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Abstract: In this paper, we introduce the concepts of an a-admissible nonself-mapping, an
a-F-contractive nonself-mapping, a weak a-F-contractive nonself-mapping, and a generalized
a-F-contractive nonself-mapping and prove some PPF (past-present-future)-dependent fixed point
theorems for the proposed contractive nonself-mappings in certain Razumikhin classes. By using our
results, we derive some PPF-dependent fixed point theorems for an a-F-contractive nonself-mapping
endowed with a graph or a partial order. Finally, we give some applications to illustrate the
main results.
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1. Introduction

Throughout this paper, let N denote the set of natural numbers, and in addition, for each /1 € N,
let N, = {n € N: h < n}. Furthermore, let R and R = [0, o) be the set of all real numbers and the
set of all non-negative real numbers, respectively, and let R = (0, 0).

In 1922, Banach [1] proved that every contraction T in a complete metric space (X, d) has a unique
fixed point z € X. Since then, many authors improved and extended this result in several ways
(for more details, see [2-17] and the references therein).

Especially, in [18], Bernfeld et al. introduced first the concept of PPF-dependent fixed point or a
fixed point with PPF dependence for nonself-mappings (whose domain is distinct from their range),
and furthermore, they showed the existence of PPF (past-present-future)-dependent fixed points of
Banach-type contraction mappings in certain Razumikhin classes (also, see [19]). Their main results
are helpful tools to show the existence of solutions for nonlinear functional differential and integral
equations, which may depend on the past history, present data and future evolution (also, see [20]).

On the other hand, in [21], Samet et al. introduced first the concept of x-admissible self-mapping,
proved some fixed point results for a-admissible contractions in a complete metric space, and applied
the main results to show the existence of solutions for ordinary differential equations. More recently,
in [22], Salimi et al. modified slightly the notions of a-1p-contractive and a-admissible mappings and
established some fixed point theorems to generalize the results given in [21].
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Recently, in [23], Wardowski introduced a new contractive mapping and proved some fixed point
theorem for this contraction in complete metric spaces.

For any k € (0,1), let Ay denote the set of all functions F : R} — R satisfying the following
conditions:

(W1)  Fis strictly increasing;
(W2)  for any sequence () in RY, we have:

lim ay =0 < lim F(a,) = —o0;
n—sc0 n—sco

(W3)  lim,_,o+ afF(a) = 0.
Denote also A = U{A; : k € (0,1)}. An element F in the class A is called a Wardowski function.

Now, assume that (X, d) is a metric space, F € A and T > 0. A self-mapping T : X — X is called
an (F, T)-contractive mapping or F-contraction: provided

d(Tx,Ty) >0 = T+ F(d(Tx,Ty)) < F(d(x,y)) 1)

forallx,y € X.

If T > 0 is generic in this convention, then T is referred to as an F-contraction. A basic example in
this direction is as below.

Define a function F : R — R by F(a) = Ina for all « € R%. Clearly, I satisfies (W1)-(W3).
Assume that a mapping T : X — X is (F, T)-contractive (in the sense of (1)), where T > 0, then we have:

d(Tx, Ty) < e "d(x,y)
for all x,y € X with Tx # Ty. On the other hand, for all x,y € X with Tx = Ty, we have:
d(Tx, Ty) < e d(x,y),

which implies that T is the Banach contraction.

In this paper, motivated by the results of Bernfeld et al. [18] and Samet et al. [21,22], we newly
introduce the concepts of an a-admissible nonself-mapping, an a-F-contractive nonself-mapping, a
weak a-F-contractive nonself-mapping, and a generalized a-F-contractive nonself-mapping, and
prove some PPF-dependent fixed theorems for these kinds of contractive nonself-mappings in
Razumikhin classes. By using our results, we prove some PPF-dependent fixed point theorems
for an a-F-contractive nonself-mapping when the range space is endowed with the graph or the
partial order. Finally, we give some applications to illustrate the main results.

2. Preliminaries

Throughout this paper, let (E, || - ||£) be a Banach space, I = [4, b] be a closed interval in R, and
Ey = C(I, E) be the set of all continuous E-valued functions on I equipped with the supremum norm
|| - |lg, defined as follows:

19llEg = sup [[@(8)]|E-
tel

Letc € Iand T : Ey — E be a nonself-mapping.

Definition 1 ([18]). We say that a function ¢ € Eg is a PPF-dependent fixed point or a fixed point with PPF
dependence of T if Tp = ¢(c) for some ¢ € I.

For an easy reference, we list the basic conditions to be used throughout this exposition.

Definition 2. Let a : E X E — [—o00, +00) be a nonself-mapping. The mapping T is said to be a-admissible if,
forany ¢,¢ € Eo,
a(¢(c),é(c)) >0 = a(T¢,TE) > 0.
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Example 1. Take E = R (with the usual norm), and let I = [0,1] and ¢ = 1. Define a mapping T : Ey — E
by T = 5¢(1) forall ¢ € Eg and a mapping a : E x E — [—o00, +00) by:

(x,y) = { e

0, otherwise.

Then, T is an a-admissible nonself-mapping.

Definition 3. Let « : E X E — [—00,400) be a nonself-mapping and F € A be a Wardowski function.
The mapping T is called:

(1) «-F-contractive if there exists T > O such that, for all ¢, & € Eo with |[T¢ — T¢||g > 0,

T+a(plc),¢(c)) + F([ITe — T¢|e) < F(ll¢ —Ellgy);

(2)  weak a-F-contractive if there exists T > 0 such that, for all ¢, ¢ € Eg with | T¢ — TE||g > 0,
T+a(p(c),¢(c)) + F(IIT9 — TE| )
< F(max{[|¢ —¢llE,, [|¢(c) — Tolle, [IG(c) — TE|£});

(3)  generalized a-F-contractive if there exists T > 0 such that, for all ¢, € Eg with | T¢ — T&||g > 0,

T+ a(p(c),&(c)) + F(||T¢ — TEE)
< F(max{llg — &l l9(e) ~ T9lle, () ~ eI,

l¢(e) = T¢lle +[16(c) — TollE })
5 :

Definition 4. (1)  The Razumikhin (or minimal) class attached to c is defined as follows:

Re={¢ € Eo: [[9llg; = llo(e)llE}-

(2)  Furthermore, we denote R as the class of all constant functions ¢ € R, which is referred to as the
constant Razumikhin class.

To get some useful formula for this subclass R?, we need the following:
For each u € E, let H[u| denote the constant function of Ej defined by:

Hlu|(t) =u
for all t € I. Note that, by this definition, we have:
[[H[u]l|g, = [|lulle, Hu](c) =u

whence H[u] € R..
Now, we claim that:
RY = {H[u] : u € E}.

That is, the constant Razumikhin class T\’,? is the subclass of all constant functions in Ej. In fact,
the right to left inclusion is clear. For the converse inclusion, it is easy to show that any constant
function ¢ in R, may be written as:

= Hu]

for some u € E, and so, this completes our argument.
The following simple properties (given without proof) are valid.
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Proposition 5. Under the above assumptions,

(1) Hlu+v] =Hlu]+ H[v] forall u,v € E;

(2)  H[Mu] = AHJu]| forall A € Rand u € E;

(3 lulle = [[H[u]||g, for all u € E;

(4)  the mapping u — H|u) is an algebraic, topological isomorphism between (E, || - ||g) and (RY, || - ||E,)-

Definition 6. Let « : E X E — [—00, +00) be a nonself-mapping.

(1) the mapping T is said to be (R, w)-starting if there exists ¢g € R such that:

a(¢o(c), Tgo) > 0;

(2)  the mapping T is said to be (R, a)-starting if there exists ¢y € RO such that:
a(¢o(c), Tgo) = 0.

Clearly, if T is (R?, a)-starting, then it is also (R, a)-starting. The reciprocal assertion is also true
under certain regularity conditions upon T. Precisely, we have the following:

Proposition 7. Let a : E X E — [—00, +00) be a nonself-mapping satisfying the following conditions:

(i) T is a-admissible;
(i) Tis (R, a)-starting.

Then, T is (R, a)-starting.
Proof. By the second condition above, there exists ¢y € R such that:

a(¢o(c), Tgo) = 0.

Since T¢y € E, we can consider the element ¢y = H[T¢p| from the constant Razumikhin class
RY, which, by the definition, means that &(t) = T¢y for all t € I, and hence, &(c) = T¢p. From the
condition on ¢y, it follows that:

a(¢o(c),&o(c)) > 0.

Since T is a-admissible, we have:
D((Tqbo, Tgo) >0

or, equivalently, by the preceding relation,

a(&o(c), To) > 0.
This completes the proof. [

Definition 8. (1)  The class R, is said to be algebraically closed with respect to the difference if ¢ — ¢ € R
forany ¢,¢ € Re;

(2)  Theclass R, is said to be topologically closed if it is closed with respect to the topology on Eq generated
by the norm || - ||,

Now, in this paper, we consider a natural continuation of some PPF-dependent fixed point
theorems proven by Agarwal et al. [24], Ciri¢ et al. [25], and Hussain et al. [10]. In all the results,
they used the following basic structural conditions on the Razumikhin class R.:

(K1)  R.is algebraically closed with respect to the difference;
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(K2)  'R.is topologically closed.

In this paper, we show that, by the conclusions of the above proposition, both of these conditions
may be removed in all results to be presented.

3. The Main Results

Letc € Iand T : Ey — E be a nonself-mapping.
Now, we need the following result for some PPF-dependent fixed point theorems in this section:

Proposition 9. Let « : E X E — [—00,400) be the nonself-mapping and F be the Wardowski function
satisfying the following conditions:

(i) T is a-admissible;
(ii) T is a generalized a-F-contraction;
(iii)  there exists ¢ € R such that «(¢o(c), Teo) > 0.

In addition, assume that:
T has no PPF-dependent fixed points in RY, that is T¢ # ¢(c) forall ¢ € RY.
Then, there exists a sequence (¢n) in R, ¢* € R and h € N such that:

(c1)  T¢n = ¢pi1(c) and a(Ppn(c), ¢ui1(c)) > 0foralln € N;
(c2)  ¢n — p*asn — oo;
(c3)  T¢n # T*, and hence, ¢, # ¢* for all n € Ny,

Proof. By a previous observation, Condition (iii) may be written as follows:

(iv)  there exists ¢g € R such that a(¢o(c), T¢p) > 0.

Let ¢p € RY. Since Ty € E, we may consider an element ¢; = H|[T¢y] from the constant
Razumikhin class Rg, which, by the definition, means that:

¢1(t) = Teho

forall t € I, and hence, ¢1(c) = T¢po. Further, since T¢yy € E, we may consider an element ¢p = H[T¢ |
from the constant Razumikhin class ’Rg, which, by the definition, means that:

$2(t) = Ty

for all t € I, and hence, ¢o(c) = T¢y. If this process may continue indefinitely, then we can get a
sequence (¢, ) in the constant Razumikhin class R? with:

Pu(t) = Ty 1 )

foralln € Ny and t € I, and hence, ¢, (c) = T¢,_1. By the algebraic-topological properties of the
constant Razumikhin class RY, it follows that:

[fn—1 = PullEy = ll¢n-1(c) = pule) |l

for each n € Nj. Since T is an a-admissible mapping and a(¢g(c), ¢1(c)) = a(¢o(c), Tdp) > 0, we
have:

a(¢1(c), ¢2(c)) = a(Teo, Tgr) = 0.

Again, since T is a-admissible, we have:

a(¢p2(c), P3(c)) > 0.
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By continuing this process, we have:

a(Pu_1(c), pulc)) >0

for all n € Ny, and so, this proves Conclusion (c1).

6 of 19

By the imposed condition on the nonself-mapping T, the fact that there exists 1 € N such that:

Tni1 = Pny1(c) = Ty

is impossible, and so T¢,, # T¢,41; hence, ¢, # ¢,41 for each n € N. Since T is a generalized

a-F-contraction, for each n € N, it follows that:

T+F(||(Pn (Pn—l—lHEo)
S T+‘X(¢n 1 ))+F(|‘¢n_¢n+1”E0)
= T4 a(pu-1(c), Pu(c)) + F(l¢n(c) — put1(c)llE)

T—l—tx(gbn_1( ),¢n( ) + F(|| Tpu—1 — Tn£)

Pur1(0)llE/

j)

< F(max {1gn1— @alley, [#0-1(c) = Tgu_1lle, [9a(c) — Tgule,
1-1(6) = Thale + lgn(€) = Teu-rle )
2
= F(max {llgn-1 = gl len-1(c) = @a(e) e, lIn(c) -
”(Pnfl(c)_(})n l(c)HE
R—
= F(max{”‘l’nﬂ — PullEg, |Pn—1 — PullEy, 1P — Pus1llEy
1= bnialls
» )
= F(max {1~ e Iw — il 121 Pt
< F(max {1~ gulleo, ipn — sy,
||(Pn71 - (PWHEO + H(Pn B ¢71+1||E0
) })
= F(max{|lgu-1 = ullzy, |60 — pusalles}),

which implies that, for each n € Ny,

F(llgn = pnralley) < F(max{|[¢n—1 = ¢ulleg, o0 — Pusalleg}) — T
Now, if max{{|¢n—1 — ¢nlley, |¢n — Put1llE} = [Pn — Pn+1lg,, then we have:
F(llopn — dns1lley) < Fllon — Pnsalleg) — 7 < Fllgn — pusallEy),
which is a contradiction. Therefore, we have:
F(llpn = bnsallgy) < Fllpn—1— pullgy) — T
and so, for each n € N,
F([lpn = dniilley) < F(ll¢n-1 = ¢nllgy) — 7

(||47n 2= Pu-tllgy) —

<
<
< -
<

(||<P0 —¢1llg,) —nt.

®)
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Hence, limy, o0 (|| — Pni1]|E,) = —00. Since F € A, it follows that:

lim {|¢n — Pni1 g, = 0.

n—o0

Again, since F € A, there exists k € (0,1) such that:

m (|¢n — pur1 |5, F(ll¢n — purllg,) = O

n—oo

From (3), it follows that, for all n € N,

0 < nlipn = Pus1llf, < lpn — @urallf, [F(ligo — palley) = FCllpn — uallry)]-

Taking n — oo, we obtain:
. k
Jim nll¢n = puiall, = 0.

Therefore, there exists j € N such that:

nllgn = puiall, <1
for all n € N;. This implies:
1
1pn = Pusalley < 17

foreachn € Nj. Thus, for each m > n > j, we have:

-1

m—1 m 1
lpn = pmllE, < Y i = pivalle, < ) 7R

i=n i=n

Since 0 < k < 1, the series Y ;>4 11% converges, and so ||¢y — ¢ullg, — 0 as m,n — oo,
which implies that (¢,) is a Cauchy sequence. Since R is complete, there exists ¢* € RY such
that ¢, — ¢* as n — co. Therefore, (c2) holds too.

Finally, assume that (c3) is not true, that is for each n € N, there exists m > n such that:

T¢* = Tom = pm+1(c),

which implies that there exists an infinite sequence (k(7)) in N such that:

To" = ¢rn)(c)

for each n € N. Taking n — oo, we have T¢* = ¢*(c), which contracts the imposed hypothesis.
Hence conclusion (c3) holds. This completes the proof. [J

By using Proposition 9, we have the following basic PPF-dependent fixed point theorems:

Theorem 10. Let a : E x E — [—o00,+00) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is a-admissible;
(ii)) T is an x-F-contraction;
(iii)  if (¢n) is a sequence in Ey such that ¢, — ¢ as n — oo and a(¢pn(c), Ppp11(c)) > 0 foreach n € N,
then a(¢n(c), ¢(c)) > 0 foreachn € N;
(iv)  there exists ¢g € R such that a(¢po(c), Tg) > 0.

Then, T has a PPF-dependent fixed point in RY.
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Proof. Assume that the conclusion is not true. Since F is strictly increasing, every a-F-contraction
is a generalized a-F-contraction. Then, all the conditions of Proposition 9 hold. Thus, there exists a
sequence (¢,) in R?, ¢* € RY and h € N such that:

(cl)  T¢u = ¢ppr1(c)and a(Ppn(c), ¢pi1(c)) > 0foreachn € N;
(2) ¢y — ¢p*asn — oo;

(c3)  T¢u # T¢*, and hence, ¢, # ¢* for each n € Ny,.

Since T is an a-F-contraction, for each n € Nj, we have:
F(|[Tpn — To*[|g) < T+ a(pn(c),¢"(c)) + F(|Tdpn — T |l£) < F(llpn — ¢*[I£,)-
Since F € A, for each n € N;,, we have:

[Tdn — To™[|E < lpn — ¢™[|E,
and so:
IT¢" — ¢ (e < [ T¢" — Tulle + [ Tn — ¢™(c)[|E

= T¢" = Toulle + Ipns1(c) —¢™(c)ll
19" = Pulley + l¢nr1 — ¢"[lgy-

IN

Taking n — oo, it follows that ||T¢* — ¢*(c)||g = 0, that is, T¢p* = ¢*(c), which is a contradiction.
This completes the proof. [

Theorem 11. Let o : E x E — [—00, +00) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is a-admissible;
(ii) T is a generalized a-F-contraction, and F is continuous;

(iii)  if (¢n) is a sequence in Eq such that ¢, — ¢ as n — oo and a(¢P,(c), ¢n11(c)) > 0 foreach n € N,
then a(¢y(c),¢(c)) > 0 foreach n € N;
(iv)  there exists ¢y € R such that a(¢po(c), Tgpp) > 0.

Then, T has a PPF-dependent fixed point in RY.

Proof. Assume that the conclusion of the statement is not true. Since T is a generalized a-F-contraction,
it follows from Proposition 9 that there exists a sequence (¢,) in R?, ¢* € RY, and I € N such that:

(cl)  T¢u = ¢ppr1(c) and a(Ppn(c), ¢pi1(c)) > 0 foreachn € N;
(c2)  ¢un — ¢ asn — oo;

(c3)  T¢u # T¢*, and hence, ¢, # ¢* for each n € N,.

Since T is a generalized a-F-contraction, for each n € N, we have:

T+ F(||¢ns1(c) — To"[|E)

< T a(Pa(e) ¢7(0) + F(Igusa(c) — T¢* )
= T4 a(pa(0),¢"(0)) + F(| T¢n — T¢" )
< F(max {lgu = ¢"lleo, |pn(c) = Tgulle, 4" (c) — T* |le,
Ia(e) =T e + 19°(6) = Tl )
2
<

F(max {19 — ¢ ll5, 1én () = pus1 (@), 97 (c) = T e,

[$n(c) = TP" e + (|97 (c) = Puia(e)|e })
2
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Since F is continuous, by taking n — oo, it follows that:

T+ E([l¢*(c) = To™[|le) < F(ll™(c) — T¢"[|E),

which is possible only when ||¢*(c) — T¢*||g = 0, that is, ¢*(c) = T¢*, which is contradiction.
This completes the proof. [

If we use the proof lines of Theorem 11, then we can prove the following;:

Theorem 12. Let a : E x E — [—00,+00) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is a-admissible;
(ii) T is a weak «-F-contraction, and F is continuous;
(iii)) i (¢n) is a sequence in Eg such that ¢, — ¢ as n — oo and a(¢pu(c), ¢ni1(c)) > 0 foreachn € N,
then a(¢y(c),¢(c)) > 0 foreachn € N;
(iv)  there exists ¢y € R such that a(¢po(c), Tgpy) > 0.

Then, T has a PPF-dependent fixed point in RY.
Now, we prove a Suzuki-type theorem for a-F-contractions in the described Razumikhin class.

Theorem 13. Let a : E X E — [—o00, +00) be a nonself-mapping, F be a Wardowski function, and the number
T > 0 be such that:

(i) T is a-admissible;
(i) forall §,& € Eg with | T¢p — TE||g > 0and 5||¢(c) — TPp|le < || — El|g,.

T+ a(P(c),&(c)) + F(IT — T&|e) < F(ll¢p — &g, ); )

(iii)  if (¢n) is a sequence in Eq such that ¢, — ¢ as n — oo and a(¢Py(c), py+1(c)) > 0 foreach n € N,
then a(¢y(c),¢(c)) > 0 foreachn € N;
(iv)  there exists ¢y € R such that a(¢o(c), Tepp) > 0.

Then, T has a PPF-dependent fixed point in RY.

Proof. Assume that the conclusion is not true. By a previous observation, Condition (iv) may be
written as follows:

(v)  there exists ¢g € RY such that a(¢g(c), T¢pg) > 0.

Let g9 € RY. Since T¢y € E, we may consider an element ¢; = H[T¢y] from the constant
Razumikhin class R?, which, by the definition, means that:

¢1(t) = Tepo

forall t € I and hence ¢;(c) = T¢p. Further, since T¢yy € E, we may consider an element ¢ = H|[T¢ |
from the constant Razumikhin class Rg, which, by the definition, means that

$2(t) = T

forall t € I, and hence, ¢2(c) = T¢;. Thus, inductively, we can have a sequence (¢,) in the constant
Razumikhin class Rg such that, for each n € Ny,

Pu(t) = TPy 1 (5)
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for all t € I, and hence, ¢,(c) = T¢,_1. By the algebraic-topological properties of the constant
Razumikhin class R, it follows that:

[@n-1 = ¢nlley = l¢n-1(c) = Pnlc)lE

for each n € Nj. Since T is a-admissible and:

a(¢o(c), 91(c)) = a(go(c), Tgpo) = 0,
we have:
a(¢1(c), d2(c)) = a(Teo, T1) = 0.
Again, since T is an a-admissible nonself-mapping, we have:

a(pa(c), ¢3(c)) > 0.

By continuing this process, we have:
&(pn-1(c), Pn(c)) 20
for each n € Nj. By the imposed condition on the nonself-mapping T, we cannot have a relation like:
Ty = dn(c) = Tpn

for some h € Ny, and so, we have:

T(Pn 7é T(Pn+1

and hence, ¢, # ¢11 foreachn € N.
Now, we have:

1 1
§H¢n—1(c) ~Tnalle = 5”%—1(0) —¢u(0)|lE

1
= §H<Pn—1 — ¢nllEg
< pn—1— dullE,-

From the Suzuki-type condition we admitted, it follows that:

F(ll¢n = tnialley) < E(ldpn1 = Pulle,) — 7 ©)

for each n € Nj. Again, as in the proof of Proposition 9, we can prove that (¢, ) is a Cauchy sequence
in R?, and so, there exists ¢* € Rg such that ¢, — ¢* as n — co. From (6), we have:

F(ll¢n = Pnralleg) < F(lldn—1 = Pullgy) =7 < F(lldn-1 = ¢ullg,)

for each n € Nj. Since F € A, we have:

pn — Pnv1llE, < llPn—1— ¢nllE, 7)

for each n € Ny. Suppose that there exists j € N such that:

1
S loi(e) = Toille > lloj — ¢" [l
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and: .
S 19j+1(0) = Tdjalle > g1 — ¢ lIEo-

Then, from (7), it follows that:

IN

ll¢j — dj+1llE, l¢; — "o + P41 — ¢ [IE,
1 1
< §||<Pj(c) = ToillE + 5 l19j+1(c) — Toii1lle
1 1
= 5l9i(e) = pjsa(O)lle+ 5lI¢j11(e) = Pra(e)le
1 1
= §||4’j — Piz1llE, + §||4’j+1 — @jr2llg
1 1
< Sllgr = pjsalles + 5 0j = Pjalley = 197 — Pjsalleo,

which is a contradiction. Hence, for each n € N, we have either:

1
S190(€) = Toulle < 19w — "I,

or:
1
§||4’n+1(c) = Tpnalle < |Pnr1 — ¢"[|Ey-

Consequently, there exists a sequence (k(7)) in N such that, for each n € N,

1 %
5 19 (€) = T lle < llPiny — ¢ llgo-

Then, from (4), it follows that:

E(IT¢x(n) — Te" ) T+ a(¢(ny (), 97 () + F(I Ty — Te"[l)

E(ll¢x(n) — ¢"[l£0)-

<
<

Now, since F € A, for each n € N, we have:

I TPrn) — TP e < llPr(n) — 971l E,

or, equivalently,
Pr(my+1(c) = TP™ I < N pr(ny — ¢" Il

for each n € N. Taking n — oo, it follows that ||T¢* — ¢*(c)||g = 0, that is, T¢* = ¢*(c).
This contradiction completes the proof. [

Corollary 14. Let F be the Wardowski function and the number T > 0 be such that, for all ¢, € Eg with
IT¢ = T&||e > 0and 3[lp(c) — TPlle < lIp — Ik,

T+ F([Te = T¢l[e) < E(l¢ —Ellgy)- ®)
Then, we have the following:

(1) T has a PPF-dependent fixed point in RY;
(2) T has a unique PPF-dependent fixed point in R..

Proof. Let a(u,v) = 0 for all u,v € E in Theorem 13. Then, we can prove that T has a PPF-dependent
fixed point in RY.
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For the uniqueness of the PPF-dependent fixed point of T, suppose that ¢* and ¢* are two
PPF-dependent fixed points of T in R, such that ¢* # ¢*. Therefore, we have:

1
167 () =T lle =0 < 9" "I,

and so, from (8),
T+ F(|l¢" — & [lgy) = T+ F(ll9™(c) — ¢ (c)[E)
=T+ F(|T¢* — TZ"[|g)
< F(ll¢" = &7llgy)s

which is a contradiction. Hence, ¢* = ¢*. This completes the proof. O

4. Particular Cases

Let (X, d) be a metric space. Consider the directed graph G such that the set V(G) of its vertices
coincides with X and the set E(G) of its edges contains all loops, i.e., E(G) 2 Z(X) (the diagonal of
Cartesian product X x X). If we suppose that G has no parallel edges, then we can identify G with
the pair (V(G), E(G)). Moreover, we may treat G as the weighted graph (see [26], p. 309) by assigning
to each edge the distance between its vertices. If x and y are vertices in the graph G, by a pathin G
from x to y of length m € Ny, we mean any finite sequence (x;)/", of m + 1 vertices such that xo = x,
xm =yand (x;_1,x;) € E(G) foreachi =1,---,m. A graph G is said to be connected if there is a path
between any two vertices. The graph G is said to be weakly connected if G is connected (for more
details, see [5,9,11,27,28]).

Definition 15 ([11]). Let (X, d) be a metric space endowed with a graph G. A mapping T : X — X is called a
G-contraction if T preserves the edges of G, that is,

(x,y) € E(G) = (Tx,Ty) € E(G)
and T decreases the weights of the edges of G in the following way: there exists « € (0,1) such that:
(x,y) € E(G) = d(Tx,Ty) < ad(x,y).

In this section, by using the results in Section 3, we give some PPF-dependent fixed point theorems
in Banach spaces with the graph and the partial order.

4.1. Some Results in Banach Spaces Endowed with a Graph
Let E be endowed with the graph G,c € Iand T : Ey — E be a nonself-mapping.
Definition 16. Let F € A be a Wardowski function.

(1) T is called a graphic F-contraction if there exists T > 0 such that, for all ¢, € Eo with (¢(c),E(c)) €
E(G)and ||T¢ — T¢||g >0,

T+ F(||T¢ — T¢l[e) < F(ll¢ — CllE,);

(2) T is called a graphic weak F-contraction if there exists T > 0 such that, for all ¢, € Eo with
(9(c),¢(c)) € E(G) and || T¢p — T¢[[e > 0,

T+ F(ITg — T¢|[e) < F(max{[[¢ =l l¢(c) — Tolle, [I5(c) — TElle});
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(3) T is called a graphic generalized F-contraction if there exists T > 0 such that, for all ¢, € Ey with
(@(c),¢(c)) € E(G) and [ T¢ — T¢[[e > 0,

T+ F(|Tg—Telle) < F(max{llp ¢l Ip(c) — Tolle, Ig(e) - Telle,

[p(c) = TElle + [18(c) — Tl })
5 .

Theorem 17. Suppose that the following conditions are satisfied:
(@ if (¢(c),¢(c)) € E(G), then (T¢, TE) € E(G);

(ii) T is a graphic F-contraction, for some Wardowski function F;

(iii)  if (¢n) is a sequence in Eg such that ¢ — ¢ as n — oo and (¢pn(c), pn11(c)) € E(G) foreachn € N,
then (¢n(c), p(c)) € E(G) foreachn € N;

(iv)  there exists ¢g € R such that (¢o(c), To) € E(G).

Then, T has a PPF-dependent fixed point in RY.
Proof. Define a mapping o : E x E — [—o0, +-00) by:

0, if(x,y) € E(G),
a(x,y) =

—oo, otherwise.

Assume that a(¢(c),&(c)) > 0. Then, (¢(c),&(c)) € E(G). From (i), we have (T¢, T¢) € E(G),
thatis a(T¢, T¢) > 0. Hence, T is a-admissible.

Let ¢, ¢ € Eg be such that ||T¢p — TE||g > 0. If a(¢(c), &(c)) > 0, then (¢(c),E(c)) € E(G).

From the definition of a graphic F-contraction, we have:

T+ a((c),&(c)) + F(ITg — T¢l[e) < F(ll¢ —Ell,)-

Otherwise, a(¢(c), {(c)) = —oo, that is,

T+ a(¢(e),¢(e)) + F(IT¢ — T¢lle) < F(ll¢ = CliE,)-

Therefore, for all ¢, ¢ € Ep such that ||T¢ — TE||g > 0, we have:

T+ a(e(e),&(c)) + F(IT¢ — T¢l[e) < F(ll¢ — ¢l ),

and T is a-F-contractive.

Let (¢n) be a sequence in Ej such that ¢, — ¢ as n — oo and a(¢x(c), ¢,+1(c)) > 0 for each
n € N. Thus, we have (¢, (c), ¢p+1(c)) € E(G) for each n € N. In this case, from (iii), it follows that
(¢n(c), ¢(c)) € E(G) for each n € N, thatis a(¢,(c), ¢(c)) > 0 for each n € N.

Finally, from (iv), it follows that there exists ¢9 € R such that a(¢po(c), Tepp) > 0. Thus, all
the conditions of Theorem 10 hold, and so, T has a PPF-dependent fixed point. This completes
the proof. O

Similarly, we can prove the following;:

Theorem 18. Suppose that the following conditions are satisfied:
@) if (¢(c),&(c)) € E(G), then (T¢, T¢) € E(G);

(ii) T is a graphic weak F-contraction for a continuous Wardowski function F;
(iii) i (¢n) is a sequence in Eqy such that ¢, — ¢ asn — oo and (¢n(c), pns1(c)) € E(G) foreachn € N,
then (¢n(c), p(c)) € E(G) foreachn € N;
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(iv)  there exists ¢g € R such that (¢o(c), To) € E(G).

Then, T has a PPF-dependent fixed point in RY.

Theorem 19. Suppose that the following conditions are satisfied:

(i) if (9(c),(c)) € E(G), then (T, T¢) € E(G);

(ii) T is a graphic generalized F-contraction for a continuous Wardowski function F;

(iii)  if (¢n) is a sequence in Eg such that ¢ — ¢ as n — oo and (¢pn(c), pni1(c)) € E(G) foreachn € N,
then (¢n(c), p(c)) € E(G) foreachn € N;

(iv)  there exists ¢g € R such that (¢o(c), Tdo) € E(G).

~

Then, T has a PPF-dependent fixed point in RY.

4.2. Some Results in Banach Spaces Endowed with a Partial Order

Let E be a Banach space endowed with a partial order < andc € Iand T : Ey — E be a
nonself-mapping.

Definition 20. Let F € A be a Wardowski function.

(1) T is called an ordered F-contraction if there exists T > 0 such that, for all ¢, & € Ey with ¢(c) =< &(c)
and | To — T& |z >0,
T+ F([T = T¢lle) < E(ll¢ = Elley);

(2) T is called an ordered weak F-contraction if there exists T > O such that, for all ¢, € Eg with
¢(c) 2 ¢(c) and |T¢ — TE|[e > O,

T+ F(IT¢ — T¢l[e) < Fmax{|[¢ — ¢l 1¢(c) = Tl [16(c) = TElED);

(3) T is an ordered generalized F-contraction if there exists T > 0 such that, for all ¢, € Ey with
¢(c) 2 ¢(c) and |T¢ — TE|[e > O,

T+ F(|Tp—Tele) < F(max{llg—&lleylle(c) - Telle, E(e) - T,

¢(c) = T¢lle +116(c) — Tl })
2

Definition 21 ([10]). We say that T is c-increasing if, for any ¢, & € Eg with ¢(c) = ¢(c), we have T < T¢.
Theorem 22. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(ii) T is an ordered F-contraction for a Wardowski function F;
(iii)  if (¢n) is a sequence in Ey such that ¢, — ¢ as n — oo and ¢n(c) < ¢ui1(c) for each n € N,
then ¢ (c) = ¢(c) foreachn € N;
(iv)  there exists ¢g € R such that ¢o(c) = T¢o.

Then, T has a PPF-dependent fixed point in RY.
Proof. Define a mapping « : E X E — [—00,400) by:
0, ifx <y

a(x,y) =

—o0, otherwise.



Mathematics 2018, 6, 267 15 of 19

Assume that a(¢(c), &(c)) > 0. Then, we have ¢(c) = &(c). Since T is c-increasing, it follows that
T¢ < T¢, thatis a(T¢, TE) > 0. Thus, T is a-admissible.

Let ¢, € Ep be such that |[T¢ — TE||g > 0. If a(¢(c),&(c)) > 0, then ¢(c) = &(c)). From the
definition of an ordered F-contraction, we have:

T+a(p(e),¢(c)) + F(ITe — T¢lle) < F(llg — ¢l )-
Otherwise, a(¢(c),{(c)) = —oo, that is,

T+ a(¢(c),¢(e)) + F(IT¢ — T¢lle) < F(ll¢ = CliE,)-

Therefore, for all ¢, ¢ € Eg with || T¢ — T¢||g > 0, we have:

T+ a(¢(ec),¢(e)) + F(IT¢ — T¢l[e) < F(ll¢ —Ellg,)

and T is a-F-contractive.

Let (¢n) be a sequence in Ej such that ¢, — ¢ as n — oo and a(¢x(c), ¢,+1(c)) > 0 for each
n € N. Then, ¢, (c) < ¢pp41(c) for each n € N. Thus, from (iii), it follows that ¢, (c) < ¢(c) for each
n € N, thatis a(¢,(c), $(c)) > 0 for each n € N.

Finally, from (iv), it follows that there exists ¢g € R such that ¢g(c) < T¢po, thatis a(¢o(c), To) >
0. Thus, all the conditions of Theorem 10 hold, and so, T has a PPF-dependent fixed point in R?. This
completes the proof. O

Similarly, we can prove the following;:

Theorem 23. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(ii) T is an ordered weak F-contraction for a continuous Wardowski function F;
(iii)  if (¢n) is a sequence in Ey such that ¢, — ¢ as n — oo and ¢n(c) =< ¢pui1(c) for each n € N,
then ¢ (c) = ¢(c) foreachn € N;
(iv)  there exists ¢g € R such that ¢o(c) = T¢po.

Then, T has a PPF-dependent fixed point in RY.

Theorem 24. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(i) T isan ordered generalized F-contraction for a continuous Wardowski function F;
(iii)  if (¢n) is a sequence in Eg such that ¢, — ¢ as n — oo and ¢n(c) = ¢u41(c) foreach n € N,
then ¢y, (c) < ¢(c) foreachn € N;
(iv)  there exists ¢y € R such that ¢o(c) = Teo.

Then, T has a PPF-dependent fixed point in RY.

5. Some Applications

In this Section, we give an application to integro-functional equations for some of the results in
Section 4. It may be compared with some related statements in Kutbi and Sintunavarat [29].

Let ] = [—4,0] be abounded closed interval, where a > 0 is a real number. Further, let E = C(],R)
stand for the real space of all continuous functions over J. It is easy to see that, with respect to the norm:

(D1)  ||x||g = max{|x(#)] : t € J} for all x € E, the couple (E, || - ||g) becomes a Banach space.
Moreover, the relation “<” over E is introduced as follows:
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(D2)

(D3)

(D4)
(H1)

(W4)

(P1)

(D5)
(P2)

x < yif and only if x(t) < y(t) for all t € | is reflexive, transitive, and antisymmetric, and
hence, the relation “<" is a partial order on E.

Finally, denote I = [0,1], and let A = C(J U I, R) stand for the linear space of all continuous
functions from J U I to R. As before, with respect to the norm:

[lplla = max{|p(t)| : t € JUI} forall ¢ € A, the couple (A, || - ||p) becomes a Banach space.

Now, for each ¢ € A, define the family of delayed functions ¢; in E such that:

¢$:(0) =p(t+0) forallt € Iand 6 € J. Let f : I x E — R be a function such that:

(t,x) — f(t,x) is continuous, that is t, — t and x, — x imply f(t,, x,) — f(t,x). With the
aid of this, for some z € E, we may now consider the following integro-functional equation:

1
o = z—i—/o f(s, ¢s)ds. 9)

To show the existence and uniqueness result for the Equation (9), we need some more properties
as follows:

Let F : R} — R be a Wardowski function. We say that F is a normal Wardowski function,
provided:

F is strictly increasing, continuous, and F(0+) = —oo, F(c0) = oo, and hence, F(R}) = R.
In this case, F admits an inverse function F~1 : R — RY with the properties

F~1is strictly increasing, continuous, and F~!(—o0) = 0+, F~1(c0) = co.

Hence, F is a topological isomorphism between RY and R. Moreover, for each T > 0,
the associated function K5 : Rg — R is introduced as follows:

K:(t) = F71(F(t) — 7) forall t € RY is well defined and has the following property:

K is strictly increasing, continuous, and K¢ (0+) = 0+, K(c0) = o0, and so, K7 is a topological
isomorphism from RY, to itself. Therefore, if we put K;(0) = 0, then the extended function
K: : Ry — Ry is a topological isomorphism from R to itself.

Now, we give an application for our result in Section 4.

Theorem 25. Suppose that there exists a function o € A, a normal Wardowski function F : RS, — Rand a
number T > 0 such that (H1) holds, as well as:

(H2)
(H3)
(H4)

¢, &€ Nand po < &g imply f(t,¢r) < f(t, &) forallt € I;

1
sup{[|at||z : £ € I} = [|ao|| and ag < z+/0 (s, as)ds;
Lf(t,x) = f(t,y)| < Ke(||x —y||g) forall t € Iand x,y € E.

Then, the integro-functional Equation (9) has exactly one solution in A.

Proof. Define the following linear space:

(Do)

(D7)

E={p:=(¢:):tcl ¢ cA}
(I-1) If we define the norm as follows:

¢z = sup{||gr|[g : t € I} forall § € E,

then E becomes a Banach space. In fact, let (¢"),cy be a Cauchy sequence in E, and hence, by
the definition above, we have the following;:

(i)  (¢"(t))nenis a Cauchy sequencein R forall t € JUL;
(i)  (¢})nen is a Cauchy sequence in E for all t € I.

By the former conclusion above, one can derive that:
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(a)

(b)
(©

(d)

(1) = lim, 0 ¢" (t) exists forall t € JU L.

This, combined with the latter conclusion, tells us that:
¢ € Aand, hence, ¢; € Eforallt € [;
¢" — ¢ := (¢p1; t € I) with respect to the norm || - ||z,

and so, our claim follows.

(I-2) The following regularity property of the structure (E, ||.|| £) is also valid:

(Reg)  for each sequence (¢"),cy in E, ¢ € E with ¢" — ¢ (in the norm || - ||z) and ¢ff < pi+!
for each n € N, we have ¢ < ¢ for eachn € N.

This is a direct consequence of the following property:
¢" — ¢ (with respect to the norm || - ||z) implies ¢} — ¢ (in E), and this, in turn, gives ¢} < ¢
for eachn € N.

By using these properties, let us introduce the operator 7 : E — E defined by:
o~ 1 o~ -~
(Oper) T¢=z +/ f(s,¢s)ds forall ¢ € E.
0

Now, we claim that the conditions of Theorem 22 hold, and then, this will complete the argument.

(II-1) First, by (H2), we have:

Q1)  ¢,& € Eand ¢y < & imply f(s,¢s) < f(s,&) forall s € I, and this gives T¢ < T ¢ in
E,

which shows that 7 is zero-increasing.

(II-2) Secondly, by (H3), there exists & € A such that:

@ sup{[larl[e : t € I} = [[mol|Es
(i) o< Z+./o f(s,as)ds.

This tells us that the element @ = (ay; f € I) in E satisfies:

Q) fallz = llolle;
(Q3) zxogz—i—/of(s,zxs)ds:TE.

(II-3) Finally, we have to verify the contractive condition. Let F, T and K+ be introduced as before.
For any ¢, ¢ € E with ¢g < & and T¢ # T &, we have, by (H4),

N N 1
IT9=TElle < [ 1F(s99) = £ls,2)lds
1
< [ Kelllgs = lle)ds

and so:

T+ F(|[T9—TElE) < E(ll¢—Ellp)

or, in other words, 7 is ordered F-contractive. Putting these together, it follows that Theorem 22
is indeed applicable to our data, and so, from this, we can complete our conclusion.
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6. Conclusions

Motivated by the results of Bernfeld et al. [18] and Samet et al. [21,22], we newly introduce
the concepts of an a-admissible nonself-mapping, an «-F-contractive nonself-mapping, a weak
«-F-contractive nonself-mapping, and a generalized a-F-contractive nonself-mapping, and prove some
PPF-dependent fixed theorems for these kinds of contractive nonself-mappings in Razumikhin classes.
By using our results, we derive some PPF-dependent fixed point theorems for an a-F-contractive
nonself-mapping when the range space is endowed with the graph or the partial order. Furthermore,
we give some applications to illustrate the main results.

Finally, we expect that our main results will contribute much to the development of
PPF-dependent fixed point theory and applications.
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