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Abstract: We are concerned with a fractional abstract Cauchy problem for possibly degenerate
equations in Banach spaces. This form of degeneration may be strong and some convenient
assumptions about the involved operators are required to handle the direct problem. Moreover,
we succeeded in handling related inverse problems, extending the treatment given by Alfredo Lorenzi.
Some basic assumptions on the involved operators are also introduced allowing application of the
real interpolation theory of Lions and Peetre. Our abstract approach improves previous results given
by Favini-Yagi by using more general real interpolation spaces with indices 0, p, p € (0, o] instead
of the indices 6, co. As a possible application of the abstract theorems, some examples of partial
differential equations are given.
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1. Introduction

Consider the abstract equation
BMu—Lu=f 1)

where B, M, L are closed linear operators on the complex Banach space E, the domain of L is
contained in domain of M, i.e., D(L) € D(M), 0 € p(L), the resolvent set of L, f € E and u is the
unknown. The first approach to handle existence and uniqueness of the solution u to (1) was given
by Favini-Yagi [1], see in particular the monograph [2]. By using real interpolation spaces, see [3,4],
suitable assumptions on the operators B, M, L guarantee that (1) has a unique solution. Such a result
was improved by Favini, Lorenzi and Tanabe in [5], see also [6-8]. In order to describe the results,
we list the basic assumptions:

(H;) Operator B has a resolvent (z — B) ! for any z € C, Rez < a, a > 0 satisfying

c

—, R 2
|Rez| +17 ez, @

Iz = B) ey <
where L£(E) denotes the space of all continuous linear operators from E into E.

(Hy) Operators L, M satisfy
c

(IA1+1)P
forany A € 5y :={z € C: Rez > —c(1+ [Imz])*, ¢ >0, 0<p<a<1}.

IMOAM = L)l gy < ®)
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(H3) Let A be the possibly multivalued linear operator A = LM~!, D(A) = M(D(L)). Then A and B
commute in the resolvent sense:
BlA Tl =A"1B71.

Let (E,D(B))g0, 0 < 6 < 1, denote the real interpolation space between E and D(B). The main
result holds

Theorem 1. Let « +8 > 1,2 —a — B < 0 < 1. Then under hypotheses (Hy)—-(Hj3), Equation (1)
admits a unique strict solution u such that Lu, BMu € (E,D(B))we, w = 0 —2+ a + B, provided
that f € (E,D(B))g,c0-

It is straightforward to verify that if B generates a bounded cy—group in E, then assumption
(H;) holds for B. Analogously, if —B generates a bounded cy—semigroup in E, then assumption (H;)
holds for B. It was also shown, in a previous paper, that Theorem 1 works well for solving degenerate
equations on the real axis, too, see [9].

The first aim of this paper is to extend Theorem 1 to the interpolation spaces (E, D(B)),p,

1 < p < oo. This affirmation is not immediate. Section 2 is devoted to this proof. In Section 3,
we apply the abstract results to solve concrete differential equations. In Section 4, we handle related
inverse problems. In Section 5, we study abstract equations generalizing second-order equations in
time. In Section 6, we present our conclusions and remarks. For some related results, we refer to
Guidetti [10] and Bazhlekova [11].

2. Fundamental Results

To begin with, we recall, from Favini-Yagi [2], p. 16, that if E(, E; are two Banach spaces such
that (Eo, E1) is an interpolation couple, i.e., there exists a locally convex topological space X such that
E; C X,i=0, 1, continuously, then the following injections

Eo N Ey Cg (Eo, E1)¢,q Ca (Eo, E1)y,1 Ca (Eo, E1)y,00 Ca (Eo, E1)g,q C Eo + E1

aretrue for 1 < g < oo, 0 < ¢ <5 < 7 <1, where C; denotes continuous and dense
embedding. Moreover,

(EO/El)G,q Cy (EOIEl)Q,r for 1<g<r<o, 0<O<1.

Taking into account the previous embedding and Theorem 1, we easily deduce that if €, € are
suitable small positive numbers, since (E, D(B))gte,; C (E, D(B))p,0, then Equation (1) admits a
unique solution u with Lu, BMu € (E,D(B))¢_2+a+4p,c0 and Lu, BMu € (E,D(B))g-24atp—e;,q/
that is a weaker result than case g = cc.

Our aim is to extend Theorem 1to 1 < p < co. In order to establish the corresponding result,
we need the following lemma concerning multiplicative convolution. We recall that LY (RT) =
L? (RT;¢~1dt) and that the multiplicative convolution of two (measurable) functions f, g : R™ — Cis
defined by

(Fre)(x) = [t gt a
where the integral exists a.e. for x € R..

Lemma 1. For any fi € LY(R") and ¢ € LL(RY), the multiplicative convolution f, * g € LL(RT)
and satisfies

1A+ 8l < [lfallr gl
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Consider now the chain of estimates

B B B 0 (14 3—a—p—0
8 255 ) ol < e 2 [T ORI 1) T
oo yBa—pb od
i [l BB+ y)

y+i
0 1,3—a—p—0 d
:t9+v¢+,872/ Y 0 B(B + -1 7]/
o yarm Y IB(B+y)~ fll y

ty71 0+a+p—2 _q d]/
= B(B 27
/ TR v IBB+y) 7 ] y

1+y

where

= (2mi)! /rz’l(zT 1) 'B(B—z)"'fdz, T=MLT,
I' = T being the oriented contour
IF'={z=a—-c(1+y))* +iy, —co<y<oco},
with a € (¢, c + ag). Such a function v is the unique solution to BTv — v = f, thatis, u with v = Lu

satisfies (1).
y

Let fily) =y BB +9) ' fl, 8 =5~

and only if f; € LY(R*). Moreover, ¢ € LL(R™) since 8 > 2 — a — 8 and obviously 6 < 3 —a — .
Therefore, from Lemma 1, we deduce that f € (E, D(B))w,p, where w = 0 + a +  — 2. Thus, we can
establish the fundamental result concerning Equation (1) .

f-+a+p—2
, y € R, and note that f € (E,D(B))j,, if

Theorem 2. Let B, M, L be three closed linear operators on the Banach space E satisfying (Hy)—(H3), 0 < g <
o < 1. Then forall f € (E,D(B))g,p,2—a— B <8 <1,1< p < oo, Equation (1) admits a unique solution
u. Moreover, Lu, BMu € (E,D(B))w,p, w = 0 +a + p — 2.

3. Fractional Derivative

Leta > 0, m = [&] is the smallest integer greater or equal to &, I = (0, T) for some T > 0. Define

#-1 >0,

_1
g;s(t)={ 503) B >0,

t <0,

where I'(B) is the Gamma function. Note that go(t) = 0 because I'(0) ! = 0. The Riemann-Liouville
fractional derivative of order &, or, more precisely, the so-called left handed Riemann-Liouville
fractional derivative of order &, is defined for all f € L'(I), gm—a * f € W™(I) by

Ff(t) = D" (gm-a * f)(t) = DI [ (1)

m
where D} := S M€ N. Df is a left inverse of i, but in general it is not a right inverse.

The Riemann-Liouville fractional integral of order & > 0 is defined as:

JEF() = (gax f)(t), feLY(I), t>0, JAf(t):=f(t).
If X is a complex Banach space, & > 0, then we define the operator J; as:

D (Jz) == LP(; X), Jau=ga*u, p € [l,00).
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Define the spaces R%P(I; X) and Rg’p(l ; X) as follows. If & ¢ N, set
RY(LX) :={u € LP(I;X) : gu-a*u € W'"P([;X)},
RYP(I;X) 1= {u € LP(L;X) ¢ guaxuc WP (I; X)} ,

where
WP (I, X) = {y e W (LX), y®(0) =0, k=0,1, .., m— 1} .

For the Sobolev space WA (I; X) of fractional order 8 > 0, we define
WoP(1:x) = {y e WP (%), yH(0) =0, k=01, ., |B-1/p},
B—1/p ¢ Ng=NU{0},and | —1/p] is the greatest integer less or equal to p —1/p.

If & € N, we take i )
R¥(I; X) := WP (I; X), RSP(I;X) := Wi (I;X).

Denote the extensions of the operators of fractional differentiation in L? (I; X) by L3, i.e.,
D(Ls) := RY"(I;X), Lau:=Du,
where D¥ is the Riemann-Liouville fractional derivative. Notice that if & € (0,1), u € D(Lz), then

(81-a *u)(0) = 0.
We illustrate the previous abstract concepts in the following example

Example 1. For u € LP(I,X) = LP(0,T; X) set u(t) = 0 for t < 0. Then, ifu € W&’p(I,X), we have
ue Wlfp(—oo, T;X). Let U(T), T > 0, be the semigroup in LF (0, T; X) defined by

(U(Du)(t) =u(t—1), tel
Clearly U(t) =0if T > T. For ReA > 0,t > 0
oo —AT _ oo —AT _ ~ —AT o
(/0 e U(T)le’[’) (t) = /0 e M (U(T)u)(t)dt = /0 e Mu(t—1)dt
t ot
— —AT _ — —A(t=s) 4
Jy e Mu(t—T1)dt ./0 e u(s)ds. 4)
Since D(Dy) = Wé'p(l, X), Dy = d/dt, equation (A + Dy)u = f is

Au(t)+u'(t) = f(t), 0<t<T,
u(0) = 0.

The solution is

u(t) = /;e‘“f‘”f(s)ds,

((+D) 0 = [ A ps)as, A0 6)

From (4) and (5) it follows that

(A+ D)1= /0 e NU(T)dT, A > 0.
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Therefore —Dy is the infinitesimal generator of the semigroup U(t), T > 0. Let & > 0. Then for
f e LP(LX)

D0 = i [T U0 = s [
= F(lﬁc) /Ot(t —8) 1 f(s)ds, 0<t < T.

FmeNm—1<a<m,
(D) (t) =0Vt € [0,T] <= /t(t — ) 1f(s)ds = 0Vt € [0, T]
:»/ (T — t)mi- 1/0(t—s)"‘ Lf(s)dsdt = 0Vt € [0, T]
:>/ / ym=i=1(¢ — ) 14t f(s)ds = 0 V1 € [0, T]

F(m) )/0 (T—3s)""1f(s)ds =0Vt € [0,T] = f(1) =0V7 € [0, T].

Ifa =m e Nand

1

(D7 F)(t) = (D;™f)(t) = (m_l)!/ot(t—s)’”lf(s)ds =0Vte|[0,T] = f(t) =0Vte [0, T

Therefore D;® has an inverse which is denoted by D¥.We have

D!P = DIDP v, peR.
Therefore, if m e N, m —1 < & <m,
D} = DI'Df " = Df'gs*, D(DF) = {t;gu—a *u € D(D}') = Wi’ (LX)} = RY(I; X).
Let us now list the main properties of L3, see [11], Lemma 1.8, p. 15.

Lemma 2. Leta > 0,1 < p < oo, X a complex Banach space, and Ly be the operator introduced above. Then
(a) Ly is closed, linear and densely defined
®) Ly=JT; !
(c) L = L, the &—th power of the operator Lq
(d) if & € (0,2), operator Ly is positive with spectral angle wp, = &rm/2
(e)ifa € (0,1], then Ly is m-accretive
(H Rg’p(l,‘ X) — C*VP(L; X), & > 1/p, & —1/p ¢ N, see [11], Theorem 1.10, p. 17
(@) ifay —1/p ¢ No,
(LP(I; X), R¥(I; X))7 = WP (1),
see [11], Proposition 11, p. 18.

Statement (e) implies that if & € (0,1],

N| =
SN—

IAA +La) Hrx) < C, larg Al < (11—
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However, this reads equivalently ||(A — £z) || < C/|A| provided that A is in a sector of the

complex plane containing Re A < 0. Therefore, if & < 1, operator Lz = T Df‘ satisfies assumption
(Hy) in Theorem 1. Therefore, we can handle abstract equations of the type

DE(My(1) = Ly(t) + (), 0<t<T,

in a Banach space X with an initial condition (g1_z * 1) (0) = 0. Then the results follow easily from
the abstract model.

Example 2. Let M be the multiplication operator in LP (Q)), Q) a bounded open set in R" with a C" boundary
00,1 < p < o0, by m(x), m is continuous and bounded, and take L = A — ¢, D(L) = WP (Q) N Wé’p(ﬂ),
¢ > 0. Then it is seen in Favini-Yagi [2], pp. 79-80,

_ c
IM(zM = L)~ fllpp(a) < ENEDEE 1 fllzr ()

for all z in a sector containing Rez > 0.
In order to solve our problem, 0 < & <1,

DY (My(t)) = Ly(t) + f(t), 0<t<T,
we must recall, see (g) in Lemma 2, that if &y — 1/p ¢ N, the interpolation space

(LP(I; X),Rg"”(l;X)) = WP (LX) .
VP
Therefore, using Theorem 2, for any f & ng’p(l; X), 1 —% <f<1,1<p<oo, abd —% ¢ N,
the problem above admits a unique strict solution y such that

(9+%—1),P(

Ay, Dim(-)y € w§ LX).

1

Remark 1. Since % < &b — % < 1, then the only integer that &0 — P

can take is the zero integer.

We refer to to the monograph [2] for many further examples of concrete degenerate partial
differential equations to which Theorem 2 applies.

4. Inverse Problems

Given the problem
Df(My(t)) = Ly(t) + f(t)z+h(t), 0<t<T, (6)

then corresponding to an initial condition and following the strategy in various previous papers,
see in particular Lorenzi [12], we could study existence and regularity of solutions (y, f) to the above
problem such that ®[My(t)] = g(t), where g is a complex-valued function on [0, T]. This is, of course,
an inverse problem. Applying ® to both sides of Equation (6) we get

Dig(t) = DLy (1)] + P[r(t)] + f(£)Plz] .

If ®[z] # 0, we obtain necessarily
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Therefore,

i D[Ly(t Dh(t D%q(t
DMy (1) = Ly(0) + (1) - TPz - ZEEL -, B,
If Ly is defined by
D[ Ly(t
D(Ly) = D(L), Ly = —2v®l
one can introduce assumptions on the given operators ensuring that the direct problem

Dig(t) ,

z+ B[]

DF(My(#)) = Ly(t) + Luy + h(t) — =

has a unique strict solution, see [13]. The main step is to verify that assumption (Hy) holds for the
operators L + L; and M.
Introduce the multivalued linear operator A := LM~!, D(A) = M(D(L)) such that (H,) holds.

This means that || (AT — A)*1 ||,C(X) < m, A € %,. Theorem 1 in [13], pp. 148-149, affirms that

if L, L1, M are closed linear operators on X, D(L) C D(L;) € D(M), 0 € p(L), such that (H;) holds
andL; € L (D(L),Xil), 1—pB < 6; <1, where

Xil = {u €X, stug ) A%t — A) " lu|x < oo} ,
>

with A%(t — A)~1 = —I+t(t — A)~, then
|M(AM — L — Ll)_l||E(X) <c(1+A)7F, VAex,, |A|large.

In order to apply this theorem in our case, we must suppose that z belongs to Xil for some
6 € (1—B,1). Then

Df (My(t)) = Ly(t) + Liy + h(t) — q)[hit)] z+ Digz(t) z
(§1-2*My)(0) =0

will admit a unique strict solution y provided that

n(t) - 2 (’3)] 2+ Dié[’g) 2 € Wi (1;X)

with @0 —1/p ¢ N and then D¥(My(t)) and Ly(t) € Wg‘(9+“+ﬁ72)’p(1; X),a0+a+p—-2) & N.
Notice thatif #0 —1/p ¢ N, then&(6 +a+p—~2) = 1/p =80 —  +&(a+p—2) ¢ N.

5. Application: Generalized Second-Order Abstract Equation

Let us consider the abstract equation, generalizing second-order equation in time,
B>CBiu + BBju + Au = f

where A, B, C are some closed linear operators in the complex Banach space X, By, By are suitable
operators defined on suitable Banach spaces. The change of variables Bju = v transforms the given
equation to the system
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Biu=vo,

B,Cv+Bu+ Au = f,
which can be written in the matrix form

5] L)

The basic idea is to use a convenient space and a domain of operator matrices. Noting

B 0 0 I 0
]elie) e[ s) el

0 B
BM—-L)U=F, U= (u0)T.

I 0
0 C

u
0

+

I 0

IB:
0 C

, L=

it assumes the form

In order to simplify the argument, we take D(B) C D(A) N D(C). Moreover, we assume that for
all z € ¥,, where

Y= {ZE(CZ Rez > —c(1+|Imz|)*, ¢>0, 0<B<a<1l, oc+,3>1},
the involved operators satisfy

_ c
IC(zC + B) M £(x) < -

= P ”

which guarantees that the problem is of parabolic type. Take Y = D(B) x X with the usual product
norm. Then it is shown in Favini-Yagi [2], page 184, that the resolvent estimate

IM(zM L) gv) < Vz € Ly

_°
(1+1z))F”

holds. Therefore assumption (Hj) is satisfied.

Take B; the Riemann-Liouville fractional derivative of order &, 0 < & < 1, in L(0, T; D(B)),
1 < p < oo; similarly, take B, the Riemann-Liouville fractional derivative of order B, 0< B <1,
in LP(0,T;X),1 < p < oo. Then assumptions (H;) and (H;) hold. Therefore, according to Theorem 2,
see also Bazhlekova [11], problem

Df‘u:v,
DPCo+Bo+Au=f(t), 0<t<T,
(g1-a*u)(0) =0, (g_5*C0)(0)=0

admits a unique strict solution (u,v) in LF(0, T; D(B)) x LP(0, T; X), provided that D(B) C D(A) N
D(C), fe WP(I;X), 2—a—B<0<1,0<Bp<a<l a+p>1 B0—1/p # 0. Moreover,
Diu = v € WiP(I;D(B)), DPCo € WEP(1,X), Au+Bo € WP(I;X), w = 0+a+p—2,
fw = &0 +&(a+p—2) — § ¢ No, pw = p6+pla+p—2) — § & No.

Example 3. Consider the problem

DtB (m(x)Dfu) — ADfu + A(x; D)u = f(x,t), (x,t) € Qx[0,T],
u(x,0) =0, xe€Q,
m(x)Dfu(x,0) =0, x€Q,
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where Q) is a bounded open set in R", n > 1, with a smooth boundary dQ), m € L, m(x) > 0in Q,
A(x; D) is a second order linear differential operator on Q) with continuous coefficients in Q, f(x,t) is a
scalar valued continuous function on Q x [0, T, then we take B = —Aq, the Laplacian with respect to x,
D(B) = H{(Q) N H?(Q), X = L*(QY). Therefore, (H,) holds witha =1, B =1/2.

6. Conclusions

It was shown that the degenerate problem including Riemann-Liouville fractional derivative can
be handled by means of a general abstract equation. Applications to degenerate fractional differential
equations with some related inverse problems were studied. Moreover, generalized second-order
abstract equations were well-treated.
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