ </01 tp(oc-«—Z)—ldt) 1 <|f//(bp)|q /01 wla+2)—1 44

1
+n(IF @)1, " @0)1) [ ety
0
1 G
—u(b° — aP)z/ elatd)=1(q tP)dt> ]
0
The desired inequality follows from the above estimation and observing that:

1 _ 1 1 a+1
1— )] p1gp = 41 / 1— )| 2o-1gp - 470
/0 [ } pla+2)" Jo [ } 2p(a+3)

/1 {1 - tp(Hl)]tzp—l(l )it — (¢ +1)2+5(a+1) / po(a+2)—14, _
0

6p(a+4)(a+3) pla+2)

1
pla+3)(a+4)

1 1 1
/ po(at3)—1gp — and / a3 =11 40\t =
0 pla+3) 0
This completes the proof of Theorem 5. []

Corollary 1. Let « > 0, p > Oand f : [a°,b°] — R be a twice differentiable mapping on (a®,b’) with
0 <a<b. If|f"|7is convex for q > 1, then the following inequality holds:

IO e s @)+ fan)]|

B0 — a2 T (a+1\"7 / (a+1)(a+4)
= 2(a+1) [(a—i—Z) (2(a+2)(a+3)

+(ai2)15((a+2)1(a+3)f”< ) If”(a”>|")q

Proof. The result follows directly from Theorem 5 if we take 77(x,y) = x —yand p = 0. O

a+1

zwg) @)

£ (@) +

Theorem 6. Let « > 0, p > Oand f : [a°,bP] — R be a twice differentiable mapping on (a,b) with
0 <a <b. If|f"|1 is strongly n-convex with modulus p > 0 for g > 1, then the following inequalities hold:

L) T D) oy o) g o)

< p(zb(f;;alp))z [(:) /01 [1 _ u‘H'lrdu) : ( |f (a)]9 _|_ (\f”(bP)V’ |f//(ap)|ﬁ)
1 L
SN () (00 (e o)

__pp(bf —aP)? H
(e +1)(20+1)
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p(bp_ap)2 S(‘x"’l) % Loy 1" 1
< (ot D) (G + (1@ 1))

1 1
SN () (00 (e o)

(o —ap)? H
(e+1)(20+1)) [

where 1 + 1_ 1.
s 14
Proof. Using Lemma 3, the Holder’s inequality and the strong 5-convexity of |f”'|7, we obtain

1 a—1 &

S (L p-reoea) (o
(L) (]
e[ ea) ([ oo
+ 10y (1F" (6019, (@)1 ) — pte
+ ( [ tsp(“+2>—5dt) % ( [ (1@
(1@ L) - (1= 90— a2
S (vt (o s
,

(1@ @) [t e - o [t )

= =

(1= )P + 1P ]th)

F(#af + (1 — tp)bp)‘th> }’}

= =

— P (1 — 1P) (b —aP)2)dt)

1

)(
)(

+ (/01 tSP(a+2)—Sdt> : <|f”(bp)|'7 (/01 1dt+ q(lf”(ﬂp)wf |f”(bP)|¢i> (/01 o
— u(b - a”)z./ol (1 tP)dt> ‘q
ST G e ) G (e

1
e R ey (f”(b")lq+pl AUACOTATECT)
( ;

__pp(b* —a)? ) ]
(e+1)(20+1)



Mathematics 2019, 7, 183 9of 14

This proves the first inequality. To prove the second inequality, we observe that for any A > B > 0 and
s > 1, wehave (A — B)® < A® — B®. Thus, it follows that [1 — u‘”l]s <1— @ forallu € [0,1].
Hence, we have that

1 1
/ {1 - u“+lrdu < / 1—w*@ gy = _sa+1) )
0 0 s(a+1)+1

This completes the proof. [

Corollary 2. Let « > 0, p > Oand f : [a°,b°] — R be a twice differentiable mapping on (af,b?) with
0 <a<b. If|f"|is convex for q > 1, then the following inequalities hold:

I E R i ) o))

<o - “*ﬂdu) (5517 @)1+ 5170000
e _SH)S (SEqbreon+ pilv”(awﬂ
A ;”1?2 (et 1))2(;{,|f”<ap)|q + 5,00

s _Sﬂ)i(pilv”(wnu )],

= =

=

1 1
where — + — = 1.
5 14

Proof. The result follows directly from Theorem 6 if we take 77(x,y) = x —yand p = 0. O

Theorem 7. Let « > 0, p > Oand f : [a°,bP] — R be a twice differentiable mapping on (a®,b°) with
0 <a < b. If|f"|7is a strongly n-convex function on [af, b°] with modulus u > 0 for g > 1, then the following
inequality holds:

LI e i ron 1 s

(b — af)? a \Vi[ "
= 2p(zx+1)) <a+2> Lx—i—Z'f el
+ (g~ B+ 2) (1@ 17 e)1)

— u(bP — af)? (2 —2B(2, +3)) ] q,

1
where B(-, -) denotes the beta function defined by B(x,y) = / 1 — )y lat,
0
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Proof. Using Lemma 4, the power mean inequality and the strong r7-convexity of |f”'|7, we obtain

) EEEE D i) o))

0 _ 2p)2 1
(s("‘ +al)) / 1= (= teysst w1 7 (10ap 4 (1 10)0) |t
0
0 _ 4P 2 1 171
(s(“ 4‘&13 </ {1 -(1- tp)aﬂ _ tP(vHrl)} tpldt)
0

1

' (tPaf + (1 — tP)bP)‘th> !

y ( /01 [1- (1= oysst - ploce)] o

x ( [ R e ) (TR R (L AT AT LCOT)
(1 - ) (b aP)Z)dt)é

o (b —af)? < | ! -y tp(tx+1)}tpldt)

— 2(w+1)
x (|f”(bP)”f /01 [1 —(1— )t tP("‘“)}tP—ldt

(5@ 500 [ - yert ] ety

1

1
— u(vf — ap)z/ [1— (1 pe)ett gl 2071y tp)dt) "

0

The desired result follows from the above inequality and using the following computations:

1 1 /1
(1 _ oyatl _ pp(atl) 401, 1 e+l el
/0 {1 (1—tF) t }t dt p/o [1 (1—u) u }du

pla+2)

' [1 — (1 —u)*t — u"‘“}u du

1 1
(1 e+l pp(atl) | f20-1 4, 1
/O [1 (1—t°) t }t dt = /

pJo
1

1 1
1
p

- (2(";113) —B(2,a +2)>

and

/01 [1— (1= g0yt — o] 201 (1 — )t = /01 1= (=)™t = (1 — u) du

(é —2B(2,a + 3)) .

VIm D=

This completes the proof of the theorem. [
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Corollary 3. Let &« > 0, p > Oand f : [a°,b°] — R be a twice differentiable mapping on (af,bf) with

0 <a<b. If|f"|7is convex for g > 1, then the following inequality holds:

[ - e S s+ g

—f & 17% 2 N — 11
<2lj(wrpl) (zx+2> [(B<2’a+2)_2(064:r23)(06+23))|f )7

+ (2(";:13) —B(Z,oc+2)> |f”(aP)|q} "

Proof. The result follows directly from Theorem 7 if we take 57(x,y) =x —yand p =0. O

Theorem 8. Let « > 0, p > 0and f : [a°,b°] — R be a twice differentiable mapping on (af,bf) with
0 <a < b. If|f"|7is a strongly n-convex function on [af, b°] with modulus yu > 0 for g > 1, then the following

inequalities hold:

‘f(a”) L) ;’f,f}"‘;l)l o1z £ (00 013 f(o")] ‘

< So it ([ o)
% <|f”(bp)|‘7 4 %U(‘fﬁ(”p)mr |f”(bp)|q) . (yp(bp — ap)z ))q

2(p+1)(20+1
0 —af)? [s(a+1)—1\* [ ., ) )
= 2p(a+1) ( (a+1)+1> ('f @)1+ 30 (11" @)1, 1 09)17)

po(b —a?P
2(p+1)(2p+1)) ’

1 1
where — + — = 1.
5 14

Proof. Using Lemma 4, the Holder’s inequality and the strong r7-convexity of |f|7, we obtain

’f(ap) _|_f(bP) _ PE(;;(“_‘F 1)) {P1a+f(bP) +P1a f( )} ‘

P —aP)2 1
(b a+a1)) / ‘1 pyatl _ (a+1)‘tp—1 F(taf + (1 — t0)bP)|dt
0
1
2 s
e
0

F1(#0aP + (1— 1)) ]%)3

1
X </ -1
0

1
(bp ,ap)2 1 (1 _ o \e+1 _ pp(atl) s o—1 ¢
S /0 [1 (1—t°) t } =14t

X </01 tPfl<|f//(bp)|q_._tpn(lf//(ap)‘q/ |f”(bp)|‘7>

==

— utP(1— °) (b — ap)z)dt>
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< M (/01 [1 — (1 — o)t - t"(“*l)rtp_ldt)l
< (15w [ e (17 @ ) [t
— (b —af)? /01 211 — tp)dt> %,

where

1 s 1 1 s
(1 — oyatl _ gp(atl) | To—1 g0 - (1 el ]
/O [1 (1-1t°) t ] 1= 1dt p/o [1 (1-u) u } du,

1 1
gt = / 21l = — d/ 2071 Adt = )
) o 20+ )20 +1)

This proves the first inequality. Using a similar argument as in the proof of Theorem 6, we obtain
1 1
/ {1 — (1 —u)*tt - u”lrdu < / 1— (1 — )t —yslatl gy
0 0
2

Cs(ar1)+1
os(a+1) —
Cos(a+1)+1

This completes the proof of the theorem. [

Corollary 4. Let &« > 0, p > Oand f : [a°,b°] — R be a twice differentiable mapping on (af,bf) with
0 <a<b. If|f"|7is convex for q > 1, then the following inequalities hold:

IR e i e ()|

—qa 1 N N s %
(Zif(oc +p1)) (/0 {1— (1—u)* —u H} du)
< (U@ gl
o (P — ) (s(zx+1)—1>l
S

~ 20(a+1) \s(a+1)+1

< (glreom+ i),

wherel—i-}:l.
5 4

Proof. The result follows directly from Theorem 8 if we take 57(x,y) =x —yand p =0. O
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3. Conclusions

Four main results related to the Hermite-Hadamard inequality via the Katugampola fractional
integrals involving strongly 5-convex functions have been introduced. Similar results via the
Riemann-Liouville and Hadamard fractional integrals could be derived as particular cases by taking
p — 1land p — 07, respectively. Several other interesting results can be obtained by considering
different bifunctions # and/or the modulus p as well as different values for the parameters « and p.
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