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Abstract: The conventional concept of a-level sets of fuzzy sets will be treated as the upper a-level
sets. In this paper, the concept of lower a-level sets of fuzzy sets will be introduced, which can also
be regarded as a dual concept of upper a-level sets of fuzzy sets. We shall also introduce the concept
of dual fuzzy sets. Under these settings, we can establish the so-called dual decomposition theorem.
We shall also study the dual arithmetics of fuzzy sets in R and establish some interesting results
based on the upper and lower «a-level sets.
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1. Introduction

The properties of fuzzy numbers and the arithmetic of fuzzy quantities (or fuzzy numbers) have
been studied for a long time. The interesting issue for studying the additive inverse of a fuzzy number
may refer to Hong and Do [1], Vrba [2] and Wu [3,4]. Also, Anzilli and Facchinetti [5], Bodjanova [6],
Dubois and Prade [7] investigated the median, mean and variance of fuzzy numbers. Wang et al. [8]
studied the two-dimensional discrete fuzzy numbers. Mitchell and Schaefer [9] and Yager and Filev [10]
studied the orderings of fuzzy numbers. On the other hand, Deschrijver [11,12] studied the arithmetic
operators in interval-valued fuzzy set. Ban and Coroianu [13] investigated the approximation of
fuzzy numbers. Guerra and Stefanini [14] studied the approximation of arithmetic of fuzzy numbers.
Holtapek and Stépnicka [15] studied a new framework for arithmetics of extensional fuzzy numbers.
Stupnianova [16] used a probabilistic approach to study the arithmetics of fuzzy numbers. Wu [17]
used the decomposition and construction of fuzzy sets to study the arithmetic operations on fuzzy
quantities. In this paper, we shall study the dual arithmetic of fuzzy sets by considering the dual
membership function.

The a-level set of a fuzzy set will be called the upper a-level set. In this paper, we shall define the
so-called lower a-level set. The well-known (primal) decomposition theorem says that the membership
function of a fuzzy set can be expressed in terms of the characteristic function of (upper) a-level sets.
In this paper, we are going to establish the so-called dual decomposition theorem by showing that the
membership function can be expressed in terms of lower a-level sets.

On the other hand, the concept of dual fuzzy set will be proposed by considering theso-called dual
membership function. Based on the dual membership functions, we shall also study the so-called dual
arithmetic of fuzzy sets in R. The definition of arithmetic operations is based on the supremum and
minimum of membership functions. Inspired by its form, we shall define the so-called dual arithmetic
operations based on the infimum and maximum of dual membership functions. A duality relation is
also established between the arithmetics and dual arithmetics.

In Section 2, we introduce the concept of lower a-level sets and present some interesting properties
that will be used in the subsequent discussion. In Section 3, we introduce the concept of dual fuzzy
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set and present some interesting results based on the lower a-level sets. In Section 4, we establish the
so-called dual decomposition theorem. In Section 5, we introduce the dual arithmetics of fuzzy sets in
R and establish some interesting results based on the upper and lower a-level sets.

2. Lower and Upper Level Sets

Let A be a fuzzy subset of a universal set U with membership function denoted by ¢ ;. For a €
(0,1], the a-level set of A is denoted and defined by

Ag={xeU:Zz(x)>a}. 1)
For w € [0,1), we also define

App ={xel:&;(x)>a}.
The support of a fuzzy set A within a universal set U is the crisp set defined by

Ay ={xeU:¢z(x) >0}

The definition of 0-level set is an important issue in fuzzy sets theory. If the universal set U
is endowed with a topology 7, then the 0-level set Ay can be defined as the closure of the support
of A, ie.,

Ao =l (AOJr) . (2)

If U is not endowed with a topological structure, then the intuitive way for defining the O-level
set is to follow the equality (1) for & = 0. In this case, the 0-level set of A is the whole universal set U.
This kind of 0-level set seems not so useful. Therefore, we always endow a topological structure to the
universal set U when the 0-level set should be seriously considered.

Let A be a fuzzy set in U with membership function ¢4. The range of ¢ is denoted by
R( ;) that is a subset of [0,1]. We see that the range R({ ;) can be a proper subset of [0,1] with
R(¢ z) # [0,1]. Define

a} =supR(C;) = sup ¢4(x) and af’q =infR(Cz) = inf ;(x).

xeAy x€Ap

Remark 1. We have the following observations.

o Forany0 <& < a%, even though a & R( ), we have A, = Aa% £ Q.

e Foranya% < wa < %, even though a ¢ R(E5), we have Ay # @. It is also obvious that Ay = @ for
x> a}. )

o If the maximum maxR(G ;) exists, ie., supR(C;) = maxR({;), then we have A“f@ #+ @.
If max R (¢ ;) does not exist, then A“} =Q.

Therefore we have the following interesting and useful result.

Proposition 1. Let A be a fuzzy set in U with membership function g ;. Define sy =sup R(¢ z) and

A

o { [O, 0(}) is a half-open interval, if the maximum max R (¢ ;) does not exist )

[O, a}] is a closed interval, if the maximum max R({ z) exists.

Then Ay # @ forall a € I and Ay = @ for all o ¢ I, Moreover, we have R (G 5) € I
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Remark 2. Recall that A is called a normal fuzzy set in U if and only if there exists x € U such that & ;(x) = 1.
In this case, we have I'; = [0,1]. However, the range R({ z) is not necessarily equal to [0,1] even though A is
normal, since the membership function of A is not necessarily a continuous function.

The 0-level set Aj of A is also called the proper domain of A, since ¢ 5(x) = 0 for all x & A,.
For a € I7, the a-level set A, of A may be called the upper a-level set (or upper a-cut) of A. We also
see that
Av={xeU:iz(x)>a} ={xecAy:&;(x)>a}

and
App ={xel:g;(x)>a} ={xeAy:&;(x)>a} (4)

Next we shall consider the so-called lower a-level set (or lower a-cut) of A.

Definition 1. Let A be a fuzzy set in a topological space U with proper domain Ag. For a € [0,1],
the following set
WA={xeAy:iz(x)<a}

is called the lower a-level set of A. For a € (0,1], we also define
wA={xehy:&s(x) <a}.

We remark that the lower a-level set 4 A is considered in the proper domain A rather than the
whole universal set U. In general, it is clear to see that

WA={xeAp:¢s(x)<a} A{xecU:¢z(x) <a}.

Next, we present some interesting observations. We first recall that the notation x € A\ B means
x € Aand x ¢ B.

Remark 3. Let A be a fuzzy set in U with range R (¢ z). Recall the notations
w5 =supR(Gz) and a = infR(Z ).
Then we have the following observations.
e Forany0 < a < a%, we have yA = @. For any a > o, even though a & R( z), using (4), we have
A=A \{xeAy:Cs(x) >a} =A\{x eU:4(x) >a} =Ay\ Awy # .

It is also obvious that (A = Ay for a > a’. If the minimum min R(E z) exists, i.e., inf R(z) =
min R (€ z), then we have “%A # @ and if min R( ;) does not exist, then ,X%A =Q.

Ifx € gAthen x € Agand ¢ ;(x) = 0.

Forany a, B € [0,1] with a < B, we have yA C ﬁA.

From Proposition 1, for o € Ij% with « > 0, we have

@#AaI{XGAoigA(X)ZBC}IAQ\{XEA():CA(X)<1X} :Ao\afA.

Regarding the lower a-level sets, from the first observation of Remark 3, we have the following
interesting and useful result.
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Proposition 2. Let A be a fuzzy set in U with membership function g ;. Define a% =infR(E ;) and

; (zx%, 1| is a half-open interval, if the minimum min R ( 4 ) does not exist

>0

©)

[a}, 1| is a closed interval, if the minimum min R({ ;) exists.
Then oA # @ forall a € 15 and A = @ for all o & 1.

Remark 4. If a; = 0 in Proposition 2, then 15 = [0,1]. However, the range R(¢ 4) is not necessarily equal to
[0,1] when A is normal, since the membership function of A is not necessarily a continuous function.

Based on the interval I in Proposition 2, we present some basic properties of lower a-level sets,
which will be used in the further study.

Proposition 3. Let A be a fuzzy set in U. Then we have the following results.

(i) Ifa € I5 witha < 1and {ay}; is a decreasing sequence in [0, 1] such that a, | a, then
A=) wA
n=1

(i) For a € I with a > O, the following statements hold true.

° Ifay, T w, then

UwACeAandy AC |Ja,-AC | w, A
n=1 n=1 n=1

o Ifay tawithwa, < aforall n, then

o

(i) Ifa € I3 with o <1, then

(iv) Ifa € I witha > 0, then

Proof. To prove part (i), sincea, > aforalln =1,2,-- -, we have WA C an/l foralln =1,2,---,which
implies 4 A C N1 a, A. On the other hand, for x € ", 4, A, we have & ;(x) < a, foralln =1,2,---,
which implies ¢ 4 (x) < inf, &, = «. Therefore, we conclude that x € LA.

To prove part (ii), given x € ,_A, we have ¢;(x) < a. Since a;, 1 &, given any 0 < € <
a — & 5 (x), there exists N such that 0 < « — ay < €, which says that § ;(x) < an, ie., x € Uy, an_A.
Therefore, we obtain the inclusion ,_ A C Unyq a,,—A- On the other hand, since «;,, T &, we have the
following cases.

e Ifay<aforalln=1,2, -, then,, A C 4A, which implies > ; 4, A C ,A.
Ifa, < aforalln = 1,2, -, we see that x € ,,A implies ¢ ;(x) < a; < a, which says that
anA Cy _Aforalln=1,2,---. Therefore, we have Uny ,an C A

Then we obtain the desired equalities and inclusions.
To prove part (iii), for 1 > B > a > 0, we have ,A C ﬁA. Therefore, we have the inclusion
WA C Npe(al] ﬁA. On the other hand, given any € > 0, for x € Nge(a1] 51‘1, we have x € 41 A, since
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a + € > w. This says that ¢ 5 (x) < « 4 €, which also implies ¢ 4 (x) < a, since € is an arbitrary positive
number (i.e., we can take € — 0). Therefore, we conclude that x € ,A.

To prove part (iv), for B < a, if x € ﬁA~, ie, ¢i(x) < B < a, then x € ,_A. Therefore we
obtain 5A C a—A, which implies the inclusion Jy< p<a lgA C 4—A. On the other hand, given any
x € A, we have ¢ ;(x) < a. By the denseness, there exists By such that ¢;(x) < By < a, ie.,
x € Uo<p<a /314. Therefore, we obtain ,— A C Up< B<a 514. This shows the desired equality, and the
proof is complete. [

Based on the interval I} in Proposition 1, we can similarly obtain the following results.

Proposition 4. Let A be a fuzzy set in U. Then we have the following results.

(i) Ifa € I; witha > 0and {ay};_, is an increasing sequence in [0, 1] such that ay T a, then

~ hag ~
=NA4
n=1
(i) Fora € I with a <1, we have the following results.

o Ifae0,1)andway | «, then U _ 1Aan Czﬁl,,(andA,,‘Jr -y ,1Aan
o Ifae|0,1)anduw, | a witha, > aforalln, thenA,H—Un 1 A4,

(iii) Ifa € IZ with o > 0, then
Av= () Ag= [ 4
B<E(0,4] Be(0,n)
(iv) Ifa € I:i with o < 1, then ) )
Aptr = U Ag.

a<p<1

Let f : S — R be a real-valued function defined on a convex subset S of a real vector space U.
Recall that f is quasi-convex on S if and only if, for each x,y € S, the following inequality is satisfied:

fAx+ (1= AN)y) <max{f(x), f(y)}

foreach 0 < A < 1. Itis well-known that f is quasi-convex on S if and only if the set {x € S : f(x) < a}
is convex for each « € R. We also recall that f is quasi-concave on S if and only if — f is quasi-convex
on S. More precisely, the real-valued function f is quasi-concave on S if and only if

fAx+ (1 =AN)y) > min{f(x), f(y)}

for each 0 < A < 1. We also have that f is quasi-concave on S if and only if the set {x € S : f(x) > a}
is convex for each & € R.

Let U be a vector space endowed with a topology, and let A be a fuzzy subset of U with
membership function § ;. It is well-known that the membership function ¢ ; is quasi-concave if
and only if the a-level set A, is a convex subset of U for each « € (0,1]. In this case, the union
Uo<a<1 Aa is also a convex subset of U. This says that the upper zero-level set

Ao =l ( U A,x)
0<a<1

is a closed and convex subset of U. In particular, if U = R then the convex set A, is reduced to be an
interval for a € [0,1].

Let f : (U, 7y) — R be a real-valued function defined on a topological space (U, 7;;). Recall that
f is upper semi-continuous on U if and only if {x € U : f(x) > A} is a closed subset of U forall A € R,
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and f is lower semi-continuous on U if and only if {x € U : f(x) < A} is a closed subset of U for all
A € R. Itis clear to see that if f is upper semi-continuous on U then — f is lower semi-continuous on
U, and if f is lower semi-continuous on U then — f is upper semi-continuous on U.

Definition 2. Let U be a vector space endowed with a topology, and let A be a fuzzy subset of U with
membership function ¢ 5. We denote by Fec(U) the family of all fuzzy subsets of U such that each A € Fo(U)
satisfies the following conditions.

e The membership function § ; is upper semi-continuous and quasi-concave on U.
e The upper 0-level set Ag is a compact subset of U.

In particular, if U = R then each A € Fo(R) is called a fuzzy interval. If the fuzzy interval @ is normal
and the upper 1-level set i is a singleton set {a}, where a € R, then i is also called a fuzzy number with core
value a. Usually, we write the upper case A to denote the fuzzy interval, and write the lower case @ to denote the
fuzzy number.

The upper semi-continuity and quasi-concavity says that each upper a-level set A, is a closed and
convex subset of U for a € [0, 1]. Recall that, in a topological space, each closed subset of a compact
set is a compact set. Since A, C Ay fora € (0,1], it follows that each upper a-level set A, is also
a compact set for « € (0,1].

Suppose that A is a fuzzy interval. Then the upper 0-level set A is a closed and bounded subset
of R. Also, the convexity, boundedness and closedness of each upper a-level set A, says that it is
a bounded closed interval for « € [0, 1]. More precisely, we have

P ifa & I
C) [ALAY] ifae Ty

In particular, if 7 is a fuzzy number, then a4, = [a%,a{] foralla € [0,1] and 4} = a{ fora =1, ie,,
the upper 1-level set d; = {ak = 4l = a} is a singleton set, where 4 is the core value.
Example 1. Let A be a fuzzy interval. Then the upper a-level set A, is a closed interval given by

Ay = [AL, AY] for all « € [0,1]. From part (iv) of Proposition 4, for a € I; with o < 1, we have

i P AL FU
A= U 4s= U [4h4f].
a<p<l a<p<1
Since A, C Ag for B < w, if we further assume that the end-points AL and AY are continuous functions

with respect to a on [0,1], then Ay = (AL, AY) is an open interval. In this case, from Remark 3, for a € I5
with o > a%, the lower a-level set 4 A is given by

WA= Ao\ Aus = [A5 A |\ (AL AY) = [AF AL] v AL AF]

that is also a closed set in R, where a% = inf R(§ z). This also says that the membership function ¢ 5 of Ais
lower semi-continuous. Therefore we conclude that the membership function of A is continuous. We also see
that the lower 1-level set is

1A = Ao = |Af,4f].
Suppose that the minimum min R (¢ z) exists, i.e.,

oc% = mfR(é‘A) = mmR(é‘A)
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Then the lower a-level set of A consists of two points as

o A= { AL

i
We also see that A = @for0<a< oc%.

3. Dual Fuzzy Sets

Let A be a fuzzy set in U with membership function ¢ ; defined on U. Recall that the membership
function of complement fuzzy set of A is denoted and defined by ¢ 5. = 1 — ¢ ; that is also defined
on U. Since the O-level set A is treated as the proper domain of A, we consider the restrict function
&l 4, of ¢ zc on Ag and define a function { 4. : Ag — [0,1] on A by

Car(x) = Caclg,(x) =1—-C4(x). (6)

Then we use the notation A* to denote the dual fuzzy set of A. The membership function of A* is
given in (6) that is also called a dual membership function. We also remark that ¢ ;. # ¢ 5., since their
domains are different.

Remark 5. The relationships between the a-level sets of A and A* are given below
o IfA,#Qand _,A* # @, then
Ap={xeU:¢z(x)>a}={xeU:{z(x) <1—a}=1_,A
o IfyA#Qand A{_(X # @, then
WA={xelU:¢z(x)<a}={xeU:fz(x)>1—a}=A1_,
o IfAX#Qand | A # @, then
Ay={xelU:ip(x)>al={xel:iz(x)<1—-a}=1_,A
o IfA* £ Qand Ay, # D, then

A ={xeU:¢sx)<a}={xeU:&4(x)>1—a}=A1_,.

Let us recall that notation I’; in Proposition 1 and the notation I; in Proposition 2. Then we have
the following interesting results.

Proposition 5. Let A be a fuzzy set in U with the dual fuzzy set A*. For a, B € [0,1] with « + B = 1, we have
the following properties.

(1) S I} i;andonlyoifﬁe 1,. iy
(i) Ifa € I5orB €I, then Ay = gA™.

Proof. We first have

l—ay=1- f;fi Calx) =1 +xi€n§0 (=¢a(x)) = xiergo (1-C4(x)) = xien/{() Ca-(x)=0a%. (7)

The equalities (7) also say that the maximum maxR(§ ;) exists if and only if the minimum
min R ( 4.) exists. To prove part (i), suppose that « € I;. We have two cases.
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e  Assume that the maximum maxR (i) exists. Then the minimum minR (¢ 4.) exists and
0<a< zxz, Therefore we obtain 1 > B > 1 — a*;, which also says that1 > § > DC% by using (7).
This shows that € I5,.

e  Assume that the maximum max R (¢ ;) doe not exist. Then the minimum min R (¢ 4. ) does not
existand 0 < & < a;. Therefore we obtain1 > B > 1 — a’;, which also says that 1 > > a by
using (7). This shows that § € I3,.

For the converse, suppose that p € I%,. Then we can similarly show that a € I';. Part (ii) follows
from Remark 5 and part (i) immediately. This completes the proof. [

Let A € F¢.(U). Then the membership function ¢ ; is upper semi-continuous and quasi-concave
on Ay. Itis also clear to see that the membership function ¢ ;. = 1 — ¢ ; of dual fuzzy set A* is lower
semi-continuous and quasi-convex on Ag. This says that the lower a-level set 4 A* is a closed and
convex subset of A for a € (0,1].

Example 2. Let A be a fuzzy interval with dual fuzzy set A*. Since the upper 0-level set Ay is bounded and
the lower a-level set o A* is a closed and convex subset of R for a € (0,1], it follows that 4 A* is also a bounded
closed interval given by

aA*_{® ifa ¢ 15,

WA, AY] ifac o,

Using part (ii) of Proposition 5, we also have

o) @ gl O ifo & I7,
¢ Ay ifa€ls, (AL AL ] ifac s,

This shows that
AL = AL and A = AT

From part (iv) of Proposition 3, for & € 15, with & > 0, we have

LA = U ﬁA*: U [ﬁA*L,[;A*U}-

0<B<a 0<B<a

Since ﬁA* C W A* for B < w, if we further assume that the end-points ﬁA*L and ﬁfl*u are continuous
functions with respect to B on [0,1], then o A* = (4 A*L,  A*U) is an open interval. In this case, from
Remark 3, for a € I, with o > 0, the upper a-level set A% is given by

Ay = A5\ o A" = [Ah AU\ (aA7L o AMY) = [Ab, 0 A7) U [ A7, AY]

that is a closed set in R. This also says that the membership function of A* is upper semi-continuous. Therefore,
we conclude that the membership functions of A* and A are continuous.

4. Dual Decomposition Theorems

Let A be a subset of U. The characteristic function x 4 of A is defined to be

(x) = 1 ifxeA
XAT=N 0 ifx ¢ A

Now we define the so-called dual characteristic function x% of A as follows

. )0 ifxcA
XA(x)_{ 1 ifx ¢ A
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It is clear to see that
xa(x)+xu(x) =1foreachx € U.

Let A be a normal fuzzy set in U. The well-known (primal) decomposition theorem says that the
membership function § ; can be expressed as

Galx) = sup a-x; (x)= sup a-x; (x),
a€l0,1] ae(0,1]

where x i, is the characteristic function of the a-level set A,. If A is not normal, then we can also
show that
Ea(x) = supa-xz(x) = sup w-xz (x).
wel’ a€R(Ey)
The (primal) decomposition theorem says that the membership function can be expressed in terms
of upper a-level sets. In the sequel, we are going to show that the membership function can also be
expressed in terms of lower a-level sets as the following form

Calx) =supa-x'4(x) = sup a-x";(x),
w€EIG a€R(Ey )

where x* 418 the dual characteristic function of lower a-level set , A.

Proposition 6. Let A be a fuzzy set in a vector space U that is also endowed with a topology. Given any fixed
x € U, we have the following results.

(i) Suppose that the minimum minR(Gz) exists. Then the function {x(a) = a-x 4(x) is lower
semi-continuous on 15.

(i) Suppose that the maximum maxR(Gz) exists. Then the function nyx(a) = a - x4 (x) is upper
semi-continuous on I';.

Proof. To prove part (i), from Proposition 2, we see that I7 is a closed interval. We need to show that
the following set

Fr:{txeljizéx(zx)Sr}z{wé[}:a-xﬁ(x)gr}

is closed for each r € R. If r < 0 then F, = @ is closed. If r = 0 then F, = {0} a singleton set is closed.
Ifr >1thenF, = 1104 is also closed. Therefore we remain to show that F, is closed for each r € (0,1).
Now, for each a € cl(F;), there exists a sequence {«,}?°; in F, such that &, — «, ie., a;, < rand
X € g, A for all n. Then we have

o= lima, <r<l1.
n—oo

We also see that there exists a subsequence {ay, }3”; of {a,};; such that &y, |  or ay, T a.

° Suppose that &y, T a,ie., &« > &y, for all k. Then we have x € «A, since “nkA C A for all k.
This says that « € F,, sincea <.

*  Suppose that a,; | «. Since x € 4, A for all k, using part (i) of Proposition 3, we have x € 4A.
This says that « € F, sincea <.

Therefore, we conclude that cl(F,) C F, i.e., F is closed.
To prove part (ii), from Proposition 1, we see that I'; is a closed interval. We need to show that the
following set

Fr:{aEI}:nx(a)zr}:{aelz’g:wxzqa(x)zr}

is closed foreachr € R. If r < 0 then F, = IZ isclosed. If r > 1 then F, = @ is closed. If r = 1 then
F, = @ or F, = {1} a singleton set is also closed. Therefore we remain to show that F; is closed for
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eachr € (0,1). Now, for each & € cl(F;), since r > 0, we have « > 0. Therefore, there exists a sequence
{an};> ; such thatwy, — aand &, € F, foralln,ie., a;, > rand x € Ay, for all n. Then we have & > r.
We also see that there exists a subsequence {ay, }>; of {w}5 ; such that a,, | « or ay, T a.

° If ay, | &, ie., a < ay forallk, then x € A,, since Aank C A, forall k by part (i) of Proposition 4.
This says that « € F,, since a > 7.

o [Ifay Ta Thensince x € A,, forall k by part (ii) of Proposition 4, we have x € A,. This says
thata € I, sincea > 7.

Therefore, we conclude that cI(F,) C F,, i.e,, F, is closed. This completes the proof. [

Theorem 1. (Dual Decomposition Theorem) Let A be a fuzzy set in U with proper domain Ay. For x € Ay,
the membership degree ¢ 5 (x) can be expressed in terms of lower a-level sets as follows

Ci(x)= sup a-x";(x)= max a-x*;(x)= max wa-|1—x i(x)
) S XA = B el = e (1)
= supa X z(x) = E%%;“'X:A(x) = maxa- [1 _XIXA(X)} / ®)
A

where 15 is given in (5).

Proof. Let ag = ¢4(x) € R(¢z) C I}, ie, ag € I3. Suppose that ag = 0. If x ¢ «A # @ for some
€ I%, then ¢ 4 (x) > & > 0, which contradicts ¢ 4 (x) = &g = 0. Therefore x € JAforalla € I;i’ which
says that « - X: A(x) =0foralla € I%. This shows that the equalities in (8) are satisfied. Now we
assume ag > 0. Then x € 4, A. Fora € I with & < a, if x € «A, then & z(x) < a < ap, which
contradicts ag = & 4 (x). Therefore, we have x ¢ WAfora e I;’i witha < ag. If & € I% with & > «g, then

X € A C A, which says that x € A for & > . Then we obtain

Sup & - X*A (x) = max sup @ X*A (x), sup - X*A (x)
ael% « {zxel%:zx<a0} : {vcel%:azao} *
=maxq  sup &0/ =max{ag,0} = ag = {z(x).

{ael§a<ag}
Since a9 € I3, the above supremum is attained. It means that

~ — . *~ .
galx) max X i(x)

The above arguments are still valid when I is replaced by R(¢ ). Therefore we obtain the
desired equalities. This completes the proof. [

Remark 6. The decomposition theorem for dual fuzzy set A* based on the upper «-level sets of A* is given by

Car(x) = sup -y (x).
kER(éA*)

According to Theorem 1, the dual decomposition theorem for A* based on the lower a-level sets of A* is
given by
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(:"*x = su D"X*~*X =  max 06~)(*~*x — max a. 1_X (x
! ( ) U‘GR(EA*) A ( ) ‘XER@A*) ad ( ) 04673(5[;*) |: adl ( )]

= sup « - * (x) = max « - * X :maxw{l— i X].
ad;g; X g0 (%) rox X g0 (%) e X, A (%)

Next we are going to present the dual decomposition theorem on a countable set. We write
Q(0,1] = QN (0,1], where Q denotes the set of all rational numbers. It well-known that the countable
set Q is dense in R. This means that, given any r € R, there exist two sequences {p, }9> ; and {g, }$>
in the countable set Q such that p,, T rand g, | ¥ as n — oo.

Theorem 2. (Dual Decomposition Theorem) Let A be a fuzzy set in U with proper domain Ag. Suppose that
inf R(¢z) = 0. For x € Ay, the membership degree ¢ 5(x) can be expressed in terms of lower a-level sets
as follows

() — * () = c* () = 1oy 9
¢alx) Sup Xoalx) = max a-x 5(x) = max & 1= x40 ©)
= sup a-x;(x)= max a-x";(x)= max a-|1—x i(x)]|. 10
ae@(}gﬂ X i(x) (ax X a(x) (X, [ X, Al )] (10)

Proof. From Remark 4, it follows that I3 = [0,1]. Using Theorem 1, we can obtain the equalities (9).
To prove the equalities (10), let { 5 (x) = ag. We first assume that xy = 0. From the proof of Theorem 1,
we have x € 4 A foralla € I5 = [0,1], which says that a - x* ;(x) = 0 for alla € Q(0, 1. It follows that

Calx) =ap=0= sup a-x";(x).
aeQ(0,1]

Now we assume that 0 < ag. Using (9), we have

0<4(x)=ag= sup a-x";(x) > sup oc-)(:A(x). (11)
aeQ(0,1]

Since &g > 0, from the proof of Theorem 1 we have x ¢ ,A fora € I5 =1[0,1] with & < ap.
The denseness also says that there exists a sequence {a, }?° ; in Q(0, 1] such that a;, T g with a, < ag.
It follows that x & , A forall n. Let T = {a,, }2>; C Q(0,1]. Then we have

Cilx) =ag = 1i111r1an = sup a, = sup &y 'X:nfi(x) =supa - X:A(x) < sup «a- X:A(x). (12)
n n ael acQ(0,1]

Combining (11) and (12), we obtain the equality

Calx) = sup a-x";(x)
a€Q(0,1]

This completes the proof. [

5. Dual Arithmetics of Fuzzy Sets

Let A and B be fuzzy numbers in R; that is, A and B are normal fuzzy sets in R satisfying some
elegant structures such that their a-level sets turn into the bounded closed intervals in R. Then we
have the following well-known equality

(A®B)y =Ayo0By={aob:a€ Ayandb € B,} fora € [0,1],

where the upper a-level sets are considered. For convenience, we use the same notation o to denote
the operations for the a-level sets A, o B, and the real numbers a o b. In this paper, we shall consider
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the general fuzzy sets in R rather than the fuzzy numbers to establish the similar equality based on the
lower a-level sets.

Let © denote any one of the four basic arithmetic operations ®, ©, ®, © between fuzzy sets A and
B in R. The membership function of A ® B is defined by

CAon(2) = sup min{¢ 4 (x),C5(y)}
{(xy)eUxU:z=xoy}

for all z € R, where the operation o € {+, —, X, /}, respectively. Since the 0-level sets Ay and By
are the proper domain of A and B, respectively, i.e., & (x) = 0 for x ¢ Ap and ¢5(x) = 0 for x & By,
we have

CAon(2) = sup min{¢ 4 (x),5(y)} = sup min{Z(x),{p(y)}.  (13)
{(xy)eUxU:z=xoy} {(xy)€AyxBy:z=xoy}

Inspired by the above expression (13), we define a new operation between A and B using the dual
membership functions as follows

Camn(z) = inf max{¢ z.(x),xx = _inf max{¢ sc(x), e .
Amp(2) ()€ Ao Byzeroy} {Ca(x),¢p ()} () Aon Byrz—roy) {Cae(x), Ce(w)}

We need to emphasize that

inf max{§4.(x),¢p(y)} # inf  max{¢z.(x),¢p(y)}.

{(x,y)€AgxBy:z=xoy} {(x,y):z=x0y}

However, this operation A [ B is reasonable, since we consider the proper domains as shown
in (13). Then we have

Ghp(d) = nf max{1 = E4(0,1 - (1))
=1- sup min{¢;(x),¢5(y)}
{(x,y)€AgxBy:z=xoy}
=1-C408(2),
which implies
$aos(2) +Camp(z) = L. (14)

Therefore we say that A [ B is the dual arithmetic of A ® B. This means that, instead of calculating
A ® B, we can alternatively calculate A [J B and use the duality (14) to recover A ® B. We are going to
study the lower a-level sets of dual arithmetic A [J B and establish the relationships between A © B
and AL B.

Let A and B be two fuzzy sets in R with membership functions & ; and ¢, respectively. Let

@5 = supR(G 1) and af = sup R(Gp). (15)

From Proposition 1 and (3), we see that A, # @ for « € I;, where I is given by

- { [O, a}) , if maxR (¢ ;) does not exist
%=

[O, a}] , if maxR(¢ ;) exists.

Similarly, we also see that B, # @ for a € I%, where I 5 is given by
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. { [O, a%), if maxR({5) does not exist
i=

[O, a%}, if maxR({p) exists.
For further discussion, we need a simple lemma.

Lemma 1. Let f be a real-valued function defined on A, and let k be a constant. Then

supmin {f(x),k} = min {supf(x),k}
x€A x€EA
and

inf max {f(x),k} = max { in f(x),k} .

Proof. We have

. k, if there exists x € A such that f(x) > k
min ¢ sup f(x), k sup f(x), if f(x) <kforallx € A.
x€A YA

and

max{ sup min{f(x),k}, sup min {f(x),k}},
{x€A:f(x)>k} {xeA:f(x)<k}
if there exists x € A such that f(x) >k

sup f(x), if f(x) <kforallx € A

x€A

max {k, sup  f(x) },
{xeA:f(x) <k}

if there exists x € A such that f(x) > k
sup f(x), if f(x) <kforallx € A

supmin {f(x),k}

x€eA

x€A

k, if there exists x € A such that f(x) > k
sup f(x), if f(x) <kforallx € A.

x€A

Another equality can be similarly obtained. This completes the proof. [J

Proposition 7. Let A and B be two fuzzy sets in R. Then the following statements hold true.

(1) We have
055 =Sup R(C 40p) = min{supR(Zz),supR(¢p)} (16)
with
[O o ) ifmaxR(¢ 5. 3) does not exist
liop =

{ AOB} ifmaxR(¢ 5. 5) exists

We also have (A ® B), # Oforoa €Iy, gand (A© B)y = @ fora & I,

AGB
(i) We have N

055 = IfR(G zmp) = max {inf R({ z.), inf R(&5.) }
— max {1 - supR(Z1),1 - sup R(Zp)} (7)



Mathematics 2019, 7, 11 14 of 24

with

°

B { (DCTZXDB’ 1}, if min R (¢ 45) does not exist
0B —

(€5 1], I mInR(E 4mp) exists

We also have o (AT B) # @ for a € 155 and (AT B) = @ for a & 15 5.

Proof. To prove part (i), let a’; and a be defined in (15). Then ¢ 4(x) < a’; and ¢5(y) < aj for all
x € Agand y € By. It follows that

min {4 (x), &5(y)} < min {a%, a3}

forall x € Ay and y € By, which implies

Caop(z) = sup  min{G,(x),¢5(y)}
{(xy):z=xoy}

= sup min{¢ z(x),¢5(y)} < min {“}'“E}
{(x,y)€AgxBy:z=xoy}

for all z € U. This says that min{a’, a3} is an upper bound of function {4, 5. Suppose that
n>C&4.p(z) forall z € U. Then 5 > min{¢4(x),¢z(y)} forall x € Ay, y € Byand z € U.
Using Lemma 1, we have

1 > sup sup min{¢ 4(x),¢3(y)} = min { sup {5 (x), sup (fg(y)} = min {a%, a3} .

XGAQ yEBQ xeAy yEBO

This says that min{a’;, a3} is a least upper bound of function {4.5. By the definition of
supremum, we obtain the desired equality (16). The interval I3 . follows from Proposition 1
immediately.

To prove part (ii), we first note that

x

inf §z.(x) =1—sup {z(x) =1—a%and inf {p(x) =1 sup Gp(x) =1—aj
x€Ay xeAy x€Ag x€Ag

Since
E4.(x) > inf &z (x) = 1—a and &g (x) > inf &g(x) = 1—a}
x€Ag x€Ag

for all x € Agand y € By, it follows that

max {¢ 4. (%), {p+ (y)} > max {1 —a%, 1 —ap}

for all x € Ag and y € By, which implies

Eiop(z) = _inf max{¢ 7. (x), &z > max {1—a%,1—a*
AE'B( ) {(xr]/)eAOXBo:Z:x*y} { A ( ) B (y)} { i B}

for all z € U. This says that max{1 —a’, 1 — a3} is a lower bound of function § 43. Suppose that
{ < Eimp(z) forallz € U. Then { < max{¢4.(x),¢z(y)} forall x € Ay, y € Bpand z € U.
Using Lemma 1, we have

¢ < inf inf max{¢ 4. (x), &z (y)} = max{ inf ¢ 4. (x), inf &5 (y)} =max {1 —a%,1—-a}}.
x€Apy€eDby x€Ag y€EBy
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* 1t
awl—ap

of infimum, we obtain the desired equality (17). The interval

’;m 5 By the definition

follows from Proposition 2

This says that max {1 - } is a greatest lower bound of function ¢

iar
immediately. This completes the proof. [

We write [ = It N I%. Then I # @ is given by

:O, zx}) N [O,a%), if max R (¢ ;) and max R (&) does not exist

:O, aﬂ N [O, a%) , if maxR({ ;) exists and max R () does not exist

)
)

o, (x*~) N [0, a%] , ifmaxR(¢ ;) does not exist and max R () exists
)

(
(
- (
(

= (18)
A
0 ocfd N [0,0(*3}, if maxR({ ;) and max R (&) exist.
From part (i) of Proposition 7 by referring to (16), we see that
N
' =13 5 (19)

Let S be a nonempty subset in a topological space (U, T). Recall that S is compact if and only if,
for every sequence {x, };_; in S, there exists a convergent subsequence {x, };2 ; in S. If the limit of
{xu, }32; is denoted by xo, then x¢ is in S. In particular, if U = R", then S is compact if and only if S is
closed and bounded. We need a useful lemma.

Lemma 2. (Royden ([18] p. 161)). Let U be a topological space, and let K be a compact subset of U. Let f be
a real-valued function defined on U.

(i) If f is lower semi-continuous, then f assumes its minimum on a compact subset of U; that is, the infimum
is attained in the following sense

inf f(x) = min f(x).

xeK xekK

(i) If f is upper semi-continuous, then f assumes its maximum on a compact subset of U; that is, the supremum
is attained in the following sense

sup f(x) = max f(x).

xeK xeK
If & ¢ I then A, = @ or B, = @. Therefore, in order to consider the operation
AyoBy={aob:ac Ay andb € B,},
we need to take a € I*'!. We also remark that if A and B are normal fuzzy sets then I*" = [0, 1].

Theorem 3. Let A and B be two fuzzy sets in R with the dual fuzzy sets A* and B*, respectively. Suppose that
the arithmetic operations ® € {&®, S, ®} correspond to the operations o € {+,—,*}. Then the following
statements hold true.

(i) Wehave (A® B)y =@ fora ¢ I*".
(ii) We have the following inclusion

(AOB)y D AyoBy =1 4A* 01 o B*foralla € "
(iii) Suppose that the membership functions of A and B are upper semi-continuous. Then

(AOB)y = AyoByforalla € I witha > 0
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and

(A@E)O ZCI(AQB)(H_ =l ( U (AaOBa)) .
O<ael*N
(iv) Suppose that the membership functions of A and B are upper semi-continuous, and that the supports Ay
and By, are bounded. Then

(AOB)y=AyoBy =1 4A* 01 4 B*foralla € T

Proof. To prove part (i), since [* = I% 5 by (19), Proposition 1 says that (A®B)y = @ for
@ I3 5= .

To prove part (ii), for « € [ witha > 0 and z, € Ay 0 By, since Ay # @ and B, # @, there
exist x, € Ay and y, € By such that zy = x4 0y for o € {+, —, %}, where ¢ ;(x4) > a and &5(ya) > a.

Therefore, we have

Ciop(zd) = o }min{éA(X),ﬁg(y)} > min{¢ 4 (xa), G (Ya)} = &,
X,Y):Zy =X0Y

which says that z, € (A ® B),. This shows that A, 0 By C (A ® B), fora € I*" with a > 0.
Now, for & = 0 and zy € Ay o By, there also exist xg € Ag and yo € By such that zg = x( oy for
o € {+, —,*}. Since

Ay=c({xeR:&;(x)>0}) and By =cl ({y € R: &z(y) > 0}),

there exist sequence {x,}5° ; in {x € R : {4(x) > 0} and sequence {y,}5" ; in {y € R: {3(y) > 0}
such that x,, — xg and y, — yp as n — 0. Let z, = x,, o y,. Then we see that z, — xg o o = 2, since
the binary operation o € {+, —, %} is continuous. We also have

$aop(zn) = « )Sup }min{CA(X)/éé(y)} > min{¢ z(xn),¢(yn)} >0,
X,Y):zp=x0Y

which says that z, € {z € R: {4, 5(z) > 0}. Since z;, — 2o, it means that
zo€c({zeR:&4.5(2) >0}) = (AG B)o.

This shows that Ag o By C (A ® B)g. Therefore we conclude that A, o B, C (A ® B), fora € I*".

To prove part (iii), in order to prove another direction of inclusion, we further assume that the
membership functions of A and B are upper semi-continuous; that is, the nonempty a-level sets A,
and B, are closed subsets of R for all « € I*". Given any & € [*" witha > 0and z, € (A © B)a,
we have

sup  min{¢4(x),¢5(y)} = Ca05(2a) > @ (20)
{(ey):za=xoy}

Since z, is finite, it is clear to see that F = {(x,y) : zo = x oy} is a bounded subset of R?. We also
see that the function g(x,y) = x o y is continuous on R?. Since the singleton set {z, } is a closed subset
of R, it follows that the inverse image F = ¢! ({z,}) of {z,} is also a closed subset of R?. This says
that F is a compact subset of R2. Now we want to show that the function f(x,y) = min{¢ 4(x),&5(y)}
is upper semi-continuous, i.e., we want to show that {(x,y) : f(x,y) > a} is a closed subset of R? for
any a € R.

e Forac " witha > 0,ie, Ay # @ and B, # @, we have

{(xy): f(xy) >at ={(xy) : $4(x) > aand §5(y) > a}
={(xy):x€Ayandy € By} = Ay x By,
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which is a closed subset of R2, since A, and B, are closed subsets of R.

e Ifa <0, then {(x,y): f(x,y) > a} = R?isa closed subset of R?.
If « ¢ I*" witha > 0then A, = @ or By = @. Suppose that A, = @. Then ¢ ;(x) < a for all
x € R. Similarly, if B, = @, then ¢5(y) < a for all y € R. Therefore we conclude that f(x,y) < a
for all (x,y) € R?, which implies {(x,y) : f(x,y) > a} = @ that is also a closed subset of R?.

Therefore the function f(x,y) is indeed upper semi-continuous. By Lemma 2, the function f
assumes maximum on F; that is, from (20), we have

max f(x,y) = max flx,y) = sup flx,y) > a (21)
(xy)€eF {(xy):za=x0y} {(xy):za=x0y}

In other words, there exists (x4, yx) € F such that z, = x4 0y, and

min{¢ ;(xa),$5(Ya)} = (X0, ya) = max f(x,y) > a,
(xy)€F

ie., C{i(xa) >« ar}d Cs(va) >
zy € Ayo By, ie, (AGB), C A,
equality. We also have

a. Therefore, we obtain x, € A, and y, € B,, which says that
o B, foralla € I*" with & > 0. Using part (i), we obtain the desired

(A®B)y=c(A®B)y. =d ( U Ao B),X> (using part (iv) of Proposition 4)
0<a<1

=cl ( U (Ao E,Q) (using part (i))
O<ael*N

:d< U (Aaoéa))
O<acr*n

To prove part (iv), for & = 0 and
Zp € (A @B)o =l ((A O) B)0+> =dl ({Z eR: érA@B(Z) > 0}) ,

there exists a sequence {z,};_; in the set {z € R : {;.5(z) > 0} such that z, — zpasn — co.
Using the above same arguments by referring to (21), we also have

0<Cioplzn) = sup  min{e;(¥),Ep()} =  max  min{ez(x), &0}
{(x,y):zn=x0y} {(xy):zn=x0y}

Therefore, there exist x;, and y, such that z, = x;, oy, and

min{gs(x), Ep(ya)} = max  min{E4(x),85(1)} >0,
{(xy):zn=x0y}

ie, §;(xy) > 0and {5(ys) > 0. This shows that the sequences {x,}?" ; and {y,}, are in the
supports Ap; and By, respectively. Since Ag; and By are bounded, ie., {x,}®_; and {y.},
are bounded sequences, there exist convergent subsequences {x,, };° ; and {yn, };°; of {x,};_; and
{yn}5_,, respectively. In other words, we have x,, — x9 and y,, — yo as k — oo, where xy €
cl(Agy) = Agand yo € cl(By+) = Bo. Let zy, = x, 0 Yy, Then {z,,, }° ; is a subsequence of {z,}%_;,
i.e., zy, — zp as k — 0. Since

zo = lim z,, = lim (x,, o = lim x o( lim =xpo0
07 ek lHoo( e © Yne) <1Hoo "") <1Hooy”’f 0 Yor
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which shows that zy € Ag o By. Therefore we obtain the inclusion (A ® B)g C A o By. Using parts (i)
and (ii), we obtain the desired equalities. This completes the proof. [J

We do not consider the operation @ in Theorem 3. The reasons is that the case of zero denominator
should be avoided. We also remark that the arguments in the proof of Theorem 3 are still available for
the operation © by carefully excluding the zero denominator. In order not to complicate the proof of
Theorem 3, we omit the case of operation ©.

Let A and B be two fuzzy sets in R with the dual fuzzy sets A* and B*, respectively. We define

a5, = infR(E 4.) and ag, = inf R(&z.). (22)

From Proposition 2 and (5), we see that ,A* # @ fora € I5., where I3, # @ is given by

(06%*, 1|, if minR(¢ 4.) does not exist

[“%“ 1|, ifminR({4.) exists.

Similarly, we also see that ,B* # @ for a € Iy, , where Iy, is given by

| (“%*’1 , if min R(ffg*) does not exist
" [“%*'1 , if minR(Cz.) exists.

We write [ = I3, N I5,. Then I°""is given by

(oc‘;i*, 11N (zxog*, 1|, if minR({ ) and min R(¢.) does not exist
fon [rx%*, 1N (ag,, 1], ifminR(4.) exists and min R ({z.) does not exist
B (a%*, 1/ N jag,, 1, ifmin R (¢ 4.) does not exist and min R (. ) exists
[a}*, 1N ag,., 1|, ifminR({s)and minR({s.) exist.

From part (ii) of Proposition 7 by referring to (17), we see that
o,MN _ 70
I =150 (23)

Let (U, 17) be a topological space, and let A be a subset of U. Then the subset A can be endowed
with a topology T4 such that (A, 74) is a topological subspace of (U, 1y7). In other words, the subset
C of Ais a T4-closed subset of A if and only if C = A N D for some 1y;-closed subset D of U. In this
case, we say that f : (A, T4) — Ris upper semi-continuous on A if and only if {x € A: f(x) > A} is
a T4-closed subset of A for all A € R. We also see that if f is upper semi-continuous on A then —f is
lower semi-continuous on A, and if f is lower semi-continuous on A then — f is upper semi-continuous
on A. We have the following observations.

e Suppose that A is a fuzzy set in U such that its membership function ¢ ; is upper semi-continuous
on U. Then ¢ 4 is also upper semi-continuous on the proper domain Ay. Indeed, the set

{xeAy:¢i(x) > A} =ANn{xeU:Z;z(x)>A}

is a 77 -closed subset of Ay.

e  Suppose that A is a fuzzy set in U such that its membership function ¢ z is upper semi-continuous
on the proper domain Ay. Then it is clear to see that the dual membership function ¢ 5. =1 — ¢
of A* is lower semi-continuous on Ay.
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Theorem 4. Let A and B be two fuzzy sets in R with the dual fuzzy sets A* and B*, respectively. Suppose that
the dual arithmetic operations [ € {8, 8, X} correspond to the operations o € {4, —, *}. Then the following
statements hold true.

(i) Wehave ,(ACIB) = @ fora & I°7.
(i) We have the inclusion

W(ATB) D aA 0 uB* = Ay_go By foralla € I°7,

(iii) Suppose that the membership functions of A and B are upper semi-continuous on Ay and By, respectively.
Then
(ABB) = A*0yB* = A;_4 0By 4 foralla € I°",

Proof. To prove part (i), since [°" = I35 by (23), Proposition 2 says that (A B) = @ for
w15, =10

To prove part (ii), fora € [ and z, € W A* 0 4B, there exist x, € A* and Ya € «B* such that
Zy = X 0 Yo for o € {+, —, x}, where ¢ 4. (xa) < wand . (va) < a. Therefore, we have

Camp(za) = _inf max{¢ 4. (x), {p+ ()} < max{&z.(xa), {p+ (¥a)} < o,
{(xy)€AgxBy:zo=x0y}
which says that z, € (A B). This shows that 4 A* 0 ,B* C , (AT B) fora € I°".

To prove part (iii), in order to prove another direction of inclusion, we further assume that
the membership functions ¢ ; and ¢ of A and B are upper semi-continuous on Ay, which imply
that the dual membership functions ¢ ;. and (. are lower semi-continuous functions on Ay; that
is, the nonempty lower a-level sets A* and ,B* are 7; -closed subsets of Ay for all « € [
Since (A B) # @ fora € Iiop = 1°", given any z, € (A B), we have

inf max{g 4. (x),Gp-(¥)} = Eamp(2a) < - (24)
{(xy)eAox Bo:za=xoy}

Since z, is finite, it is clear to see that
F={(x,y) € Ag x By : zo = x0y}

is a bounded subset of Ay x By. We also see that the function ¢(x,y) = x oy is continuous on Ao x By.
Since the singleton set {z, } is a closed subset of R, it follows that the inverse image F = ¢~ !({z,}) of
{z,} is also a closed subset of Ay x By. This says that F is a compact subset of Ay x By. Now we want
to show that the function f(x,y) = max{¢ 4.(x), 5. (v)} is lower semi-continuous on Aj x By, i.e., we
want to show that

{(x,y) € Agx Bo: f(x,y) <a}

is a closed subset of Ay x By for any « € R.

o Forac =15 ;=I5 NI witha >0,ie, A" # @ and (B* # @, we have

{(x,y) € Agx By : f(x,y) <a} ={(x,y) € Ag x By: &4 (x) <wand & (y) < a}
={(xy) € Agx By:x € yA*andy € (B*} = tA* x (B*

that is a closed subset of Ay x By, since ,A* and ,B* are closed subsets of Ay and By, respectively.
e Ifa <0 then{(x,y): f(x,y) <a} = Disaclosed subset of Ay x By.
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e Ifa &I witha > 0then ,A* = @ or ,B* = @. Suppose that ,A* = @. Then G s+ (x) > a for
all x € Ay. Similarly, if ,B* = @, then &z.(y) > a for ally € By. Therefore we conclude that
f(x,y) > aforall (x,y) € Ag x By,which implies

{(x,y) e Agx By: f(x,y) <a} =0

that is also a closed subset of Ay x By.

Therefore the function f(x,y) is indeed lower semi-continuous on Ay x By. By Lemma 2,
the function f assumes minimum on the compact subset F of Ay x By; that is, from (24), we have

min f(x,y) = min x,Y) = inf x,Y) < .
(x,y)eFf( ]/) {(x,y)erxBO:zA:xoy}f( ]/) {(x,y)eAngO:z,X:xoy}f( ]/)

In other words, there exists (x,,yx) € F such that z, = x4 0y, and

max{¢ 4. (¥a), G5 (Vo) } = f(Xa,¥a) = min f(x,y) <a,
(xy)eF
ie, ¢4 (xa) < aand ¢z.(ya) < a. Therefore, we obtain x, € «A* and y, € oB*, which says that

Zy € wA* 0 4B, i, o (A B) C yA* 0, B* foralla € I5op = [°7. This completes the proof. [

The related results regarding the mixed lower and upper a-level sets are presented below. Recall
that the 0-level set (A ® B)j is the proper domain of the membership function & ;.5 of A ® B.

Theorem 5. Let A and B be two fuzzy sets in R. Consider that the arithmetic operations ® € {®,0,®}
correspond to the operations o € {+, —, *}. Suppose that the membership functions of A and B are upper
semi-continuous. Then we have the following results.

e Ifa > min{supR(¢;),supR(&;)}, then (A ® B) = (A ® B)g that is the proper domain of the
membership function ¢ 5.5 of A® B.

o If0<a<infR({z.p) then o(A®B) = Q.
Ifinf R($z.5) <« <min{supR({z),sup R(p)}, then

a(A@B) = (A@B)O U (A/gogﬁ) = U ((A@B)o\(AﬁOBﬁ)) (25)
{BeI*":p>a} {BeI*":p>a}

o Leta = infR(Z4.5). If the minimum minR(E . 5) does not exist, then (A © B) = @. If the
minimum min R (¢ 5., 5) exist, then o (A © B) # @ and can be obtained from (25).

We further assume that the supports Aoy and By, are bounded. Then the above 0-level set (A ® B)g can
be replaced by Ag o By.

Proof. From the first observation of Remark 3, we see that (A ©® B) = @ for 0 < a < infR({5.5)-
Also, from (16), if

a2 aG 5 =supR(Gz.p) = min{sup R(Gz),sup R(Gp)}
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then ,(A® B) = (A® B). Forinf R(§4.5) < & < o’ 5 wehave

«(A®B)=(A®B)y\(A®B)st (using the first observation of Remark 3)

o
=
>>

/_o, (using part (iv) of Proposition 4)

= (A®B)g U (Aﬁ o Bﬁ) (using parts (i) and (iii) of Theorem 3).
{Bel*N:p>a}

Finally, using part (iv) of Theorem 3, the O-level set (A ® B)y can be replaced by Ay o By.
This completes the proof. [

Theorem 6. Let A and B be two fuzzy sets in R with the dual fuzzy set A* and B*, respectively. Consider
the dual arithmetic operations [J € {H, 8, K} correspond to the operations o € {+, —, x}. Suppose that the
membership functions of A and B are upper semi-continuous on Ay and By, respectively. Then we have the
following results.

e If0<a<af,; =max{l—supR(¢z) 1—supR(¢s)}, then (AOB)y = (AL B),e

o Ifa>supR(E;m5) then (AL B)y = @.
o Ifmax{1—supR({;),1—supR(Cs)} < a <supR(Ciqp) then

ADB

(AB), = (AL B)g U (pA" 0B
{BeI>N:0<B<a}
= U ((AQB)o\ (pA" 0 pB")). (26)

{BeI°M:0<B<a}

e Leta = supR(&;qp). If the maximum max R (¢ zop) does not exist, then (AL B)y = @. If the
maximum max R (& 45) exist, then (AE B)y # @ and can be obtained from (26).

Proof. From Remark 1, we see that (A [ B), = @ for a > sup R(& 455 Also, from (17), if
0 <a<a%; =infR({zmp) = max{l —supR(Gz),1—supR(p)}
then (A B), = (A B)“}D For a5 < & < sup R(¢ sm3), we have
(AQB)y = (ALB)o \a— (AL B) (using Remark 3)

= U /5 ) (using part (iv) of Proposition 3)
0<p<a

= (AGB) U (gA* 0 gB*) (using parts (i) and (iii) of Theorem 4).
{Bel>N:0<p<ua}

This completes the proof. [
Example 3. Let @ and b be two fuzzy numbers. Then we have
sup R (&) = sup R(&;) = Land I = [0,1].

Using Theorem 3, for a € [0, 1], the upper a-level set of & ® b is given by

syl

(@@ b)y = g0 by = [ag,aﬂ o [55,55} .
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Now we consider the lower a-level set of @ ® b. From Theorem 5, the lower 1-level set of & ® b is given by

120 b) =g © by = {ﬁérﬁlﬂ ° {55516[} -
Forinf R(G;.5) < & < 1, we have
@00 =G0 \ |J (agobs) =doob \ U ([ag,a}g’] o [Eg,ég]) .
a<p<1 a<p<1

Suppose that we take o = + and © = @. Then we have

1@ b)

a0 +bo = [a,all| + (B, B'] = |ab + B, aff + 5] .
For inf R(G;q5) < & < 1, we have

W@ob) = [af+ofal + 8| \ U |a5+bfaf + 8]
a<p<1

In order to obtain a more simplified form of (@ ® b), we further assume that the end-points ak, a, bL

and bl are continuous on [0, 1] with respect to a. Therefore the endpoints d/% + Eé and dlg + 13!%1 are continuous

functions on [0, 1] with respect to B, it follows that
AL L =U o U] — (AL L U U
U [aﬁ +bf, a4 +bﬁ} = (a,x + B, +b,x)
a<p<1

is an open interval. Therefore, for inf R(C.;) < « < 1, we obtain

aoh
W(E®D) = [a{; + Bk, ak +13,{;} U [ﬁ}j + b, ay +E}5’} .

Example 4. Let i and b be two fuzzy numbers with dual fuzzy set @ and b* in R, respectively. According to

Example 2 and (23), for [°7 = I2, N I7, the lower a-level sets of @ and b* are nonempty and given by

o = [t od Y] = |af 2, | and b = B = [BE B,
Using part (iii) of Theorem 4, the lower a-level set of the dual arithmetic a1 b is given by

(@0B) = " 0 b* = [aaL V] o [ob7L, o5V = [ab_,, | o [Bh_, BiL,].
Using Theorem 6, for 0 < a < sup R(C ), we have

(@0 b)), = (@10b)g U (5ﬁ*oﬁ5*)

0<p<a

= @mby \ U ([t ] o [t b))

0<B<u

=(alb) \ U ([ﬁ%_ﬁf ﬁ%ﬁﬁ} ° {ElL—ﬂ' B%IfﬁD

0<B<u
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For 0 < a < sup R(E,m;), we can similarly show that

U ({ﬁﬁ*L+ﬁE*L/ﬂﬁ*u+ﬁE*uD _ (aﬁ*L+aE*L/aa*u+aE*u)

0<B<a

= (ﬁ%ﬂx + E%fou alll—tx + E?—a)
is an open interval. Therefore, for 0 < a < sup R(&zm;), we obtain
(ﬁ B E)IX = (ﬁ B E)O \ (zxﬁ*L + aE*L/ aﬁ*u + D‘E*U) = (ﬁ & E)O \ (ﬁ%—tx + ElL—oc/ﬁ%Iﬂx + E%{a) :

6. Conclusions

Let A be a fuzzy subset of a universal set U with membership function denoted by ¢ ;.
The conventional a-level set is called the upper a-level set in this paper. Therefore, we define the
so-called lower a-level set that is based on the 0-level set Ay rather than on the whole universal set U.
The well-known (primal) decomposition theorem given below

Sa(x) = sup a-xz (x) = sup a-xg ()
ael01] ae(0,1]

is based on the normality of A. If A is not normal, then we have

Calx) = sup a-xz (x).
tXER(éA)

The (primal) decomposition theorem says that the membership function can be expressed in terms

of upper a-level sets. In this paper, we establish the so-called dual decomposition theorem by showing
that the membership function can be expressed in terms of lower a-level sets as shown below

y _ A — S — 1=
CAle) = sup v x4 (7) = gy a0 = mge 1= x4l

= sup a-x";(x)= max a-x";(x)= max a-|1—x i(x
o () = max &) = max o (1400

by referring to Theorem 2.
On the other hand, the conventional arithmetic operation between fuzzy sets A and B in R is
defined by
Ciop(2) = sup min{¢z(x),&5(y)}
{(xy)eUxU:z=xoy}

for all z € R. Using the dual membership functions, the dual arithmetic operation is defined by

Camp(z) = _inf max{& . (x), & (1) .
ADB( ) {(x,y)€Agx By:z=x0y} { (%), Cp (v)}

Then the following interesting duality relation is established
Ciop(2) +Camp(z) = 1forallz € U.

The advantage of considering dual arithmetic is, when A [ B is easier to calculate than that of
A ® B, we can just first calculate A [J B and then to recover the arithmetic by using the duality relation.
In future study, we shall apply the dual decomposition theorem and dual arithmetic of fuzzy
numbers to investigate the fuzzy real analysis. We also expect to use the results obtained in this paper



Mathematics 2019, 7, 11 24 of 24

to study the fuzzy problems arisen from the topic of operations research, which are always used to
model the engineering problems.
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