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1. Introduction

The notion of the stability of functional equations was presented in 1940 by Ulam [1], “Under what
conditions does there exist an additive mapping near an approximately additive mapping?” One year
later, Hyers [2] found a partial answer to Ulam’s question in a Banach space. Since then, the stability of
such forms is known as Hyers-Ulam stability. In 1978, Rassias [3] proved the existence of unique linear
mapping near approximate additive mapping, which provides a remarkable generalization of the
Hyers-Ulam stability. Gavruta [4] investigated a different generalization of the Hyers-Ulam-Rassias
theorem. For more details, see References [5-11]. Also, there are several applications of this concept in
pure mathematics, sociology, financial and actuarial mathematics and psychology [12].

A Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof [13]
for mappings f : X — Y, where X is a normed space and Y is a Banach space. Cholewa [14]
noticed that the theorem of Skof is still true if the relevant domain X is replaced by an Abelian group.
The Hyers-Ulam-Rassias stability of the quadratic functional equation was proved in Reference [15].
Several functional equations have been presented in References [16,17].

There are many forms of the quadratic functional equation, one among them of great interest to
us is the following;:

f(2a+b)+ f(2a—b) = f(a+b)+ f(a—b) +6f(a). (1)

The fixed point method for studying the stability of functional equations was used for the first time
in 1991 by Baker [18]. Yang [19] proved the Hyers-Ulam-Rassias stability of the quadratic functional
Equation (1) in F-spaces.
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In this paper, with the idea of the fixed point theorem [20], we investigate a new generalized
Hyers-Ulam-Rassias stability of the functional Equation (1). Also, we give some examples to show
that our results are real extensions of the previous results.

2. Preliminaries

This section consists of some required background for the main results.
Definition 1 ([20,21]). Let X be a nonempty set. If a binary relation L C X x X satisfies the following
dxge X: (Yy € X, ylxg) or (Vy € X, xoLly),
then L is said to be an orthogonal relation and the pair (X, L) is called an orthogonal set (briefly O-set).

In the above definition, we say that x( is an orthogonal element and elements x,y € X are
1 -comparable either x Ly or y_Lx.

Definition 2 ([21]). A sequence {xy, },en in an O-set (X, L) is called a strongly orthogonal sequence (briefly,
SO-sequence) if
(Vn,k; xpLlx, k) or (VYn,k; X, pLlxy).

Definition 3 ([21]). Let (X, L, d) be an orthogonal metric space where (X, L) is an O-set and (X, d) is a metric
space. X is strongly orthogonal complete (briefly, SO-complete) if every Cauchy SO-sequence is convergent.

It is clear that every complete metric space is SO-complete but it has been proved that the converse
does not hold in general [21].

Definition 4 ([21]). Let (X, L,d) be an orthogonal metric space. Then f : X — X is strongly orthogonal
continuous (briefly, SO-continuous) in a € X if for each SO-sequence {a,},en in X if a, — a, then
f(an) — f(a). Also, f is SO-continuous on X if f is SO-continuous in each a € X.

It is obvious that every continuous mapping is SO-continuous but the converse is not true in
general (see Reference [21]).

Definition 5 ([20]). Let (X, L) be an O-set. A mapping f : X — X is said to be L-preserving if f(x)Lf(y)
whenever x Ly and x,y € X.

Recently, Eshaghi et al. [20] have given a real generalization of the Banach fixed point theorem in
incomplete metric spaces. The main result of Reference [20] is given as follows:

Theorem 1 ([20]). Let (X, L,d) be an O-complete orthogonal metric space (not necessarily complete metric
space) and 0 < A < 1. Let f : X — X be O-continuous and L-contraction with Lipschitz constant A and
L -preserving. Then f has a unique fixed point x* € X. Also, f is a Picard operator, namely, lim, . f"(x) =
x* forall x € X.

Theorem 2. Let (X, L,d) be an SO-complete orthogonal metric space (not necessarily a complete metric space)
and 0 < A < 1. Let f : X — X be SO-continuous, L-preserving and L-contraction with Lipschitz constant A.
Then f has a unique fixed point x* € X. Also, f is a Picard operator, that is, lim,_, f"(x) = x* forall x € X.

Proof. The proof of this result uses the same ideas in Theorem 3.11 of [20] and it suffices to replace the
O-sequence by the SO-sequence. O

The reader can find more details on orthogonal metric spaces in References [22,23].
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3. A New Hyers-Ulam-Rassias Stability
In this section, we will assume that (X, ||.||x) and (Y, ||.||y) are two normed spaces. We denote by

d the induced metric by ||.||y and L is an orthogonal relation on Y which is R-preserving.

Theorem 3. Let (Y,d, L) be an SO-complete orthogonal metric space (not necessarily complete metric space).
Assume that f : X — Y is a function such that

[rexmen, f(2) 1 I0] o [wexwmen 1 g(X)] o

and ¢ : X* — Rt := [0, 00) is a mapping satisfying
1fx+y) +f2x—y) = flx+y) = flx —y) —6f(¥)]ly < ¢(x,y) ®)

for each x,y € X. Suppose there exists a function « : [0,00) — [0,1) satisfying the following statements:
(A1) limsup,_, . a(t) < 1foralls > 0;

(A2) ¢(3,3) < ;alp(x,y)) ¢(x,y) forall x,y € X;
(A3) a(¢(5,0)) < a(¢(x,0) forall x € X.

Then there exists a quadratic function F : X — Y and a nonempty subset X* in X such that for some
positive real number L < 1 we have

IFG) = £l < gy #(0) @

forall x € X*.
Proof. Consider Sy := {g: X — Y | g(0) = 0} with the following generalized metric,
D(h,g) :=inf{M > 0: |h(x) —g(x)|ly < M¢(x,0), Vx € X}

forall h,g € Sp. Taking x = y = 01in (A2), we see that ¢(0,0) = 0 and by using (3) we observe that
f(0) = 0. Hence f € Sp and Sy is a nonempty set. Let S = {g € So | D(g, f) < oo}and T : S — Spbea
function given by

x
Tg(x) =4g(3) ®)
for every x € X. In order to show that T(S) C S, substitute y = 0 in (3) we have

1£2x) = 4y < 29(x,0) ©

for all x € X. Replacing x with 5 in the above equation and employing (A2), we have

1) = TRy < g a((x,0)) 9(x,0) )

for all x € X. This implies that D(Tf, f) < 5. Now if g € S, then the definition of D and the relation
(A2) conclude that D(Tg, Tf) < D(g, f) and the triangle inequality results that

D(Tg, f) < D(Tg, Tf) + D(Tf, ) < co.
So Tg € S and hence T is self-adjoint mapping, thatis T(S) C S. Consider

O(x) := {f(x), (Tf) (x), (T*f) (x), (T°f) (x), ..}
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for all x € X and for each g, 11 € S we define Lg on S as follows:
glsh < ({g(x),h(x)}mO(x) £ or g(x)L h(x)); Vx € X.

Clearly, (S, Lg) is an O-set. We now show that (S, d, Lg) is an SO-complete orthogonal metric space,
first of all we need to prove that for each x € X, the sequence {(T"f)(x)} is a Cauchy SO-sequence in
Y. To see this, since the relation L is R-preserving, the definition of 1 g implies that T is 1 g-preserving.
According to the assumptions (2) and R-preserving of L, we obtain

[Vx €X, VneN, (T"f)(x)L f(x) ] or [Vx €X, VneN, f(x)L(T"f)(x) ]
Replacing x by 5 and multiplying both sides of the above relations by 4k, we obtain
[Vx € X, VnkeN, (T"f)(x) L (TFf)(x) } or [Vx €X,VnkeN, (THf)(x) L (T"Ff)(x) }

Thatis, {(T"f)(x)} is an SO-sequence in Y for all x € X.
Also, we need to prove that {(T"f)(x)} is a Cauchy sequence for each x € X. Replacing x by 57
and multiplying both sides of the inequality (7) by 4" and making use of (A2) and (A3), we get

1T 7)) — (T Oy < [alpx,0)]" p(x,0)

forall x € X and n € N. Setting Ly := a(¢(x,0)), we get

(T f)(x) = (T* ) ()l < ; (T ) () = (T H )l

m—=1 Lh(1 — Lm—l
<Y tho0) = EUEE D gn0)

forall x € X and m,n € N. Since Ly < 1, taking the limit as m,n — oo in the above inequality, we
deduce that the sequence {(T"f)(x)} is a Cauchy sequence for each x € X. By SO-completeness of Y,
we obtain that for every x € X, there exists an element F(x) € Y which is a limit point of {(T"f)(x)}.
Thatis, F : X — Y is well-defined and is given by

T n T n g X
F(x) = lim (T"f)(x) = lim 4" f(57) ®)
for all x € X. Therefore, {(T"f)(x)} is a convergent sequence for each x € X.

Now, take a Cauchy SO-sequence {g, } in S. It follows that

(V”/k €N, gnik Ls 8k) or (Vﬂ,k €N, & Ls gn+k)- ©)

Let xg be an arbitrary point in X. We can see that the following cases can occur:
Case 1. There exists a subsequence {gy, } of {g,} for which g, (x9) € O(xp) forall k € N.
The convergence of {(T"f)(xg)} implies the convergence of {gy, (x9)}. On the other hand, since every
Cauchy sequence with a convergent subsequence is convergent, the sequence {g,(xo)} is convergent.
Case 2. {gn(x0)} is an SO-sequence in Y.
Let € > 0 be given. Since {g,} is a Cauchy sequence in S, then there exists N € N such that
D(gn, gm) < € for every n,m > N which implies the following inequality:

181(x) = gm(¥)[ly < € ¢(x,0) (10)
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for every n,m > N and x € X. This means that for every x € X, {gx(x)} is a Cauchy sequence in Y.
The SO-completeness of Y implies that {g,(x¢) } is a convergent sequence.

In the above two cases, there is a point g(xp) € Y such that lim, e gn(%0) = g(x0). According
to the choice of x(, we can see that g : X — Y is well-defined and also, g(x) = lim, . gn(x) for each
x € X. If we take the limit as m — co in the inequality (10), then

18n(x) = g(x)lly < € ¢(x,0)

forevery n > N and x € X. From the definition of D, we gain D(g,,g) < € foralln > N, thatis, g € S
and {g,} is a convergent sequence. Therefore, (S, D, L) is an SO-complete orthogonal metric space.

On the other hand, since limsup, _,+ a(t) < 1, then there exist r € (0,00] and 0 < L < 1 such that
a(t) < Lforallt € [0, r). Put X* = {x € X | ¢(x,0) < r}. It follows from ¢(0,0) = 0 that 0 € X*.
Now, we replace X by X* in definition of Sg. Note that forall g,h € S

D(g,h) < K= [g(x) = h(x)lly < K¢p(x,0), (x € X")
= 45G) 40|, <K 40(5,0),
= |l45(5) —4h(3)||, < Ka(9(x,0)) 9(x,0),
= 453 — 413, < KLo0),
= D(Tg, Th) < KL.

Hence we see that D(Tg, Th) < LD(g,h) for all g,h € S. It follows from L < 1 that T is a
contraction. Consequently, T is an SO-continuous mapping and is a contraction on L g-comparable
elements with Lipschitz constant L. Since (S, D, Lg) is SO-complete and T is also L g-preserving, then
from the fixed point Theorem 2, we conclude that T has a unique fixed point and T is a Picard operator.
This means that the sequence {T" f} converges to the fixed point of T. It follows from (8) that F is a
unique fixed point of T. Moreover,

D(F, f) < D(F,TF) + D(TF, Tf) + D(Tf, f)
< LD(F, f) + D(Tf, f).

Therefore, D(F, f) < {2 D(Tf, f). The relation (7) ensures that the inequality (4) holds.

Finally, we will show that F is a quadratic mapping. To this aim, fix x and y in X. Since {¢(55, 57 ) }
is a non-negative and decreasing sequence, then there is T > 0 for which ¢(5%, 47) — T as n — oo.
Taking into account (A1), we have limsup,_, + a(t) < 1,s0 there exist § > 0 and v < 1 such that for all
t € [1,T+6), a(t) < v. Consider the positive integer N such that foralln > N, (3, ) € [1, T+ ).
By virtue of (3), we obtain

|F(2x +y) + F(2x —y) — F(x +y) = F(x —y) — 6F(x) |y
= lim 4" |[f22 + 20) + f(200 = 30) = fon + 30) = Fo — ) —6f ()

lim 4 ¢ 55 57 )

IN

. " 1 n—1

< lim 4 ol gzx(cp(%,%)) ¢(x, )

= lim v" foa(gb(f ) 9 y) =0
n—soo 0 217 i ’ '

This completes the proof. [
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Corollary 1. Let Y be a Banach space and f : X — Y be a function such that there exists a function
¢ : X% — [0, 00) satisfying (3). If there exists a positive real number L < 1 such that

N<=

1
¢(5.3) < 3 L(xy) a1

forall x,y € X. Then there exists a unique quadratic mapping F : X — Y which satisfies the inequality

I£) = F)ly < g5 #(0)

forall x € X.

Proof. For every 1,y € Y, we define y; Ly, if and only if ||y1]ly < [|y2]|y- Itis easy to see that (Y, L)
is an O-set. Moreover, since Y is a Banach space, then (Y, d, L) is an SO-complete orthogonal metric
space which d is the induced metric by norm. From the definition of L, it follows that

[Vxex, Vn €N, f(zin) 1 fiff) ] or [VxeX, Vn €N, fif) 1 f(zin) ]

Setting a(t) = L for all t € [0, 00), from the proof of Theorem 3 we can see the result. [

Theorem 4. Let (Y,d, L) be an SO-complete orthogonal metric space (not necessarily complete metric space)
and f : X — Y be a mapping such that

{VxGX, VneN, f(2"x) L 4"f(x) } or {VxEX, VneN, 4"f(x) L f(2"x) } (12)

Assume that there exists a function ¢ : X*> — [0,00) satisfying the Equation (3) of Theorem 3 and the
following property,
(B1) ¢(x,y) =0ifand only if x = y = 0 and {¢(2”x, Z”y)} is an increasing sequence for all x,y € X such
that both are not zero.

Ifa : [0,00) — [0,1) is a mapping which satisfies in (A1) of Theorem 3 and the following conditions:
(B2) ¢(2x,2y) <4 oc([q)(x,y)}*l) ¢(x,y) forall x,y € X not both being zero;

(B3) oc([qb(Zx,O)]_l) < uc([gb(x, O)}_1> forall x € X where x # 0.
Then there exist a quadratic function F : X — Y and a nonempty subset X* of X such that for some
positive real number L < 1 we have

IFG) = £l < gy #(0) 13)
forall x € X*.

Proof. By the same reasoning as in the proof of Theorem 3, there are A € (0, oo] and 0 < L < 1, such

that a(t) < Lforeach0 < t < A. Set X* := {x € X| x # 0, [p(x,0)]"! < A}U{0}. By the same

1
argument of Theorem 3, one can show that the mapping T : S — S defined by Tg(x) = i g(2x) for all
x € X, is a Ls-preserving mapping. Define F : X — Y by

F(x) = lim ~ f(2"x)

n—oco 41
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for all x € X. Replacing X* by X in definition of Sg we obtain that T is a contraction with Lipschitz
constant L. Applying Theorem 2 we can see F is a unique fixed point of T. Dividing both sides of the
inequality (6) by 4, we have

172 pyly < § 90

forall x € X. Infact, D(f, Tf) < %. It follows that

D(f,F) < D(f,Tf)+ D(Tf,TF) < D(f,Tf) + LD(f, F)

and consequently,
1 1
< — < 0.

That is, the inequality (13) holds.
To show that the function F is quadratic, let us consider x, y are elements in X which not both

zero. Since { [p(2"x,2My)] 7! } is a non-negative and decreasing sequence in R™, so the rest of the proof
is similar to the proof of Theorem 3. [

Corollary 2. Let Y be a Banach space and f : X — Y be a mapping such that there exists a function
¢ : X2 — [0, 0) satisfying the condition (B1) and inequality (3) of Theorem 4. If there exists a positive real
number L < 1 such that

$(2x,2y) <4 L ¢(x,y) (14)

forall x,y € X. Then there exists a unique quadratic mapping F : X — Y which satisfies the inequality
1
[f(x) = F(x)[ly < -1 ¢(x,0)
forallx € X.

Proof. Take the same metric 4 and the orthogonal relation of Corollary 1. By the same argument of
Corollary 1, one can show that (Y, d, L) is an SO-complete orthogonal metric space and the relation (12)
holds. Putting a(t) = L for all t € [0, c0) and applying Theorem 4, we can easily obtain the result. [

Corollary 3. Suppose that Y is a Banach space and 0 > 0 and r # 2 are fixed. Assume that f : X — Y isa
function which satisfies the functional inequality

1f@x+y) + f2x —y) = fx+y) = flx —y) = 6f(x)[ly < O(l|x[lx + [lyl%) (15)

forall x,y € X. Then there exists a unique quadratic mapping F : X — Y such that the inequality

6
1f(x) = E()lly < g — Ik (16)
holds for all x € X, where v > 2, or the inequality
6
1 (x) = F()llx < g 2l (17)

holds for all x € X, wherer < 2.

Proof. Take the same metric 4 and the orthogonal relation of Corollary 1. By the same argument of
Corollary 1, one can show that (Y, d, 1) is an SO-complete orthogonal metric space. Moreover, the
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definition of L ensures that the relations (2) and (12) hold. Let ¢(x,y) = 6(||x|/% + [|y|/%) for each
x,y € X. It follows that

o5 <1 (3) oty

for all x,y € X where r > 2. Set a(t) = 2,%2 for all t € [0,00). This ensures that X* = X and the
relations (A1) and (A3) of Theorem 3 hold. Applying Theorem 3, we see that inequality (4) holds with
L= 2,1_2 which yields the inequality (16). On the other hand, the function ¢ satisfies in the properties

(B1), (B2) and also,

¢(2x,2y) <4272 ¢(x,y)

forall x,y € X, where r < 2. Putting a(t) = 221_, for every t € [0, 0), it is easily seen that X* = X and
the conditions (A1) and (B3) hold. Employing Theorem 4, we see that the inequality (13) holds with
L= 22%, This implies the inequality (17). O

The next example shows that Theorem 3 is a real extension of Corollary 1.

Example 1. Let Y be a Banach space. Suppose that a function f : X — Y has the property

If2x+y)+ f(2x —y) — fx+y) — f(x —y) —6f()|ly < ¢(x,¥)

or all x,y € X, where ¢ : X2 — [0, 00) is defined b
y ¢ Y

m(||xllx + lyllx),  112x]lx + 112yllx — (Ixllx + llyllx) > 1, and m is the smallest natural
P(x,y) = number such that ||x||x + [lyllx <m < |12x|x + [[2y|lx

0, otherwise.
We define a function « : [0,00) — [0,1) as

mT_l, m is the smallest natural number such that t < m

a(t) =
0, otherwise.
forall t € [0,00). Then the following properties hold:
(C1) The function w satisfies the relations (A1) and (A3) of Theorem 3.
(C2) The function ¢ satisfies the relation (A2) of Theorem 3.

(C3) For every positive real number and r, there exist a constant L € (0,1) and a quadratic mapping F : X — Y
such that the inequality (4) holds for any x € X with ||x||x <.

Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same argument of

Corollary 1, one can show that (Y, d, 1l)isan SO-complete orthogonal metric space and the relation (2)
holds. Let us take x,y € X with

bt ot ([3], +[£1,) > o

and m be the smallest natural number such that

150+ 20, < m < Dl + e
211x 21lx
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Then

(a1~ 1510
m

(lxllx + [lyllx)-

== 3

From the inequality (18), we observe that

[12x([x + 12yl x = (llxllx + llylx) > 2.

This follows that there exists kg € N for which

Jxllx + [lyllx <ko <12x]lx + [|12y[|x-

Assume k is the smallest natural number satisfying the above condition. Clearly, k > m and

¢(x,y) =k ([[x]lx + [lyllx)-

Suppose that r is the smallest natural number such that k (||x||x + [|ly||x) < r, then a(¢(x,y)) = L.
Since ||x||x + [ly|]|x > 1, then k < r and we conclude that
m r—1

< —< .
“—m4+1- r

| 3

This implies that

PN R S N

26 =m (o] +[120)

—1
K (llxllx + lyllx)

a(¢(x,y)) ¢(x,y).

<

Therefore, the property (C2) holds. From the definition of the function «, it is easily seen that « is an
increasing mapping. Finally, it follows from limsup,_, o «(t) = 0 that for every r > 0 there exists
L < 1 such that a(¢(x,0)) < L for all x € X with ||x||x < r. By the same proof of Theorem 3, we
prove (C3).

Note that there is no L < 1 such that the inequality (11) holds and hence the stability of f does
not imply by Corollary 1. O

In the following example, we observe that our results go further than the stability on
Banach spaces.

Example 2. Assume that 0 and r are two real numbers such that 6 > 0 and r # 2. Consider

Y={x={x,} CR;, Iny,ny, ., ng Vn#ny,ny,...,ng x, =0}

1
with norm ||x||y = (220:1 \xn\p) " where 1 < p < oo. Suppose f : X — Y is a mapping satisfying the
inequality (7) and the following condition

Iy >0, Vx € X, f(%) - %f(x). (19)
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Then there exists a unique quadratic mapping F : X — Y such that the inequality (8) holds for all x € X, where
r > 2, or the inequality (9) holds for all x € X, where r < 2.

Proof. Let g be the conjugate of p; that is, % + % = 1. Note that (Y, ||.||y) is not a Banach space because,

A, =11, %, . %, 0,0,0,..}, n € N, is a sequence in Y where the limit of { A, } does not belong to Y.
Forall A = {x,} and B = {y,} in Y, define

ass = Sl = (£ i) (X i)’

and consider d(A, B) = ||A — B||y. We claim that (Y, L, d) is an SO-complete orthogonal metric space.
Indeed, let { A, } be a Cauchy SO-sequence in Y and for all n,k € N, A, LA, . The relation L ensures
thatforalln € N,

Ny #0 | Anl” = An |[Ansal? or |Auia]f = Ay |Anl? (20)

where |A|P = {|x,|”}. We distinguish two cases:

Case 1. There exists a subsequence {A;, } of {A,} such that A, = 0 for all k. This implies that
A, —0€Y.

Case 2. For all sufficiently large n € N, A, # 0. Take ng € N such that for all n > ny, A, # 0. It

r
follows from (20) that for all n > n there exists A, # 0 for which A, = A, A . It leads to

14
[An = Aml [|An

0

4 4
Hp = ||)‘nAzZo _AmAgo||p = ||An - Am”p

for each m, n > ng. As n — oo, the right-hand side of the above inequality tends to 0. Therefore, {1, }

[4
is a Cauchy sequence in R. Assume that A, — A asn — . Put A = AA; . It follows that A € Y and
forall n > ny,

P P P
[An = Allp = [[AnAng = AAR || = [An = AL AR [lp-

This implies that A, — A as n — co. Note that the case A, ;L A, for all n,k € Nis in a similar way.

By virtue of (19) and the definition of L, we obtain that the relation (2) holds. Moreover, putting
x := 2x in (19), we can also see that the relation (12) holds. The rest of the proof is similar to the proof
of Corollary 3. O
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