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Abstract

:

We give an overview of the representation and many connections between integrals of products of polylogarithmic functions and Euler sums. We shall consider polylogarithmic functions with linear, quadratic, and trigonometric arguments, thereby producing new results and further reinforcing the well-known connection between Euler sums and polylogarithmic functions. Many examples of integrals of products of polylogarithmic functions in terms of Riemann zeta values and Dirichlet values will be given. Suggestions for further research are also suggested, including a study of polylogarithmic functions with inverse trigonometric functions.
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1. Introduction and Preliminaries


It is well known that integrals of products of polylogarithmic functions can be associated with Euler sums, see Reference [1]. In this paper, we investigate the representations of integrals of the type


∫01xmLiq±xLit±xdx,










∫011xLiq±xLitx2dx,








for m≥−2, and for integers q and t. For m=−2,−1,0, we give explicit representations of the integrals in terms of Euler sums. For the case ∫01xmLit−xLiq−xdx, for m≥0, we show that the integral satisfies a certain recurrence relation. We also mention two specific integrals with a trigonometric argument in the polylogarithm of the form


∫01sinπxLipsinπxdx.








Some examples are highlighted, almost none of which are amenable to a computer mathematical package. This work extends the results given in Reference [1], where the author examined integrals with positive arguments of the polylogarithm. Devoto and Duke [2] also list many identities of lower order polylogarithmic integrals and their relations to Euler sums. Some other important sources of information on polylogarithm functions are the works of References [3] and [4]. In References [5] and [6], the authors explore the algorithmic and analytic properties of generalized harmonic Euler sums systematically, in order to compute the massive Feynman integrals which arise in quantum field theories and in certain combinatorial problems. Identities involving harmonic sums can arise from their quasi-shuffle algebra or from other properties, such as relations to the Mellin transform


M[f(z)](N)=∫01dzzNfz,








where the basic functions f(z) typically involve polylogarithms and harmonic sums of lower weight. Applying the latter type of relations, the author in Reference [7] expresses all harmonic sums of the above type with weight w=6, in terms of Mellin transforms and combinations of functions and constants of lower weight. In another interesting and related paper [8], the authors prove several identities containing infinite sums of values of the Roger’s dilogarithm function. defined on x∈0,1, by


LRx=Li2x+12lnxln1−x;0<x<10;x=0ζ2;x=1.








The Lerch transcendent,


Φz,t,a=∑m=0∞zmm+at








is defined for z<1 and ℜa>0 and satisfies the recurrence


Φz,t,a=zΦz,t,a+1+a−t.








The Lerch transcendent generalizes the Hurwitz zeta function at z=1,


Φ1,t,a=∑m=0∞1m+at








and the polylogarithm, or de-Jonquière’s function, when a=1,


Litz:=∑m=1∞zmmt,t∈Cwhenz<1;ℜt>1whenz=1.








Let


Hn=∑r=1n1r=∫011−tn1−tdt=γ+ψn+1=∑j=1∞njj+n,H0:=0








be the nth harmonic number, where γ denotes the Euler–Mascheroni constant,


Hnm=∑r=1n1rm=−1m−1m−1!∫011−tn1−tlnm−1tdt



(1)




is the mth order harmonic number and ψ(z) is the digamma (or psi) function defined by


ψ(z):=ddz{logΓ(z)}=Γ′(z)Γ(z)andψ(1+z)=ψ(z)+1z,








moreover,


ψ(z)=−γ+∑n=0∞1n+1−1n+z.








More generally, a non-linear Euler sum may be expressed as


∑n≥1±1nnp∏j=1tHnαjqj∏k=1rJnβkmk








where p≥2,t,r,qj,αj,mk,βk are positive integers and


Hnαq=∑j=1n1jαq,Jnβm=∑j=1n−1j+1jβm.








If, for a positive integer,


λ=∑j=1tαjqj+∑j=1rβjmj+p,








then we call it a λ-order Euler sum. The polygamma function


ψk(z)=dkdzk{ψ(z)}=−1k+1k!∑r=0∞1r+zk+1








and satisfies the recurrence relation


ψk(z+1)=ψk(z)+−1kk!zk+1.








The connection of the polygamma function with harmonic numbers is


Hzα+1=ζα+1+−1αα!ψαz+1,z≠−1,−2,−3,....



(2)




and the multiplication formula is


ψk(pz)=δm,0lnp+1pk+1∑j=0p−1ψk(z+jp)



(3)




for p is a positive integer and δp,k is the Kronecker delta. We define the alternating zeta function (or Dirichlet eta function) ηz as


ηz:=∑n=1∞−1n+1nz=1−21−zζz



(4)




where η1=ln2. If we put


Sp,q:=∑n=1∞−1n+1Hnpnq,








in the case where p and q are both positive integers and p+q is an odd integer, Flajolet and Salvy [9] gave the identity


2Sp,q=1−−1pζpηq+2−1p∑i+2k=qp+i−1p−1ζp+iη2k+ηp+q−2∑j+2k=pq+j−1q−1−1jηq+jη2k,



(5)




where η0=12,η1=ln2,ζ1=0, and ζ0=−12 in accordance with the analytic continuation of the Riemann zeta function. We also know, from the work of Reference [10] that for odd weight w=p+q we have


BWp,q=∑n=1∞Hnpnq=−1p∑j=1p2p+q−2j−1p−1ζp+q−2jζ2j+121+−1p+1ζpζq+−1p∑j=1p2p+q−2j−1q−1ζp+q−2jζ2j+ζp+q21+−1p+1p+q−1p+−1p+1p+q−1q,



(6)




where z is the integer part of z. It appears that some isolated cases of BWp,q, for even weight p+q, can be expressed in zeta terms, but in general, almost certainly, for even weight p+q, no general closed form expression exits for BWp,q. Two examples with even weight are


∑n=1∞Hn2n4=ζ23−13ζ6,∑n=1∞Hn4n2=3712ζ6−ζ23.








There are also the two general forms of identities


2∑n=1∞Hn2p+1n2p+1=ζ22p+1+ζ4p+2,








and


2∑n=1∞Hn2pn2p=1−4p!B2p222p!2B4pζ4p








for p∈N and where Bp are the signed Bernoulli numbers of the first kind. At even weight w=8, neither BW2,6 nor BW6,2 currently have a reduced expression in terms of zeta values and their products. Using (1) we can express


BW2,6=∑n=1∞Hn2n6=53ζ8−∫01lnxLi6x1−xdx








and


BW6,2=∑n=1∞Hn6n2=53ζ8+15!∫01ln5xLi2x1−xdx.








The work in this paper extends the results of Reference [1] and later Reference [11], in which they gave identities of products of polylogarithmic functions with positive argument in terms of zeta functions. Other works, including References [12,13,14,15,16,17,18,19,20,21,22,23], cite many identities of polylogarithmic integrals and Euler sums. The following lemma was obtained by Freitas, [1]:



Lemma 1.

For q and t positive integers


I+,+q,t=∫01LitxLiqxxdx=∑j=1q−1−1j+1ζt+jζq−j+1+−1q+1EUt+q



(7)




where EUm is Euler’s identity given in the next lemma.





Lemma 2.

The following identities hold: for m∈N. The classical Euler identity, as given by Euler, states


EUm=∑n=1∞Hnnm=(m2+1)ζm+1−12∑j=1m−2ζm−jζj+1.



(8)




The following identities are new. For p a positive even integer,


HEp=∑n=1∞Hn2n+1p=p2ζp+1+ηp+1−ζp+ηpln2−12∑j=1p2−1ζp+1−2j+ηp+1−2jζ2j+η2j.



(9)




For p a positive odd integer,


HOp=∑n=1∞Hn2n+1p=p4ζp+1+ηp+1−ζp+ηpln2−141+−1p−122ζp+12+ηp+12−12∑j=1bζp−2j+ηp−2jζ2j+1+η2j+1



(10)




where ηz is the Dirichlet eta function, b=p−14−1+−1p−122, and z is the greatest integer less than z. For p and t positive integers we have


Fp,t=∑n=1∞−1n+1npn+1t=∑r=1p−1p−rp+t−r−1p−rηr+∑s=1t−1p+1p+t−s−1t−s1−ηs,



(11)






Gp,t=∑n=1∞1npn+1t=−1p+1p+t−1p+∑r=2p−1p−rp+t−r−1p−rζr+∑s=1t−1pp+t−s−1t−sζs,



(12)






HAt,q=∑n=1∞−1n+1Hnntn+1q=−1t+1q+t−2t−112ζ2−ln22+∑r=2t−1t−rq+t−r−1t−rS1,r+∑s=2q−1tq+t−s−1q−sηs+1−S1,s,



(13)




and


HGp,t=∑n=1∞Hnnpn+1t=−1p+1p+t−2p−1ζ2+∑r=2p−1p−rp+t−r−1p−rEUr+∑s=2t−1pp+t−s−1t−sEUs−ζs+1.



(14)









Proof. 

The identity (8) is the Euler relation and by manipulation we arrive at (9) and (10). The results (9) and (10) are closely related to those given by Nakamura and Tasaka [24]. For the proof of (11) we notice that


1npn+1t=∑r=1p−1p−rp+t−r−1p−r1nr+∑s=1t−1pp+t−s−1t−s1n+1s








therefore, summing over the integers n,


Fp,t=∑n=1∞−1n+1npn+1t=∑r=1p−1p−rp+t−r−1p−rηr+∑s=1t−1pp+t−s−1t−s1−ηs








and hence (11) follows. Consider


1npn+1t=−1p+1nn+1p+t−2p−1+∑r=2p−1p−rp+t−r−1p−r1nr+∑s=2t−1pp+t−s−1t−s1n+1s,








and summing over the integers n produces the result (12). The proof of (13) and (14) follows by summing ∑n=1∞Hnnpn+1t in partial fraction form. Here is an example from (10):


∑n=1∞Hn2n+19=92072048ζ10−9611024ζ25−889512ζ7ζ3−511256ζ9ln2








and from (9):


∑n=1∞Hn2n+16=38164ζ7−9364ζ5ζ2−10564ζ4ζ3−6332ζ6ln2.








 □






2. Summation Identity


We now prove the following theorems:



Theorem 1.

For positive integers q and t, the integral of the product of two polylogarithmic functions with negative arguments


I0−,−q,t=∫01Lit−xLiq−xdx=∫−10LitxLiqxdx=∑j=1q−1−1j+1ηq−j+1Ft,j+−1qFt,q+1−Ft,q−Gt,qln2+−1qWnq,t



(15)




where the sum


Wnq,t=∑n=1∞Hn12nt2n+1q−1ntn+1q+12n+1t2n+2q



(16)




is obtained from (8), (9), (10), and the terms F·,·,G·,· are obtained from (11) and (12), respectively.





Proof. 

By the definition of the polylogarithmic function, we have


I0−,−q,t=∫01Lit−xLiq−xdx=∑n=1∞∑r=1∞−1n+rntrqn+r+1=∑n=1∞∑r=1∞−1n+rnt−1qn+r+1n+1q+∑j=1q−1j+1n+1jrq−j+1=∑n=1∞−1n+rnt−1q+1n+1q12Hn+12−12Hn2+∑j=1q−1j+1ηq−j+1n+1j=∑j=1q−1−1j+1ηq−j+1∑n=1∞−1n+1ntn+1j+−1q∑n=1∞−1n+1ntn+1q+1+−1q∑n=1∞−1n+1ntn+1q12Hn+12−12Hn2−ln2.








Now we utilize the double argument identity (3) together with (11), we obtain


I0−,−q,t=∑j=1q−1−1j+1ηq−j+1Ft,j+−1qFt,q+1+−1q∑n=1∞−1n+1ntn+1qHn−Hn2−2ln2,








and we can use the alternating harmonic number sum identity (5) to simplify the last sum. However, we shall simplify further as follows:


I0−,−q,t=∑j=1q−1−1j+1ηq−j+1Ft,j+−1qFt,q+1+−1q∑n=1∞−1n+1ntn+1q−1n+1Hn2−Hn−1+−1nln2








where z is the integer part of z. Now,


I0−,−q,t=∑j=1q−1−1j+1ηq−j+1Ft,j+−1qFt,q+1−−1qFt,q−Gt,qln2+−1qWnq,t








where


Wnq,t=∑n=1∞Hn12nt2n+1q−1ntn+1q+12n+1t2n+2q








and the infinite positive harmonic number sums are easily obtainable from (8), (9), (10), hence the identity (15) is achieved. □





The next theorem investigates the integral of the product of polylogarithmic functions divided by a linear function.



Theorem 2.

Let t,q be positive integers, then for t+q an odd integer


I−,−q,t=∫01Lit−xLiq−xxdx=−∫−10LitxLiqxxdx=∑j=1q−1−1j+1ηt+jηq−j+1+−1q+1ζt+q+ηt+qln2+−1q+12−t−q−1EUq+t+−1q+1HOq+t.



(17)




For t+q an even integer


I−,−q,t=∑j=1q−1−1j+1ηt+jηq−j+1+−1q+1ζt+q+ηt+qln2+−1q+12−t−q−1EUq+t+−1q+1HEq+t.



(18)









Proof. 

Consider


I−,−q,t=∫01Lit−xLiq−xxdx=∑n≥1−1nnt∫01xn−1Liq−xdx,








and successively integrating by parts leads to


I−,−q,t=∑n≥1−1nnt+j∑j=1q−1ηq−j+1+∑n≥1−1n+q+1nt+q−1∫01xn−1Li1−xdx.








Evaluating the inner integral,


∫01xn−1Li1−xdx=−∫01xn−1ln1+xdx=1n12Hn2−12Hn−12−ln2,








so that


I−,−q,t=∑n≥1−1nnt+j∑j=1q−1−1jηq−j+1+∑n≥1−1n+q+1nt+q12Hn2−12Hn−12−ln2=∑j=1q−1−1j+1ηq−j+1ηt+j+∑n≥1−1n+q+1nt+q12Hn2−12Hn−12−ln2.








If we now utilize the multiplication formula (3), we can write


I−,−q,t=∑j=1q−1−1j+1ηq−j+1ηt+j+−1q+1∑n≥1−1n+1nt+qHn−Hn2.








Now consider the harmonic number sum


∑n≥1−1n+1nt+qHn−Hn2=∑n≥1−1n+1nt+q1−−1nln2+−1n+1Hn2−Hn=∑n≥1−1n+1nt+q1−−1nln2+−1n+1∑j=1n−1jj=∑n≥1−1n+1nt+q1−−1nln2+∑n≥112t+q−1Hnnt+q+∑n≥1Hn2n+1t+q=ζt+q+ηt+qln2+∑n≥112t+q−1Hnnt+q+∑n≥1Hn2n+1t+q








where z is the integer part of z. Hence,


I−,−q,t=∑j=1q−1−1j+1ηq−j+1ηt+j+−1q+1ζt+q+ηt+qln2+−1q+1∑n≥112t+q−1Hnnt+q+−1q+1∑n≥1Hn2n+1t+q=∑j=1q−1−1j+1ηq−j+1ηt+j+−1q+1ζt+q+ηt+qln2+−1q+112t+q−1EUq+t+−1q+1HOq+t,fort+qoddHEq+t,fort+qeven,








hence (17) and (18) follow. □





Remark 1.

It is interesting to note that for m∈R,


∫01Lit−xmLiq−xmxdx=1m∫01Lit−xLiq−xxdx.













The next theorem investigates the integral of the product of polylogarithmic functions divided by a quadratic factor.



Theorem 3.

For positive integers q and t, the integral of the product of two polylogarithmic functions with negative arguments


I2−,−q,t=∫01Lit−xLiq−xx2dx=∫−10LitxLiqxx2dx=ηq+1+∑j=1q−1−1jηq−j+1Fj,t+−1qFq,t+Gq,tln2+−1qWnt,q



(19)




where the sum


Wnt,q=∑n=1∞Hn12nq2n+1t−1nqn+1t+12n+1q2n+2t



(20)




is obtained from (8), (9), (10), and the terms F·,·,G·,· are obtained from (11) and (12), respectively.





Proof. 

Follows the same process as in Theorem 2. □





The following recurrence relation holds for the reduction of the integral of the product of polylogarithmic functions multiplied by the power of its argument.



Lemma 3.

For q,t∈N and m≥0, let


Jm,q,t=∫01xmLit−xLiq−xdx=−1m∫−10xmLitxLiqxdx








then


m+1Jm,q,t=ηqηt−Jm,q,t−1−Jm,q−1,t.








For q=1,


m+1Jm,1,t=ηt+mJm−1,1,t+Jm−1,1,t−1−Jm,1,t−1−mKm,t−Km,t−1








where


Km,t=∫01xmLit−xdx.













Proof. 

The proof of the lemma follows in a straightforward manner after integration by parts. □





Theorem 4.

For positive integers q and t, the integral


I0+,−q,t=∫01LiqxLit−xdx=∫−10Liq−xLitxdx=∑j=1q−1−1jζq−j+1Ft,j+−1qFt,q+1+−1qHAt,q.








Let q,t be positive integers, then for t+q an even integer,


I+,−q,t=∫01LiqxLit−xxdx=−∫−10Liq−xLitxxdx=∑j=1q−1−1jηt+jζq−j+1+−1qS1,q+t,



(21)






I−,+q,t=∫01Liq−xLitxxdx=−∫−10LiqxLit−xxdx=∑j=1t−1−1jηq+jζt−j+1+(−1)tS1,q+t



(22)




For positive integers q and t,


I2+,−q,t=∫01LiqxLit−xx2dx=∫−10Liq−xLitxx2dx=−ζq+1+∑j=1q−1−1j+1ζq−j+1Fj,t+−1q+1HAq,t,








where the terms F·,·,HA·,· and S·,· are obtained from (11) (13) and (5), respectively.





Proof. 

The proof is similar to the one outlined in the previous theorems. □





Theorem 5.

For positive integers q and t, the integral of the product of two polylogarithmic functions,


U+,+q,t=∫01LiqxLitx2xdx=2t−1∑j=1q−1−1j+1ζt+jζq−j+1+−1q+1EUt+q+2t−1∑j=1q−1−1jηt+jζq−j+1+−1qS1,q+t



(23)




where the terms EU·,·,S·,· are obtained from (8) and (5), respectively.





Proof. 

By the definition of the polylogarithmic function, we have


U+,+q,t=∫01LiqxLitx2xdx=∑n=1∞1nt∫01x2n−1Liqxdx.








Successively integrating by parts leads to


U+,+q,t=∑j=1q−1−1j+1ζq−j+1∑n≥11nt2nj+∑n≥1−1q+1nt2nq−1∫01x2n−1Li1xdx,=∑j=1q−1−1j+1ζq−j+1∑n≥11nt2nj+∑n≥1−1q+1H2nnt2nq=∑j=1q−1−1j+12jζq−j+1ζt+j+−1q+12q∑n≥1H2nnt+q.



(24)




Alternatively, we have the relation


Litx2=2t−1Litx+Lit−x,



(25)




from which we obtain


∫01LiqxLitx2xdx=2t−1∫01LiqxLitx+Lit−xxdx=2t−1I+,+q,t+I+,−q,t=2t−1∑j=1q−1−1j+1ζt+jζq−j+1+−1q+1EUt+q+2t−1∑j=1q−1−1jηt+jζq−j+1+−1qS1,q+t,



(26)




hence the identity (23) is achieved. An alternative expansion of the integral


U+,+q,t=∫01LiqxLitx2xdx=∑n≥11nq∑r≥11rtn+2r.








By partial fraction expansion,


U+,+q,t=∑n≥11nq∑r≥11rtn+2r=−1t−12t−1∑n≥1Hn2nt+q+∑j=1t−1−1j+12j−1ζq+jζt−j+1.



(27)




 □





Remark 2.

We note that from (23) and (24), we are able to isolate a new Euler identity of weight q+t+1, in the form


Wa,k=∑n≥1Hannk.








For a=2,k=q+t


W2,q+t=∑n≥1H2nnt+q=−1q+12q+t−1I+,+q,t+I+,−q,t−∑j=1q−1−1j+q2q−jζq−j+1ζt+j.



(28)




Similarly, from (26) and (27), we obtain, for a=12,k=q+t, another new Euler identity


W12,q+t=∑n≥1Hn2nt+q=−1t+1I+,+q,t+I+,−q,t+−1t∑j=1t−1−1j+12j−1ζq+jζt−j+1.



(29)




The difference of (28) and (29) delivers the delightful identity


∑n≥11nt+q−1t2t−1Hn2−−1q2qH2n=∑j=1q−1−1j2jζq−j+1ζt+j+∑j=1t−1−1j+12j−1ζq+jζt−j+1.













The next theorem investigates the integral of the product of polylogarithmic functions with one positive and one negative argument.



Theorem 6.

Let q,t be positive integers, then for t+q an even integer,


U−,+q,t=∫01Liq−xLitx2xdx=∫−10LiqxLitx2xdx=2t−1∑j=1t−1−1jηq+jζt−j+1+S1,q+t+2t−1∑j=1q−1−1j+1ηt+jηq−j+1+−1q+1ζt+q+ηt+qln2+2t−1−1q+12−t−q−1EUt+q+−1q+1HOq+t,forq+toddHEq+t,forq+teven.



(30)









Proof. 

From (25), we have


U−,+q,t=∫01Liq−xLitx2xdx=2t−1∫01Liq−xLitx+Lit−xxdx=2t−1I−,+q,t+I−,−q,t,



(31)




replacing I−,+q,t, and I−,−q,t, with (22) and (17), respectively, leads to (17), as required. We can also consider


U−,+q,t=∫01Liq−xLitx2xdx=∑n≥1−1nnq∫01xn−1Litx2dx,








and successively integrating by parts, as in Theorem 1, leads to


U−,+q,t=∑j=1t−1−1jζt−j+1ηq+j+−1t∑n≥1−1n+1Hn2nq+t.



(32)




Another expansion of


U−,+q,t=∫01Liq−xLitx2xdx=∫01∑r≥1∑n≥1−1nxn+2r−1nqrtdx=∑r≥1∑n≥1−1nnqrtn+2r.








Partial fraction expansion, and summing


U−,+q,t=−1q∑j=1q−1−1j2j−qη1+jζq+t−j+−1q+12q∑n≥1Hnnq+t−H2nnq+t,










=−1q∑j=1q−1−1j2j−qη1+jζq+t−j+−1q+12qEUq+t+W2,q+t.








hence (17) follows. We note that from (18) and (32), we obtain another new Euler sum, namely


∑n≥1−1n+1Hn2nq+t=−1tI−,+q,t+I−,−q,t+−1t∑j=1t−1−1j+12j−tζt−j+1ηq+j.



(33)




 □





Example 1.

Some examples follow.


U+,+3,5=∫01Li3xLi5x2xdx=52132ζ9−8ζ2ζ7−2ζ4ζ5−12ζ6ζ3.










U−,+4,4=∫01Li4−xLi4x2xdx=50164ζ9−4ζ2ζ7−118ζ4ζ5.










W2,6+4=∑n≥1H2nn10=20594ζ11−256ζ9ζ2−4ζ8ζ3−64ζ7ζ4−16ζ6ζ5.










W2,2+1=∑n≥1H2nn3=5ζ4−4L3








where


L3=114ζ4−74ζ3ln2+12ζ2ln22−112ln42−2Li412.










∑n≥11n923Hn2+125H2n=174ζ3ζ7+ζ25−51732ζ10.










W12,5+3=∑n≥1Hn2n8=521512ζ9−164ζ2ζ7−116ζ4ζ5−14ζ3ζ6.










∑n≥1−1n+1Hn2n6=4932ζ4ζ3+3132ζ5ζ2−635128ζ7.













The next two results deal with Polylog integrals involving the inverse of the argument.



Theorem 7.

For positive integers q and t, the integral of the product of two polylogarithmic functions,


I3q,t=∫01Liq−1xLitx2xdx=−12q+1ζq+t+1+12qEUq+t−W2,q+t−∑j=1q−112jζq+tηq−j+1



(34)




where the terms EU·,W·,· are obtained from (8) and (28), respectively. For positive integers q and t, the integral of the product of two polylogarithmic functions,


I4q,t=∫01Liq1x2Litxxdx=−2qζq+t+1+2q−1W12,q+t+∑j=1q−12j−1ζj+tζq−j+1−2q−1iπζq+t



(35)




where W12,q+t is obtained from (29), and i=−1.





Proof. 

Following the same process as in Theorem 2, we have


I3q,t=∫01Liq−1xLitx2xdx=∑n≥11nt∫01x2n−1Liq−1xdx.








Integrating by parts, as in Theorem 2, we have


I3q,t=−∑j=1q−112jηq−j+1ζt+j+∑n≥11nt2nq−1∫01x2n−1Li1−1xdx=−∑j=1q−112jηq−j+1ζt+j−12qζt+q+12q∑n≥11nt+q12Hn−12Hn−12−ln2,








from the multiplication Formula (3), we can simplify so that


I3q,t=−∑j=1q−112jηq−j+1ζt+j−12qζt+q−12q∑n≥11nt+qH2n−Hn








and the proof of the first part of the theorem is finalized. The second result is proved as in Theorem 2. □





Example 2.



I34,2=∫01Li4−1xLi2x2xdx=11964ζ7−ζ2ζ5−716ζ4ζ3.










I43,5=∫01Li31x2Li5xxdx=3116ζ2ζ7−503128ζ9−14ζ4ζ5−iπζ8.














3. Some Extensions


Some other valuable research on the representation of integrals of polylogarithmic functions with a trigonometric argument has been carried out, and we highlight the following results: Espinosa and Moll [25,26] give for p∈N0


p+1∫01xplnsinπxdx=−ln2+∑j=1p+12−1jp+12j2j!2π2jζ2j+1








where m is the integer part of m. For a non-trigonometric argument, the work of Espinosa and Moll may be extended in the following way: For p,q∈N, let


Mp,q=∫01lnx1−xqLipxxdx.








Rewriting


11−xq=∑n≥0n+q−1nxn,








then after integration and simplification


−1qq!Mp,q=ζp+q+1+∑j≥1∑n≥1n+q−1n1jpj+nq+1,








which results in the product of zeta functions. For the case of q=2, we may write


Mp,2=∫01lnx1−x2Lipxxdx=2ζp+3−2ζp+3ζp−1










+2ζpζ2+ζ3−2BW2,p−2BW3,p+2BW3,p−1,








where BW·,· is given by (6). For p=4, we find


M4,2=∫01lnx1−x2Li4xxdx=3116ζ6−3ζ23+20ζ2ζ5+2ζ3ζ4−34ζ7.








Choi [27,28] has also produced many interesting examples of log-sine and log-cosine integrals. Mezo [29] continues the study and considers the class of integrals


Ip=∫01LipsinπxdxandJp=∫01Lipcosπxdx,








such that


Jp=12p∑j≥12jj14jjp








and


Ip=Jp+2π∑j≥12j−2!!2j−1!!12j−1p,








where


m!!=1,form=−1,0mm−2…6.4.2,form>0evenmm−2…5.3.1,form>0odd.








Mezo [29] gives the following examples:


∫01Li3secπxdx=iπ4ln22+π348








and


∫01Li3sin2πxdx=∫01Licos2πxdx=2ζ3−2ζ2ln2+43ln32.



(36)




It is possible to generalize (36), so that for m∈N


∫01Lipsin2mπxdx=∑n≥1122mnnp2mnmn,








and


∫01Li4sin2πxdx=94ζ4+2ζ2ln22−4ζ3ln2−23ln42.








There are a number of extensions that may be very interesting to investigate further in regard to the representation of integrals of polylogarithmic functions. It would be beneficial to study the integrals


∫01sinπxaLipbsinπxdx,∫01arcsinxxaLipbx2dx








where, for instance


π∫01sinπxLi4sec4πx4dx=4π∫014sin4πyLi4sec4πydy=6ζ4+32ζ2ln2−32ζ3,










∫01sinπxLi4sinπxdx=π2−1+18ζ2+π42+ln2ln2+14π∑n≥02nn!n+132n+3!!,










∫01arcsinxxLipx2dx=π4ζp+1−π4∑n≥1122nnp+12nn,








and


1π∫01arcsinxxLi4x2dx=98ζ4ln2+13ζ2ln32−115ln52+12ζ3ζ2−2ln22−54ζ5.








We may also study


∫01LipasinπxLiqbcosπxdx,








and the moments


∫01xaLipbsinπxdx,










∫01xaLipbarcsinxdx,








where a,b,p,q∈N.



In this paper we have highlighted various new identities of general Euler type sums, which represent the analytical solution of integrals with polylogarithm functions containing linear, quadratic, and trigonometric type arguments. In a series of papers [7,30,31], the authors explore linear combinations of associated harmonic polylogarithms and nested harmonic numbers. The multiple zeta value data mine, computed by Blumlein et al. [32], is an invaluable tool for the evaluation of harmonic numbers, in which values with weights of twelve, for alternating sums, and weights above twenty for non-alternating sums are presented. Further areas of fruitful research are those related to trigonometric, inverse trigonometric, and linear arguments for products of integrals of polylogarithmic functions.
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