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Abstract: In this paper, we present several new inequalities for weaving frames in Hilbert spaces
from the point of view of operator theory, which are related to a linear bounded operator induced by
three Bessel sequences and a scalar in the set of real numbers. It is indicated that our results are more
general and cover the corresponding results recently obtained by Li and Leng. We also give a triangle
inequality for weaving frames in Hilbert spaces, which is structurally different from previous ones.
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1. Introduction

Throughout this paper, H is a separable Hilbert space, and IdH is the identity operator on H.
The notations J, R, and B(H) denote, respectively, an index set which is finite or countable, the real
number set, and the family of all linear bounded operators on H.

A sequence F = { f j}j∈J of vectors in H is a frame (classical frame) if there are constants A, B > 0
such that

A‖x‖2 ≤ ∑
j∈J
|〈x, f j〉|2 ≤ B‖x‖2, ∀x ∈ H. (1)

The frame F = { f j}j∈J is said to be Parseval if A = B = 1. If F = { f j}j∈J satisfies the inequality to
the right in Equation (1) we say that F = { f j}j∈J is a Bessel sequence.

The appearance of frames can be tracked back to the early 1950s when they were used in the
work on nonharmonic Fourier series owing to Duffin and Schaeffer [1]. We refer to [2–16] for more
information on general frame theory. It should be pointed out that frames have played an important
role such as in signal processing [17,18], sigma-delta quantization [19], quantum information [20],
coding theory [21], and sampling theory [22], due to their nice properties.

Motivated by a problem deriving from distributed signal processing, Bemrose et al. [23] put
forward the notion of (discrete) weaving frames for Hilbert spaces. The theory may be applied to deal
with wireless sensor networks that require distributed processing under different frames, which could
also be used in the pre-processing of signals by means of Gabor frames. Recently, weaving frames
have attracted many scholars’ attention, please refer to [24–30] for more information.

Balan et al. [31] discovered an interesting inequality when further discussing the remarkable
Parseval frames identity arising in their work on effective algorithms for computing the reconstructions
of signals, which was then extended to general frames and alternate dual frames [32], and based on the
work in [31,32], some inequalities for generalized frames associated with a scalar are also established
(see [33–35]). Borrowing the ideas from [34,35], Li and Leng [36] have generalized the inequalities for
frames to weaving frames with a more general form. In this paper, we present several new inequalities
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for weaving frames and we show that our results can lead to the corresponding results in [36]. We also
obtain a triangle inequality for weaving frames, which differs from previous ones in the structure.

One calls two frames F = { f j}j∈J and G = {gj}j∈J in H woven, if there exist universal constants
C and D such that for each partition σ ⊂ J, the family { f j}j∈σ ∪ {gj}j∈σc is a frame for H with frame
bounds C and D and, in this case, we say that { f j}j∈σ ∪ {gj}j∈σc is a weaving frame.

Suppose that F = { f j}j∈J and G = {gj}j∈J are woven, then associated with every weaving frame
{ f j}j∈σ ∪ {gj}j∈σc there is a positive, self-adjoint and invertible operator, called the weaving frame
operator, given below

SW : H→ H, SW x = ∑
j∈σ

〈x, f j〉 f j + ∑
j∈σc
〈x, gj〉gj.

We recall that a frameH = {hj}j∈J is said to be an alternate dual frame of { f j}j∈σ ∪ {gj}j∈σc if

x = ∑
j∈σ

〈x, f j〉hj + ∑
j∈σc
〈x, gj〉hj (2)

is valid for every x ∈ H.
For each σ ⊂ J, let Sσ

F be the positive and self-adjoint operator induced by σ and a given frame
F = { f j}j∈J of H, defined by

Sσ
F : H→ H, Sσ

F x = ∑
j∈σ

〈x, f j〉 f j.

Let F = { f j}j∈J, G = {gj}j∈J, andH = {hj}j∈J be Bessel sequences for H, then it is easy to check
that the operators

SFGH : H→ H, SFGHx = ∑
j∈σ

〈x, f j〉hj + ∑
j∈σc
〈x, gj〉hj (3)

and
SHFG : H→ H, SHFGx = ∑

j∈σ

〈x, hj〉 f j + ∑
j∈σc
〈x, hj〉gj (4)

are well-defined and, further, SFGH, SHFG ∈ B(H).

2. Main Results and Their Proofs

We start with the following result on operators, which will be used to prove Theorem 1.

Lemma 1. If P, Q, L ∈ B(H) satisfy P + Q = L, then for any λ ∈ R,

P∗P +
λ

2
(Q∗L + L∗Q) = Q∗Q + (1− λ

2
)(P∗L + L∗P) + (λ− 1)L∗L ≥ (λ− λ2

4
)L∗L.

Proof. We have
P∗P +

λ

2
(Q∗L + L∗Q) = P∗P− λ

2
(P∗L + L∗P) + λL∗L,

and

Q∗Q + (1− λ

2
)(P∗L + L∗P) + (λ− 1)L∗L = P∗P− λ

2
(P∗L + L∗P) + λL∗L

= (P− λ

2
L)∗(P− λ

2
L) + (λ− λ2

4
)L∗L ≥ (λ− λ2

4
)L∗L.

Thus the result holds.

Taking 2λ instead of λ in Lemma 1 yields an immediate consequence as follows.
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Corollary 1. If P, Q, L ∈ B(H) satisfy P + Q = L, then for any λ ∈ R,

P∗P + λ(Q∗L + L∗Q) = Q∗Q + (1− λ)(P∗L + L∗P) + (2λ− 1)L∗L ≥ (2λ− λ2)L∗L.

Theorem 1. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven, and thatH = {hj}j∈J
is a Bessel sequences for H. Then for any σ ⊂ J, for all λ ∈ R and all x ∈ H, we have∥∥∥∥∑j∈σ〈x, f j〉hj

∥∥∥∥2

+Re ∑j∈σc〈x, gj〉〈hj, SFGHx〉 =
∥∥∥∥∑j∈σc〈x, gj〉hj

∥∥∥∥2

+Re ∑j∈σ〈x, f j〉〈hj, SFGHx〉

≥ (λ− λ2

4 )Re ∑j∈σ〈x, f j〉〈hj, SFGHx〉+ (1− λ2

4 )Re ∑j∈σc〈x, gj〉〈hj, SFGHx〉
(5)

and∥∥∥∥∑j∈σ〈x, hj〉 f j

∥∥∥∥2

+Re ∑j∈σc〈x, hj〉〈gj, SHFGx〉 =
∥∥∥∥∑j∈σc〈x, hj〉gj

∥∥∥∥2

+Re ∑j∈σ〈x, hj〉〈 f j, SHFGx〉

≥ (2λ− λ2)Re ∑j∈σ〈x, hj〉〈 f j, SHFGx〉+ (1− λ2)Re ∑j∈σc〈x, hj〉〈gj, SHFGx〉,
(6)

where SFGH and SHFG are defined respectively in Equations (3) and (4).

Proof. For any σ ⊂ J, we define

Px = ∑
j∈σ

〈x, f j〉hj and Qx = ∑
j∈σc
〈x, gj〉hj, ∀x ∈ H. (7)

Then P, Q ∈ B(H), and a simple calculation gives

Px + Qx = ∑
j∈σ

〈x, f j〉hj + ∑
j∈σc
〈x, gj〉hj = SFGHx.

By Lemma 1 we obtain

‖Px‖2 + λRe〈S∗FGHQx, x〉 = ‖Qx‖2 + 2(1− λ

2
)Re〈S∗FGHPx, x〉+ (λ− 1)‖SFGHx‖2.

Therefore,

‖Px‖2 = ‖Qx‖2 + 2(1− λ

2
)Re〈S∗FGHPx, x〉+ (λ− 1)Re〈SFGHx, SFGHx〉 − λRe〈S∗FGHQx, x〉

= ‖Qx‖2 + 2Re〈S∗FGHPx, x〉 − λRe〈(P + Q)x, SFGHx〉+ (λ− 1)Re〈SFGHx, SFGHx〉
= ‖Qx‖2 + 2Re〈S∗FGHPx, x〉 − Re〈SFGHx, SFGHx〉
= ‖Qx‖2 + 2Re〈Px, SFGHx〉 − Re〈Px, SFGHx〉 − Re〈Qx, SFGHx〉
= ‖Qx‖2 + Re〈Px, SFGHx〉 − Re〈Qx, SFGHx〉,

from which we conclude that∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+Re ∑
j∈σc
〈x, gj〉〈hj, SFGHx〉

= ‖Px‖2 + Re〈Qx, SFGHx〉 = ‖Qx‖2 + Re〈Px, SFGHx〉 (8)

=

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

+Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉.
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For the inequality in Equation (5), we apply Lemma 1 again,

‖Px‖2 + λRe〈S∗FGHQx, x〉 ≥ (λ− λ2

4
)〈S∗FGHSFGHx, x〉

for any x ∈ H. Hence

‖Px‖2 ≥ (λ− λ2

4
)〈S∗FGHSFGHx, x〉 − λRe〈Qx, SFGHx〉

= (λ− λ2

4
− λ)Re〈Qx, SFGHx〉+ (λ− λ2

4
)Re〈Px, SFGHx〉 (9)

= (λ− λ2

4
)Re〈Px, SFGHx〉 − λ2

4
Re〈Qx, SFGHx〉,

and consequently,∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+Re ∑
j∈σc
〈x, gj〉〈hj, SFGHx〉 = ‖Px‖2 + Re〈Qx, SFGHx〉

≥ (λ− λ2

4
)Re〈Px, SFGHx〉+ (1− λ2

4
)Re〈Qx, SFGHx〉

= (λ− λ2

4
)Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉+ (1− λ2

4
)Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉.

Similar arguments hold for Equation (6), by using Corollary 1.

Corollary 2. Let two frames F = { f j}j∈J and G = {gj}j∈J in H be woven. Then for any σ ⊂ J, for all λ ∈ R
and all x ∈ H, we have

∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2 + ∑

j∈σc
|〈x, gj〉|2

= ∑
j∈σ

|〈S−1
W Sσc

G x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσc

G x, gj〉|2 + ∑
j∈σ

|〈x, f j〉|2

≥ (λ− λ2

4
) ∑

j∈σ

|〈x, f j〉|2 + (1− λ2

4
) ∑

j∈σc
|〈x, gj〉|2.

Proof. For each j ∈ J, taking

hj =

 S−
1
2

W f j, j ∈ σ,

S−
1
2

W gj, j ∈ σc.

Then, clearly, H = {hj}j∈J is a Bessel sequence for H. Since for any x ∈ H, SFGHx =

∑j∈σ〈x, f j〉S
− 1

2
W f j + ∑j∈σc〈x, gj〉S

− 1
2

W gj = S−
1
2

W SW x = S
1
2
W x, we have SFGH = S

1
2
W . Now

∥∥∥∥∑j∈σ〈x, f j〉hj

∥∥∥∥2

=

∥∥∥∥∑j∈σ〈x, f j〉S
− 1

2
W f j

∥∥∥∥2

=

∥∥∥∥S−
1
2

W ∑j∈σ〈x, f j〉 f j

∥∥∥∥2

= ‖S−
1
2

W Sσ
F x‖2 = 〈S−

1
2

W Sσ
F x, S−

1
2

W Sσ
F x〉

= ∑j∈σ〈S−1
W Sσ

F x, f j〉〈 f j, S−1
W Sσ

F x〉+ ∑j∈σc〈S−1
W Sσ

F x, gj〉〈gj, S−1
W Sσ

F x〉
= ∑j∈σ |〈S−1

W Sσ
F x, f j〉|2 + ∑j∈σc |〈S−1

W Sσ
F x, gj〉|2.

(10)
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A similar discussion leads to∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

= ∑
j∈σ

|〈S−1
W Sσc

G x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσc

G x, gj〉|2. (11)

We also get

Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 = Re ∑
j∈σ

〈x, f j〉〈S
− 1

2
W f j, S

1
2
W x〉 = ∑

j∈σ

|〈x, f j〉|2, (12)

and
Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉 = Re ∑

j∈σc
〈x, gj〉〈S

− 1
2

W gj, S
1
2
W x〉 = ∑

j∈σc
|〈x, gj〉|2. (13)

Thus the result follows from Theorem 1.

Corollary 3. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven. Then for any σ ⊂ J,
for all λ ∈ R and all x ∈ H,

Re
(

∑
j∈σ

〈x, hj〉〈 f j, x〉
)
+

∥∥∥∥∑
j∈σc
〈x, hj〉gj

∥∥∥∥2

= Re
(

∑
j∈σc
〈x, hj〉〈gj, x〉

)
+

∥∥∥∥∑
j∈σ

〈x, hj〉 f j

∥∥∥∥2

≥ (2λ− λ2)Re
(

∑
j∈σ

〈x, hj〉〈 f j, x〉
)
+(1− λ2)Re

(
∑

j∈σc
〈x, hj〉〈gj, x〉

)
,

whereH = {hj}j∈J is an alternate dual frame of the weaving frame { f j}j∈σ ∪ {gj}j∈σc .

Proof. For any σ ⊂ J, since H = {hj}j∈J is an alternate dual frame of the weaving frame { f j}j∈σ ∪
{gj}j∈σc , Equation (2) gives

x = ∑
j∈σ

〈x, hj〉 f j + ∑
j∈σc
〈x, hj〉gj

for any x ∈ H and thus, SHFG = IdH. By Theorem 1 we obtain the relation shown in the corollary.

Remark 1. Corollaries 2 and 3 are respectively Theorems 7 and 9 in [36].

Theorem 2. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven, and thatH = {hj}j∈J
is a Bessel sequences for H. Then for any σ ⊂ J, for all λ ∈ R and all x ∈ H, we have

Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

≤ λ2

4
Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉+ (1− λ

2
)2Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉,
(14)

and ∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

≥ (2λ− λ2

2
− 1)Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉+ (1− λ2

2
)Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉,

(15)

where SFGH is defined in Equation (3).
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Moreover, if the operators P and Q given in Equation (7) satisfy the condition that P∗Q is positive, then

0 ≤ Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

,

and ∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

≤ ‖SFGHx‖2.

Proof. For any σ ⊂ J, let P and Q be defined in Equation (7). Then all λ ∈ R and all x ∈ H, we see
from Equation (9) that

Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

= Re〈Px, SFGHx〉 − ‖Px‖2

≤ Re〈Px, SFGHx〉+ λ2

4
Re〈Qx, SFGHx〉 − (λ− λ2

4
)Re〈Px, SFGHx〉

=
λ2

4
Re〈Qx, SFGHx〉+ (1− λ +

λ2

4
)Re〈Px, SFGHx〉

=
λ2

4
Re〈Qx, SFGHx〉+ (1− λ

2
)2Re〈Px, SFGHx〉

=
λ2

4
Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉+ (1− λ

2
)2Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉.

We next prove Equation (15). By combining Equation (8) with Equation (9) we conclude that∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

= ‖Px‖2 + ‖Qx‖2 = 2‖Px‖2 + Re〈Qx, SFGHx〉 − Re〈Px, SFGHx〉

≥ (2λ− λ2

2
)Re〈Px, SFGHx〉 − λ2

2
Re〈Qx, SFGHx〉+ Re〈Qx, SFGHx〉 − Re〈Px, SFGHx〉

= (2λ− λ2

2
− 1)Re〈Px, SFGHx〉+ (1− λ2

2
)Re〈Qx, SFGHx〉

= (2λ− λ2

2
− 1)Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉+ (1− λ2

2
)Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉, ∀x ∈ H.

Suppose now that P∗Q is positive, then for any x ∈ H,

Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

= Re〈Px, SFGHx〉 − Re〈Px, Px〉

= Re〈Px, Qx〉 = Re〈P∗Qx, x〉 ≥ 0.

Noting that

‖Px‖2 = ‖Qx‖2 − Re〈Qx, SFGHx〉+ Re〈Px, SFGHx〉
= Re〈Qx, Qx〉 − Re〈Qx, SFGHx〉+ Re〈Px, SFGHx〉
= −(Re〈Qx, SFGHx〉 − Re〈Qx, Qx〉) + Re〈Px, SFGHx〉
= −Re〈Qx, Px〉+ Re〈Px, SFGHx〉 ≤ Re〈Px, SFGHx〉,
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and similarly,
‖Qx‖2 ≤ Re〈Qx, SFGHx〉,

we obtain ∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

= ‖Px‖2 + ‖Qx‖2

≤ Re〈Px, SFGHx〉+ Re〈Qx, SFGHx〉
= Re〈Px + Qx, SFGHx〉 = ‖SFGHx‖2,

and the proof is completed.

Remark 2. Suppose that the weaving frame { f j}j∈σ ∪ {gj}j∈σc is Parseval for each σ ⊂ J, and letting hj = f j
if j ∈ σ and hj = gj if j ∈ σc, then it is easy to check that the operator P∗Q is positive.

Corollary 4. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven. Then for any σ ⊂ J,
for all λ ∈ R and all x ∈ H, we have

0 ≤ ∑
j∈σ

|〈x, f j〉|2 −∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 − ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2

≤ λ2

4 ∑
j∈σc
|〈x, gj〉|2 + (1− λ

2
)2 ∑

j∈σ

|〈x, f j〉|2.
(16)

(2λ− λ2

2
− 1) ∑

j∈σ

|〈x, f j〉|2 + (1− λ2

2
) ∑

j∈σc
|〈x, gj〉|2

≤ ∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2

+ ∑
j∈σ

|〈S−1
W Sσc

G x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσc

G x, gj〉|2

≤ ∑
j∈σ

|〈x, f j〉|2 + ∑
j∈σc
|〈x, gj〉|2.

(17)

Proof. LetH = {hj}j∈J be the same as in the proof of Corollary 2. By combining Equations (10) and (12),
and Theorem 2 we arrive at

∑
j∈σ

|〈x, f j〉|2 −∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 − ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2

= Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

≤ λ2

4
Re ∑

j∈σc
〈x, gj〉〈hj, SFGHx〉+ (1− λ

2
)2Re ∑

j∈σ

〈x, f j〉〈hj, SFGHx〉

=
λ2

4 ∑
j∈σc
|〈x, gj〉|2 + (1− λ

2
)2 ∑

j∈σ

|〈x, f j〉|2

for each x ∈ H. Let P and Q be given in Equation (7). Then a direct calculation shows that P = S−
1
2

W Sσ
F

and Q = S−
1
2

W Sσc

G and, P∗Q = Sσ
FS−1

W Sσc

G as a consequence. Since S−
1
2

W Sσ
FS−

1
2

W and S−
1
2

W Sσc

G S−
1
2

W are
positive and commutative,

0 ≤ S−
1
2

W Sσ
FS−

1
2

W S−
1
2

W Sσc

G S−
1
2

W = S−
1
2

W Sσ
FS−1

W Sσc

G S−
1
2

W ,
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implying that Sσ
FS−1

W Sσc

G = P∗Q ≥ 0. Again by Theorem 2,

0 ≤ Re ∑
j∈σ

〈x, f j〉〈hj, SFGHx〉 −
∥∥∥∥∑

j∈σ

〈x, f j〉hj

∥∥∥∥2

= ∑
j∈σ

|〈x, f j〉|2 −∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 − ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2.

We are now in a position to prove Equation (17). By Equations (10) and (11) we have∥∥∥∥∑
j∈σ

〈x, f j〉hj

∥∥∥∥2

+

∥∥∥∥∑
j∈σc
〈x, gj〉hj

∥∥∥∥2

= ∑
j∈σ

|〈S−1
W Sσ

F x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσ
F x, gj〉|2 + ∑

j∈σ

|〈S−1
W Sσc

G x, f j〉|2 + ∑
j∈σc
|〈S−1

W Sσc

G x, gj〉|2
(18)

for any x ∈ H. We also have

‖SFGHx‖2 = ‖S
1
2
W x‖2 = 〈SW x, x〉 = ∑

j∈σ

|〈x, f j〉|2 + ∑
j∈σc
|〈x, gj〉|2.

This together with Equations (12), (13) and (18), and Theorem 2 gives Equation (17).

Remark 3. Inequalities (16) and (17) in Corollary 4 are respectively inequalities in Theorems 14 and 15 shown
in [36].

Suppose that F = { f j}j∈J, G = {gj}j∈J, and H = {hj}j∈J are Bessel sequences for H, and that
{αj}j∈J is a bounded sequence of complex numbers. For any σ ⊂ J and any x ∈ H, we define linear
bounded operators Eσ, Eσc

, Fσ and Fσc
respectively by

Eσx = ∑
j∈σ

(1− αj)〈x, hj〉 f j, Eσc
x = ∑

j∈σc
(1− αj)〈x, hj〉gj,

and
Fσx = ∑

j∈σ

αj〈x, hj〉 f j, Fσc
x = ∑

j∈σc
αj〈x, hj〉gj.

We are now ready to present a new triangle inequality for weaving frames.

Theorem 3. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven. Then for any bounded
sequence {αj}j∈J, for all σ ⊂ J and all x ∈ H, we have

3
4
‖x‖2 ≤

∥∥∥∥∑
j∈σc

αj〈x, hj〉gj + ∑
j∈σ

αj〈x, hj〉 f j

∥∥∥∥2

+Re
(

∑
j∈σ

(1− αj)〈x, hj〉〈 f j, x〉+ ∑
j∈σc

(1− αj)〈x, hj〉〈gj, x〉
)

≤ 3 + ‖(Eσ + Eσc
)− (Fσ + Fσc

)‖2

4
‖x‖2,

(19)

whereH = {hj}j∈J is an alternate dual frame of the weaving frame { f j}j∈σ ∪ {gj}j∈σc .
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Proof. For any σ ⊂ J, since H = {hj}j∈J is an alternate dual frame of the weaving frame { f j}j∈σ ∪
{gj}j∈σc , Eσ + Eσc

+ Fσ + Fσc
= IdH. For any x ∈ H we obtain

∥∥∥∥∑
j∈σc

αj〈x, hj〉gj + ∑
j∈σ

αj〈x, hj〉 f j

∥∥∥∥2

+Re
(

∑
j∈σ

(1− αj)〈x, hj〉〈 f j, x〉+ ∑
j∈σc

(1− αj)〈x, hj〉〈gj, x〉
)

= 〈(Fσ + Fσc
)∗(Fσ + Fσc

)x, x〉+ Re(〈Eσx, x〉+ 〈Eσc
x, x〉)

=
1
2
〈(Eσ + Eσc

+ (Eσ)∗ + (Eσc
)∗)x, x〉+ 〈(IdH − (Eσ + Eσc

))∗(IdH − (Eσ + Eσc
))x, x〉

=

〈(
IdH −

1
2
(Eσ + Eσc

+ (Eσ)∗ + (Eσc
)∗) + (Eσ + Eσc

)∗(Eσ + Eσc
)

)
x, x
〉

=

〈((
(Eσ + Eσc

)− 1
2

IdH

)∗(
(Eσ + Eσc

)− 1
2

IdH

)
+

3
4

IdH

)
x, x
〉

=

∥∥∥∥((Eσ + Eσc
)− 1

2
IdH

)
x
∥∥∥∥2

+
3
4
‖x‖2

≥ 3
4
‖x‖2.

(20)

On the other hand we get∥∥∥∥∑
j∈σc

αj〈x, hj〉gj + ∑
j∈σ

αj〈x, hj〉 f j

∥∥∥∥2

+Re
(

∑
j∈σ

(1− αj)〈x, hj〉〈 f j, x〉+ ∑
j∈σc

(1− αj)〈x, hj〉〈gj, x〉
)

= 〈(Fσ + Fσc
)x, (Fσ + Fσc

)x〉+ Re〈(Eσ + Eσc
)x, x〉

= 〈(Fσ + Fσc
)x, (Fσ + Fσc

)x〉+ Re(〈x, x〉 − 〈(Fσ + Fσc
)x, x〉)

= 〈x, x〉 − Re〈(Fσ + Fσc
)x, x〉+ 〈(Fσ + Fσc

)x, (Fσ + Fσc
)x〉

= 〈x, x〉 − Re〈(Fσ + Fσc
)x, (Eσ + Eσc

)x〉

= 〈x, x〉 − 1
2
〈(Fσ + Fσc

)x, (Eσ + Eσc
)x〉 − 1

2
〈(Eσ + Eσc

)x, (Fσ + Fσc
)x〉

=
3
4
‖x‖2 +

1
4
〈((Eσ + Eσc

) + (Fσ + Fσc
))x, ((Eσ + Eσc

) + (Fσ + Fσc
))x〉

− 1
2
〈(Fσ + Fσc

)x, (Eσ + Eσc
)x〉 − 1

2
〈(Eσ + Eσc

)x, (Fσ + Fσc
)x〉

=
3
4
‖x‖2 +

1
4
〈((Eσ + Eσc

)− (Fσ + Fσc
))x, ((Eσ + Eσc

)− (Fσ + Fσc
))x〉

≤ 3
4
‖x‖2 +

1
4
‖(Eσ + Eσc

)− (Fσ + Fσc
)‖2‖x‖2

=
3 + ‖(Eσ + Eσc

)− (Fσ + Fσc
)‖2

4
‖x‖2.

(21)

This along with Equation (20) yields Equation (19).

Corollary 5. Suppose that two frames F = { f j}j∈J and G = {gj}j∈J in H are woven. Then for all σ ⊂ J and
all x ∈ H, we have

3
4
‖x‖2 ≤

∥∥∥∥∑
j∈σ

〈x, hj〉 f j

∥∥∥∥2

+Re ∑
j∈σc
〈x, hj〉〈gj, x〉 ≤

3 + ‖Sσc

HG − Sσ
HF‖2

4
‖x‖2,

where Sσc

HG , Sσ
HF ∈ B(H) are defined respectively by

Sσc

HGx = ∑
j∈σc
〈x, hj〉gj and Sσ

HF x = ∑
j∈σ

〈x, hj〉 f j,
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andH = {hj}j∈J is an alternate dual frame of the weaving frame { f j}j∈σ ∪ {gj}j∈σc .

Proof. The conclusion follows by Theorem 3 if we take

αj =

{
1, j ∈ σ,
0, j ∈ σc.
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Sci. Bull. Politeh. Univ. Timiş. Trans. Math. Phys. 2015, 60, 17–29.

21. Strohmer, T.; Heath, R. Grassmannian frames with applications to coding and communication. Appl. Comput.
Harmonic Anal. 2003, 14, 257–275. [CrossRef]

http://dx.doi.org/10.1090/S0002-9947-1952-0047179-6
http://dx.doi.org/10.1016/j.acha.2014.07.003
http://dx.doi.org/10.1016/j.jmaa.2015.11.045
http://dx.doi.org/10.11650/twjm/1500407227
http://dx.doi.org/10.3390/axioms6010006
http://dx.doi.org/10.1007/s00020-017-2370-1
http://dx.doi.org/10.1016/j.jmaa.2018.03.039
http://dx.doi.org/10.1063/1.527388
http://dx.doi.org/10.13001/1081-3810.1669
http://dx.doi.org/10.13001/1081-3810.3260
http://dx.doi.org/10.7153/oam-09-23
http://dx.doi.org/10.1142/S0219691317500400
http://dx.doi.org/10.1007/s00025-018-0871-0
http://dx.doi.org/10.1016/j.acha.2005.07.001
http://dx.doi.org/10.1109/TIT.2014.2320937
http://dx.doi.org/10.1109/TIT.2006.872849
http://dx.doi.org/10.1016/S1063-5203(03)00023-X


Mathematics 2019, 7, 141 11 of 11

22. Sun, W. Asymptotic properties of Gabor frame operators as sampling density tends to infinity. J. Funct. Anal.
2010, 258, 913–932. [CrossRef]

23. Bemrose, T.; Casazza, P.G.; Gröchenig, K.; Lammers, M.C.; Lynch, R.G. Weaving frames. Oper. Matrices 2016,
10, 1093–1116. [CrossRef]

24. Casazza, P.G.; Freeman, D.; Lynch, R.G. Weaving Schauder frames. J. Approx. Theory 2016, 211, 42–60.
[CrossRef]

25. Deepshikha; Vashisht, L.K. On weaving frames. Houston J. Math. 2018, 44, 887–915.
26. Deepshikha; Vashisht, L.K. Weaving K-frames in Hilbert spaces. Results Math. 2018, 73, 81. [CrossRef]
27. Khosravi, A.; Banyarani, J.S. Weaving g-frames and weaving fusion frames. Bull. Malays. Math. Sci. Soc. 2018.

[CrossRef]
28. Rahimi, A.; Samadzadeh, Z.; Daraby, B. Frame related operators for woven frames. Int. J. Wavel. Multiresolut.

Inf. Process. 2018. [CrossRef]
29. Vashisht, L.K.; Garg, S.; Deepshikha; Das, P.K. On generalized weaving frames in Hilbert spaces. Rocky Mt.

J. Math. 2018, 48, 661–685. [CrossRef]
30. Vashisht, L.K.; Deepshikha. Weaving properties of generalized continuous frames generated by an iterated

function system. J. Geom. Phys. 2016, 110, 282–295. [CrossRef]
31. Balan, R.; Casazza, P.G.; Edidin, D.; Kutyniok, G. A new identity for Parseval frames. Proc. Am. Math. Soc.

2007, 135, 1007–1015. [CrossRef]
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