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1. Introduction

In 1996, Kada, Suzuki and Takahashi [1] introduced the generalized metric, which is known
as the w-distance and improved Caristi’s fixed point theorem, Ekeland’s variational principle and
nonconvex minimization theorem using the results of Takahashi [2] (for more results on the w-distance,
see [3-7]). Later, Shioji et al. [8] studied the relationship between weak contractions and weak
Kannan’s contraction in metric spaces with the w-distance and the symmetric w-distance. In 2008,
Ili¢ and Vladimir Rakocevi¢ [9] presented the unified approach to study common fixed point theorems
in metric spaces with the w-distance.

On the other hand, in 2012, Wardoski [10] introduced a new contraction called F-contraction and
proved a fixed point point result, which generalizes Banach’s contraction principal in many ways.
Recently, Secelean [11], Piri and Kumam [12] and Singk et al. [13] purified the result of Wardoski [10]
by launching some weaker conditions on the mapping F (for more results on the F-contraction,
see [14-19]).

Motivated and inspired by the research mentioned above, in this paper, we prove some new
common fixed point theorems for the Ciri¢ type generalized F-contraction in metric spaces with the
w-distance, which enable us to show the existence of solutions of the second order differential equation
arising in the oscillation of a spring.

2. Preliminaries

Now, we state some allied definitions and results which are needed for the main results of the
present topic.

Definition 1. Let X be an nonempty set and f,g : X — X be two mappings. A point x € X is called a fixed
point of f if fx = x and a point x € X is called a common fixed point of f and g if fx = gx = x.
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Definition 2. Let X be a nonempty set and f,g : X — X be two mappings. The pair (f,g) is said to be
commuting if fgx = gfx forall x € X [20].

2.1. History of F-Contraction Mapping
In 2012, Wardowski [10] introduced the following concepts:

Definition 3. We denote by F the family of all functions F : R — R with the following properties:

(F1) F is strictly increasing, which is that s < t implies F(s) < F(t) forall s, t € RT;
(F2) for every sequence {s, } in R*, we have Jlim s, =0 if only zfnlgn F(sp) = —o0;
(F3) there exists a number k € (0,1) such that lir(1§1+ sF(s) = 0.

S—>

Example 1. The following functions F; : RT — R for each i = 1,2,3,4 belong to F [10] :

(i) Fi(t) =1Int forall t > 0;

(i) Fp(t) =Int 4+t forall t > 0;
(iii) F3(t) = In(t> +t) forall t > O;
(iv) Fy(t) = —%for all t > 0.

Definition 4. Let (X, d) be a metric space [10]. A mapping f : X — X is called an F-contraction on X if there
exist F € F and T > 0 such that, forall x,y € X with d(fx, fy) > 0,

v+ F(d(fx, fy)) < Fd(x,y))- M

Remark 1. Let F: R — R be given by the formula F(a) = In . It is clear that F satisfies (F1)—(F3) for any
k € (0,1). Each mapping f : X — X satisfying (1) is an F-contraction such that

d(fx, fy) <e "d(x,y)

forall x,y € X with fx # fy. It is clear that, for x,y € X such that fx = fy, the inequality d(fx, fy) <
e Td(x,y) also holds, i.e., f is Banach'’s contraction.

Remark 2. Let F : RT — R be given by the formula F(a) = In(a® + ). It is clear that F satisfies (F1)~(F3)
forany k € (0,1). Each mapping f : X — X satisfying (2.1) is an F-contraction such that

d(fx, fy)(d(fx, fy) +1)
d(x,y)(d(x,y) +1)

Remark 3. From (F1) and Label (1), it is easy to conclude that every F-contraction f is a contractive
mapping, i.e.,

<e ', forallx,y € X, fx # fy. ()

d(fx, fy) <d(x,y)
forall x,y € X with fx # fy. Thus, every F-contraction is a continuous mapping.

In 2013, Secelean [11] showed that the condition (F2) in Definition 3 can be replaced by an
equivalent, but a more simple condition:

(F2)) infF = —oo
or, also, by the following condition:
(F2") there exists a sequence {s, } in R such that Jlim F (sp) = —o0,

In 2014, Piri and Kumam [12] replaced the condition (F3) by (F3') due to Wardowski [10]
as follows:
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(F3') Fis continuous on (0, )

Thus, Piri and Kumam [12] re-established the result of Wordowski using the conditions (F1),
(F2') and (F3'). Recently, Singk et al. [13] drop-out the condition (F2') and named the contraction as
the relaxed F-contraction as follows:

Definition 5. A r denotes the set of all functions F : RT™ — R satisfying the following conditions:

(F1) F is strictly increasing;
(F3') F is continuous on (0,00).

2.2. w-Distance and Useful Lemmas

Definition 6. Let (X, d) be a metric space. A function p : X x X — [0, 00) is said to be the w-distance on X if
the following are satisfied:

(@) p(x,z) <p(xy)+plyz) forall x,y,z € X;

(b) forany x € X,p(x,-) : X — [0, 00) is lower semi-continuous (i.e., if x € X and y, — y € X, then
p(x,y) < liminf, e p(X, Yn);

(c) forany e > 0, there exists § > 0 such that p(z,x) < §and p(z,y) < é imply d(x,y) < e.

Let (X, d) be a metric space. The w-distance p on X is called symmetric if p(x,y) = p(y, x) for
all x,y € X. Obviously, every metric d is a w-distance, but not conversely (for some more results,
see [3,5,7]).

Next, we recall some examples in [21] to show that the w-distance is generalization of the metric d.

Example 2. Let (X, d) be a metric space. A function p : X x X — [0,00) defined by p(x,y) = c for every
x,y € X is a w-distance on X, where c is a positive real number, but p is not a metric since p(x,x) = ¢ # 0 for
any x € X.

Example 3. Let (X, || - ||) be a normed linear space. A function p : X x X — [0,00) defined by p(x,y) =
|x|| + [|y|| for all x,y € X is a w-distance on X.

Example 4. Let D be a bounded and closed subset of a metric spaces X. Assume that D contain at least two
points and c is a constant with ¢ > §(D), where 6(D) is the diameter of D. Then, a function p : X x X — [0, c0)
defined by

_ ) dxy), if x,yeD,
p(x,y){cl if x¢ Dory¢ D,

is the w-distance on X.
The following two lemmas are crucial for our results.

Lemma 1. Let (X, d) be a metric space with the w-distance p. Let {x, } and {yn } be sequences in X, where {ay, }
and {Bn } are the sequences in [0, 00) converging to zero [1,21]. Then, the following conditions hold: for all
x,Y,z € X,

(1) If p(xn,y) < ay and p(xn,z) < By forany n € N, then y = z. In particular, if p(x,y) = 0 and
p(x,z) =0, theny = z;

(2) If p(xn,yn) < ay and p(xn,z) < By forany n € N, then {y, } converges to z;

(3) If p(xn, ym) < ay for any n,m € N with m > n, then {x, } is Cauchy sequence;

4 If p(y, xn) < ay forany n € N, then {x,} is a Cauchy sequence.
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Lemma 2. Let (X,d) be a metric space with the w-distance p. Let {x,} be a sequence in X such that,
for each € > 0, there exists N € N such that m > n > N implies p(xy, Xp) < € 0or (liMyy, n—o0 P(Xn, Xm) = 0) [1].
Then, {xy} is a Cauchy sequence.

3. The Main Results

In this section, we establish some new existence theorems of common fixed points for the Ciri¢
type generalized F-contraction mapping in metric spaces with the w-distance. In addition, we give
some examples to illustrate the obtained results.

First, we recall that a self mapping f defined on a metric space (X,d) is called a
quasi-contraction ([22]) if

d(fx, fy) < Amax{d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)}

forall x,y € X, where0 < A < 1.
Notice that the notion of quasi-contraction introduced by Ciri¢ [22] is known as one of the most
general contractive type mappings—for more details, see, e.g., [4,23-26]).

Definition 7. Let (X, d) be a metric space equipped with a w-distance p. A mapping f : X — X is called the
Ciri¢ type generalized F-contraction (for short, the CF-contraction) if, for all x,y € X, there exist F € A
or F € Fand T > 0 such that

p(fx, fy) > 0implies T+ F(p(fx, fy)) < F(AM,(x,y)) ®3)
forall x,y € X, where0 < A < 1and
Myp(x,y) = max{p(x,y), p(x, fx), p(y, fy), p(x, fy), p(y, fX) }.

Definition 8. Let (X, d) be a metric space equipped with a w-distance p. A mapping f : X — X is called the
Ciri¢-type generalized F-contraction with respect to g (for short, CFg-contraction), where g : X — Xisa
mapping, if there exist F € A g or F € F and T > 0 such that

p(fx, fy) > 0 implies T+ F(p(fx, fy)) < FAM(x,y)) (4)
forall x,y € X, where0 < A <1
M3 (x,y) = max{p(gx,gy), p(8x, fx), p(8Y, fy), p(8x, fy), p(8y, fx)}.

Remark 4. Obviously, if g is the identity mapping, then Definition 8 reduces to Definition 7. Furthermore, in
the case p = d with F(«) = In(«), Definition 7 becomes the Ciri¢ contraction [22].

Now, we recall the notion of 6, and O% . Let (X, d) be a metric space equipped with the w-distance
p. For a subset E C X, we define

6p(E) = sup{p(x,y) : x,y € E}.

If f and g satisfy (4), for any x¢ € X, we define a sequence {x, } in X by f(x,) = g(x,+1) for each
n > 0. Set y, = g(xn), then we define the orbit

O8(xo,n) ={y1,¥2,Y3, - ,¥n}t, OF(x0,00) ={y1,¥2,Y3,-* ,Yn,...}

and Og(xo, n) is the orbit respected to the w-distance p.
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Lemma 3. Let (X,d) be a metric space equipped with the w-distance p. Let F € Ax or F € F and
f,g + X — X be two mappings such that f(X) C ¢(X) and g commutes with f. Assume that f and g
satisfy (4). For any xo € X, define a sequence {x, } in X by f(x,) = g(x,41) for each n > 0. Then, we have
the following:

(i) foreachxy € X,n € Nandi,j € NU{0} withi,j <mn,
T+ F(p(fxi, fxj)) < F(A6,(O5(x0,1))).

(ii) foreach xy € X and n € N, there exist i,j € Nwith i,j < n such that

6,(O3(x9,n)) = max{p(gx1,gx1), p(gx1,8x:), p(8xj, gx1)}.

(i) for each xg € X,
1
5P(O§(x0/n)) S 1=AX\ : a(xo)/

where a(xg) := p(gx1,gx1).
(iv) Foreachn € N,

n—1

T+ F(p(frn 1, fxn)) < F(5— - a(x0)).

Furthermore,
lim p(fxu, fx,41) = 0.

n—o0

Proof. (i) Letxp € X, n € Nand i,j € NU {0} with i,j < n, then by (4), we have

T+F(p(fxilij>) < F(AMg(xlrx])) ®)
Since
M (i, xp) = max{p(gxi, gx7), p(8i, fxi), p(8%), 7)., p(8%i, fx)), p(8%), fi)} ©)
< 5P(O§(x0,n)),

then, by (5), (6) and (F1), we get

T+ F(p(fxi, fx;)) < F(A8p(Of(x0,1m))).-

(ii) Clearly, from the definition of §,, we get (ii).
(iii) Since
8p(Of(x0,n)) = max{p(gx1,8x1), p(gx1,8%:), p(8xj,8%1)},
forsomel <i,j < n.If 5p((’)§(x0,n)) = p(gx1,8x1),
(03 (x0, 1)) — A3,(O% (x0,m)) < 6,(O(x0,m)) = p(g1, g1).
Then, we get
1
p(OF(x0,1)) < mp(gxhgxl).
If (Sp((’)%(xo, n)) = p(gx1, gx;), then
8p(OF(x0,m)) = p(gx1,8%) < p(gx1,gx1) + p(gx1,8%;) < p(gx1,8x1) + Aby(OF(xq, 1))

It follows that
1
5;1(0%(3‘0/”)) < mp(gﬁq,gxl).
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and

If (SP(O‘E,(xO,n)) = p(gxj,gx1), then

5p(O5(xo,m)) = p(gxj, gx1) < p(gxj, gx1) + plgar, gx1) < plgan, gx1) + Adp(OF(x0, 1))
hence
1
5;}(01%(950/”)) < mp(glq,gxl)-

Therefore, for all the cases, we get

1 1
5p(OF(x0, 1)) < mp(gﬂq,gm) =1 _A"X(XO)-

(iv) For each nn € N, by (4), we have

T+ E(p(fxn-1, fxn))

T+ F(p(gxn, 8xus1)) =
< F()&M%(xn,l,xn)).

@)

Note that

M%(xnfll x?’l)

max{p(gxn—1,8%n), P(§Xu—1, fXn-1), P(§%n, fxn), P(§%n—1, fXn), P(§%n, fXn-1)} ®)
= max{p(gxn—1,8%n), P(§%n, &%n+1), P(&%n—1,8%n+1), P(&%n, §%n) }-

By (F1), (7) and (8), we have
p(8%n, §%n+1) < Amax{p(gx,—1,8%n), P(§%n, §%n+1), P(&Xn—1,8%n+1), P(§Xn, §Xn) }- )

Furthermore, for any n € N, we have

T+ F(p(gxn-1,8%n+1)) T+ E(p(fxn—2, fxu)) (10)

S F(AMé(xnfzr xn))r

and
T+ E(p(gxn, gxn)) = T+ E(p(fxn-1,fxn-1)) (11)
S F()\Mgp (xn—lr xn—l))r
with
M%(xn—zz xn) = max{p(gxn-2,8%n), P(§%n—2, fXu—2), P(&Xn, fXn), p(&Xn—2, fXn), P(&Xn, fXn—2)} (12)
= max{p(gxn—2,8%n), P(§Xn—2,8%n-1), P(§Xn, §Xn+1), P(§%n—2,§%n-+1), P(8Xn, §¥n-1)}
and

MG (xp-1,x5-1) = max{p(gxu_1,8%n-1), P(&%n-1, fXn-1)} (13)
= maX{P(gxn—1,gxn—1),P(gxn—1,gxn)}-

By (F1), (10) and (12), we have

p(gxn-1,8%n11) < Amax{p(gxn2,8%n), P(8%n—2,8%n-1), P(§%n, §%n+1), P(8%n—2,8%n11), P(§%n, g¥n-1)}. (14)

Similarly, by (F1), (11) and (13),

p(gxn,gxn) < Amax{p(gxn—1,8%n), p(§Xn-1,8%n)}- (15)

Therefore, by (7), (9), (14) and (15), we get

F(AMgp(xn_l,xn))
F(A?max{M§(x;,xj) : n—2<i<n,n-1<j<n})
F(Azmax{p(gxi,ng) n—2<i<nn—-1<j<n+1}).

T+ F(p(fxn-1, fxn))

A IA



Mathematics 2019, 7, 32 7 of 20

By (F1), we get
p(fxu_1, fxn) < Azmax{p(gxi,ng) n—2<i<nn—-1<j<n+1}

Continuing this prosses and using (F1), we have

T+ F(p(fxp—1,fxn) < F(A?max{p(gx;,gxj) :n—2<i<nn—-1<j<n+1})
< F(Amax{M§(x;,xj) :n—3<i<nn-2<j<n})
< F(APmax{p(gx;,gx;) : n—3<i<nn—2<j<n+1})
< .. 16)
< F(A" 'max{p(gx;,gxj) : 1<i<mn,2<j<n+1})
< F(A"15,(O%(xo,n +1)))
An—1
< F(l_/\'“(x()))

and hence
n—1

p(fxnflrfxn) < m OC(XO).

Therefore, by 0 < A < 1, we obtain that
nlgr.}o p(fxn/fxn—H) =0.
This completes the proof. [

Theorem 1. Let (X, d) be a complete metric space equipped with the w-distance p. Let F € Arand f,g :
X — X be two mappings such that f(X) C g(X) and g is commuted with f. Assume that the following hold:

(i) f and g satisfy (4);
(it) forally € X with gy # fy,
inf{p(gx,y) + p(gx, fx)} > 0. (17)

Then, f and g have a unique common fixed point u, in X and p(u.,u.) = 0. Furthermore, if {gx,}
converges to u, € X, then

lim p(gfxu, fux) =0 = lim p(fgxn, gitx).

Proof. If we have g(xo) = f(xg9) = x for some xy € X, then there is nothing to prove. Suppose that
xo € X such that g(xp) # f(xp). Since f(X) C g(X), then there exists x; € X such that f(xo) = g(x1).
Again, since f(X) C ¢(X), then there exists x, € X such that f(x1) = g(x2). Continuing this way,
we have a sequence {gx, } such that f(x,) = g(x,+1) with x,,41 € X. Now, we will show that

im p(fxu, fxm) =0. (18)

m,n—co
Let m > n and from Lemma 3(iv), we have

n

P(fxn/fxn-i-l) S m OC(XO).
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Hence,

p(fxn, fxm) < p(fxn, fxni1) + p(fxns1, fXus2) + -+ p(fXm—1, fXm)

Al /\HJrl /\mfl
< .
_<1)\+1/\+ +1)\> a(xp)
AT

which, on taking m, n — oo, we obtain (18). By Lemma 2, the sequence { fx, } is a Cauchy sequence.
Consequently, the sequence {gx,} is also a Cauchy sequence. Since X is complete metric space,
the sequence {gx, } converges to some element x, € X, and p(x, -) is lower semi-continuous, we have

p(gxn,xy) < liminfp(gxy, gxm)
A (19)

< (1 _/\)2~DC(XO).

Now, we will prove that fx, = gx.. Suppose fx, # gx,; then, by (19) and Lemma 3(iv) with (F1),
we imply

0 < inf{p(gxu, x+) + p(gxn, fxn) : n € N}
< inf{(l/—\)t)f a(x0) + p(fxn—1,fxn) : n € N}
n—1 /\n—l
< inf{m-a(xo) + m'“(xo) : n e N}

_ n—1
= inf{%'“(xo) : n e N}
= ((12__/3)2'“(%) -inf {A""! 1 n e N}
=0,

which is a contradiction and hence fx, = gx,.If p(gx,, gx+) # 0, then we can write

T+ F(p(8xx,8%x)) = T+ F(p(fxx, fxx))
< F(AMﬁ(x*, Xx))
= F(Amax{p(gxs, §xx), P(§%s, f2x), P(&%x, fXx), P25, fXi), P(8%k, fXi) })
= F(Ap(gxs, gx4))-

Using (F1), we get p(gx., gxx) < Ap(gx«, gxx) which is a contradiction, and thus p(gx,, gx«) = 0.
Furthermore, if p( gzx*, gzx*) # 0 and since ¢ commutes with f,

T+ F(p(g%xs, 8°%4)) = T+ F(p(f(g%4), f(8(x4)))
< F(AMG(gxs, g24))
= F(Amax{p(g>xs,§%xx),
= F(Amax{p(g°x., §°x.)}
= F(Ap(gPxs 8°x4)).

p(82xs, f8x:)})
)
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By a similar argument as above, p(g2x, §%xx) < Ap(g>xx, §%x+), which is a contradiction, then
we must have p(g%x,, g2x,) = 0. Now, we will show that p(g?x,, gx+) = p(g¥x, §°%x) = 0. Suppose
that p(g%x,, gx+) # 0 and p(gxs, g%xs) # 0, then

T+ F(p(8°%x,8%x)) = T+ F(p(f8%x, f14))

< F(/\/\/l‘%(gx*, Xx))
F(Amax{p(8*xs, 8%x), P(§2Xs, f8Xx), P(8%x, fX), P(§7%u, F2x), P(8%n, f874)})
F(Amax{p(g°xx, 8%x), P(§°%x, §%x), P(8%x, §X4), P8 X4, §X4), P (84, 87X4)})
F(Amax{p(g°xx,gxx), P(g%x, §°%+) })

and

T+ F(p(gx., §°x:)) = T+ F(p(fxs, gfxs))

< F(/\M;‘;(x*,gx*))
= F(Amax{p(gxs, §°x.), P(§%s, fX), P(§2%u, f8Xs), P81, f%4), P(§7X s, fX4)})
= F(Amax{p(gxs, §°xx), P(§%x, 8% ), P(82%4, 82%4), (8%, 8°X4), P(87X4, §%4) })
= F(Amax{p(gx., §x.), p(g%+, §°xx)}).
On utiliz'mg (F1), we get
p(82xs,gx:) < Amax{p(g7xs, gx+), P(gxs, §°%u)} (20)
and
p(gxs, &xx) < Amax{p(g*x., gx:), p(¥s, %x:) }. (21)

Therefore, by (20) and (21), we have

max{p(g”xs, gx.), p(gxs, §2%:) } < Amax{p(g2x., gxx), p(gxu, §X4) },

which implies that max{p(g?x, gxx), p(g%x, §?%x)} = 0. Thus, p(gxs,g%) = p(g¥s, §%%x) = 0,
by applying Lemma 1(i), we get ¢>x, = gx,. Furthermore,

fex, = gf X = 2%y = gXs.

Putting u, = gx,, then we have fu, = gu, = u,. That is, u, is a common fixed point of f and
g. To prove the uniqueness part, suppose that there exists v, € X such that fv, = gv, = v, with
p(fuy, foi) > 0. By a similar argument as above, we can see that p(v,,v,) = 0 since

T+ F(p(fux, fos))

F(A./\/lf,(u*, Uy))

F(Amax{p(gitx, §0x), P(guts, fitx), P(§0x, fVx), P&t f0x), P(8Vs, fUix) })
F(Amax{p(ux,vs), p(vs, tix)})

T+ F(p(ux,04))
(22)

1 IA

and

T+ F(p(0x, 1x)) T+ F(p(fos, fus))
F()\Mf,(v*, 1)) (23)
F(A max{p(gvs, gux), p(§0x, fUx), P(gUhns ftr), P(§V, fiix), P(Sthx, fO)})
F(Amax{p(vs, ttx), p(ths, 05) })-

By (22), (23) and (F1), we have

A IA

p(its, 0x) < Amax{p(uy, vs), p(0Ox 1hx) }
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and
P(x, ty) < Amax{p(us, v4), p(Vsx, tix)}.

Hence, we have
max{p(u, vs), p(vs, tx) } < Amax{p(u., vs), p(vs, tix) }.

It follows that p(uy, vx) = p(vs, ux) = 0. From p(vy, ux) = p(vs, vx) = 0 and Lemma 1(i), we get
U4 = Uy. This completes the proof. [

If g is the identity mapping in Theorem 1, then the following holds:

Corollary 1. Let (X, d) be a complete metric space equipped with the w-distance p. Let F € A\ x and suppose
that the following holds:

(i) f satisfies (3);
(ii) forally € X withy # fy,
inf{p(x,y) + p(x, fx)} > 0. (24)

Then, f has a unique fixed point u, in X and p(uy, u,) = 0. Furthermore, if {x, } converges to u, € X,
then ;}gr;op(fxn,u*) =0.

If we take F(a) = Ina in Theorem 1, then we obtain the following;:

Corollary 2. Let (X,d) be a complete metric space equipped with the w-distance p. Let f, g : X — X be two
mappings such that f(X) C g(X) and g commutes with f. Assume that f and g satisfy

p(fx, fy) < kmax{p(gx,gy), p(gx, fx), p(gy, fy), p(gx, fy), p(8Yy, fx)
forsome 0 <k <Ae™", T >0, forall x,y € X, and, for all y € X with gy # fv,
inf{p(gx,y) + p(gx, fx)} > 0. (25)

Then, f and g have a unique common fixed point u, in X and p(u.,u.) = 0. Furthermore, if {gx,}
converges to u, € X, then

Jim p(gfxn, fux) = 0= lim p(fgxn, gitx).
The following example illustrates Theorem 1:

Example 5. Let X = {1;n € N} U {0} with usual metric d(x,y) = |x — y| and the w-distance p on X
defined by p(x,y) = max{x,y} forall x,y € X. For any n € N, define the mapping f,g : X — X by

L, ifx=1n>2
flx) =

0, otherwise.

L, ifx=1n>2
g(x) =

0, otherwise.

Then, we have f(X) C g(X). Furthermore, g commutes with f and inf{p(gx,y) + p(gx, fx)} > 0
when gy # fy. Now, we will show that the mapping f and g satisfy (4) with A = 0.8, T = 0.75 > 0 and
Fa) = 17% Clearly, F € Az, we distinguish two cases.
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Casel Let x=0(orx =1 andy = %, when n > 2. Then,

p(fx, fy) = max {0,7114} SR

714
and
Mi(x,y) = max{p(gx,gy), p(gx, fx), p(&y, fy), p(&x, fy), p(8y, fx)}
= max{gy,0, fy} 26)

1
ﬁ-
Hence, the L.H.S. (the left hand side) of (4),

1
T+ F(p(fx, fy)) =075+ T
1—ent
and the R.H.S. (the right hand side) of (4),
FAMG(fx, fy)) = T
1-¢"%

Following figures (Figures 1 and 2), we compare R.H.S. and L.H.S. in 2D, 3D views.

—k—LHS
—k—RH.S

~1000— —

~2000— -

-3000— —

-4000 — —

-5000 — —

-6000— —

~7000— —

-8000 — —

-9000 — —

Figure 1. The value of comparison of L.H.S. and R.H.S. of (4) in 2D view.

[C__JLHS.
C_IRHS.

Figure 2. The value of comparison of L.H.S. and R.H.S. of (4) in 3D view.
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Now, we give numerical comparisons of L.H.S. and R.H.S. of (4) as follows (Table 1):

Table 1. The numerical comparison of L.H.S. and R.H.S. of (4).

n T+ F(p(fxu fxm)) F(AM%(xn,xm))
2 —14.755208 —4.5166556

3 —79.751029 —10.7574064
4 —254.750326 —19.5041665
5 —623.750133 —30.7526666
6 —1294.750064 —44.5018518
7 —2399.750035 —60.7513605
8 —4094.750020 —79.5010417
9 —6559.750013 —100.7508230
10 —9998.750008 —124.5006667
20 —159,998.750002 —499.5001667
30 —809,998.750009 —1124.5000741
50 —6,249,998.750220 —3124.5000267

100  —99,999,999.857747 —12,499.5000067

Therefore, T+ F(p(fx, fy)) < F(AM3(x,y)).
1

Case Il Let x = % and y = -, when n,m > 2. We can assume that n < m; then,

p(fx, fy) —max{ ! 1} - 1.0

nt mt n4
and
Mi(xy) = max{p(gx,gy), p(gx, fx), p(gy, fyv), p(8x, fy), p(gy, fx)}
= max{%, #} 27)
1
Similar to case 1, we can see that T + F(p(fx, fy)) < F(AM%(x,y)).
Case III Let x = %, whenn > 2andy =0 (ory = 1). Then,
1 1
p(fx, fy) = max ﬁ,O =3 >0

and

M (x,y) = max{p(gx,gy), p(gx, fx), p(gy, fy), p(8x, fy), p(gy, fx)}

= max{gx,0, fx} (28)

n2
Hence, the L.H.S. of (4),

T+ F(p(fx, fy)) =075+ ! T
1—ent

and the R.H.S. of (4),

F(AMS(fx, fy)) =
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Similar to case I, we can see that T+ F(p(fx, fy)) < F(AMS(x,y)).
Thus, all the conditions of Theorem 1 are satisfied and x = 0 is unique common fixed point of f and g.
Moreover, p(0,0) = 0. For any xo € X, define fx, = gx,41. Then, {gx, } converges to 0 € X and

lim p(gfxu, f(0)) =0 = lim p(fgxu, g(0)).

Next, we improve the CFy-contraction mapping by removing the constant A in (4) and prove new
common fixed point theorems as follows:

Theorem 2. Let (X, d) be a complete metric space equipped with a w-distance pand f : X — Xand g : X — X
be two mappings such that f(X) C g(X) and g commutes with f. Assume that there exist F € F and the
following holds:

(i) forany x,y € X, with fx # fy, there exits T > 0 such that

p(fx, fy) > 0 implies T+ F(p(fx, fy)) < F(M3(x,y)); (29)

(ii) limy 0 F(8,(O3(x0,1))) exits;
(iii) forally € X with gy # fy,
inf{p(gx,y) + p(gx, fx)} > 0. (30)

Then, f and g have a unique common fixed point u, in X and p(uy, u,) = 0. Furthermore, if {gx,}
converges to u, € X, then

Jim p(gfxu, fux) =0 = lim p(fgxu, itx).
Proof. By (7), (9), (14) and (15), we get

F(p(fxn—1, fxn) F(M%(xn,l,xn)) -7
Fmax{Mj(x;,xj) :n—2<i<n-1,n-1<j<n})—t

F(max{p(gx;,gxj) :n—2<i<nn—-1<j<n+1}) -1

[IIVARRVAN

Continuing this process and using (F1), we have

F(p(fxn_1, fxn) F(max{p(gx;,gxj) :n—2<i<nn—-1<j<n+1})-71
F(max{/\/{‘(’,;(x,-,xj) n—3<i<n—-1,n-2<j<n})-2t1
F(max{p(gx;,gxj) :n—=3<i<nn-2<j<n+1}) -2t 31)
F(max{p(gx;,gxj) : 1<i<n2<j<n+1})-(n—1)7
F(3,(O%(xo,n+1))) — (n—1)T.

IA A IAIA A TN

Using hypothesis (ii), we get limy, 00 F(p(fx,—1, fXs)) = —co. Hence, limy 0 p(fX—1, fXn) =0,
and then
p(fxu-1,fxn) < In (32)

for a sequence {7} converging to zero. Using the same argument as the proof of Theorem 1,
the sequence {gx,} is a Cauchy sequence and converges to some element x, € X. Furthermore,
by p(x, -) being lower semi-continuous, we have

< liminfp(gxn, g%m) (33)
<

B

p(&xn, X+)
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for a sequence {B,} converges to zero. Now, we will prove that fx, = gx,. Suppose fx, # gx4;
then, by (6), (32), (33) and Lemma 3(iv) with (F1), imply

0 < inf{p(gxn, xx) + p(gxn, fxn) : n € N}
<inf{B + p(fx,_1, fxn) : n € N}
<inf{B, + v : n € N},
=0

which is a contradiction and hence fx, = gx..If p(gx., gx.) # 0, then we can write

T+ F(p(8%s,8%x)) = T+ F(p(fxs, fx))
< F(M%(x*, Xy))
= F(max{p(gxx, §x«), P8, f2:), P(§%, fXi), P(§%x, fXi), P(§2i, fXi) })
= F(p(gxx, g%x)),

which is a contradiction because T > 0, and thus p(gx.,gx.) = 0. Moreover, if p(g2xs, §%%«) # 0,
then as ¢ commutes with f, we have

T+ F(p(8°%s,87x:)) = T+ F(p(f(gx4), f(8(x4)))
< F(ME(8%x,8%4))
F(max{p(8”xs, §°%x), (8%, fg%+)})
F(max{p(g*xs, g%xx)})
F(p(8%xs, 8%x4))-

By a similar argument as above, then we must have p(g%x,, g%x+) = 0. Now, we will show that
p(g%xs, §%) = p(gx«,§%x+) = 0. Suppose that p(g%x., gx,) # 0 and p(gxs, §2x,) # 0, then

T+ F(p(8%xs,8%:)) = T+ F(p(f8xs, fx:))
< F(M(gxx, X))
= F(max{p(8*xs, 8%:), P(§7%x, f8%s), P(&°%x, F2x), P(8%n, f24), P(gXs, f8X4)})
= F(max{p(g°xx, 8%x), P(§°%x, & %x ), P(§° %, 8%x), P(8Xx, §X), P(8%+, 87X4) })
= F(max{p(g*xs, 8%x.), p(g%+, 8°x:)})

and

T+ F(p(gxe, §°%x)) = T+ F(p(fxx, gfx4))

< F(M3 (x4, 8%4))
F(max{p(gxs, 8°%x), P(8%x, fXx), P(%, F8%), P(87Xs, f4), P(8%x, fX4)})
F(max{p(gx., §°%xx), P(g%s, 8%x), P(g%s, 8%x), P(§°%x, g% ), P(§7%4, 8X4) })
F(max{p(g°xx, 8%x), P(gXx, §°%x) })-

On utilizing (F1), we get

p(g°x., gxx) < max{p(g2x., §xx), p(gxs, &%)} (34)

and
p(gxs, &x:) < max{p(g¥x., gxu), p(gs, §x:) - (35)
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Therefore, by (34) and (35), we have

max{p(g°xs, gxx), p(g¥s, &%)} < max{p(g*xx, gx:), p(g%4, 7%:)},

which is a contradiction. Thus p(g%x.,gx+) = p(gxs,§%x+) = 0, by applying Lemma 1(i), we get
¢%x, = gx,. Furthermore,
fgxe = 8fxs = P2 = gy

Putting u, = gx,, then we have fu, = gu, = u,. That is, u, is a common fixed point of f and
g. To prove the uniqueness part, suppose that there exists v, € X such that fv, = gv, = v, with
p(fuy, foi) > 0. By a similar argument as above, we can see that p(v,, v,) = 0 since

T+ F(p(fus, foe))

F(M%(u*, v4)) (36)
F(max{p(gu+, gv+), P(gx, f1ix), P(iks, f0x), P(§0x, fVx), P(§0x, f1ix)})
F(max{p(ttx, vs), p(vs, 11x) })

T+ F(p(us, vi))

A

and

T+ F(p(fox fus))

F(M‘E(U*, uy))

F(max{p(gvx, gtix), P(§0x, fUx), P(§0x, ftix), P ttx, f1is), p(Glin, fV4)})
F(max{p(v*, Uy), P(”*r v4)})-

By (37) and (F1), we have

T+ F(p(0x, 1))
(37)

[N

p(tx, vx) < max{p (i, vs), p(vx, 1) }
and
p(0x, i) < max{p(is, vx), p(Ox, 1) }-

Hence,
max{p(tx, 0x), p(0x, 1) } < max{p(ux, vx), p(vs, 1) },

which is a contradiction, and hence p(uy, vx) = p(vs, 1x) = 0. From p(v,,u,) = p(vs,vx) = 0, by
Lemma 1(i), we get v, = u,. This completes the proof. O

If g is the identity mapping in Theorem 2, then the following holds:

Corollary 3. Let (X,d) be a complete metric space equipped with the w-distance p and f : X — X bea
mapping. Assume that there exist F € F and the following holds:

(i) forany x,y € X with fx # fy, there exits T > 0 such that

p(fx, fy) > 0implies T + F(p(fx, fy)) < F(Mp(x,y)); (38)

(ii) limye0 F(6p(Op(x0,1))) exits;
(iii) forally € X withy # fy,
inf{p(x,y) +p(x, fx)} > 0. (39)

Then, f has a unique common fixed point u, in X and p(u, u,) = 0. Furthermore, if {x, } converges to
Uy € X, then nlgn p(fxn, ux) =0.

Theorem 3. Let (X, d) be a complete metric space equipped with the w-distance p and f : X — X and
¢+ X — X be two mappings such that f(X) C g(X) and g commutes with f. Assume that there exist F € F,
f and g satisfy (29), limy, e F((Sp((’)g(xo, n))) exits and one of the following conditions holds:
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(i) forally € X with gy # fy,

inf{p(gx,y) + p(gx, fx) : x € X} > 0;

(ii) if both {gxn } and { fx,} converge to u, € X, then Qu, = fu,;
(iii) g and f are continuous on X.

Then, f and g have a unique common fixed point u, in X and p(uy, u.) = 0. Furthermore, If {gx,}
converges to u, € X, then

Jim p(gfxu, fux) =0 = lim p(fgxu, gitx).

Proof. By Theorem 2, we get the conclusion of (i). Now, we prove that (ii) = (i). Suppose that there
exist y € X with gy # fy, such that

inf{p(gx,y) + p(gx, fx) : x € X} =0.

Then, we can find a sequence {u, } in X such that

inf{p(gun,y) + p(gun, fun)} = 0.

Hence, we have
lim p(gun, y) = lim p(gutn, fun) = 0.

n—oo

By Lemma 1, we have lim, 0 ftt, = y. In fact, by the similar argument in Theorem 1, {gu, }
is Cauchy sequences and thus lirgl p(gim, gun) = 0. It follow from Lemma 1, we also have
m,n—oo

limy, . gy = y. Hence, by the assumption (ii), implies that gy = Ty. Therefore (ii) = (i). Next,
we will prove (iii) = (ii). Let {gx,} and {fx,} converge to u, € X . By assumption (iii), then
we have

Uy = nli_r)r;ogun = nli_r)r;ofun = fu,.

This completes the proof. [

If g is the identity mapping in Theorem 3, then we obtain the following:

Corollary 4. Let (X,d) be a complete metric space equipped with the w-distance p and f : X — X bea
mappings such that f satisfy (38) and limy, e F(6,(Op(xo,n))) exits. Assume that one of the following
conditions holds:

(i) forally € X withy # fy,
inf{p(x,y) + p(x, fx) : x € X} >0;

(ii) if both {x,} and { fx,} converge to u, € X, then u, = fu,;
(iii) f are continuous on X.

Then, f has a unique fixed point u, in X and p(u,,u,) = 0. Furthermore, if {x, } converges to u, € X,
then nlgn p(fxn,us) =0

4. Applications

Application to the Second Order Differential Equation

In this section, we present an application of our fixed point result to prove an existence theorem
for the solution of second order differential equation.
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Consider the following boundary value problem for second order differential equation of the form:

Pu o cdu g y(t);
{ R "

where K : [0,1] x Rt — R, I > 0is a continuous function.
The above differential equation exhibits the engineering problem of activation of spring that is
affected by an exterior force.
It is well known and easy to check that the problem (41) is equivalent to the following
integral equation:
u(t) = [y G(t,s)K(s,u(s))ds, te€ [0,1], (41)

where G(t, s) are the green functions given by
] (t=s)e™t9), if 0<s<t <,
G(t’s)_{ 0, if 0<t<s<I, @)

with T > 0 being a constant, calculated in terms of ¢ and m in (40).
Let X := C([0, I], RT) be the set of all continuous functions from [0, I] into R*. For an arbitrary
u € X, we define
|ullr = sup {|u(t)|e"2"} where T > 0.
te[0,1]

Define the w-distance p : X x X — [0, 00) by

p(x,y) = max{||x|[z, [lyll<}

for all x,y € X. Consider a function f : X — X defined as follows:

fu(t)) = / G(t,5)K(s,u(s))ds (43)
0
forallx € Xand t € [0, I].
Obviously, the existence of a solution to the Equation (41) is equivalent to the existence of a fixed
point of the mapping f.
Now, we prove the subsequent theorem to guarantee the existence of the fixed point of f.

Theorem 4. Consider the nonlinear integral Equation (41) and suppose that the following conditions hold:
(A) K is increasing function;
(B) there exists T > 0 such that
|K(s,u)| < At?e " Tu,

where0 <A <1,s€[0,I]andu € RT.
(C) f: X — Xis Ciri¢ type generalized F-contraction
Then, the integral Equation (41) has a solution.

Proof. Now, we show that the function f defined as (43) satisfies (3). For this, we have
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FN = [ Gl uls)lds
< /Ot G(t,s)At%e T |u(s)|ds (from the conditions (A) & (B))
= /Ot G(t,s)AT?e Te?™e 2% |u(s)|ds
= Ot AT2e T (t — 5)e™ 92T ||| o ds
= A2 T |u|, /Ot(t —s)eTds
t
i [ e
= e ||ullce¥ 1 - tte” ™ — e .
Since [1 — tte”™ — e~ ™] <1, then
1f(us)lle < Ae™"[ul]-.
Similarly, we can see that

1f (@)= < Ae™"[o]].

Therefore,

p(fu, fo) max{|| ful[z, || foll<}

Ae~ T max{||ul|<, ||v]|<}

< e T(AMp(u,0))

IN

forall u,v € X.
By passing to the logarithm, we write

In(p(fu, fv)) <In(e”"AMp(u,0))

and hence

T+1In(p(fu, fv)) < In(AMp(u,v)).

Now, consider the function F € A r defined by F(«) = Ina; then, for each T > 0, we have

T+ F(p(fx, fy)) < F(AMp(x,y)),

which implies that f : X — X is Ciri¢ type generalized F-contraction. Thus, all the conditions of
Corollary 1 are satisfied. Hence, from Corollary 1, the integral Equation (41) admits a solution.
This completes the proof. [

Author Contributions: Writing—Original Draft, C.M. Writing—Review and Editing, D.G.
Funding: This research was supported by the Kasetsart University Research and Development Institute (KURDI).

Acknowledgments: The authors are greatful to anonymous reviewers for their careful review and useful
comments. The first author would like to thank the Kasetsart University Research and Development Institute
(KURDI) for financial support.

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2019, 7, 32 19 of 20

References

1. Kada, O.; Suzuki, T.; Takahashi, W. Nonconvex minimization theorems and fixed point theorems in complete
metric spaces. Math. Jpn. 1996, 44, 381-391.

2. Takahashi, W. Existence theorems generalizing fixed point theorems for multivalued mappings. In Fixed
Point Theory and Applications; Pitman Research Notes in Mathematics Series; Wiley: New York, NY, USA,
1991; Volume 252, pp. 397-406.

3. Cho,Y],; Saadati, R.; Wang, S. Common fixed point theorems on generalized distance in order cone metric
spaces. Comput. Math. Appl. 2011, 61, 1254-1260. [CrossRef]

4. Darko, K.; Karapnar, E.; Rakocevi¢, V. On quasi-contraction mappings of Ciri¢ and Fisher type via w-distance.
Quaest. Math. 2018. [CrossRef]

5. Mongkolkeha, C.; Cho, Y.J. Some coincidence point theorems in ordered metric spaces via w-distances.
Carpathian J. Math. 2018, 34, 207-214.

6. Sang, Y.; Meng, Q. Fixed point theorems with generalized altering distance functions in partially ordered
metric spaces via w-distances and applications. Fixed Point Theory Appl. 2015, 1, 168. [CrossRef]

7. Sintunavarat, W.; Cho, Y.J.; Kumam, P. Common fixed point theorems for c-distance in ordered cone metric
spaces. Comput. Math. Appl. 2011, 62, 1969-1978. [CrossRef]

8. Shioji, N.; Suzuki, T.; Takahashi, W. Contractive mappings, Kanan mapping and metric completeness.
Proc. Am. Math. Soc. 1998, 126, 3117-3124. [CrossRef]

9. 1li¢, D.; Rakocevi¢, V. Common fixed points for maps on metric space with w-distance. Appl. Math. Comput.
2008, 199, 599-610. [CrossRef]

10. Wardowski, D. Fixed points of new type of contractive mappings in complete metric space. Fixed Point
Theory Appl. 2012. [CrossRef]

11.  Secelean, N.A. Iterated function systems consisting of F-contractions. Fixed Point Theory Appl. 2013.
[CrossRef]

12.  Piri, H.; Kumam, P. Some fixed point theorems concerning F-contraction in complete metric spaces.
Fixed Point Theory Appl. 2014. [CrossRef]

13. Singh, D.; Joshi, V.; Imdad, M.; Kumam, P. Fixed point theorems via generalized F—contractions with
applications to functional equations occurring in dynamic programming. J. Fixed Point Theory Appl. 2017,
19, 1453-1479. [CrossRef]

14. Gopal, D.; Abbas, M.; Patel, D.K.; Vetro, C. Fixed points of a-type F-contractive mappings with an application
to nonlinear fractional differential equation. Acta Math. Sci. 2016, 36, 957-970. [CrossRef]

15. Kadelburg, Z.; Radenovi¢, S. Notes on Some Recent Papers Concerning F-Contraction in b-Metric Spaces.
Constr. Math. Anal. 2018, 1, 108-112. [CrossRef]

16. Nazir, T.; Abbas, M.; Lampert, T.A.; Radenovi¢, S. Common fixed points of set-valued F-contraction
mappings on domain of sets endowed with directed graph. Comput. Appl. Math. 2017, 36, 1607-1622.

17.  Padcharoen, A.; Gopal, D.; Chaipunya, P.; Kumam, P. Fixed point and periodic point results for a-type
F-contractions in modular metric spaces. Fixed Point Theory Appl. 2016. [CrossRef]

18. Shukla, S.; Radenovi¢, S.; Kadelburg, Z. Some Fixed Point Theorems for Ordered F-generalized Contractions
in 0-f-orbitally Complete Partial Metric Spaces. Theory Appl. Math. Comput. Sci. 2014, 4, 87-98.

19.  Wardowski, D.; Dung, V.N. Fixed points of F-weak contractions on complete metric spaces. Demonstr. Math.
2014, XLVII, 146-155. [CrossRef]

20. Jungck, G. Commuting Mappings and Fixed Points. Am. Math. Mon. 1976, 83, 261-263. [CrossRef]

21. Takahashi, W. Nonlinear Functional Analysis “Fixed Point Theory and its Applications”; Yokahama Publishers:
Yokahama, Japan, 2000.

22. Ciri¢, LB. A generalization of Banach’s Contraction principle. Proc. Am. Math. Soc. 1974, 45, 267-273.
[CrossRef]

23. Proinov, PD.; Nikolova, I.A. Iterative approximation of fixed points of quasi-contraction mappings in cone
metric spaces. J. Inequal. Appl. 2014. [CrossRef]

24. Proinov, PD.; Nikolova, I.A. Approximation of point of coincidence and common fixed points of

quasi-contraction mappings using the Jungck iteration scheme. Appl. Math. Comput. 2015, 264, 359-365.
[CrossRef]


http://dx.doi.org/10.1016/j.camwa.2011.01.004
http://dx.doi.org/10.2989/16073606.2018.1436614
http://dx.doi.org/10.1186/s13663-015-0408-0
http://dx.doi.org/10.1016/j.camwa.2011.06.040
http://dx.doi.org/10.1090/S0002-9939-98-04605-X
http://dx.doi.org/10.1016/j.amc.2007.10.016
http://dx.doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/10.1186/1687-1812-2013-277
http://dx.doi.org/10.1186/1687-1812-2014-210
http://dx.doi.org/10.1007/s11784-016-0304-1
http://dx.doi.org/10.1016/S0252-9602(16)30052-2
http://dx.doi.org/10.33205/cma.468813
http://dx.doi.org/10.1186/s13663-016-0525-4
http://dx.doi.org/10.2478/dema-2014-0012
http://dx.doi.org/10.1080/00029890.1976.11994093
http://dx.doi.org/10.2307/2040075
http://dx.doi.org/10.1186/1029-242X-2014-226
http://dx.doi.org/10.1016/j.amc.2015.04.098

Mathematics 2019, 7, 32 20 of 20

25. Rhoades, B.E. A comparison of various definitions of contractive mappings. Trans. Am. Math. Soc. 1977,
23, 257-634. [CrossRef]

26. Vetro, F; Radenovi¢, S. Nonlinear -quasi-contractions of Cirié—type in partial metric spaces. Appl. Math.
Comput. 2012, 219, 1594-1600.

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.1090/S0002-9947-1977-0433430-4
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	History of F-Contraction Mapping
	w-Distance and Useful Lemmas

	The Main Results
	Applications
	References

