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Abstract: We establish one-sided weighted endpoint estimates for the ¢-variation (¢ > 2)
operators of one-sided singular integrals under certain priori assumption by applying one-sided
Calderén—Zygmund argument. Using one-sided sharp maximal estimates, we further prove that
the o-variation operators of related commutators are bounded on one-sided weighted Lebesgue and
Morrey spaces. In addition, we also show that these operators are bounded from one-sided weighted
Morrey spaces to one-sided weighted Campanato spaces. As applications, we obtain some results
for the A-jump operators and the numbers of up-crossings. Our main results represent one-sided
extensions of many previously known ones.
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1. Introduction

Given a family of bounded operators 7 = {T¢ }¢~0 acting between spaces of functions, one of the
most significative problems in harmonic analysis is the existence of limits lim,_,g+ T¢ f and lime_ 00 Te f,
when f belongs to a certain space of functions. The question that arises naturally is how to measure
the speed of convergence of the above limits. A classic method is to investigate square functions of
the type (252 | Te,f — Te,., f|?)!/2. Along this line, there is a more general way to study the following
oscillation operator

3 1/2
OMf®) =(X sup [T f(x)-Tef®P)

i=1tiy1<€i11<€;<t;

with {t;} being a fixed sequence decreasing to zero. However, beyond that, another typical method is
to consider the g-variation operator defined by

Vo(T)f () = sup (1 ITeflx) ~ Te f0)0) )
{eiIN\0 "i=1

where ¢ > 2 and the supremum runs over all sequences {¢;} of positive numbers decreasing to zero.
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The investigation on variation inequalities is an active research topic in probability, ergodic theory
and harmonic analysis. The first variation inequality was proved by Lépingle [15] for martingales
(also see [25] for a simple proof). Bourgain [2] proved the similar variation estimates for the ergodic
averages of a dynamic system later. Bourgain’s work has inspired a number of authors to investigate
oscillation and variation inequalities for several families of operators from ergodic theory (see [12,13,24]
for examples) and harmonic analysis (cf. [3,4,6,11,14]). Recently, the variation inequalities and their
weighed case for singular integrals and related operators have also been studied by many authors.
The first work in this direction is due to Campbell et al. [3] who proved that O(#H) and V,(H) with
0 > 2are of type (p, p) for 1 < p < co and of weak type (1, 1), where H = {Hc }¢~0 is the family of
the truncated Hilbert transforms, i.e., He f(x) = f‘ r—y|>e J;(fy;dy. Subsequently, the aforementioned
authors [4] also studied the variation operators related to the classical Riesz transform in R? ford > 2.
In 2004, Gillespie and Torrea [9] established the L? (R, w(x)dx) bounds for O(H) and V,(H) with ¢ > 2,
1< p<ocoandw € Ay (the Muckenhoupt weights class) (also see [10,14] for the related investigations).
Later on, Crescimbeni et al. [5] proved that O(#) and V,(H) with p > 2 map L!(R, w(x)dx) into
LY (R, w(x)dx) for w € Ay. In particular, Ma et al. [21,22] presented the weighted oscillation and
variation inequalities for differential operators and Calderén-Zygmund singular integrals. Recently,
Liu and Wu [19] established the weighted oscillation and variational inequalities for the commutator
of one-dimensional Calderén-Zygmund singular integrals.

The primary purpose of this paper is to study weighted boundedness of oscillation and variational
operators for one-sided singular integrals and their commutators. We say a function K belongs to
one-sided Calderén-Zygmund kernel OCZK(By, By, B3) if K € L{ (R\{0}) satisfies the following
conditions: there exist constants By, By, B3 > 0 such that

’/ K(x)dx‘ < B, foralle andall Nwith0 < e < N,
{e<|x|<N}

and furthermore lim, o+ [, c

<|x|<N K(x)dx exists,
|K(x)] < By|x|™! forall x #0,
|K(x —y) — K(x)| < Bs|y||x| 2 forall x and y with |x| > 2]y|.

An example of a one-sided Calder6n—Zygmund kernel is K(x) = Sig(lg(;gxx) X(0,00); S€€ [1].

We mention here that the kernel of one-sided truncated Hilbert Transform, Ky(x) = % X (0,00), 18 DOt
a OCZK for there does not exist a B; > 0 such that the first condition above holds.

Let K € OCZK(By, By, B3) with support in (—o0,0) and b € BMO(R). For m € N, we consider
the one-sided operator

e—0t

T f(x) = lim TS f(x) = pov. /xm(b(X) —b(y))"K(x = y)f(y)dy,

where -

T () = [ () = b)) K (= ) F )y o

xX+e

For m > 1, the operator T; ™ is the m-th order commutator of one-sided singular integral.
When m = 0, we denote by T." 40— T, and then the operator Tl;r " reduces to the one-sided
Calder6n-Zygmund singular integral operator T", which is defined by

T £(x) = lim T (3) = pv. | K- ) f()dy. @

e—0t
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In 1997, Aimar et al. [1] observed that the operator T™ maps LP (R, w(x)dx) into L? (R, w(x)dx)
for1 < p <coandw € A}, and maps L' (R, w(x)dx) into L' (R, w(x)dx) for w € AY. Subsequently,
Lorente and Riveros [20] proved that there exist constants C > 0 such that

||T;_’mf||LV(R,w(x)dx) < CHngMO(R) ”fHLP(R,w(x)dx)

forw e AJ and 1 < p < o0, and

w({x: [ F(0) > AD) < Conl b0 [ L (14 108" (L)) "o(ayax

forw € Af and A > 0, where ¢, (t) = t(1 +log™ t)" and z* = max{z, 0}. Other interesting related
results for the one-sided operators we may refer to [7,8,16-18], among others.

At first, we shall establish the one-sided weighted endpoint and strong estimates for the
¢-variation (¢ > 2) operators of one-sided singular integral and its commutator. Let us recall the
one-sided weighted BMO spaces.

Definition 1. (One-sided weighted BMO spaces.) For a weight w, the one-sided weighted BMO spaces
BMO™ (R, w(x)dx) is defined by

BMO+(R,ZU(X)EZX) = {f € Llloc(erx) : Hf”BMO*(R,w(x)dx) = ||M+’ﬁfHL°°(R,w(x)dx) < oo}

Here, M+ is one-sided sharp maximal operator defined by

x+h x+2h
MV f(x) = sup %/x (f(y) - % - f(z)dz) +dy.

Remark 1. When w(x) = 1, the space BMO™ (R, w(x)dx) reduces to the one-sided BMO space BMO™ (R),
which was introduced by Martin-Reyes and de la Torre [23]. It was proved in [23] that

] 1 x+h 1 x+2h
MY (x) < sup inf (. [ vm-atarg [T @) ) < Ilvow O

for any x € R. This yields that BMO(R) C BMO™ (R).
We now list our first main result as follows:

Theorem 1. Let m € N, 0 > 2, b € BMO(R) and K € OCZK(By, By, B3) with supported in (—o0,0).
Let 7" = (TP oo and T = {TF beso be given as in Equation (1) and (2), respectively. Assume that
Vo (T 1R dx)— 19 (R,dx) < oo for some q € (1,00). Then,

(i) foranyw € Al and f € LY(R, w(x)dx), it holds that

||VQ(T)f||L1r°°(R,w(x)dx) < CHfHLl(R,w(x)dx);

(ii) forany1<p <oco,w e A} and f € LP(R, w(x)dx), it holds that

HVQ(Em)fHLP(R,w(x)dx) < CHbHIrSnMO(R)HfHLV(R,w(x)dx);

(iii) for a weight w satisfying w1 € A] and f € L*(R,w(x)dx), it holds that

Vo (T) fllgmor (®w(x)yax) < ClLF Lo (R () dx) -
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In addition, we also investigate the boundedness behavior of the p-variation operators of
one-sided singular integral and its commutator on one-sided weighted Morrey spaces and Companato
spaces. In order to study the boundedness of one-sided singular integral operator on weighted Morrey
spaces and Campanato spaces, Shi and Fu [27] introduced the one-sided weighted Morrey spaces and
one-sided weighted Campanato spaces, which are defined as follows:

Definition 2. (One-sided weighted Morrey spaces and Campanato spaces.) Let1 < p < co, —1/p <

B < 0and w be a weight on R.

(i) One-sided weighted Morrey spaces LPP+ (w) are defined by

LPA* () 1= {f € LL (R dx) ¢ [|f | s ) < +00},

loc

where
1

XO—H’l 1/
Wl = 2200 5 (g, VCoPas) ™
X()GR h>0 hﬁ w(('xo - hl xo)) X0

(i) One-sided weighted Campanato spaces £PP+ (w) are given by

PPt (w) = {f € LI (R dx): £l gpp+ )y < +o0ks

loc
where
Wl = 200 sy [, 9 i)
Remark 2. It is well known that the following are valid:
Wi~ spsupint i (e [, vo-abes)”s

LPP+ (w) C opbt (w).
The rest of the main results can be listed as follows.

Theorem 2. Let m € N, ¢ > 2, b € BMO(R) and K € OCZK(By, By, B3) with support in (—o0,0).
Let 7" = {TF ’b’m}e>o and T = {T; }e=o be given as in Equation (1) and (2), respectively. Assume that
[Vo(T)La(R dx)—sL1(R,dx) < o for some q € (1,00). Then,

(i) foranyl<p<1/(B+1),-1/p<B<0,weAfand f € LPFT(w),
Vel L oy S 165 | Pl
(i) foranyl<p <oo,—1/p<p<0,we Afand f € LPPT(w),

||VQ(T)fH£Pfﬁf+(w) S ||f||Ln,/3,+(w)-

Remark 3. We remark that we deal only with ¢ > 2 for the variation operators in our main theorems, since
it was pointed out in [2] that the variation is often not bounded in the case ¢ < 2. In addition, it is unknown
what are the endpoint estimates of the variation operators for the commutators of one-sided singular integrals
and whether the above operators are bounded from one-sided weighted Morrey spaces to one-sided weighted
Campanato spaces, which are interesting.
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This paper is organized as follows. In Section 2, we shall present some basic definitions and
necessary lemmas. In Section 3, we give the proofs of Theorems 1 and 2. As applications, we present
the corresponding estimates for the A-jump operators and the number of up-crossing for these operators
in Section 4. Finally, some further comments will be given in Section 5. We would like to remark that
our works and ideas are taken from [9,19]. It should also be pointed out that all results in this paper
are valid for oscillation operator with similar arguments.

Throughout this paper, for any p € (1,0), we denote by p’ the dual exponent to p, i.e., 1/p +
1/p’ = 1. The letter C will represent a positive constant that may vary at each occurrence but is
independent of the essential variables. For a weight w, an interval I and a function f : R — R,
we denote by w(I) = [;w(x)dx and f; = m fl x)dx. We also use the convention Y ;. a; = 0.

2. Preliminaries
We start with the definitions of one-sided Hardy-Littlewood maximal functions

1 x+h
Mf(x) = sup i [ If)ldy and M7F(x) = sup g s [l
X >

For r > 0, we set M, f(x) := (M*|f|"(x))V/".
By a weight, we mean a nonnegative measurable function.

Definition 3. [26] Let 1 < p < co. A weight w belongs
to the class A} (resp., A, ), if [w}A; < oo (resp., [w]A;7 < 00), where

[w]A;; = sup (C_la)p(/abw(x)dx)(/b

a<b<c

[w]A; = sup (c—la)l’(/bc w(x)dx) (/abw(x)l7",dx)p1

a<b<c

C

, -1
w(x) 7P dx) b ,

A weight w belongs to the class A (resp., A7), if [w] ar <@ (resp., [w] ar < o), where

[w] 44 = supw(x)” "M~w(x) and [w] . = supw(x) ' MTw(x).
xeR ! xeR
Since the A; and A, classes are increasing with respect to p, the AL (resp., AL) class of weights is
defined in a natural way by Al = Ur<peo Ay (1esp., A = Urcpeoo Ap) with

w = inf inf [w],+, [w],- = inf inf [w],-.
[ ]A;ro 1<P<°°w€A+[ ]A+ [ ]Aw 1<P<°°w€A;[ ]Ap

It is easy to see that A, C A ,Ap © Ay and Ay = A; NA,. Take e for example, e* ¢ Ay,
but e* € A]. Here, A, denotes the usual Muckenhoupt weight.

It was shown in [26] that, forany 1 < p < oo, M : LP(R, w(x)dx) — LP(R, w(x)dx) is bounded
if and only if w € A}; moreover, M" : L'(R,w(x)dx) — L"*(R, w(x)dx) is bounded if and only if
w € Af. The same results hold for M~ if w € A; replaced by w € A, for1 < p < co.

The following lemma will play key roles in our main proofs.

Lemma 1.

(i) Letl<p<ocoandw € A;. Then, for all xo € Rand h > 0,

w(xg—h,xg+h) < (1+2p[w}A;)w(x0,xo+h). (5)
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(ii) Letl<p<ocoandw & A;. Then, forall xo € R, h > 0and A > 1,

w(xo — Ak, x0) < AP(2P[w] o + (27 [w]A;)z)w(Xof xo + h). (6)

Proof. Fixh > 0 and xp € R and we set I = (xg — h, xo + h). Given two functions f, ¢ defined on R,
by Hoélder’s inequality, we get

u| (7 Jrsoles)’

/ / /,
/\f x)|[Pw(x)dx /|g X)|P w(x)P dx)p ’ (7)

S|
< (i [ o) |1/'8 Wt ax) (oo o).

Applying Equation (7) to the functions f = x;+ and g = x+, we get

w(l™) < ZP[w]A;w(ﬁ). 8)

Then, (5) follows easily from (8).
On the other hand, we get from (7) that

(a7 [, s lax)’
< (3 fyy #99) (a [l et -vae)" g

X <w(()31)—) /M ) Pw(x)d).

Applying (9) to the functions f = xj and ¢ = X))+, we have
w((A)7) < @A)P[w] gy (D), (10)

which together with (5) yields (6). O

By Lemma 2.1 in [26] and the similar argument as in classical Calderén—Zygmund decomposition
for the usual Hardy-Littlewood maximal function, one can get the following Calderén-Zygmund
decomposition for M, which will be crucial for the proof of Lemma 3.

Lemma 2. Let f € LY(R,dx) and « > 0. Let Q = {x : M f(x) > a}. Then, Q) can be decomposed into
finitely many disjoint intervals of integers: (3 = |J; I; with the following properties:

(i) f=g+ ¢ whereg= fXR\Q and g = f1. on I; for each i;
(ii) ¢ =Y i, where ; = (f = fi,)x1;

(iii) (1§l oo (rax) < 20 and |[g][ 1 (Rdx) < Sy

(iv) foreach i, [ ¢i(y)dy = 0and - i Ji19i(y)|dy < 4a;

@ i lL < a7l g

3. Proofs of Main Results

Following [9],let ©® = {B: B = {€;},€; € R,e; \, 0} and F, be the mixed norm Banach space of
two variables function /& defined on N x ® such that

/
Iz, = sup (TG pr) " <o
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Given a family of operators 7 = {T}};-¢ defined on LP (R, dx), we consider the F,-valued operator
V(T): f— V(T)f on LP(R,dx) given by

VIT)F(x) = {Tie,p 0 f(2) }

p={ei}c@’
where the expression {Tj,,, ¢ (%) }s—(e,;}co is an abbreviation for the element of F, given by
(i/ ﬁ) = (i/ {61‘}) - T[eiﬂ,e,v]f(x) = T€i+1f<x) - Teif(x)'

Observe that
Vo(T)f(x) = [V(T)f(x)|[r,, Vx €R. (11)

In order to prove Theorem 1, we shall establish the following key result.

Lemma 3. Let ¢ > 2 and K € OCZK(By, By, B3) with support in (—o0,0). Let T = {T }e~ be given as in
Equation (2). Assume that |V (T ) || La(R w(x)dx) L1 (Rw(x)dx) < o0 for some q € (1,00) and w € AT Then,

Vo (T) fllpreo®w(vyax) < Clfllrt R w(ax), Yf € L' (R, w(x)dx) and w € Af.

Proof. We shall adopt the classical Calderén-Zygmund argument to prove Lemma 3.
Let Q) = {x: M" f(x) > 1}. Invoking Lemma 2, we can decompose Q) as QO = |J; [; and decompose

fas f =g+ ¢, whereall J; are disjoint intervals, ¢ = fxr\q + L fI].ij, =Y, 9= (f— fI]—)XI]-r
I8l @ax) < 2 N8l ®ar) < Ifll2(Rax), and for each j, [, ¢;(y)dy = 0 and ‘%], Jiloi(w)ldy < 4.
It suffices to show that

w({x : VQ(T)f(x) > 1}) < CHf”Ll(R,w(x)dx)' (12)
It is clear that

w({x: Vo(T)f(x) > 1}) <w({x: Vo(T)(x) > 1/2}) + w({x: Vo(T)e(x) >1/2}).  (13)

By our assumption,

w(lx: Vo(T)g) > 1/2}) <21 [ Vo(Thgl)lo(x)d

(14)
< C [ I8)[fw(x)dx < Cllf o @wan-
We set I; = (cj, ¢; + |I;]) and Q" = Uj(cj — 2[Ij|, ¢; + 2|j]), then
w({x s Vo(Thp(x) > 1/2}) < (@) +w({x € R\ Q' : V(T)p(x) >1/2}).  (15)
Using Lemma 1 (i) and the L' (R, w(x)dx) — LV*°(R, w(x)dx) bounds for M*, one has
w(Q) < C;w(lj) = Cw(Q) < Cllfllnr () - (16)
We now turn to prove
w({x € R\NQ": Vo(T)e(x) > 1/2}) < Cllfll 11 (R w(x)d)- (17)

For every x € R\ QO*, we can choose a decreasing sequence {¢;} (that depends on x) such that

Vo(T)g(x) < 2(ZIT£+1,ei}¢<X>|Q)1/Q~
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Foreachiand x € R\ OO, we set B;(x) = (x + €11, x + €;] and
Ni,l = {] : I] C Bl(x)} and Ni,Z = {] : IjﬂBi(x) £, I; g B,(x)}

We notice that the cardinal of the N; , is at most two. Thus, it holds that

Vet <2(Z] T 1 o)) /Q+2(Z! L Te @)
<ZZ Z €z+1 €] 4’] |+4(Z Z | [€i+1,€i]q)j(x)|g) /Q‘

i ]ENll ! ]€N12

1/0

It follows that
w({xeR\OQ": Vo(T)p(x) > 1/2})

<w({xeR\Q* y Z T, e @10 > %})

i jeN, (18)

roffremiars (£ 5 i mo)" > 5)).
i jEN;»

Fix x € R\ Q*. Note that [x — ¢;| > 2|I;| > 2|y —¢j| forany y € I;. Then, |[K(x —y) — K(x —¢;)| <
Bs|x — ¢j| 72|y — ¢;|. This together with the properties of ¢; yield that

T e @101 = | [ (KCx =) = KCx = )y )| < 2Balljllx =1 [ 1f(o) v
]

Observing that T[ ]goj(x) = 0if x > ¢j + |I;|, we thus have

€i+1/€i

o({remian 3 im0l > 5))

i jEN,

<8 T 1@ () [w(x)dx
]R\Q* ;]6%,1 [z+1 z] ] (19)

w(x) /
< 16B L / dx dy.
3;| ]| (700,%72“]” |X*C]‘|2 Ij |f(3/)| Yy

Fix y € I;. One can easily check that ¢; — x > 2(y — x)/3 for any x < ¢; — 2|;|. Then,

(—eoei—2|5) ¥ = ¢l =1 =215 .¢-24 ) 1% — ¢

00 2]{ I (52k+3 I. / (20)
< L2 gy o
< COL' M w(y)
for any § > 1. By (19) and (20) (with 6 = 2) and w € A]", we have
% 1
w({xeR\O": L 2| e @@ > )
(21)

<cy [ IrwiMuly < ol
]
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Fix x € R\ O*. Note that T[Jefﬂ al ¢j(x) = 0 when x > ¢; + |I;|. Moreover, y — x > ¢; — x > 0 for
any y € I;. Then,

lpi ()l B
T < B [y < Bl X 0) [ Loy

1x| |

Combining this with (20) (with § = ¢) implies that

offrermian: (T 2 1T am@ie) ™ > )

i jEN,

< 16¢ ITY ey i) P0(x)dx
R\Q* ;]6;2 [1+1 1 ]

R\Q* 5 Z <Z| [eiv1€i] (P] ) w(x)dx
- 0
<C Q);/(oo,c,-zuj] |x — ¢ Q ;/Bi(x) |q)j(y)|dy) w(x)dx

w(x) 4 ®
DV = - ATCION
o—1 w(x) X
QI /I /(_oo,c,._zu,.} ey
S0)» /1 )M~ (w) (y)dy

Clo, [w] g1t (R o))

which together with (21) and (18) yields (17). Then, (12) follows from (13)—-(17). This proves
Lemma3. O

Applying similar arguments used in deriving Lemma 3, we can get the following:

Corollary 1. Let K € OCZK(By, By, B3) with support in (—o0,0). Let ¢ > 2 and T = {T. }e~¢ be given as
in Equation (2). Assume that |[Vo(T ) || La(R dx)— L9 (R dx) < 0 for some g € (1,00). Then,

V(T fllpear) < ClFIax), VS € L' (R, dx).

The following lemma will play a pivotal role in the proof of Theorem 1.

Lemma 4. Let m € N, ¢ > 2, b € BMO(R) and K € OCZK(By, By, B3) with support in (—c0,0). Let
" — {Tj’h'm Yeso and T = {T; }eso be given as in Equations (1) and (2), respectively. Assume that
Vo (T a(R dx)—sL1(R,dx) < © for some q € (1,00). Then, for any r > 1and x € R, it holds that

M* (Vo (TIM)f) <c(2||b||BMo M V(T ) 3) + 8o M (%) (22)

Proof. We only prove (22) for the case 1 < r < min{g, 2}, since M} f < M} f for any r, > r;. Invoking
Corollary 1, we see that V,(7) is of weak type (1,1). By the Marc1nk1ew1cz interpolation theorem
and our assumption, we have that V,(7) is bounded on L?(R,dx) forany 1 < p < q. Fixxp € R

and h > 0. We decompose f as f = f1 + fo + f3, where fi = fX[x 420 a0d f2 = fX(xp+2h,00)-
Let I = [xo — 2h, xg + 2h]. In view of (3), to prove (22), we only prove
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xo+h
il T VR T) ~ Vo T (b b o) (x0)
(23)

< c( 2 bl ey M5 (Ve (T5) £) () + 18] ey M7 £(3)),

where C > 0 is independent of xp, h. Using the arguments similar to those used in deriving the
inequality (11) in [20], we get

TP £(y) = T (b~ b)) (y +2ckm —b)"RTIMR(y), Yy R (24)

Note that T ** f3(y) = 0 forany € > 0,0 < k < m — 1 and y > xo. (24) leads to

V(T f(y) = V(T)((b=b)"f)(y) + V(T)((b = b1)" f2) (y)

! m—k k (25)
+ kZ Cim(b(y) = br)™ "V (Ty) f(y), Vy = xo.
=0

We notice from (11) that

X0 h
% N ) Vo(Ty" ) f(y) — Vo(Ty") (b — b1)™ f2) (x0)[dy
o+h
:% , + V(T fW)lle, = 1V (T,") (b —b1)™ f2) (x0) ||, |dy
o+
S% ' V(T f(y) — V(T,") (b —b1)™ f2) (x0) || £, dy-

This together with (25) and (11) yield that

1 x0+h

P VT - = b el

<3 [V o
v Z Comy [ 1) = 11" VT )y )
4 x:°+h VAT~ b)) — VT~ b)) 3o

=L+ DL+

Observe that, forany d > 1and k € N,

1 1
—— [ |b(z) —b|°d <2‘5‘1—/b — byey|°dz + |by — by |°
357 o 100~z <27 (e [ b(2) — by P o — b ) o
< C(O)(k+1)°[1bllgyom)
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We set p = /r. By Holder’s inequality, the Lf boundedness for V,(7) and (27), we have

xo+h
s (37 M- Py
0 xo+2h
G o —wits yeay)” o)
G

xo+2h 1/p0"
/ rdy /|b *b[|mpp dy) PP
X0 |I|

< Clm, )bl go) M (x0)

< C(p)
< C(p)

and

1 1/

m—1 xo+h r ’
T Con(z [ WeTOIWI) " (i 1w b ay)
-1
< C(m,r chmnanMO M (Vo(T) f) (x0).

(29)

For Iy, let y € [xo, %o + 1] and B = {&;} € ©®, since
T ey (0 =bD)"f)(y) = T ((b—b1)"f2)(x0)
= [ K= Dl ()~ K30 = DXy s (B — 1) ()
= [ (K =2) = Ko = 2D yre1) (D 0(2) — b1) " fa(2)dz
+ /R[K(xo = 2) (X (yreryte] (2) = X(xoterxo+ei] (2))(0(2) = br)" fa(z)dz
It follows that
VT b)) (v) — VIT)(b — b)) (x0) I,
< { L =2 = Ko = Dtrare DO ~ b @y L
H{ ] Ko =D sernmsal@ ~ Xiaosersano el ) (30)

X (b(z) — by)" fo(z)dz
=: 11 + L1p.

}ieN,ﬁ:{ei}e® F,

Since |xg — z| > 2h > 2|xg — y| for z > x¢ + 2h, then |K(y — z) — K(x9 — z)| < Bs|xp — yl|xo —
z|72 < Bsh|xo — z| 72 for any z > x + 2h. Note that

H{X(y—i—eiﬂ,y—i-ei] (Z)}iEN,ﬁ:{ei}e('D'ng <1 VyeR
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By Minkowski’s inequality, Holder’s inequality and (27) with § = mr’, we obtain

/ K(y =) = K30 = Dl [{X e 062 e peteycol

(b(2) - by)" ()=
ngh (b() —b)"f(2)]

xo+2h k+1(z_x0)2
= [0 | (b(z) — b)) f(2))]
1
< By / o s (1)
(e B 1 X0+2k+]h 1/r 1 , 1/7'
<43y Y2 (g [ @) (g [ 6e) bl )

k+1
capy 3 G ol som M5 F(x0) < COm 7, B oy M5 f (x0)
k=1

It remains to estimate I15. Fix {¢;} € ©. Let Ny ={i € Z:¢;—€;;1 >y—xtand N ={i € Z:
€ —€i11 <y — xo}. We can write

0
‘ / Xo X(y-i—e,H y+e,]( ) X(xo+eir1,x0+€] (Z))(b(z) - b1>mf2(z)dz’
i€Z

- Z ‘ K(xo N Z)(X(y+€i+11y+€i] (Z) ~ X(xo+eir1.x0+€] (Z))(b(z) - bI)mfZ(Z)dZ‘p

iENy R (32)
0
+ Z ’/RK(XO _Z)(X(y+€i+1/y+€i] (z)  X(xo+ei1,x0+e] (2))(b(z) — bl)mf2(z)dz‘
€Ny
=:Ju + Ji2.
By Holder’s inequality, we obtain
—by) . ,
=B X N / . |xoiz\ ()|(X("0+€i+1,y+6f+1](z)+X(xo+e,-,y+ei](z))d2
teNy
—b))"fo(z 0
/ | |XO i Z|f2( )|X(x0+€i,y+€i] (Z)dZ
o (b fa(2) [P (33)
(4B2 PhP 1 Z / |x _le X(y+€i+1/y+€i] (Z)dZ
i€ENy 0
m
(4By)Phf~ 1/ [CERAAE 2,
|JCO — Z|P
[C f(2)] )
e = Bg ZN / |x0 - Z‘ (X(y+€i“’y+€f] (2) + X(xo+ei1,x0+ei] (z))dz
1€ Ny
|(b(2) = b1)" f2(2)]| P
< (2B2)° / X(y+e; 1(z)dz
( zeNz‘ | |X0—Z| ( )(| (y+€1+1:y+el]( ) ‘
z p
2B2 / |X() — Zl X(x0+e,~+1,xg+€i] (z)dz‘
oy [ 10 )R (34)
< pe—1 (2By)P E / |x0 —_ le X(y+eis1,y+ei] (z)dz
i€Ny
_ 2)|P
+hf 1(232 / (b |x0_Z|p f2(2)] Xisobers sote (2)dz
iEN,
m P
2(2B,)PhP~ 1/ | |x —by) Z|£2( ),
0—

It follows from (32)—(34) that

I1ip < C(By, r)hlfl/P(/ |(b(z) — b1)" fo(2) P dz)l/p, 5
R

|xo — z|P




Mathematics 2019, 7, 876 13 of 19

By Holder’s inequality and (27) (with § = mpp’), we have

/ _bI mf2( )‘ dz

|9kCol—Z|p
Y /W*h(( —b)"f@IP

xo-+2h |xog — z|P

k=1

o0 xo+251h
<y (2%) / (b(z) — by)" f(2) P dz

k=1 o+2kh

xo+2kt1h 1/p
<4n'f 22 = 1) 2k+1h/ |f(z)|’dz)

/ — by|™PP dz)w,
|2k1| g} !

< 4 bl zlmm*f( ).

This yields directly

/ (b |;Obiz|P fa(2)|P dz < C(m,r)h'~ prHBMO (Mff(xo))P. (36)

Combining (36) with (35) yields (37) together with (30) and (31) implies

Iz < C(m, 7, Ba) bl gyom) My f (x0), (37)

I3 < C(m,r,By, Bg)|\b||§MO(R)Mjf(xo). (38)
Combining (38) with (26), (28) and (29) yields (23). This completes the proof. O
We now turn to prove our main results.

Proof of Theorem 1. We first prove (i). For any w € A with 1 < p < oo, there exists € (1, p) such
thatw € A;/ .- Then, we have

||M+f||U’(Rw (x)dx) < ||M+|f| H%;r (R,w(x)dx) < CP,THfHLV(]R,w(x)dx)' (39)
On the other hand, it was proved in [23] that

IMT fll o @ w(ryax) < CIM™ Il Lo (R () (40)
forl < p <ooand w € AZ. We get from (22), (39) and (40) and that
IVo(T) fllr mpwxyax) < IMF Vo (T) ) lw (R w(x)dx)

< CIMAVo(T) )t (R aox)a)
< C”M;rf”LP(R,w(x)dx) < CHf”LP(R,w(x)dx)'

This together with Lemma 3 yields Theorem 1 (i).

Applying Lemma 4 and the arguments similar to those used in deriving Theorem 1.3 in [19],
we can get Theorem 1 (ii). The details are omitted.

We now prove (iii). For wle A7, there exists r > 1 such thatw™" € A; . Thus, forany x € R,

1 x+h 1/r
Tf(x)w(x) =w(x)(sup— w(y))w™"
M fegete) = w@)(sup g [ (Fwle) e ()a)
< ||f||L°°(R,w(x)dx)w(x)(M+(w_r)(x))l/r < ”w_r”Al*Hf”L‘”(R,w(x)dx)l
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which together with (23) yield that

Vo(T) flemot ®auax) = IMTAVo(T) )L @)
< CIM fllo®a)ax) < CIF Il ®w(x)dx)

for any 1 < r < co. This proves Theorem 1. [J

Proof of Theorem 2. We first prove (i). Fix xg € R and / > 0. It suffices to show that

1 Yo+h " b NP " P
(m /xO Vo(T,")f (%)l dx) < ClIbllzmoy” L e+ () (41)
where C > 0 is independent of xo, h. Let fi = fX[x,xo+21) f2 = fX[xg+2n00) and f3 = f — f1 — fo.
Let I = [xg — 2h,xo + 2h]. Note that T, b fa(x) = 0 for any € > 0 and x > xp. It follows that
Vo(T,") f3(x) = 0 for all x > xg. Thus, we can write

xo+h
(M/x |Ve(72m)f(x)|”dx)l/p
1/p

< (o [ T AGIx) )

w(xg — h, xg

xo+h
+((1) /xo |V@<7Zm)fz(x)lpdx)l/p = 8145,

w(xg—h, xg

Invoking Lemma 1 (i) and Theorem 1 (ii), there exists C > 0 independent of x, k, such that

" 1 xo+2h 1/p
S < Clolvore (g —iey /. L/ (017x)
4 0

m w(xo — 2h, xq) 1 x0+2h 1/p (43)
< Clbliiom (e —rasy 2Ge— 2 [ )

< C||b\|]'3"MO(R)hﬁ||fHLp,ﬁ,+(w)

Applying Lemma 1 (ii), there exists C > 0 independent of xg, & such that

xo+251h 1/p
( XO — h XO / 42k ‘f(Z)|de)
xq
< ( (xo — h — 242k, x0 — h) 1 /xo_hﬂkﬂh |f(z)|PdZ)1/p (44)
- w(xo — h, xp) w(xg —h—252h,x9 — h) Jxy—n
<C2 (k+2)( 1+'B>hﬁHf||Lﬁ/l3r+(w)‘

One can easily check that |x — z| > |z — xo|/2 for x € [xg, x0 + h] and z € [xg + 2h, ). Fix x €
[x0, X0 + h]. Then, by (11) and Minkowski’s inequality, we have

VoTA() = V(T AE),
<|{/ L Km0 b))
< K= 2)(bx) = b o) | {erco-n2e
cc [ lpEIeE ke,
- JR |z '

— xo

(45)

ieN,p={¢;}€@IIF,
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where C > 0 is independent of xg, h. It is clear that

JRCCLRGIP,, /xo“k“h F2) (b(x) = b(2)"]
[ |

|z = xo = o2t |z — x|

Fix k > 1. By Holder’s inequality, we obtain

/ Wr 2 £(2) (b(x) — b(=)"]

0+2kh |Z - x0|
x0+2k+1h

<@ ([ F@ I — byl mdz+ |
X()+2kh X0+2kh

XO+2k+1h
<2" @) ) by ([ IF(@)IP)
xo+251h 0 xo+25t1h

+2m(2kh)l(/o+2kh yf(z)|sz)l/p(/xo+2kh [b(z) ~ b2"1|mp/dz>

x0+2k+1h
F@)I[b() = by |"dz)
1/p

+2kh

1/p

X

This together with (27) and (44) yields that

/xo“"“h f(2)(b(x) b)),
xo+2kh |Z - x0| (46)
< C2 BB fll 1 ) (20) 7 P00 — by 20)) P (b (x) = byt | + bl o) -

Here, C > 0is independent of xy, h. By (45) and (46) and Holder’s inequality, we have

S, < Chﬁ||f“LP’ﬁ,+(w) Z ok(1+p) (Zkh)*l/p
k=1

xo+h . " 1/p
(7 10666) = byl + [l )

X0

< Chﬂ”f”m,ﬁﬁ(w) Z 2k(1+p) (Zkh)fl/p
k=1 (47)

x0+h ]/p
x (/ (27[b(x) — brl" + 2" bg — by + (6o my )

X0
& (k4 1)"
< C”bH]rsnMo(R)hﬁ||f||Lnﬁ,+(w) kE 2(1/p—1-B)k
=1

< CHngMO(R)hﬁ||f||L,,,,3/+(w).

Here, C > 0 is independent of xq, . In the last inequality of (47), we have used the condition
1/p > 1+ B. (47) together with (42) and (43) yield (41).

Next, we prove (ii). Let fi = fX[x)x+2n) f2 = fX[xp+20n00) and f3 = f— f1 — fo. Let] =
[xo — 2h, xp + 2h]. By (4), we want to show that

xo+h
<w(1/ VoI (0) = Vo falo) Pix) " < CHP |l o us)

X0 — ]’l, XQ> X0

where C > 0 independent of x¢, k. Using (11) and Minkowski’s inequality, one has

[Vo(T)f(x) =Vo(T) f2(x0)]|
= V(T f()llg, = [IV(T) fa(x0) |, |
< [IV(T)f(x) = V(T) fa(xo)llg, < Ve(T) ()| + IV (T) fa(x) = V(T) f2(x0) I,



Mathematics 2019, 7, 876

This together with Minkowski’s inequality again yield that

1/p

xo+h
(ot [ WA = VT st )

w(xg—h, xo

< (st ), M)

Xo — h, X0

xo+h
-l-((l) /x0 + [V(T)f2(x) — V(T)fZ(xO)Hde)l/p,

w(xg — h, xg

We get from (43) (with m = 0) that

xo+h
((1)/x |Vg(T)f1(x)|de)1/p < CHP)\fll i )

w(xg — h, xo

16 of 19

(49)

(50)

where C > 0 is independent of x¢, h. Fix x € [xo, xo + h]. (30), (31) and (35) (with m = 0) imply that

IV(T)fa
< Bsh

(x) = V(T) fa(x0) I, 1
|f2(2)] _dz+C(B ,p)hl—l/p</ f2(2)]” dz) 2

R |2 — xo[? R |X0 — z|P

It follows that

1/p

xo+h
(e /. T VAR - VTl %)

w(xg — h, xg

Hy /°° f(2)] 1 [f2(2)[P VP
<——— ———~=dz+h / dz
w(xo — h, xo)l/?’ xg+2h (Z — X0)2 (w(xo — h, xo) R |x0 — Z‘p )
= Vi+W.

By (44) and Holder’s inequality, there exists C > 0 independent of xg, &, such that

pl+1/p ‘ xo+25t1h
ViV < —m— 2%h d
LS e L [ el

(o) 1 x0+2k+1h 1/}7
<y ok(-2+1/p) 7/ p
- k:le (w(xo —h,x0) Jxg+2kn F@)l dz)
< Ckz 2k(—2+1/p/)2k(1+/5)h/3Hf||Lp,ﬁ,+(w)
=1
< Ckz zk(ﬁ‘l/l’)hﬁ||f||Lp,ﬁ,+(w) < Chﬁ\|f||mﬁ,+(w)
=1

IN

> 1 W2 f)p \1/p
<22 o —Toxo) /x sz>

w(xo —h,x0) Jxy42kn (2 — X0)
OO

1/p
<c(zz B £117 )

< (L 2%) W lipae iy < P lups
k=1

(53) together with (49)—-(52) yields (48). This finishes the proof of Theorem 2. [

4. A-Jump Operators and the Number of Up-Crossing

(51)

(52)

(53)

This section is devoted to study the A-jump operators and the number of up-crossing associated
with the operators sequence {TJr "}e~0, which give certain quantitative information on the

convergence of the above families of operators.
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Definition 4. Given a family of bounded operators T = {T¢}eso acting between spaces of functions,
the A-jump operator associated with T applied to a function f at a point x is defined by

A(T)f(x) :=sup{n: thereexists; <t; <sp <tp <---<s, <ty
such that |Ts, f(x) — Tt, f(x)| > A}.

For 0 < & < vy, the number of up-crossing associated with T applied to a function f at a point x is
defined by
Nuy (T)f(x) :=sup{n: thereexists; <t; < sy <ty <..<sy <ty
such that Ty, f (x) < «, T, f(x) > 7}

It was shown in [11] that, if the A-jump operators is finite a.e. for each choice of A > 0, then we
must have a.e. convergence of our family of operators. Moreover,

AMAAT)F(2) < Vo(T)f(x) and Noa(T)f(x) < Ayo(T)f(x), YA >a >0, (54)
By Theorem 1 (ii) and Theorem 2 and (54), we can get the following result.

Theorem 3. Let m € N, ¢ > 2, b € BMO(R) and K € OCZK(By, By, B3) with support in (—o0,0).
Let 7" = {Tj’b’m}€>0 and T = {T }eso be given as in (1.1) and (1.2), respectively. Let A > a > 0.
Assume that ||Vo(T)||1a(R dx)—19(R,dx) < o for some q € (1,00). Then,

(i) foranyl <p <oo,w e Af and f € LP(R,w(x)dx),

@

AT i (R o(yaz) < (;;OCQ 181 Byor) 1| L (Ro(x)ax):

C(p,
I(Nea (T Nl 1 o)) < )\(;ii) 181 8oy |1 e (R 0(x)dx)

(i) forany1l<p<1/(B+1),-1/p <P <0,we A} and f € LPPH(w),

~—

C 7
[AA TV sy < 2

1 Iblemoq) 1/l ()i

C(p,
I (NeA (Tg") )Y 2l bt () < A(Fi i) 161 Envo) 1f 1p 6+ ) -

5. Conclusions and Further Comments

It should be pointed out that our main results represent one-sided extensions of the main results
in [19,28]. Combining with the two-sided case, the one-sided case is often more complex. Our main
results not only enrich the variation inequalities for singular integrals and related commutators, but
also explore some one-sided techniques to serve our aim (for example, see Lemma 1). In fact, it is
unknown whether the variation operators for one-sided singular integrals are bounded on L?(R),
which will be our forthcoming objective of research. On the other hand, some new one-sided methods
and techniques can be explored to apply other one-sided operators.
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