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Abstract: In this paper, first we consider the maximum likelihood estimators for two unknown
parameters, reliability and hazard functions of the generalized Pareto distribution under progressively
Type II censored sample. Next, we discuss the asymptotic confidence intervals for two unknown
parameters, reliability and hazard functions by using the delta method. Then, based on the
bootstrap algorithm, we obtain another two pairs of approximate confidence intervals. Furthermore,
by applying the Markov Chain Monte Carlo techniques, we derive the Bayesian estimates of the two
unknown parameters, reliability and hazard functions under various balanced loss functions and the
corresponding confidence intervals. A simulation study was conducted to compare the performances
of the proposed estimators. A real dataset analysis was carried out to illustrate the proposed methods.

Keywords: generalized pareto distribution; progressive type ii censored samples; maximum
likelihood estimator; delta method; Gibbs and Metropolis-Hasting algorithm; balanced loss function

1. Introduction

In recent years, with the continuous development of statistics, the research on the generalized
Pareto distribution (GPD) is gradually deepened. The generalized Pareto distribution is an important
distribution in statistics, which is widely used in the fields of finance and engineering. Zhang [1]
proposed the likelihood moment estimation method for parameters in the generalized Pareto
distribution. By combining maximum likelihood estimation and goodness of fit, Husler et al. [2]
proposed a new estimator for the generalized Pareto distribution. Rezaei et al. [3] derived the maximum
likelihood estimators, Bayes estimators and some confidence intervals for stress-strength reliability
based on progressive Type II censoring schemes.

The cumulative distribution function (cdf) and the probability density function (pdf) of the GPD
are, respectively, given by

Fx(x) =1—(14Ax)"%, 1)

Fx(x) = aA(1 4 Ax) (@D, )

where x > 0, > 0and A > 0. Here, a and A are the shape and scale parameters, respectively. Then,
reliability function r(x) and hazard function & (x) are, respectively, derived by

r(x) = (14 Ax)™* 3)
o= 22
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In many cases, censored samples are more popular than complete samples because they need less
test time and save some associated costs. Progressive Type Il censoring scheme is a more common
sampling method. It has the flexibility to remove units at points other than the end point of the
experiment. The following is a brief introduction to the progressive Type II censoring scheme. Assume
that there are n independent and identically distributed units in the experiment. There will be m failures
observed before the end of the experiment. At the time of the first failure Xj.j,.,, Ry units are randomly
removed from the n — 1 surviving units. When the second failure Xjy.,,.,, occurs, Ry units are randomly
removed from the surviving n — Ry — 2 units. Finally, when the mth failure occurs, the remaining
Ry=n— Z;":_ll R; — m units are all discarded and the experiment ends. Then, we get the censoring

scheme (R1, Ry, - - -, Ry). There are two special cases worth noting. When Ry = Ry = -+ = R;;_1 =0,
that is, R,, = n — m, the censoring scheme (0,0, - - - ,Ry;) is Type II censoring scheme. In addition,
when Ry = Ry = --- = Ry, = 0, the censoring scheme (0,0, - - - ,0) corresponds to the complete

sample. Some authors have studied different inference problems based on the progressive Type II
censoring scheme. Wang et al. [4] studied inverse estimation for both parameters in a certain family
of two-parameter lifetime distributions and some confidence intervals based on progressive Type
IT censoring scheme. Kim et al. [5] proposed Bayes and the maximum likelihood estimators for
parameters and the reliability function of the exponentiated Weibull lifetime distribution on basis
of progressive Type II censored sample. Ahmed [6] obtained the maximum likelihood and Bayes
estimators of both parameters, reliability and hazard functions with two-parameter bathtub-shaped
lifetime model under progressive Type II censoring scheme.

For Bayesian inference, we need to calculate posterior quantities of interest, which is essentially
the calculation of the high-dimensional integral of a function. However, in practice, it is difficult to
compute those high-dimensional integrals because they are complex and uncommon. The Markov
Chain Monte Carlo (MCMC) technique properly solves this problem by calculating high-dimensional
integrals in a simulated manner. It provides a convenient and efficient way to extract samples from
the target posterior distribution. In recent years, it is common to estimate unknown parameters
using the MCMC methods. Meshkanifarahani and EsmaileKhorram [7] derived Bayes estimators of
parameters in the weighted exponential distribution by using MCMC methods. Jaheen and Harbi [8]
obtained Bayes estimators of parameters and the reliability function in the exponentiated Weibull
distribution by using MCMC methods. Pandey and Bandyopadhyay [9] obtained Bayes estimators of
parameters in the inverse Gaussian distribution under MCMC methods. Sarikhanbaglu [10] discussed
the maximum likelihood estimation and Bayesian estimation of the parameters and reliability functions
of the GPD, which are based on a progressive Type II censored sample with random (Binomial)
removals. Abdallah [11] studied the maximum likelihood estimation, Bayesian estimation and
bootstrap estimation of three unknown parameters for the new Weibull-Pareto distribution based
on progressive Type II censored sample. Based on a certain class of exponential-type distributions
including the Pareto distribution, Abdel-Aty et al. [12] proposed the Bayesian prediction intervals of
generalized order statistics by using multiply Type II censoring scheme. El-Sagheer [13] dealt with the
Bayesian point prediction for the GPD based on general progressive Type II censored sample.

In this article, we derive the maximum likelihood and Bayesian estimators of the two unknown
parameters, the reliability and hazard functions in the GPD under progressive Type II censored sample.
We use various methods including maximum likelihood method, delta method, logit transformation,
arc sine transformation and bootstrap algorithm to obtain different confidence intervals. More
importantly, we discuss Bayesian estimates based on different balanced loss functions using the
MCMC methods. In addition, we analyzed the influence of relevant parameters on the estimation
results in a simulation study. Two examples were analyzed to illustrate the proposed methods.

The rest of this article is organized as follows. Section 2 discusses the maximum likelihood
estimators of the two unknown parameters, the reliability and hazard functions. Some asymptotic
confidence intervals are obtained in Sections 3 and 4 derives confidence intervals by using Bootstrap
algorithm. We discuss Bayesian estimation under MCMC methods and four different balanced loss
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functions in Sections 5 and 6 shows some simulation results. Section 7 presents a numerical example
to illustrate the methods proposed above and Section 8 makes the conclusion.

2. Maximum Likelihood Estimation

In this section, we discuss the maximum likelihood estimators of the two unknown parameters,
the reliability and hazard functions with generalized Pareto distribution based on progressive Type
II censored sample. Let X1.n < X2umn < -+ < Xpumen be a censored sample from GPD with the
censoring scheme (Ry, Ry, - - -, Ryy). Then, the likelihood function can be written as

m
L(x1,x2, -+, xm|a, A) = Ka" A" [ (1 + Ax;) R 5)
i=1
where K =n(n—1—-Ry)(n—2—Ry —Rp)---(n—m+1-Y"] L R;). Then, we get the log-likelihood
function by
m
InL(xy, %2, , Xml|a,A) =InK+mIna+mInA — Y [a(R; +1) + 1] In(1 + Ax;). (6)
i=1

Thus, the corresponding likelihood equations are obtained by

oL m ¥R, 41)In(1+Ax;) =0, @)
ou i3
and
olnL  m & a(Ri+1)+1]x
oA A Z 1+ Ax; =0 ®

i=1

respectively. According to Equation (7), we can get the expression of the MLE of « by

m

. _ 9
AMLE = i (R, 1) In(1 + Ax;) ©)

Substituting Equation (9) into Equation (7), we have
m i m(Ri +1) + "1 (R + 1) In(1 + Ax;)] x; 0 (10)

A = (1+/\x,) Imzl(Rl—f—l) ln(l—l—)\xl)
Since it is difficult to find an explicit solution to Equation (10), we can use R to find the MLE of A.
Then, we put the MLE of A into Equation (9) to get & 1.
Utilizing the property of invariance, we can get the MLE of the reliability and hazard function
from Equations (3) and (4) by

Pue(t) = (14 Apppt) ML (11)
hagie(f) = TMLEAMLE 12)
14 Appet

Next, we consider the approximate confidence intervals of two parameters, the reliability and
hazard function.
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3. Asymptotic Confidence Interval

The 100(1 — ¢)% confidence intervals of a and A can be obtained from the asymptotic
normal distribution of the maximum likelihood estimators (&prf, A MLE), and their variance
(Var(&pmrg), Var(Apprg)) can be obtained from the inverse of the Fisher information matrix.

The Fisher information matrix I = I(«, A) is given by the expectation of the negative second
derivative of the log-likelihood function. Then, we have

ZInL ZInL

—p| 922  QaoA
I(a,2) =E _azlnL _azlnL ! (13)
JAdu oA2
where
ZInlL _m
on2 w2’
FInL _  m i[zx(Ri—l—l)+1]xi
0A? A= (14 Ax)?
?InL azlnLi_i (Ri+1) x;
onoA  dAda = 1+Ax;

The expectation of the above expression is difficult to get. Therefore, we consider the observed
Fisher information matrix, which is taken at point («,A) = (&rzg, Amig). The variance-covariance
matrix of (&prE, AMLE ), which is the inverse of the observed Fisher information matrix, is given by

#InL  2*InL] "

U _OInl
I R Awie) = a2aﬁ1L Ao

oAda  oA2 (a,A)=(&MLEAMLE) (14)

R Vhr(ﬁchiE) COU(“MLE: )\MLE)
Cov(&pmre, AMLE) Var(Amre)

In general, (&1, AMLE) approximates a bivariate normal distribution with mean («,A) and
variance-covariance matrix I~ (& g, Apre), that is,

(&mre, AmrE) ~ N [(0‘ A1 (’XMLEr/\MLE)}

Therefore, the 100(1 — &)% confidence intervals of & and A are

&mLE + Zgjo\/ Var(&pie) and Amie + Zejon/ Var(Amie), (15)
respectively. The coverage probabilities can be expressed as
AMLE — Amie — A
CP, =P { M < Zc/z] and CPy =P [ M < zg/z} , (16)
Var(&mLe) Var(ApmLe)

respectively, where Z¢ , is the {/2 percentile of the standard normal distribution.
Moreover, to construct the asymptotic confidence intervals for reliability and hazard functions,
we need to apply the delta method to estimate their variances. Let

- (. 50) - (4020,
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where
al’(t) _ — ar(t) _ —a—1
Yl (1+At)"*In(1 + At), Y at(1+ At) ,
on(t) A oh(t) it
du 1+ At oA (1+AH)%

Then, the asymptotic estimators of Var(#) and Var(h) are defined as

Var(r) = [Qf17'Qi], , Var(i) = QI Q] a7)

,A)=(&prEAMLE) a,A)=(&mrEAMLE)

respectively. Therefore, we have the following relationships:

Pumie(t) —r(t) N(0,1), Iaie(t) — h (t)
Var(#) Var(h)

~ N(0,1).

Furthermore, we can derive the 100(1 — ¢)% asymptotic confidence intervals of r(t) and & () by

PumLE(E) £ Zgjo\/ Var(), e (t) £ Zg o/ Var(h). (18)
The coverage probabilities can be expressed as
CP, =P [ M < Zé/zl and CP, = P [ Wijht) < Zg/z] p (19)
Var(PmLE) Var(humie)
respectively.

In addition, Krishnamoorthy and Lin [14] discussed two transformations as follows:
(Logit transformation) Let g(7(t)) = In (11(:() i) ) Then, we have ¢/(7(t)) = W Using the
delta theorem, we can obtain the 100(1 — &)% confidence interval of ¢(r(t)) by

in (20 ) & 2 20

1—7(¢) 1—17(t))
Similarly, we can get the 100(1 — &) % confidence interval of ¢(h (t)) by
/ Var(h
n h(f) + Zé/Z#' (21)
1= () h(H1 —h(t))

If the upper and lower bounds of the above confidence intervals are represented by LB and UB,
respectively, the confidence intervals of r(t) and & (t) can be expressed as

{eLB (1 +6LB>’1IEUB (1 +eUB>1} _ (22)

. . 5 . . 2 (5 _
(Arc sine transformation) Let ¢(7(t)) = arcsin ( r(t)). Then, we have ¢/(?(t)) = WO
Using the delta theorem, we can obtain the 100(1 — &) % confidence interval of g(7(t)) by

arcsin( ?(t)) +Zsp 4?(1‘;/((117@(1‘))‘ (23)
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Similarly, we can get the 100(1 — &)% confidence interval of g(/ (t)) by

. - Var(h)
arcsin (\/h()ﬁ)) + Zz /o m (24)

Then, the confidence intervals of r(t) and & (t) can be obtained by
[sinZ(LB), sinZ(UB)} ) (25)
where LB and UB are given in (22).

4. Bootstrap Confidence Interval

When the sample size is small, it is well known that confidence intervals based on the progressive
results does not perform well. Thus, we discuss two confidence intervals on basis of the bootstrap
algorithm, including the percentile bootstrap algorithm, which we call the bootstrap-p algorithm, and
the bootstrap-t algorithm.

4.1. Bootstrap-p Algorithm

The bootstrap-p algorithm is the much simpler of the two algorithms. The process of obtaining
the approximate confidence intervals is as follows:

(1)  Based on the progressive Type II censored sample X, calculate the MLEs of « and A expressed as
AMLE, AMLE by solving Equations (7) and (8).

(2)  Under the pre-set censored scheme (R1, Ry, - - - , R, ), generate a bootstrap sample from the Pareto
distribution with parameters & g and AMLE-

(3)  Similar to Step (1), under the bootstrap sample, calculate the MLEs of & and A expressed as &*
and A*.

(4) Due to the invariance property, get the MLEs of the reliability and hazard functions using
Equations (3) and (4), denoted as 7* = (1 + A*t)~%" and i* = 1”:3\‘;

(5) RepeatASteps (2)f(4) ]\/{ times to get (éi‘,@;, e ,GAXA) based on M different bootstrap samples,
where 0] = (&%, A*, 7", h*).

(6) Arrange (éf,@;, cee, éj‘w) in an ascending order to get (éz*l),éz‘z),- . ,@E‘M)).

After the above steps, we can get a set of 100(1 — §)% confidence intervals for a, A, (t) and 1 (t),
respectively

[/ ¥ima—eszy | - [Materay Mma—esan | - [Foviesay Fosa—ern | - [Biateray Baaa—eran) - @0)

4.2. Bootstrap-t Algorithm

Compared to the bootstrap-p algorithm, the bootstrap-t algorithm is slightly more complicated,
but more accurate when the sample size is small. The following algorithm can be used to obtain the
bootstrap-t confidence intervals.

(1) Based on the progressive Type II censored sample X, calculate the MLEs of « and A expressed as
AMLE, AMLE by solving Equations (7) and (8).

(2)  Generate a bootstrap sample from the Pareto distribution with parameters & sy p and Apgrp. Under
the bootstrap sample, calculate the MLEs of  and A expressed as &* and A*. Then, get the MLEs

ahili : sk 3 k) —&* P RFAF :
of the reliability and hazard functions by #* = (1+ A*t)™* and h* = IR TL respectively.
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Define the followi istics: T — & —&mie TA _ —AmLE T = #*—PmLE Th — It —hye

3) efine the following statistics V@)’ Var(/\*) Tor (7] and Var(i)”
where Var(&*), Var(A*), Var(#*) and Var(h*) are obtained using the Fisher information matrix
and delta method.

(4) Repeat Steps (2)~(3) M times to get {T%, T%, -, T}, {T}, T3, -, Ty L {10, Th, - -+, Thy} and
{1}, Th, -, T}
(5) Arrange {Tfl,TéX’,,, ’TK(/I}’ {T/\’Té\"' TZ)\\/I} {T{’Tzr’ ' Tr/\} and {T{Z/sz /TZ;\I/I} in
3 3 n T T
ascendmg order t;) obtain {T T(z)r' . )} {TA Y (2 T } {T , (2) . ’T(M)} and
{T (1) 2), e, T(M) I3 respectwely.

After the above steps, we can get a set of 100(1 — &) % confidence intervals for a, A, r(t) and £ (t),
respectively

-NMLE+VQAQ/M\/VaraNME ) &emre + Ty g2y v&m&NMEﬂ, (27)
_/\MLE + T (Mz/2)V Var(Amee), AmLe + T M(1-£/2)) Vh”(}\MLE)} , (28)
_muE+TMW2wVWer ), PMLE + T{m1-¢/2)) VM@Mwﬂ, (29)
_MME+TMU2MVWhMM e + Thaa /) Wn@MEﬁ. (30)

5. Bayesian Estimation

In this section, we consider the Bayesian estimators of &, A, reliability and hazard functions and
the corresponding confidence intervals using the Markov Chain Monte Carlo (MCMC) technique.
Suppose « and A obey the gamma prior distribution independently. Then, the prior density functions
of w and A can be written as

g(w) o amTle™h® y > 0,a; > 0,b; >0, (31)
@A) o A27lemhA A 50,45 > 0,b, > 0. (32)

Therefore, the joint prior density function of « and A is obtained by
g(ﬂé, )\) o aﬂlfl/\ﬂzflef(hlﬂé+b2)\)‘ (33)

By using the likelihood function given by Equation (5) and the joint prior density function given
by Equation (33), the joint posterior density function of « and A is given by

L(x17x2/ T /xm|lx/)\) X g(ﬂ(,)&)

fooo fooo L(x1,x2,- -, xm|a, A) x g(a, A)dadA (34)
o oc‘“+m_1}\”2+m_1e_(b1“+bz/\) Hzmzl(l + Axi)["‘(Rf+1)+1].

gla, Alxy, x0, -+, xpm) =

Obviously, Equation (34) is complicated and difficult to get the posterior conditional distribution
of each parameter. Therefore, we consider the Gibbs sampling method, which is the simplest, most
intuitive, and most widely used MCMC method. The Gibbs sampling method needs to simulate
sampling from these posterior conditional distributions. With Equation (34), we can get the posterior
conditional density of « by

g(lX|)\, X1,%X2, - ,xm) o Déa1+m 1 *’X[b]Jr 1(R; +1)1n(1+)\x,)] (35)
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Similarly, the posterior conditional density of A is given by

m
g la,x1, x5, -+, x) oc AT LemPA T (1 4 Ay) (R, (36)
i=1

From Equation (35), it is easy to see that samples of a can be generated using any gamma
generating routine. By observing Equation (36), we know that the conditional posterior distribution of
A is not a common distribution, so we cannot sample directly from it in the usual way. Thus, we apply
the Metropolis—Hastings algorithm (M-H algorithm) to obtain random data from this distribution.
The M-H algorithm is a useful method for generating random samples from the posterior distribution
using a proposal density. Therefore, we need to generate an initial value from the normal proposal
distribution N(A, V(A)), where V(A) represents the variance of A. See [15] for more details.

We set up the M-H algorithm in Gibbs sampling as follows:

Algorithm 1 M-H algorithm in Gibbs sampling

1: Set the initial value (a(?,A(9)) and set j = 1.

2: repeat
3 LetA =AU,
4  Generate a'/) from gamma distribution Ga (a; +m, by + Y7, (R; + 1) In(1 + Ax;)).
5. Generate a new candidate parameter value o from N(In(A), V(A)).
6:  Let A" =exp(0).
. . g(A*|a), data)A*
7: Compute ‘B = min il, W ‘
8  Accept AU) = A* with probability B and accept AU) = A with probability 1 — B.
9:  Calculate r/) = (1 + )t(j)t)’“(j) and hli) = &/A0

1+A0 "
10: Letj=j+1.

11: until j=N+1

To ensure convergence and eliminate the impact on the choice of initial values, we discard the first
M pairs of analog values. Therefore, for a large enough N, we obtain approximate posterior samples
al) and AU) for Bayesian estimation, where j =1,2,--- ,N.

Bayesian Estimation under Balanced Loss Functions

In Bayesian estimation, to achieve the best estimate, a suitable loss function has to be chosen.
However, there is no specific procedure in the estimation process to determine which loss function we
should use. In many cases, authors usually use a symmetric loss function for convenience. However,
in the case where losses are asymmetrical, it is not appropriate to choose a symmetric loss function
indiscriminately. Thus, we need to consider some asymmetric loss functions. Furthermore, in some
cases, when one loss is a real loss function, the Bayesian estimation under the other loss function
performs better than that under the real loss function. Therefore, we consider different loss functions
to get a better understanding in Bayesian analysis. In this paper, we discuss several symmetrical and
asymmetric loss functions, such as K-Loss function, modified squared error loss function, precautionary
loss function, etc. In this section, we consider the balanced loss function (see [16]), which is a more
general asymmetric loss function and can be written as

Lpw,s(6,0) = wp(do,8) + (1 — w)p(6,9), (37)

where p(6,d) represents an arbitrary loss function, and Jy represents a priori target estimator of 6,
which can be obtained by maximum likelihood, least-squares or unbiasedness. w represents the weight
of p(Jp, &), which ranges from 0 to 1.
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p(6,8) can choose a variety of loss functions. When p(6,6) chooses the symmetric loss function

2
K-Loss function ( \/g — \/E) , we obtain the balanced K-Loss function (BKLF), which can be

written as
2 2
a0 =02 8) vaman (i) -

We obtain the Bayesian estimator of 8 under the BKLF by

(39)

o (x) = wd + (1 — w)E(8]x)d
TN w+ (1—w)dE(0-Yx)

When p(6,0) = (5799)2 , we obtain the balanced weighted squared error loss function (BWSELF) by

8 — do)? §—0)°
Ly (6,6) = w800 4 (1 ) D=0 (40)
o 0
The Bayesian estimator of 6 under the BWSELF is derived by
1+w(d—1
Su(x) = — (% —1) (41)

+ (1= w)E(O~!x)’

2
When p(6,6) = (1 — g) , the balanced modified squared error loss function (BMSELF) has the
following form:

5\? )
Ly, (0,0) = w <1 - 50) +(1-w) <1 - 9> , (42)
and the Bayesian estimator of # under the BMSELF is given by

_ wép+ (1 —w)FBE0x)

) T W) ) =
When p(0,9) = (‘5}9)2 , the balanced precautionary loss function (BPLF) is represented by
Lo, (6,6) = WW F—w)l _59)2, (44)
and the Bayesian estimator of # under the BPLF is obtained by
8u(x) = \Jwd + (1 - w)E(62]2). (45)

By observing Equation (39), it is easy to know that, when w = 1, the Bayesian estimate under
BKLEF is equivalent to the maximum likelihood estimate, and when w = 0, it is equivalent to the
Bayesian estimate under KLF (symmetric). According to Equations (41), (43) and (45), it is clear that
the Bayesian estimates under the balanced loss functions are equivalent to the maximum likelihood
estimates in the case of w = 1, and are equivalent to the Bayesian estimates under different asymmetry
loss functions (e.g., WSELF, MSELF, and PLF) in the case of w = 0.
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According to Equation (39), the approximate Bayesian estimates of «, A, reliability and hazard
functions based on the BKLF are given by

Wiy p(N = M) + (1 — @)amre TNy &)

- , (46)
w(N—M)+ (1 —w)apre EjI\LM+1 ﬁ
WAZ (N = M) + (1 — w)Amie E]N:MH AU (47)
w(N—M)+ (1 - w)AmLe ZJ‘I\LMH ﬁ ’
WPmre(DR(N = M) + (1 — @)paire(t) T prar 70 (1) 8)
W(N = M) + (1 = @)Pmre(t) T pra ,mlﬁ /
wﬁMLE(t)Z(N -M)+(1- w)flMLE(t) Zjl\iMH h(j)(t) (49)

w(N = M)+ (1 — w)hpe(t) RIS h(%(t)

respectively. In addition, by using Equation (41), we can obtain the approximate Bayesian estimates of
«, A, reliability and hazard functions based on the BWSELF by

[1+w(@ymre —1)](N — M)

W = w(N—M)+(1_w)]ZjI\iM+1a(lf>l *
) = e
() = w(“M(fmﬁL(El(t_);)gfLA:)m -

respectively. Similarly, by observing Equation (43), we can derive the approximate Bayesian estimates
of a, A, reliability and hazard functions under the BMSELF by

wipre(N —M) + (1 - )D‘MLE Z:] M+l (1) (54)

(N = M) + (1 = )&y T priq [,X B

, (55)

(1
wAmLe(N = M) + (1 — w)A3, ¢ Zj:M+1 ﬁ
W(N = M) + (1= @) A e T pri ﬁ
wipLe(t) (N = M) + (1 — ) pape(t)? ZfiMH =OI0)
W(N = M) + (1 = @)Pmre(H L p EU0 (t”
wWhyee (N = M) + (1= ) huaee (P T 1l
W(N = M)+ (1= @)hme () v e

/ (56)

/ (57)

respectively. Finally, from Equations (45), the approximate Bayesian estimates of «, A, reliability and
hazard functions under the BPLF are obtained by
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. . 1-w) Y ,
Agp = wh%, o+ [a]2, (58)
MLE N-—-M j:§+1
o o (1- w) N )
Agp = wA?2 + [/\(])}2, (59)
MLE N—M ]':;4-1
5 5 1-w) &
TBp(i’) = wrMLE(t)2 + [T(])(i’)]z, (60)
N-M j:§+l
. . 1— N :
hgp(t) = whpre(t)? + N _a]\J/I) 2 [h(]) (t)]3, (61)
j=M+1

respectively.

Further, «0),A0),7(0)(x) and h)(x),j = M +41,---,N are arranged in ascending order,
and the 100(1 — ¢)% approximate confidence intervals of a, A, r(t) and & (t) are [a(z/2), 2(1—g/2)],
A Aa-er) sz ra-g9) and g ), ha—g2)), respectively.

6. Simulation Study

In this section, we discuss the performance of the estimates and confidence intervals that are
considered in the previous sections using different methods. Here, we report the simulation results
in the case of « = 0.5,A = 1.2,7(t) = 0.6742 and h (t) = 0.2727. For the point estimation methods,
we compared the expected values (EV) and mean square errors (MSEs) of the estimators for «, A,
reliability and hazard functions. In addition, we generated kinds of progressively Type II samples
from the generalized Pareto distribution (GPD) for different progressively Type II censoring schemes.
For example, ((1,0) * 3) presents the censoring scheme (Rj, Ry, R3, R4, R5,R¢) = (1,0,1,0,1,0) in
tables. For each censoring scheme, we calculated the MLEs of a, A, r(t), h (t) by using Equations (9)—(12).
According to Equations (46)—-(61), we computed the Bayesian estimates of «, A, #(t), h () under various
balanced loss functions. In the Bayesian estimation under various balanced loss functions, for each
given censoring scheme, we compared the EVs and MSEs of the parameters when w takes 0, 0.3, 0.6,
and 0.9, respectively, to obtain an optimal w. We derived EVs and MSEs of these estimators more than
1000 times and then took the means (Tables 1-5). For the interval estimation methods, Tables 6 and 7
report the coverage probabilities (CPs) and average lengths (ALs) of the 95% confidence intervals (Cls)
using the delta method and Bayesian estimation, respectively, which were based on 1000 simulations.
See Appendix A for a selected R code.

By observing and comparing the simulation results, we draw the following conclusions:

(1)  For the maximum likelihood estimation, as the sample size n increases, the expected values are
closer to the true values and the MSEs become smaller and smaller. For the censored sample,
when n and m are fixed, the first censoring scheme for each group, i.e., (Ry,0,---,0), is more
efficient than the other cases. In addition, when # is fixed, the MSEs of « and A decrease with
increasing m for the same type of censored scheme. Furthermore, based on the complete sample,
that is, m and n are the same, the simulation results are more efficient than those based on
the censored samples. The MLEs of the reliability and hazard functions are efficient for each
censoring scheme in terms of expected values and MSEs.

(2)  Compared to the maximum likelihood estimation, Bayesian estimates are more efficient in respect
of expected values and MSEs in most cases. Similar to the maximum likelihood estimation, as the
sample size n increases, the expected values are closer to the true values and the MSEs become
smaller and smaller. More importantly, the Bayesian estimates are better based on BMSELF
than on the other three balanced loss functions. By observing Tables 2-5, we know that, as w
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®)

increases, that is, the weight of the MLE increases, the MSEs of « and A also increase, and the
Bayesian estimation performs well when w takes 0 or 0.3. Therefore, for the several balanced
loss functions we consider in this paper, it is more appropriate to choose BMSELF and let w take
a value between 0 and 0.3. The Bayesian estimation of the reliability and hazard functions are
always efficient for each censoring scheme in terms of expected values and MSEs.

The average lengths of the asymptotic confidence intervals using the delta method decrease as n
increases. The approximate confidence intervals using the MCMC methods are more efficient in
terms of average length. The coverages of the confidence intervals in all cases are close to 95%.

Table 1. MLEs of two parameters, reliability and hazard functions for « = 05, A = 1.2, t =1,
r(t) = 0.6742, h (t) = 0.2727.

AMLE AMLE PMLE hmie
EV MSE EV MES EV MSE EV MSE

n m Scheme

(15, 0*14) 0.7295 04148 1.3354 1.7638 0.6725 0.0043 0.2794 0.0035

15 (1*15) 11352 22361 1.2917 2.3352 0.6732 0.0075 0.2939 0.0109
(0%14, 15) 1.6795 5.0339 1.4291 4.0459 0.6649 0.0068 0.3105 0.0157
30 (10, 0*19) 0.6314 0.1867 1.3790 1.4650 0.6750 0.0079 0.2743  0.0050

20 ((1, 0)*10) 0.7327 04469 1.3480 14974 0.6709 0.0061 0.2843 0.0055
(0%19, 10) 09556 1.2462 1.3050 1.7646 0.6766 0.0058 0.2840 0.0067

30 (0*30) 0.5775 0.0583 1.3394 09275 0.6735 0.0058 0.2739  0.0032
(25, 0*24) 0.6007 01356 1.3391 1.1008 0.6735 0.0067 0.2758  0.0045
25 (1*25) 0.8362 0.8787 1.2579 1.0837 0.6735 0.0042 0.2845 0.0049

(0*24, 25) 11918 2.2459 1.2254 1.7473 0.6764 0.0037 0.2918 0.0070

50 (20, 0*29) 0.5793 0.0655 1.3570 0.9251 0.6697 0.0058 0.2772  0.0035
30 ((2,0,0)*10) 0.6475 0.2025 1.2210 0.6504 0.6752 0.0038 0.2787 0.0031
(0*29, 20) 0.8468 0.8551 1.3021 1.4316 0.6745 0.0037 0.2828 0.0043
50 (0*50) 05359 0.0213 1.2916 0.4270 0.6729 0.0034 0.2735 0.0019
(50, 0*49) 0.5414 0.0213 1.2771 0.3944 0.6719 0.0034 0.2751 0.0019
50 (1*50) 05962 01218 1.2401 0.4397 0.6762 0.0021 0.2748 0.0018
(0%49, 50) 0.7895 0.7026 1.2413 0.8239 0.6730 0.0018 0.2840 0.0029
100

(25, 0*74) 0.5199 0.0101 1.2562 0.2437 0.6741 0.0022 0.2725 0.0012
75  ((1,0,0)*25) 0.5366 0.0227 12017 0.2385 0.6782 0.0020 0.2716 0.0012
(0*74, 25) 0.5396 0.0213 1.2381 0.3254 0.6762 0.0018 0.2724 0.0010

100 (0*100) 0.5185 0.0073 1.2286 0.1762 0.6744 0.0017 0.2730 0.0009
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Table 2. Bayesian estimates of two parameters, reliability and hazard functions under BKLF(symmetric)
fora =05 A=12t=1,r(t) =0.6742, h () = 0.2727.

n m Scheme w &pK ABK PBK hsx
EV MSE EV MES EV MSE EV MSE
0 05121 0.0179 1.2959 0.2739 0.6574 0.0106 0.2781 0.0082
(15, 0*14) 03 05765 0.0540 1.3159 0.5078 0.6454 0.0120 0.2957 0.0111
! 0.6 06062 0.0801 1.3287 0.9207 0.6621 0.0113 0.2815 0.0073
0.9 0.8135 1.7988 15234 57062 0.6783 0.0137 0.2737 0.0098
0 05045 0.0137 1.2598 0.0912 0.6593 0.0064 0.2760 0.0054
15 (1#15) 03 0.6626 03844 1.2424 04816 0.6640 0.0075 0.2758 0.0055
0.6 0.8920 13647 1.2857 1.4494 0.6718 0.0054 0.2779 0.0056
09 20881 14.6824 1.1198 1.8529 0.6798 0.0069 0.2930 0.0100
0 04992 0.0215 1.2067 0.0356 0.6698 0.0069 0.2694 0.0071
(0%14, 15) 03 1.0289 1.2122 1.0690 0.5527 0.6582 0.0070 0.2898 0.0082
! 0.6 15224 36823 1.0814 1.2649 0.6666 0.0053 0.2953 0.0085
09 27769 219839 1.1982 2.0566 0.6690 0.0078 0.3103 0.0216
30 0 05143 0.0145 1.2018 0.1469 0.6689 0.0066 0.2720 0.0055
(10, 0%19) 0.3 0.5100 0.0122 1.3401 0.6901 0.6729 0.0070 0.2651 0.0040
! 0.6 0.5635 0.0293 1.3573 0.6284 0.6546 0.0080 0.2870 0.0054
09 07038 1.5566  1.4837 21206 0.6699 0.0057 0.2742 0.0031
0 05214 0.0139 1.2394 0.0901 0.6567 0.0052 0.2820 0.0046
20 (1, 010) 03 0.6254 02410 1.2743 0.5984 0.6653 0.0054 0.2753 0.0038
! 0.6 06224 02549 13171 0.6278 0.6692 0.0054 0.2738 0.0037
09 08002 0.8658 1.3656 1.6131 0.6702 0.0067 0.2810 0.0051
0 05108 0.0189 1.2408 0.0679 0.6613 0.0072 0.2781 0.0066
(0*19,10) 03 06673 02785 11359 0.3319 0.6763 0.0050 0.2698 0.0047
! 0.6 1.0367 17189 1.1007 0.7295 0.6739 0.0072 0.2819 0.0065
09 12883 48761 1.2928 1.5514 0.6678 0.0063 0.2923 0.0080
0 0.4964  0.0105 1.2379 0.1489 0.6747 0.0052 0.2663 0.0040
30 (0%30) 03 0539 0.0130 1.2129 0.2340 0.6652 0.0049 0.2792 0.0035
0.6 0.5512 0.021 1.2323 0.4314 0.6720 0.0057 0.2745 0.0036
09 06544 05487 1.0872 0.3532 0.6903 0.0052 0.2660 0.0033
0 05206 0.0115 1.2292 0.1399 0.6615 0.0062 0.2794 0.0050
(25, 0%24) 03 05098 0.0134 1.2339 0.3124 0.6803 0.0051 0.2623 0.0034
! 0.6 05576 0.0327 1.2343 0.5708 0.6790 0.0057 0.2679 0.0036
09 05788 0.0591 1.3106 0.8365 0.6759 0.0055 0.2728 0.0037
0 04938 0.0095 1.2676 0.0728 0.6671 0.0038 0.2711 0.0032
25 (1%25) 0.3 05793 0.1637 1.2512 0.1761 0.6667 0.0043 0.2748 0.0043
06 07166 05440 1.1638 0.4054 0.6730 0.0040 0.2775 0.0035
09 07572 07635 1.2134 0.6535 0.6662 0.0048 0.2895 0.0050
0 05043 0.0126 1.2307 0.0236 0.6654 0.0040 0.2751 0.0039
(0*24, 25) 0.3 0.7494 0.3687 1.0630 0.2633 0.6696 0.0034 0.2796 0.0037
! 0.6 09020 09606 1.1328 0.6668 0.6746 0.0037 0.2797 0.0037
09 14866 6.8278 1.1407 1.2582 0.6715 0.0043 0.2960 0.0070
50 0 05027 0.0078 1.2492 0.1329 0.6673 0.0045 0.2726 0.0033
(20, 0%29) 03 05335 0.0138 1.3218 0.3231 0.6517 0.0065 0.2881 0.0044
! 0.6 05374 0.0206 1.2621 0.4112 0.6726 0.0039 0.2720 0.0023
09 05681 0.03118 1.2139 0.4216 0.6755 0.0051 0.2747 0.0031
0 05246 0.0094 1.2128 0.0501 0.6584 0.0039 0.2837 0.0034
30 (2,0, 0)*10) 0.3 05371 0.0189 1.2151 0.2055 0.6662 0.0034 0.2780 0.0029
it 0.6 05912 0.0668 1.2221 0.3968 0.6680 0.0040 0.2802 0.0034
0.9 0.5660 0.0394 1.2736 05366 0.6731 0.0039 0.2755 0.0028
0 0.5189 0.0129 1.2139 0.0277 0.6611 0.0039 0.2812 0.0039
(0*29, 20) 0.3 0.6470 0.1577 1.1433  0.2251 0.6619 0.0041 0.2849 0.0040
! 0.6 06794 04335 1.1997 0.4098 0.6779 0.0028 0.2699 0.0019
09 08499 19333 1.1748 0.5691 0.6792 0.0040 0.2771 0.0039
0 05019 0.0050 1.1764 0.0543 0.6774 0.0028 0.2674 0.0022
50 (0%50) 03 05138 0.0057 1.1536 0.1253 0.6811 0.0033 0.2665 0.0022
0.6 05120 0.0063 1.2641 0.2747 0.6738 0.0032 0.2702 0.0017
09 05204 0.0141 1.3066 0.4652 0.6749 0.0028 0.2702 0.0016
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Table 2. Cont.

Scheme

MSE

100

50

(50, 0%49)

0.3
0.6
0.9

0.5110
0.5193
0.5219
0.5245

1.2312
1.2029
1.3740
1.2453

0.6646
0.6736
0.6570
0.6811

0.2779
0.2718
0.2823
0.2666

0.0025
0.0021
0.0023
0.0017

(1#50)

0.3
0.6
0.9

0.5212
0.5339
0.5581
0.5725

1.2014
1.1631
1.1887
1.2626

0.6625
0.6714
0.6684
0.6664

0.2818
0.2756
0.2802
0.2816

0.0021
0.0014
0.0018
0.0020

(0%49, 50)

0.3
0.6
0.9

0.5078
0.5874
0.6389
0.7626

1.2283
1.1511
1.1795
1.2645

0.6643
0.6668
0.6728
0.6732

0.2780
0.2803
0.2768
0.2795

0.0016
0.0016
0.0018
0.0022

75

(25, 0*74)

0.3
0.6
0.9

0.5065
0.5164
0.5025
0.5165

1.2490
1.2062
1.2398
1.2319

0.6647
0.6698
0.6792
0.6761

0.2777
0.2756
0.2660
0.2709

0.0016
0.0014
0.0014
0.0011

((1,0,0)*25)

0.3
0.6
0.9

0.5168
0.5198
0.5359
0.5397

1.2038
1.1762
1.1860
1.1683

0.6644
0.6709
0.6717
0.6816

0.2801
0.2760
0.2767
0.2694

0.0011
0.0009
0.0014
0.0013

(0%74, 25)

0.3
0.6
0.9

0.5005
0.5041
0.5156
0.5176

1.2092
1.2133
1.2292
1.2887

0.6720
0.6747
0.6731
0.6754

0.2718
0.2700
0.2725
0.2698

0.0010
0.0010
0.0010
0.0013

100

(0%100)

0.3
0.6
0.9

0.5007
0.5085
0.5050
0.5140

1.2024
1.1949
1.2692
1.2330

0.6746
0.6747
0.6685
0.6759

0.2702
0.2714
0.2749
0.2708

0.0008
0.0010
0.0007
0.0009

14 of 26
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Table 3. Bayesian estimates of two parameters, reliability and hazard functions under BWSELF
(asymmetric) fora =0.5,A =1.2,t =1, r(t) = 0.6742, h (t) = 0.2727.

n m Scheme w Xpw Asw few hpw
EV MSE EV MES EV MSE EV MSE
0 05052 0.0150 1.2288 0.1982 0.6460 0.0083 0.2734 0.0056
(15, 0*14) 0.3 0.5708 0.0824 1.3688 0.8193 0.6537 0.0106 0.2731 0.0078
! 0.6 0.6775 2.5322 1.7295 25935 0.6525 0.0124 0.2711 0.0069
09 0.8571 3.0385 14262 1.8476 0.6746 0.0126 0.2716 0.0088
0 04867 0.0158 1.2105 0.1618 0.6582 0.0072 0.2638 0.0055
15 (1*15) 0.3 1.1495 4.6274 1.3377 3.1453 0.6552 0.0077 0.2767 0.0065
0.6 15756 14.2018 1.4234 3.5125 0.6658 0.0084 0.2753 0.0104
09 13576 123708 1.4056 2.6339 0.6670 0.0047 0.2826 0.0041
0 0.4938 0.0207  1.1381 0.0277 0.6606 0.0073 0.2652 0.0068
(0%14, 15) 0.3 1.4550 5.8279 1.2561 1.0695 0.6623 0.0053 0.2696 0.0049
! 0.6 20026 19.5092 1.2636 0.8326 0.6735 0.0068 0.2685 0.0081
09 56666 1341643 1.2393 29914 0.6672 0.0090 0.3083 0.0216
30 0 04781 0.0118 1.1917 0.1180 0.6707 0.0062 0.2573  0.0045
(10, 0%19) 0.3 0.5297 0.0225 1.3206 0.5905 0.6644 0.0063 0.2664 0.0039
! 0.6 0.5659 0.1003 1.2527 0.6021 0.6774 0.0076 0.2629 0.0057
09 0.6523 0.1436 1.3337 1.1321 0.6592 0.0087 0.2887 0.0067
0 04854  0.0139 1.2357 0.1289 0.6604 0.0066 0.2659 0.0054
20 (1, 0#10) 0.3 0.6458 0.5396 1.2330 0.3457 0.6544 0.0098 0.2803 0.0071
! 0.6 0.6711 1.4195 14741 15730 0.6594 0.0058 0.2751 0.0039
0.9 0.7909 1.8625 11973 1.1317 0.6908 0.0071 0.2628 0.0047
0 0.5038 0.0137 1.1218 0.0378 0.6643 0.0051 0.2673 0.0045
(0*19,10) 03 0.8469 2.0518 11934 03361 0.6645 0.0061 0.2714 0.0049
! 0.6 0.7971 2.0761 1.1813 0.4814 0.6773 0.0045 0.2651 0.0042
09 16191 16.7141 1.4198 1.5417 0.6740 0.0058 0.2734 0.0038
0 0.4988 0.0087 1.1775 0.1187 0.6676 0.0057 0.2665 0.0042
30 (0%30) 0.3 05042 0.0092 1.4201 0.6289 0.6584 0.0063 0.2730 0.0039
0.6 0.5382 0.0428 1.3131 0.4540 0.6683 0.0043 0.2709 0.0033
09 0.5582 0.0306 1.4114 09387 0.6629 0.0073 0.2791 0.0041
0 05144 0.0111 1.1803 0.0957 0.6564 0.0045 0.2751 0.0034
(25, 0%24) 0.3 0.5135 0.0163 1.2984 03512 0.6615 0.0060 0.2721 0.0048
! 0.6 0.5510 0.0282 1.3613 1.2283 0.6605 0.0076 0.2779 0.0047
09 0.5579 0.0625 1.3812 09348 0.6757 0.0058 0.2674 0.0036
0 05129 0.0148 1.1956 0.0495 0.6529 0.0058 0.2794 0.0051
25 (1%25) 0.3 0.6049 0.2284 1.1941 0.1927 0.6589 0.0040 0.2776 0.0032
0.6 08256  4.2661 1.1867 0.3491 0.6641 0.0046 0.2799 0.0045
09 09571 6.0187 1.2033 0.7051 0.6708 0.0039 0.2832 0.0043
0 04957  0.0094 1.1867 0.0274 0.6622 0.0033 0.2693 0.0029
(0*24, 25) 0.3 1.2128 4.3048 1.2784 0.6632 0.6499 0.0050 0.2884 0.0049
! 0.6 1.1603 5.0027  1.2293 0.6281 0.6699 0.0036 0.2732 0.0033
09 22661 379267 14453 1.5556 0.6639 0.0046 0.2877 0.0065
50 0 05159 0.0097  1.1711 0.0998 0.6580 0.0061 0.2761 0.0043
(20, 0%29) 0.3 05174  0.0098 1.2467 03194 0.6648 0.0057 0.2720 0.0038
! 0.6 05264 0.0256 1.2658 0.4859 0.6767 0.0050 0.2635 0.0029
09 0.5469 0.0276 1.2878 0.7460 0.6799 0.0061 0.2660 0.0034
0 04875 0.0058 1.1890 0.0678 0.6707 0.0026 0.2629  0.0020
30 (2,0, 0)*10) 0.3 0.5229 0.0123 1.3253 0.3347 0.6563 0.0053 0.2786 0.0039
it 0.6 0.5682 0.0513 1.2106 05421 0.6762 0.0038 0.2675 0.0028
0.9 0.5834 0.0606 1.2225 05522 0.6794 0.0041 0.2701 0.0031
0 0.4980 0.0104 1.1624 0.0281 0.6670 0.0033 0.2680 0.0033
(0*29, 20) 0.3 0.8208 1.4334 1.2254 0.2261 0.6612 0.0031 0.2773 0.0026
! 0.6 0.8476 1.7892 1.2270 05095 0.6723 0.0038 0.2721 0.0034
09 09874  4.8006 1.1928 0.6647 0.6668 0.0026 0.2864 0.0024
0 0.5038 0.0049 1.2181 0.0669 0.6616 0.0030 0.2750 0.0021
50 (0%50) 0.3 0.5039 0.0048 11959 0.1266 0.6734 0.0029 0.2675 0.0020
0.6 05123 0.0099 1.3350 05122 0.6714 0.0038 0.2693 0.0023
09 0.5472 0.0177 1.2568 0.4148 0.6720 0.0034 0.2749 0.0020
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Table 3. Cont.

Scheme

MSE

100

50

(50, 0%49)

0.3
0.6
0.9

0.5102
0.4978
0.5106
0.5266

1.2153
1.2422
1.3513
1.3050

0.6603
0.6730
0.6639
0.6719

0.2768
0.2667
0.2746
0.2724

0.0021
0.0022
0.0014
0.0018

(1#50)

0.3
0.6
0.9

0.4987
0.5131
0.5453
0.5778

1.1807
1.2058
1.2508
1.2069

0.6694
0.6696
0.6635
0.6708

0.2702
0.2714
0.2799
0.2790

0.0023
0.0017
0.0024
0.0020

(0%49, 50)

0.3
0.6
0.9

0.5003
0.6272
0.8215
0.9666

1.1896
1.1790
1.2041
1.2239

0.6657
0.6758
0.6731
0.6820

0.2726
0.2672
0.2725
0.2718

0.0015
0.0019
0.0012
0.0016

75

(25, 0*74)

0.3
0.6
0.9

0.4900
0.5045
0.5053
0.5145

1.1692
1.2331
1.2536
1.2899

0.6787
0.6686
0.6713
0.6712

0.2629
0.2727
0.2714
0.2728

0.0012
0.0012
0.0015
0.0009

((1,0,0)*25)

0.3
0.6
0.9

0.5046
0.5003
0.5050
0.5188

1.1888
1.2372
1.2234
1.2404

0.6675
0.6714
0.6785
0.6742

0.2737
0.2700
0.2657
0.2719

0.0015
0.0014
0.0012
0.0009

(0%74, 25)

0.3
0.6
0.9

0.5042
0.5084
0.5218
0.5313

1.2002
1.1623
1.2421
1.2799

0.6656
0.6749
0.6694
0.6744

0.2748
0.2691
0.2745
0.2713

0.0014
0.0011
0.0012
0.0010

100

(0%100)

0.3
0.6
0.9

0.4869
0.5022
0.5106
0.5151

1.1871
1.1742
1.2263
1.2836

0.6789
0.6776
0.6706
0.6656

0.2633
0.2669
0.2736
0.2782

0.0011
0.0009
0.0010
0.0008

16 of 26
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Table 4. Bayesian estimates of two parameters, reliability and hazard functions under BMSELF
(asymmetric) fora =0.5,A =1.2,t =1, r(t) = 0.6742, h (t) = 0.2727.

n m

Scheme

XBM

hpm

EV

MSE

EV

MSE

15

(15, 0%14)

0.3
0.6
0.9

0.4809
0.4728
0.4962
0.5876

0.0264
0.0199
0.0166
0.0730

1.1007
1.1273
1.0840
1.2046

0.6316
0.6474
0.6757
0.6766

0.2579
0.2559
0.2502
0.2705

0.0083
0.0066
0.0055
0.0060

(1*15)

0.3
0.6
0.9

0.4557
0.4697
0.5096
0.5617

0.0181
0.0169
0.0217
0.0634

1.1388
0.9402
0.9536
1.2092

0.6363
0.6436
0.6565
0.6714

0.2514
0.2615
0.2737
0.2762

0.0057
0.0067
0.0064
0.0059

(0*14, 15)

0.3
0.6
0.9

0.4480
0.4583
0.4875
0.5456

0.0168
0.0155
0.0229
0.0592

1.0802
0.7950
0.8225
1.1376

0.6489
0.6444
0.6584
0.6703

0.2437
0.2619
0.2724
0.2798

0.0053
0.0053
0.0075
0.0099

30

20

(10, 0%19)

0.3
0.6
0.9

0.4698
0.4756
0.5255
0.5997

0.0145
0.0155
0.0285
0.0673

1.1282
1.1569
1.1603
1.3589

0.6490
0.6544
0.6596
0.6583

0.2536
0.2571
0.2695
0.2831

0.0054
0.0046
0.0065
0.0050

((1,0)*10)

0.3
0.6
0.9

0.4864
0.4869
0.5198
0.5876

0.0099
0.0120
0.0232
0.0680

1.1343
1.0101
1.1366
1.1927

0.6360
0.6579
0.6507
0.6736

0.2653
0.2600
0.2766
0.2729

0.0039
0.0039
0.0048
0.0041

(019, 10)

0.3
0.6
0.9

0.4944
0.4739
0.5207
0.6422

0.0109
0.0127
0.0199
0.0752

1.0737
0.9679
0.9074
0.8985

0.6388
0.6624
0.6727
0.6834

0.2658
0.2554
0.2662
0.2850

0.0037
0.0037
0.0050
0.0083

30

(0#30)

0.3
0.6
0.9

0.4810
0.4902
0.5129
0.5566

0.0097
0.0079
0.0120
0.0309

1.1064
1.1135
1.1331
1.2104

0.6621
0.6632
0.6702
0.6798

0.2566
0.2625
0.2654
0.2679

0.0046
0.0033
0.0030
0.0043

25

(25, 0%24)

0.3
0.6
0.9

0.4788
0.5103
0.5283
0.5800

0.0098
0.0119
0.0204
0.0487

1.1193
1.0356
1.1229
1.1436

0.6556
0.6607
0.6629
0.6765

0.2561
0.2658
0.2718
0.2744

0.0036
0.0046
0.0051
0.0049

(1%25)

0.3
0.6
0.9

0.4785
0.5063
0.5277
0.6244

0.0115
0.0099
0.0180
0.0851

1.1189
0.9305
0.9614
1.1138

0.6554
0.6541
0.6654
0.6710

0.2583
0.2721
0.2754
0.2847

0.0036
0.0033
0.0042
0.0047

(0*24, 25)

0.3
0.6
0.9

0.4892
0.4688
0.4852
0.5661

0.0086
0.0135
0.0247
0.0624

1.0969
0.9119
1.0249
1.2252

0.6489
0.6628
0.6646
0.6611

0.2648
0.2607
0.2690
0.2895

0.0028
0.0033
0.0043
0.0062

50

30

(20, 0*29)

0.3
0.6
0.9

0.4794
0.5018
0.5181
0.5402

0.0088
0.0095
0.0125
0.0201

1.1434
1.1927
1.1442
1.1964

0.6553
0.6449
0.6646
0.6786

0.2606
0.2759
0.2702
0.2681

0.0038
0.0030
0.0034
0.0033

((2,0,0)*10)

0.3
0.6
0.9

0.4814
0.4892
0.5206
0.5688

0.0095
0.0094
0.0139
0.0355

1.0799
1.0987
1.0185
1.2436

0.6660
0.6614
0.6752
0.6719

0.2560
0.2642
0.2656
0.2738

0.0032
0.0026
0.0025
0.0029

(029, 20)

0.3
0.6
0.9

0.4823
0.4877
0.5239
0.6104

0.0086
0.0084
0.0176
0.0896

1.1137
0.9237
0.9932
1.2322

0.6562
0.6678
0.6655
0.6593

0.2617
0.2628
0.2747
0.2894

0.0029
0.0026
0.0032
0.0054

(0*50)

0.3
0.6
0.9

0.4866
0.5026
0.5079
0.5047

0.0047
0.0041
0.0090
0.0102

1.1517
1.1400
1.0933
1.2870

0.6629
0.6623
0.6820
0.6735

0.2648
0.2710
0.2619
0.2689

0.0019
0.0019
0.0019
0.0018
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Table 4. Cont.

n m Scheme

ABM

EV

MES

EV

MSE

EV

MSE

(50, 0*49)

0.3
0.6
0.9

0.4829
0.5010
0.5282
0.5348

1.1153
1.1269
1.1065
1.2886

0.0490
0.0916
0.1352
0.4013

0.6722
0.6669
0.6678
0.6645

0.0024
0.0032
0.0034
0.0039

0.2582
0.2681
0.2752
0.2784

0.0019
0.0023
0.0021
0.0020

(1#50)

0.3
0.6
0.9

0.4892
0.4855
0.4980
0.5665

1.1681
1.1320
1.1978
1.1518

0.0218
0.0814
0.1500
0.3425

0.6588
0.6680
0.6634
0.6751

0.0022
0.0016
0.0023
0.0026

0.2686
0.2654
0.2726
0.2756

0.0016
0.0013
0.0014
0.0020

(0*49, 50)

0.3
0.6
0.9

0.4940
0.4763
0.5129
0.5696

1.1299
1.0884
1.0053
1.2056

0.0127
0.0920
0.2789
0.4824

0.6618
0.6679
0.6702
0.6687

0.0016
0.0017
0.0019
0.0017

0.2675
0.2643
0.2732
0.2805

0.0013
0.0013
0.0020
0.0024

100
(25, 0*74)

0.3
0.6
0.9

0.5012
0.4953
0.5161
0.5206

1.1442
1.1348
1.1270
1.2275

0.0302
0.0730
0.1357
0.2057

0.6630
0.6741
0.6743
0.6715

0.0019
0.0019
0.0023
0.0023

0.2711
0.2649
0.2699
0.2738

0.0013
0.0014
0.0013
0.0011

75 ((1,0,0025)

0.3
0.6
0.9

0.4848
0.4909
0.5070
0.5060

1.1748
1.0941
1.1977
1.2801

0.0307
0.0751
0.1116
0.2119

0.6674
0.6810
0.6664
0.6713

0.0019
0.0017
0.0017
0.0016

0.2653
0.2600
0.2739
0.2715

0.0014
0.0013
0.0010
0.0010

(0*74, 25)

0.3
0.6
0.9

0.5031
0.4978
0.5077
0.5469

1.1411
1.1205
1.1447
1.1456

0.0191
0.0632
0.1203
0.2139

0.6622
0.6692
0.6723
0.6765

0.0019
0.0017
0.0015
0.0021

0.2723
0.2689
0.2700
0.2736

0.0015
0.0011
0.0011
0.0013

100 (0*100)

0.3
0.6
0.9

0.4894
0.4925
0.5001
0.5149

1.1536
1.1735
1.1789
1.2198

0.0456
0.0549
0.1008
0.1419

0.6737
0.6716
0.6750
0.6718

0.0016
0.0015
0.0017
0.0019

0.2637
0.2674
0.2678
0.2741

0.0012
0.0010
0.0009
0.0012
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Bayesian estimates of two parameters, reliability and hazard functions under BPLF
(asymmetric) fora =0.5,A =1.2,t =1, r(t) = 0.6742, h (t) = 0.2727.

n m Scheme w &pp Asp il hsp
EV MSE EV MES EV MSE EV MSE
0 0.5470 0.0200 14701 04211 0.6628 0.0082 0.3000 0.0083
(15, 0*14) 0.3 1.0303  4.4447 1.4584 09661 0.6632 0.0104 0.3014 0.0100
’ 0.6 14793 272445 14922 1.0592 0.6526 0.0104 0.3053 0.0097
0.9 0.6933 0.3277 1.4405 25215 0.6776 0.0092 0.2757 0.0061
0 0.5754 0.0445 1.3887 0.1696 0.6555 0.0090 0.3142 0.0144
15 (1*15) 03 17052 15.8612 14798 09167 0.6622 0.0069 0.3044 0.0085
0.6 22127  40.9034 1.3850 1.0127 0.6647 0.0067 0.3044 0.0116
09 43727 113.0804 1.3212 1.7317 0.6850 0.0075 0.2826 0.0086
0 0.5385 0.0168 1.3786  0.1768 0.6710 0.0043 0.2930 0.0054
(0%14, 15) 03 3.7377 425966 1.3144 0.4690 0.6777 0.0060 0.3007 0.0102
’ 0.6 4.8267 879943 1.7225 35562 0.6573 0.0071 0.3190 0.0148
09 62856 139.9241 1.4538 39424 0.6752 0.0046 0.3012 0.0104
30 0  0.5469 0.0193 1.3587 0.2355 0.6678 0.0063 0.2941 0.0073
(10, 0*19) 0.3 0.5565 0.0443 1.3938 0.6385 0.6815 0.0056 0.2751 0.0047
! 0.6 0.7855 3.0346 1.4326 1.1054 0.6713 0.0081 0.2842 0.0060
0.9 0.7906 1.9368 1.3080 0.7739  0.6830 0.0064 0.2689 0.0043
0  0.5400 0.0174 1.3173  0.1101 0.6712 0.0053 0.2907 0.0060
20 (@, 010) 03 0.5986 0.0700 1.3026  0.2632  0.6745 0.0040 0.2863 0.0046
! 0.6 1.0831 8.4440 1.3632  0.6335 0.6785 0.0047 0.2783 0.0036
09 09795 9.2612 1.2662  0.8270 0.6755 0.0058 0.2812 0.0045
0 05111 0.0160 1.3273  0.1031 0.6842 0.0054 0.2764 0.0057
(0%19, 10) 03 09571 3.6575 1.4670  0.6732 0.6737 0.0046 0.2852 0.0054
’ 0.6 22201 287581 19180 15.5655 0.6719 0.0065 0.2877  0.0055
09 17985 30.5185 1.2775 1.4377 0.6800 0.0068 0.2823 0.0086
0 0.5207 0.0109 1.3149  0.1511 0.6755 0.0049 0.2808 0.0045
30 (0%30) 0.3 0.5492 0.0149 1.3347 0.3116 0.6684 0.0058 0.2859 0.0046
0.6 0.5372 0.0186 1.3905 0.7006 0.6767 0.0059 0.2730 0.0040
09 0.5679 0.0319 1.2224 04990 0.6821 0.0045 0.2707 0.0029
0 0.5531 0.0233 1.3444 0.1858 0.6597 0.0079 0.3004 0.0088
(25, 0%24) 0.3 05497  0.0260 1.3485 0.2486 0.6688 0.0041 0.2859 0.0039
! 0.6 0.5628 0.0357 14531 0.7309 0.6629 0.0060 0.2866 0.0050
09 0.6208 0.1356 1.3720 09640 0.6698 0.0070 0.2798 0.0045
0 0.5350 0.0139 1.3253  0.0779 0.6656 0.0046 0.2924 0.0053
25 (1%25) 0.3 1.1550 8.5732 1.2823 0.2158 0.6689 0.0041 0.2921 0.0049
0.6 1.1058 10.7179 1.2772 03086 0.6711 0.0042 0.2880 0.0055
09 1.1959 8.1005 1.3529  1.0374 0.6629 0.0057 0.2916 0.0051
0 05414 0.0174 1.2962  0.0333 0.6658 0.0037 0.2936 0.0052
(0*24, 25) 0.3 1.9361 14.1653 1.5384 1.8660 0.6715 0.0034 0.2903 0.0045
’ 0.6 22917 36.0466 1.2264 0.4251 0.6692 0.0043 0.3025 0.0087
09 23837 29.5414 1.2086 0.9627 0.6760 0.0039 0.2934 0.0064
50 0 0.5326 0.0112 1.2741 0.1221 0.6745 0.0045 0.2834 0.0041
(20, 0%29) 03 0.5658 0.1504 1.2660 0.2734  0.6851 0.0048 0.2711 0.0034
’ 0.6 0.5404 0.0253 1.4257  0.7009 0.6698 0.0066 0.2785 0.0043
09 05794 0.0648 1.3559  0.9079 0.6781 0.0058 0.2702 0.0032
0 0.5315 0.0117 1.3006 0.0929 0.6692 0.0033 0.2871 0.0036
30 (@, 0, 0)10) 0.3 0.5690 0.0257 1.3321 0.3417 0.6750 0.0033 0.2800 0.0027
r 0.6 07695 22368 1.3138 0.7670 0.6722 0.0039 0.2842 0.0031
0.9 0.5693 0.0660 1.3063 0.8309 0.6903 0.0033 0.2612 0.0023
0 0.5163 0.0086 1.2949  0.0445 0.6752 0.0029 0.2805 0.0030
(0%29, 20) 03 0.8888 2.0274 1.3400 0.3662 0.6726 0.0027 0.2842 0.0026
! 0.6 09813  3.4330 1.3896  0.6749 0.6766 0.0039 0.2792 0.0036
0.9 1.1206 5.2772 1.2025 0.5404 0.6846 0.0040 0.2752 0.0037
0  0.5094 0.0047 1.2898 0.0748 0.6742 0.0021 0.2772 0.0018
50 (0%50) 0.3 0.5083 0.0069 1.3127 0.1488 0.6759 0.0038 0.2736  0.0029
0.6 05274 0.0102 1.2457 0.2101  0.6799 0.0033 0.2709 0.0021
09 05522 0.0351 1.2003 0.3199 0.6827 0.0037 0.2689 0.0021
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Table 5. Cont.

n m Scheme

ABp

?gp

EV

MES

EV

MSE

EV

MSE

(50, 0%49)

0.3
0.6
0.9

0.5305  0.0062
0.5164  0.0054
0.5313  0.0104

0.5175 0.

1.2837
1.2128
1.2185
1.3022

0.0732
0.1247
0.1988
0.3451

0.6642
0.6865
0.6800
0.6740

0.0026
0.0027
0.0029
0.0032

0.2881
0.2670
0.2723
0.2720

0.0023
0.0017
0.0020
0.0018

(1#50)

0.3
0.6
0.9

0.5287  0.0065
0.5413  0.0099
0.5414 0.0244
0.5836 0.0734

1.2563
1.2836
1.2640
1.2388

0.0310
0.0866
0.1638
0.3894

0.6660
0.6681
0.6784
0.6738

0.0023
0.0017
0.0024
0.0014

0.2871
0.2831
0.2730
0.2775

0.0024
0.0015
0.0022
0.0011

(0*49, 50)

0.3
0.6
0.9

0.5111  0.0060
0.7104  0.5269
0.6510 0.2776
0.7034 0.3797

1.2675
1.2307
1.3162
1.1782

0.0242
0.0853
0.3283
0.4279

0.6735
0.6702
0.6787
0.6732

0.0019
0.0015
0.0015
0.0021

0.2784
0.2869
0.2740
0.2857

0.0019
0.0020
0.0015
0.0032

100
(25, 0*74)

0.3
0.6
0.9

0.5128  0.0054
0.5162  0.0062
0.5214  0.0062
0.5237  0.0084

1.2578
1.2929
1.2893
1.2054

0.0516
0.1033
0.2154
0.2343

0.6724
0.6703
0.6721
0.6791

0.0024
0.0018
0.0020
0.0024

0.2784
0.2780
0.2753
0.2708

0.0021
0.0014
0.0010
0.0014

75 ((1,0,0025)

0.3
0.6
0.9

0.5159  0.0040
0.5147  0.0048
0.5300  0.0088
0.5249 0.0142

1.2406
1.2994
1.2845
1.2278

0.0324
0.1073
0.1816
0.1925

0.6724
0.6706
0.6668
0.6794

0.0015
0.0015
0.0024
0.0018

0.2789
0.2773
0.2814
0.2694

0.0014
0.0011
0.0018
0.0011

(0*74, 25)

0.3
0.6
0.9

0.5114  0.0037
0.5170  0.0048
0.5335 0.0144
0.5398  0.0163

1.2567
1.2519
1.2393
1.2262

0.0236
0.0868
0.1462
0.1880

0.6717
0.6783
0.6763
0.6733

0.0014
0.0013
0.0019
0.0013

0.2786
0.2719
0.2741
0.2760

0.0013
0.0009
0.0013
0.0009

100 (0*100)

0.3
0.6
0.9

0.5138 0.

0.5178  0.0032
0.5194  0.0037
0.5180  0.0059

1.2645
1.2468
1.1951
1.1523

0.0423
0.0685
0.0771
0.1120

0.6682
0.6698
0.6758
0.6841

0.0016
0.0015
0.0016
0.0016

0.2809
0.2792
0.2746
0.2672

0.0013
0.0011
0.0010
0.0010
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Table 6. Average length and coverage probability of 95% asymptotic confidence intervals using the
delta method fora = 05,1 =1.2,t =1, r(t) = 0.6742, h () = 0.2727.

n m Scheme &MLE AMmLE PMLE hmee
AL CP AL CP AL CP AL CP
(15, 0*14) 14083 090 5.8973 0.82 0.3821 0.89 0.3220 0.94
15 (1*15) 247200 096 49082 0.83 0.3418 0.92 04100 0.95
(0*14, 15) 443522 095 6.9273 091 0.3173 093 0.4541 096
30 (10, 0*19) 0.9420 1.00 45217 0.83 0.3379 0.89 0.2723 094
20 ((1, 0)*10) 22298 097 41826 0.81 0.309 094 0.2716 0.99
(0*19, 10) 11.6536 0.95 5.1413 0.79 0.3228 094 0.2804 0.95
30 (0*30) 0.6252 099 29401 0.82 0.2818 091 0.2126 093
(25, 0*24) 0.7037 093 39371 0.86 03024 091 0.2287 0.92
25 (1*25) 32595 095 3.8522 0.78 0.2535 097 0.2429 0.99
(0*24, 25) 16.0076 0.94 5.1119 090 0.2360 0.95 0.3070 0.98
50 (20, 0*29) 0.7033 0.97 34141 090 02841 090 02196 0.93
30 ((2,0,0)*10) 1.8182 0.98 32466 0.86 02436 0.94 02105 0.96
(0*29, 20) 6.7508 096 39177 0.85 0.2331 093 0.2279 0.95
50 (0%50) 05261 099 20904 0.87 02249 095 01731 095
(50, 0*49) 0.4805 0.99 21643 090 02213 093 0.1662 0.93
50 (1*50) 0.6988 094 26797 091 0.1767 096 0.1587 0.95
(0*49, 50) 29349 093 32592 086 0.1651 093 0.1819 0.97
100 (25, 0*74) 0.3563 098 19714 090 0.1846 094 0.1339 097
75 ((1,0,0)*25) 04239 098 1.8523 0.92 0.1663 0.94 0.1300 0.95
(0*74, 25) 0.4907 095 20512 093 0.1629 094 0.1265 091
100 (0*100) 0.3272 096 15326 0.89 0.1607 094 0.1179 0.97
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Table 7. Average length and coverage probability of 95% asymptotic confidence intervals in Bayesian
estimation fora = 0.5,A =12, ¢t =1, r(t) = 0.6742, h (t) = 0.2727.

Py

&BE ABE TBE hgE
AL CP AL CP AL CP AL CP
(15, 0*14) 0.5169 097 1.7448 0.88 0.3071 090 0.2981 0.90

15 (1*15) 0.5181 0.97 15293 0.99 02981 0.95 0.2906 0.96
(0*14, 15) 0.5483 096 15281 1.00 03124 098 03110 0.95

n m Scheme

30 (10, 0*19) 04589 093 15496 092 0.2766 091 0.2640 0.92
20 ((1, 0)*10) 0.4648 096 14795 0.97 02767 091 02673 0.92
(0*19, 10) 0.4461 093 14569 1.00 02712 0.96 0.2558 0.93
30 (0*30) 03729 096 13580 093 0.2383 092 02195 092
(25, 0*24) 0.4013 094 14220 094 02479 090 02317 091
25 (1*25) 03928 098 12934 0.97 02412 0.99 02239 0.99
(0%24, 25) 03961 097 1359 1.00 0.2480 099 0.2297 0.96
50 (20, 0*29) 03587 096 13502 0.97 02331 093 02110 0.93
30 (2,0,00*10) 03744 090 12704 1.00 0.2335 092 02174 0.92
(029, 20) 03783 094 12589 1.00 0.2356 095 0.2200 0.93
50 (0*50) 02818 091 1.1250 0.97 0.1908 0.90 0.1692 0.90
(50, 0*49) 02779 092 1.0912 099 01871 093 0.1641 0.93
50 (1*50) 02844 094 1.0180 1.00 0.1858 0.97 0.1674 0.94
(0*49, 50) 02772 094 1.0452 1.00 0.1826 0.97 0.1624 0.95
100

(25, 0*74) 02316 094 09826 096 0.1624 091 0.1414 093
75  ((1,0,0)*25) 0.2238 096 09812 098 0.1594 094 0.1366 0.96
(0*74, 25) 02276 1.00 09614 1.00 0.1604 0.99 0.1384 0.99

100 (0*100) 0.1963 096 0.8984 096 0.1425 094 0.1208 0.95

7. Real Data Analysis

We analyzed a dataset that indicates the annual rainfall (in inches) recorded by the Los Angeles
Civic Center from 1982 to 2004 as follows:

0.00 0.08 0.29 0.56 0.70 1.22 1.30 1.72 1.90 2.84 3.12 3.21
4.13 4.37 4.64 4.89 4.94 554 6.10 6.61 7.96 8.87 13.68

Raqgab et al. [17] proved that the Pareto model (when y = 0), that is, the generalized Pareto model,
fits the above dataset well. We considered a progressively Type II censored sample with the censoring
scheme (R1, Ry, - ,Ry4) = (0%9,2,4,1,1,0) as follows:

0 0.08 0.29 0.56 0.70 1.22 1.30 1.72 1.90 4.13 5.54 6.61 8.87 13.68

According to the description in Section 2, we obtained the maximum likelihood estimators of «, A,
reliability and hazard functions by using R software, which are & g = 0.9152, AmLg=0.2885, Pyiip =
0.7930, fiprre = 0.2049. We obtained the 95% asymptotic Cls presented in Table 8 by applying the delta
method in Section 3.

By applying the Bootstrap algorithm described in Section 4, we obtained the estimates under the
bootstrap samples, which are &* = 0.7453, A* = 0.6239, #* = 0.7555, and i* = 0.2233, respectively.
Furthermore, we can calculate the corresponding 95% bootstrap confidence intervals (see Table 8).

For Bayesian estimation, we considered the case where the hyperparameters are 0, i.e., a7 = a, =
by = b, = 0. Based on the MCMC methods discussed in Section 5 and the conclusions drawn in
Section 6, we obtained the estimates for w = (0,0.1,0.2,0.3) under various balanced loss functions, as
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shown in Table 9. In addition, the 95% confidence intervals obtained by using MCMC techniques are

shown in Table 8.

Table 8. 95% asymptotic confidence intervals of «, A, r(t), h (t) for t = 1.

o A r(t=1) h(t=1)
MLE (—1.6269,3.4573) (—0.9299,1.5069)  Delta  (0.5849,1.0011) (0.0493, 0.3605)
Logit  (0.5188,0.9315) (0.0670, 0.4804)
Arcsin  (0.5561, 0.9542)  (0.0443, 0.4423)
Bootstrap-p  (0.3382, 4.1469) (0.1000, 1.7027) (0.6035, 0.8987)  (0.1006, 0.4067)
Bootstrap-t  (—1.2005, 1.0924)  (0.1913, 0.7850) (0.6612,0.8351)  (0.1611, 0.2717)
MCMC (0.4922, 1.4845) (0.1728, 0.5585) (0.6260, 0.8941)  (0.0979, 0.3903)

Table 9. Bayesian estimates of a, A, r(t), h (t) for t = 1.

w « A r(t=1) h(t=1)
0 0.8911 0.2933 0.7859 0.2005
BK 0.1 0.8994 0.2920 0.7857 0.2018
0.2 0.8956 0.2881 0.7905 0.1992
0.3 0.8791 0.3087 0.7825 0.2061
0 0.8602 0.2809 0.7834 0.1912
BW 0.1 0.8693 0.2801 0.7833 0.1921
02 0.8697 0.2779 0.7885 0.1900
0.3 0.8519 0.3015 0.7797 0.1973
0 07960 0.2585 0.7781 0.1726
BM 0.1 08073 0.2572 0.7786 0.1730
0.2 0.8170 0.2621 0.7849 0.1770
0.3 0.7940 0.2799 0.7759 0.1832
0 09535 0.3198 0.7907 0.2203
BP 0.1 0959 0.3155 0.7900 0.2199
0.2 09460 0.3067 0.7938 0.2135
0.3 09294 0.3317 0.7864 0.2211

8. Conclusions

In this article, we discuss the MLEs for «, A, 7(t) and & (t) under progressive Type II censored
sample. We also consider the asymptotic confidence intervals for a, A, r(t) and & (t) by using maximum
likelihood method, delta method, logit transformation and arc sine transformation. For comparison,
we establish the bootstrap-p and bootstrap-t CIs. More importantly, we use the MCMC methods
to derive the Bayesian estimates of &, A, r(t) and h (t) under various balanced loss functions and
the corresponding confidence intervals. To compare the performances of the proposed estimators,
a simulation study was conducted. It is easy to know that the Bayesian estimation method is more
efficient in most cases. We analyzed the influence of relevant parameters on the estimation results
in the simulation study, and we found that it is more appropriate to choose BMSELF and let w take
a value between 0 and 0.3. Finally, a real dataset analysis was carried out to illustrate the proposed
methods.

Author Contributions: Investigation, X.H.; Supervision, W.G.

Funding: This research was partially supported by the program for the Fundamental Research Funds for the
Central Universities (No. 2014RC042).

Acknowledgments: The authors would like to thank the referees for their very helpful and constructive comments,
which have significantly improved the quality of this paper.

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2018, 6, 319 23 of 26

Appendix A

A selected computational code is attached in the Appendix for reasons of space. More complete
codes can be requested from the authors

##### Table 1

censoring<-function(alpha,lambda,R){
m<-length\, (R)

W<-runif (m)

V<-rep(0,m)

U<-rep(0,m)

for (4 in 1:m)

{
V[il<-W[i]~(1/(i+sum(R[(m-i+1) :m])))
}

for (14 in 1:m){

U[il<-1-prod(V[m: (m-i+1)1)

}
return((-1+(1-U)~(-1/alpha))/lambda)
}

log.likl<-function(theta,x,R){

m<-length\, (x)
In<-mxlog(thetal[1])+m*xlog(theta[2])-sum((theta[1]*(R+1)+1)*1log(l+theta[2]*x))
return(-1n)

}

t<-1
RT<-function(alpha,lambda){(1+lambda*t)~(-alpha)}
HT<-function(alpha,lambda){alpha*lambda/(1+lambda*t)}
R1<-c(15,rep(0,14))

R2<-rep(1,15)

R3<-c(rep(0,14),15)

scheme<-rbind (R1,R2,R3)

alpha<-0.5

lambda<-1.2

sim<-1000

EVandMSE<-matrix (NA,nrow(scheme),8)

colnames (EVandMSE)<-c("alpha.EV","alpha.mse","lambda.EV","lambda.mse","RT.EV",
+"RT.mse","HT.EV","HT .mse")

rownames (EVandMSE)<-c("R1","R2","R3")

for (i in 1: nrow(scheme) ) {
R<-schemeli,]

output<-matrix(NA,sim,4)

for (j in 1:sim){

data<-censoring(alpha,lambda,R)
resl<-optim(c(1,1),log.likl,method="L-BFGS-B",lower=c(0.1,0.1) ,x=data,R=R,hessian=TRUE,
+control=1list (trace=F,maxit=1000))
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output[j,]1<-c(resi$par,RT(resi$par[1],resi$par[2]) ,HT (resi$par[1],resi$par([2]))

}

EV<-apply(output,2,mean)
Real<-c(alpha,lambda,RT(alpha,lambda) ,HT (alpha,lambda))

biasl <- EV-Real
varl <- apply(output,2,var) * ((sim-1)/sim)
msel <- biasl1~2 + varl

EVandMSE[i,]<-as.vector(rbind(EV,msel))
}

Real
EVandMSE

HEHHHHHHE R Real Data Analysis

R1<-c(rep(0,9),2,4,1,1,0)
data<-¢(0,0.08,0.29,0.56,0.70,1.22,1.30,1.72,1.90,4.13,5.54,6.61,8.87,13.68)
n<-23

t<-1

log.likl<-function(theta,x,R){

m<-length\, (x)
In<-m*xlog(theta[1])+m*xlog(theta[2])-sum((theta[1]*(R+1)+1)*1log(l+theta[2]*x))
return(-1n)

3

dralpha<-function(theta){
alpha<-theta[1]

lambda<-thetal[2]
dd1<--(1+lambda*t)~(-alpha)*log(l+lambda*t)
return(ddl)

}

drlambda<-function(theta){
alpha<-thetal[1]

lambda<-thetal[2]
dd2<--alpha*t*(1+lambda*t) ~(-alpha-1)
return(dd2)

}

dhalpha<-function(theta){
alpha<-thetal[1]

lambda<-thetal2]

dd3<-lambda/ (1+lambda*t)

return(dd3)

}

dhlambda<-function(theta){

24 of 26
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alpha<-thetal[1]
lambda<-thetal2]
dd4<-alpha/(1+lambda*t) "2
return(dd4)

}

RT<-function(theta){
alpha<-theta[1]
lambda<-theta[2]
return((1+lambda*t)~(-alpha))}

HT<-function(theta){
alpha<-thetal[1]

lambda<-theta[2]
return(alpha*lambda/ (1+lambda*t))}

conf.level<-0.95

output<-matrix(NA,1,8)

25 of 26

colnames (output)<-c("alpha.L","alpha.U","lambda.L","lambda.U","r.L","r.U","h.L","h.U")

out<-matrix(NA,1,8)

colnames (out)<-c("r1.L","r1.U","h1.L","h1.U","r2.L","r2.U","h2.L","h2.U")

m<-length\, (R1)
R<-R1

resl<-optim(c(0.9,0.3),log.1likl,method="L-BFGS-B",lower=c(0.1,0.1) ,x=data,R=R,hessian=TRUE,

control=list (trace=FALSE,maxit=100

Q1<-c(dralpha(resi$par) ,drlambda(r
Q2<-c(dhalpha(resi$par) ,dhlambda(r

I<-solve(resi$hessian)

Varr<-t (Q1) %*%I%*%Q1
Varh<-t (Q2) %*%I%*%Q2

rt<-RT(resl$par)

ht<-HT(res1$par)

LB1<-log(rt/(1-rt))-qnorm((1+conf.
UB1<-log(rt/(1-rt))+gqnorm((1+conf.
LB2<-log(ht/(1-ht))-gnorm((1+conf.
UB2<-log(ht/(1-ht))+gnorm((1+conf.
LB3<-asin(sqrt(rt))-qnorm((1+conf.
UB3<-asin(sqrt(rt))+gnorm((1+conf.
LB4<-asin(sqrt (ht))-qnorm((1+conf.
UB4<-asin(sqrt (ht))+gnorm((1+conf.

))

esl$par))
es1$par))

####Fisher information matrix

level)/2)*sqrt (Varr) /(rt*(1-rt))
level)/2)*sqrt (Varr) /(rt*(1-rt))
level)/2)*sqrt (Varr)/(ht*(1-ht))
level) /2) *sqrt (Varr) /(ht*(1-ht))
level) /2) *sqrt (Varr/ (4*rt*(1-rt)))
level)/2) *sqrt (Varr/ (4*rt*(1-rt)))
level) /2) *sqrt (Varr/ (4*ht*(1-ht)))
level) /2) *sqrt (Varr/ (4*ht*(1-ht)))
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output[1,1:2]<-res1$par[1]+c(-1,1)*qnorm((1+conf.level)/2)*sqrt(I[1,1])
output[1,3:4]<-resi$par[2]+c(-1,1)*gqnorm((1+conf.level)/2)*sqrt(I[2,2])
output[1,5:6]<-rt+c(-1,1)*qnorm((1+conf.level)/2)*sqrt(Varr)
output[1,7:8]<-ht+c(-1,1) *gqnorm((1+conf.level)/2)*sqrt(Varh)
out[1,1:2]<-c(exp(LB1)*(1+exp(LB1))~{-1},exp(UB1)*(1+exp(UB1))~{-1})
out[1,3:4]<-c(exp(LB2)*(1+exp(LB2)) ~{-1},exp(UB2)*(1+exp(UB2))~{-1})
out[1,5:6]<-c(sin(LB3)~2,sin(UB3)"2)
out[1,7:8]<-c(sin(LB4)"~2,sin(UB4)"~2)

output

out
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