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Abstract: In this paper, we obtain new inequalities for g-frames in Hilbert C*-modules by using
operator theory methods, which are related to a scalar A € R and an adjointable operator with respect
to two g-Bessel sequences. It is demonstrated that our results can lead to several known results on
this topic when suitable scalars and g-Bessel sequences are chosen.
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1. Introduction

Since their appearance in the literature [1] on nonharmonic Fourier series, frames for Hilbert
spaces have been a useful tool and applied to different branches of mathematics and other fields.
For details on frames, the reader can refer to the papers [2-11]. The author in [12] extended the concept
of frames to bounded linear operators and thus gave us the notion of g-frames, which possess some
properties that are quite different from those of frames (see [13,14]).

In the past decade, much attention has been paid to the extension of frame and g-frame theory from
Hilbert spaces to Hilbert C*-modules, and some significant results have been presented (see [15-23]).
It should be pointed out that, due to the essential differences between Hilbert spaces and Hilbert
C*-modules and the complex structure of the C*-algebra involved in a Hilbert C*-module, the problems
on frames and g-frames for Hilbert C*-modules are expected to be more complicated than those for
Hilbert spaces. Also, increasingly more evidence is indicating that there is a close relationship between
the theory of wavelets and frames and Hilbert C*-modules in many aspects. This suggests that the
discussion of frame and g-frame theory in Hilbert C*-modules is interesting and important.

The authors in [24] provided a surprising inequality while further discussing the remarkable
identity for Parseval frames derived from their research on effective algorithms to compute the
reconstruction of a signal, which was later generalized to the situation of general frames and dual
frames [25]. Those inequalities have already been extended to several generalized versions of frames in
Hilbert spaces [26-28]. Moreover, the authors in [29-31] showed that g-frames in Hilbert C*-modules
have their inequalities based on the work in [24,25]; it is worth noting that the inequalities given in [30]
are associated with a scalar in [0, 1] or [3,1]. In this paper, we establish several new inequalities for
g-frames in Hilbert C*-modules, where a scalar A in R, the real number set, and an adjointable operator
with respect to two g-Bessel sequences are involved. Also, we show that some corresponding results
in [29,31] can be considered a special case of our results.

We continue with this section for a review of some notations and definitions.

This paper adopts the following notations: J and A are, respectively, a finite or countable index
set and a unital C*-algebra; H, K, and K;’s (j € J) are Hilbert C*-modules over A (or simply Hilbert
A-modules), setting (f, f) = |f|? for any f € H. The family of all adjointable operators from H to K is
designated End’y (H, K), which is abbreviated to End’y (H) if £ = H.
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A sequence A = {A; € End};(H, K;) } jey denotes a g-frame for H with respect to {K; } ¢y if there
are real numbers 0 < C < D < oo satisfying

CUf, ) < AN Af) D), VfeH. 1)

jed

If only the second inequality in Equation (1) is required, then A is said to be a g-Bessel sequence.
For a given g-frame A = {A; € End}(#,K;)}e5, there is always a positive, invertible,
and self-adjoint operator in End’y (#), which we call the g-frame operator of A, defined by

Sa:H =M, Saf=Y NAF. )
jel

For any I C J, let I be the complement of I. We define a positive and self-adjoint operator in
Endy(H) related to [ and a g-frame A = {A; € End’y(#, K;) } ;e in the following form

S{H = H, S{f=) AIAf. ®3)
jel

Recall that a g-Bessel I' = {T; € End; (H, K;) } jey is an alternate dual g-frame of A if, for every
f €M, wehave f =} ey AiTf.

Let A = {A;}jcyand T = {T}}c be g-Bessel sequences for H with respect to { K} jcj. We observe
from the Cauchy-Schwarz inequality that the operator

SFA TH — H, STAf = ZF;A]f (4)
jel

is well defined, and a direct calculation shows that Spp € End’y (H).

2. The Main Results

The following result for operators is used to prove our main results.

Lemma 1. Suppose that U, V,L € End’y(H) and that U+ V = L. Then, for any A € R, we have

A 2
U+ S (VL LV) = V'V + (1- %)(U*L +LU)+ (A —1)L*L > (A — /\Z)L*L.

Proof. On the one hand, we obtain
u U—I—E(V L+L*V)=U LH—E((L —Uu"L+L*(L-U)=U U—E(U L+ L*U)+ AL*L.
On the other hand, we have
* A * * *
| V+(1—§)(U L+L*U)+ (A—=1)L*L

= (LU (L U) + (UL W)~ A (UL 4 LU) + (A - 1)L°L

A
= L'L— UL+ L'U) + WU + (UL + L*U) = (UL + L*U) + (A = 1)L'L
A A A A? A?

This completes the proof. [
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Theorem 1. Let A = {A;}jcy be a g-frame for H with respect to {K;};cy. Suppose that T = {T;}cy and
© = {O;} ey are two g-Bessel sequences for H with respect to {K;}jcy, and that the operator St is defined in
Equation (4). Then, for any A € Rand any f € H, we have

;]](rj - Y ]f + Z ]f O; SFAf ]f + Z F - SFAf A]f>
IS
A2 A /\2
> (A= Z) %U\jf, (I} —0))Sraf) + (1 + 5~ Z) %(Ajf, O;Sraf)
je j€
_ % %(@jsmf, Af). 5)
je
Proof. We let
Uf =) (Tj—©)"Ajf and Vf=) O/A;f (6)
jed jed

for each f € H. Then, U,V € Endj(H) and, further,

jel jed jed

By Lemma 1, we get

~

[UFP 4+ 5 (VF,Staf) + (Sraf, V)

= Vf?+(1- %)((Uf Sraf) + (Seaf, Uf)) + (A = 1)[Spaf]*.
Hence,
[UFP = [VAP+ (1 = 2)(US, Seaf) + (Sraf, Uf) + (A= 1)[Seafl?
~ SUVE,Staf) +(Staf V)
= [V 4+ (UF, Sraf) + {Staf, Uf) — S (UF, Sraf) + {Saf, Uf))
~ SUVEStAf) +{Staf, V) + (A= DlSrafP
= [V 4+ (UF, Sraf) + {Staf, Uf) — S (UL, Staf) + (VS Sraf))
= SUSTARUS) + (Staf, V) + (A= D)lSeafP
= [Vf?+ (Uf,Scaf) + (Staf, Uf) = AlSraf* + (A = 1)[SrafI?
= |VF> + (Uf, Sraf) + (Staf, Uf) = (Uf,Staf) = (Vf, Sraf)-
It follows that

[UfI?+ (VF,Staf) = [VFI> + (Staf, Uf), @)

from which we arrive at

29* Ajf

2
(T —©)"Af +Z if, ©jSraf) = +Z ((Tj = ©))Sraf, Ajf)-
je

jed

We are now in a position to prove the inequality in Equation (5).
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Again by Lemma 1,

uf> > (/\—*)\SrAf\z—*(WfSrAﬁ +(Sraf, Vf))

2 2
= (A= ZO0UF, Staf) + (= S0 )VE,Staf) = 5V, Seaf) = 5(Seaf, V)
/\2 A A2 A
= = DNUEStaf) + (G = SV Seaf) = 5 (Seaf, V). ®

Therefore,

2
Y (T —©)*Aif| + Y (Af,0:Sraf) = [UFP + (VF, Sraf)

jel jel
2 2
> (A~ £)<Uf Seaf)+ (145 = SVEStaf) = S {Staf, V)
2
) ZJ Aif, (T; = 0;)Sraf) + (1 + % - /\Z) Z}H<Ajfr®jSFAf> -2 Z}H@ iStaf, Aif)
jE IS j€

forany f € H. [

Corollary 1. Suppose that A = {;}icy is a g-frame for H with respect to {K;} jc with g-frame operator S
and that [\j = Ajs;l foreach j € J. Then, forany A € R, forall1 C J and all f € H, we have

Y AN AGE) + (NS f ASRE) = Yo (N, A f) + Y (ASEf A SR f)

jel jed jele jed
A2 A2
=2 (A=) ;I:<AjfrAjf> +(1-7) ZH<AjfrAjf>-
jer je

_1 1
Proof. Taking I'; = A;S, * for any j € J, then it is easy to see that Spy = Sj. For each j € J, let

T, jel
e ]’ 7
©j {o, jel-.

Now, for each f € H,

2 1
SAESRAP = (S,2S8F, 5,254 )

1,
= ZSAzAjA]‘f

Y (Tj—©))"Af

jeld jele
= (SR, SAISRF) = (SASA 'SR, SAISESf)
= Y (ASAISRF, ASISRS) = Y (A SRE, AiSE). )
je€J jel

Since | Ljcy CH ]f|2 | Yia A ]f|2 | LjerSa 2A* ]f|2 a replacement of I by I in the last

item of Equation (9) leads to
2

=Y (A;SPf,AjST f). (10)

jel

L oA

jel

We also have

Y (Nf,0;8raf) = Y AN Af), Y AT = O)Seaf, Aif) = Y (A, Ajf). (11)

jel jel jeld jele
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Hence, the conclusion follows from Theorem 1. O

Let A = {A;};c; be a Parseval g-frame for # with respect to {K;};c; then, Sy = Idy. Thus,
forany I C J,

2
Y (AGSRE NSRS = Y (NSRE NS ) = ISt fI? = | ) AfAf
jed jed jele
Similarly,
2
Y (ASTf,ASEF) = [N ATAf
jed jel

This fact, together with Corollary 1, yields

Corollary 2. Suppose that A = {A;} ey is a Parseval g-frame for H with respect to {K;} jey. Then, for any
AeR, foralll C Jandall f € H, we have

L ATAS

LN AGf)

L ATAf

_Z ]fA

jEH ]e]lf ]EHE ]EH
A2 A2
> (A=) §<Ajf/Ajf> +(1-7) Z}%<A]’f’/\if>'
j€ c jG

Corollary 3. Suppose that A = {A;} ey is a g-frame for H with respect to {K;}jcy with an alternate dual
gframeT = {T;};cy. Then, forany A € R, forall 1 C J and all f € H, we have

ZHF Ajf *Z Aif Tif) = | L TiAf *Z Lif, Aif)
j€ jele jele
A2 A )\2
E(A_Z)E<Ajffrjf>+(l+§_ 4)2< if Tif) = Z(ij//\jﬁ-

jel jele ]E]IC

Proof. We conclude first that Spp = Idy. Now, the result follows immediately from Theorem 1 if,
r jel
// 7

forany]ICJ,wetake@j:{ 0, jel

Remark 1. Theorems 4.1 and 4.2 in [31] can be obtained if we take A = 1, respectively, in Corollaries 1 and 2.

Theorem 2. Let A = {A;}jcy be a g-frame for H with respect to {K;};cy. Suppose that T = {T;};cy and
© = {O;} ey are two g-Bessel sequences for H with respect to {KC; }jcy and that the operator St is defined in
Equation (4). Then, for any A € Rand any f € H, we have

2 2

2 2
;ﬂ(rj — @) Ajf| + %@;‘Ajf > (A — )‘7) ;Hr;f/\jf —(1-A) %((rj —0))Sraf, Ajf)
j€ j€ j€ IS
+(1-2) %<Ajf, ©;Sraf)-
j€

Moreover, if U*V is positive, where U and V are given in Equation (6), then
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2 2
+ Z@j/\]f

jeld

< ) (T = ©))Sraf, Ajf) + Y _(Aif, ©;Sraf). (12)

jel jel

Y_(Tj—©))"Af

jel

Proof. Combining Equation (7) with Lemma 1, we obtain

2 2
+ ﬁ@;ﬁ/\jf
— [UFP + [VFP = 2AVFP + (Staf, Uf) — (V, Staf)
>(2- 7)|5rAf|2 — 2=MN){(Sraf, Uf) +(Uf,Sraf)) + (Staf, Uf) — (Vf,Sraf)
2
— (2= 5 )ISraf = (2= A)(Staf, Uf) — (2= A)US, Sraf)
— (2=A)(Vf,Sraf) + (1 = A)(VS,Scaf) + (Sraf, Uf)
= (2 A)ISeafl (1= A)Staf,Uf) — (2~ )ISeafP+ (1~ NV, Sraf)
— (- A—2>|smf|2 AU (=)

ZFA

jed

Y (T —©))"Ajf

jed

—A) Y AT = 0))Sraf, Ajf) + (1= A) Y (Aif,0;Sraf)

i€l j€l

for any f € H. We next prove Equation (12). Since U*V is positive, we see from Equation (7) that

[UFI? = [VFI> + (Staf, Uf) — (VF,Staf) = (Staf, Uf) — (VF£,Uf) < (Sraf, Uf)

for each f € H. A similar discussion gives |V f|? < (Vf,Sraf). Thus,

= [Uf*+ |VF]> < (Staf, Uf) + (Vf, Sraf)

2
+ Z@jAjf

jel

Y (Tj—©))"Ajf

jel

=Y {(Tj—0))Sraf, Aif) + Y _(Aif, OiSraf).

jeld jeld

O

Corollary 4. Let A = {Aj}jcy be a g-frame for H with respect to {K;}jcy with g-frame operator Sy,
and Aj = Ajsxlfor each j € J. Then, forany A € R, forall 1 C Jand all f € H, we have

AZ

(A=) %(A]’f’/\jﬁ —(1-4) ZﬂxAjffAjf) +(1-2) ZH<AjfrAjf>
j€ jele IS
< %<Aj5fff/~\jsﬁ\f> + ;HU\J'Sﬁfr[\jSﬂAcf) < %<A]’f’/\jf>
j€ j€ je

r]', jG]I,

0, jer, then the operators U and

~1
Proof. For every j € J, taking I'; = A;S,* and ©; = {

V defined in Equation (6) can be expressed aslU =S5, : Shand V =S, S]I , respectively. Hence,

1
UV = SiS,'si. Since S, : SAS,?and S, : SRS Az are positive and commutative, it follows that
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_1 1 _1 _1 _1
0<S,25{5,25,25{*S,> =S, 25 SAISPS L2,

and, consequently, sﬁ}s;\lsf > 0. Note also that

ZT}‘AJ‘

jed

S 22/\*

jel

f|2 (SALf) = Y (N A ).

jel

Now, the result follows by combining Theorem 2 and Equations (9)—(11). O
Theorem 3. Let A = {A;};cy be a g-frame for H with respect to {KC; } iy with g-frame operator S . Suppose

that T = {T;}jcy and © = {O;} ey are two g-Bessel sequences for H with respect to {K;};cy and that the
operator Stp is defined in Equation (4). Then, for any A € R and any f € ‘H, we have

1 2 1
%<Ajff ©;SAf) — %6}7\]}( < Z:,H</\jf/ ©j(S; — Sra)f) — % %(A]‘f’ (Tj — ©;)Sraf)
Je IS IS j€
2
+ (1 — %) ZJ«F] — @j)SFAf/A f + —_— ZJF A
J€ j€

Moreover, if U*V is positive, where U and V are given in Equation (6), then

1 2 1
Y (Aif,©;83f) — | Y OFAif| > ) (Ajf,©;(S3 — Sra)f)-
i€l i€l i€l
Proof. Combining Equations (7) and (8) leads to
Y (A OSAf) — [T O Af| = (SAVS,f) — [VFP
jel jel

1 2 2
< <Sfo £) = A=A Seaf) — (5 = 2V E Seaf)
<5rAf V) —(Vf,Seaf) + (Staf, Uf)

1 A A2 A
= (Vf, (53 —Sra)f) — (5—*)(<Uf Sraf) + (VflsrAf>)—§<Uf15rAf>

F SUSEAS V) + (Staf UA) + (1= 5) (Sraf, Uf)
— (VF, (5~ Sra)f) - <§ A lsrafP
AUF Seaf) + S 1SeafP 4 (L= D){Sraf L)
= (VF, (S}~ Stalf) + S ISrafP — (UFSeaf) + (1- 3 (Seaf, 1)
- Tt 0)(S4 — Sralf) - ;%Mjf, (T, - ©)51af)
+(1- 2)%«% ©;)Sraf, Ajf) + ]gﬂr A]f Vf € H.
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Suppose that U*V is positive; then, |V f|?> < (Vf,Sra f). Now, the “Moreover” part follows from
the following inequality:

Z<A]’f’®js = (SXVF.f) ~ VI > (SAVF, f) — (V£ Sraf)

je€d

-1 L9 ]f

jel

— (V£ (53— Sra)f) = Y (AIf,©;(S3 — Sra)f)-

jeld
O

Corollary 5. Let A = {A;}cy be a g-frame for H with respect to {K;} jcy with g-frame operator S . Then,
forany A € R, forall1 C Jand all f € H, we have

0< ZHU\]‘f/ Ajf) = ;HU\]'SHAL AiS{f)
j€ j€
2
<=0 TINLA + 5 LA A,

jele jed

Proof. Foreach j € J, letI'; and ©; be the same as in the proof of Corollary 4. By Theorem 3, we have

Lt )~ CASETAS) = Z(0 084 - [E 0y 2
<=3 DOV +(1-3) DN + ~ TINEA
= (0 DinfA + f%mjf, A
By Theorem 3 again,
LA = SRS ASES) = Tt 05k - [ Lo 2
> jezjmjf,@j(si ~Sta)f) =0,

and the proof is finished. [J

Remark 2. Taking A = 1 in Corollaries 4 and 5, we can obtain Theorem 2.4 in [29].
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