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Abstract: In this paper, we introduce the concepts of an α-admissible nonself-mapping, an
α-F-contractive nonself-mapping, a weak α-F-contractive nonself-mapping, and a generalized
α-F-contractive nonself-mapping and prove some PPF (past-present-future)-dependent fixed point
theorems for the proposed contractive nonself-mappings in certain Razumikhin classes. By using our
results, we derive some PPF-dependent fixed point theorems for an α-F-contractive nonself-mapping
endowed with a graph or a partial order. Finally, we give some applications to illustrate the
main results.
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1. Introduction

Throughout this paper, let N denote the set of natural numbers, and in addition, for each h ∈ N,
let Nh = {n ∈ N : h ≤ n}. Furthermore, let R and R+ = [0, ∞) be the set of all real numbers and the
set of all non-negative real numbers, respectively, and let R0

+ = (0, ∞).
In 1922, Banach [1] proved that every contraction T in a complete metric space (X, d) has a unique

fixed point z ∈ X. Since then, many authors improved and extended this result in several ways
(for more details, see [2–17] and the references therein).

Especially, in [18], Bernfeld et al. introduced first the concept of PPF-dependent fixed point or a
fixed point with PPF dependence for nonself-mappings (whose domain is distinct from their range),
and furthermore, they showed the existence of PPF (past-present-future)-dependent fixed points of
Banach-type contraction mappings in certain Razumikhin classes (also, see [19]). Their main results
are helpful tools to show the existence of solutions for nonlinear functional differential and integral
equations, which may depend on the past history, present data and future evolution (also, see [20]).

On the other hand, in [21], Samet et al. introduced first the concept of α-admissible self-mapping,
proved some fixed point results for α-admissible contractions in a complete metric space, and applied
the main results to show the existence of solutions for ordinary differential equations. More recently,
in [22], Salimi et al. modified slightly the notions of α-ψ-contractive and α-admissible mappings and
established some fixed point theorems to generalize the results given in [21].
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Recently, in [23], Wardowski introduced a new contractive mapping and proved some fixed point
theorem for this contraction in complete metric spaces.

For any k ∈ (0, 1), let ∆k denote the set of all functions F : R0
+ → R satisfying the following

conditions:

(W1) F is strictly increasing;
(W2) for any sequence (αn) in R0

+, we have:

lim
n→∞

αn = 0 ⇐⇒ lim
n→∞

F(αn) = −∞;

(W3) limα→0+ αkF(α) = 0.

Denote also ∆ = ∪{∆k : k ∈ (0, 1)}. An element F in the class ∆ is called a Wardowski function.
Now, assume that (X, d) is a metric space, F ∈ ∆ and τ > 0. A self-mapping T : X → X is called

an (F, τ)-contractive mapping or F-contraction: provided

d(Tx, Ty) > 0 =⇒ τ + F(d(Tx, Ty)) ≤ F(d(x, y)) (1)

for all x, y ∈ X.
If τ > 0 is generic in this convention, then T is referred to as an F-contraction. A basic example in

this direction is as below.
Define a function F : R0

+ → R by F(α) = ln α for all α ∈ R0
+. Clearly, F satisfies (W1)–(W3).

Assume that a mapping T : X → X is (F, τ)-contractive (in the sense of (1)), where τ > 0, then we have:

d(Tx, Ty) ≤ e−τd(x, y)

for all x, y ∈ X with Tx 6= Ty. On the other hand, for all x, y ∈ X with Tx = Ty, we have:

d(Tx, Ty) ≤ e−τd(x, y),

which implies that T is the Banach contraction.
In this paper, motivated by the results of Bernfeld et al. [18] and Samet et al. [21,22], we newly

introduce the concepts of an α-admissible nonself-mapping, an α-F-contractive nonself-mapping, a
weak α-F-contractive nonself-mapping, and a generalized α-F-contractive nonself-mapping, and
prove some PPF-dependent fixed theorems for these kinds of contractive nonself-mappings in
Razumikhin classes. By using our results, we prove some PPF-dependent fixed point theorems
for an α-F-contractive nonself-mapping when the range space is endowed with the graph or the
partial order. Finally, we give some applications to illustrate the main results.

2. Preliminaries

Throughout this paper, let (E, ‖ · ‖E) be a Banach space, I = [a, b] be a closed interval in R, and
E0 = C(I, E) be the set of all continuous E-valued functions on I equipped with the supremum norm
‖ · ‖E0 defined as follows:

‖φ‖E0 = sup
t∈I
‖φ(t)‖E.

Let c ∈ I and T : E0 → E be a nonself-mapping.

Definition 1 ([18]). We say that a function φ ∈ E0 is a PPF-dependent fixed point or a fixed point with PPF
dependence of T if Tφ = φ(c) for some c ∈ I.

For an easy reference, we list the basic conditions to be used throughout this exposition.

Definition 2. Let α : E× E→ [−∞,+∞) be a nonself-mapping. The mapping T is said to be α-admissible if,
for any φ, ξ ∈ E0,

α
(
φ(c), ξ(c)

)
≥ 0 =⇒ α

(
Tφ, Tξ

)
≥ 0.
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Example 1. Take E = R (with the usual norm), and let I = [0, 1] and c = 1. Define a mapping T : E0 → E
by Tφ = 1

9 φ(1) for all φ ∈ E0 and a mapping α : E× E→ [−∞,+∞) by:

α(x, y) =

{
2, if x ≥ y,
0, otherwise.

Then, T is an α-admissible nonself-mapping.

Definition 3. Let α : E × E → [−∞,+∞) be a nonself-mapping and F ∈ ∆ be a Wardowski function.
The mapping T is called:

(1) α-F-contractive if there exists τ > 0 such that, for all φ, ξ ∈ E0 with ‖Tφ− Tξ‖E > 0,

τ + α
(
φ(c), ξ(c)

)
+ F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0);

(2) weak α-F-contractive if there exists τ > 0 such that, for all φ, ξ ∈ E0 with ‖Tφ− Tξ‖E > 0,

τ + α
(
φ(c), ξ(c)

)
+ F(‖Tφ− Tξ‖E)

≤ F(max{‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E});

(3) generalized α-F-contractive if there exists τ > 0 such that, for all φ, ξ ∈ E0 with ‖Tφ− Tξ‖E > 0,

τ + α
(
φ(c), ξ(c)

)
+ F(‖Tφ− Tξ‖E)

≤ F
(

max
{
‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E,

‖φ(c)− Tξ‖E + ‖ξ(c)− Tφ‖E
2

})
.

Definition 4. (1) The Razumikhin (or minimal) class attached to c is defined as follows:

Rc = {φ ∈ E0 : ‖φ‖E0 = ‖φ(c)‖E}.

(2) Furthermore, we denote R0
c as the class of all constant functions φ ∈ Rc, which is referred to as the

constant Razumikhin class.

To get some useful formula for this subclassR0
c , we need the following:

For each u ∈ E, let H[u] denote the constant function of E0 defined by:

H[u](t) = u

for all t ∈ I. Note that, by this definition, we have:

||H[u]||E0 = ||u||E, H[u](c) = u

whence H[u] ∈ Rc.
Now, we claim that:

R0
c = {H[u] : u ∈ E}.

That is, the constant Razumikhin classR0
c is the subclass of all constant functions in E0. In fact,

the right to left inclusion is clear. For the converse inclusion, it is easy to show that any constant
function ψ inRc may be written as:

ψ = H[u]

for some u ∈ E, and so, this completes our argument.
The following simple properties (given without proof) are valid.
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Proposition 5. Under the above assumptions,

(1) H[u + v] = H[u] + H[v] for all u, v ∈ E;
(2) H[λu] = λH[u] for all λ ∈ R and u ∈ E;
(3) ||u||E = ||H[u]||E0 for all u ∈ E;
(4) the mapping u 7→ H[u] is an algebraic, topological isomorphism between (E, || · ||E) and (R0

c , || · ||E0).

Definition 6. Let α : E× E→ [−∞,+∞) be a nonself-mapping.

(1) the mapping T is said to be (Rc, α)-starting if there exists φ0 ∈ Rc such that:

α(φ0(c), Tφ0) ≥ 0;

(2) the mapping T is said to be (R0
c , α)-starting if there exists φ0 ∈ R0

c such that:

α(φ0(c), Tφ0) ≥ 0.

Clearly, if T is (R0
c , α)-starting, then it is also (Rc, α)-starting. The reciprocal assertion is also true

under certain regularity conditions upon T. Precisely, we have the following:

Proposition 7. Let α : E× E→ [−∞,+∞) be a nonself-mapping satisfying the following conditions:

(i) T is α-admissible;
(ii) T is (Rc, α)-starting.

Then, T is (R0
c , α)-starting.

Proof. By the second condition above, there exists φ0 ∈ Rc such that:

α(φ0(c), Tφ0) ≥ 0.

Since Tφ0 ∈ E, we can consider the element ξ0 = H[Tφ0] from the constant Razumikhin class
R0

c , which, by the definition, means that ξ0(t) = Tφ0 for all t ∈ I, and hence, ξ0(c) = Tφ0. From the
condition on φ0, it follows that:

α(φ0(c), ξ0(c)) ≥ 0.

Since T is α-admissible, we have:
α(Tφ0, Tξ0) ≥ 0

or, equivalently, by the preceding relation,

α(ξ0(c), Tξ0) ≥ 0.

This completes the proof.

Definition 8. (1) The classRc is said to be algebraically closed with respect to the difference if φ− ξ ∈ Rc

for any φ, ξ ∈ Rc;
(2) The classRc is said to be topologically closed if it is closed with respect to the topology on E0 generated

by the norm ‖ · ‖E0 .

Now, in this paper, we consider a natural continuation of some PPF-dependent fixed point
theorems proven by Agarwal et al. [24], Ćirić et al. [25], and Hussain et al. [10]. In all the results,
they used the following basic structural conditions on the Razumikhin classRc:

(K1) Rc is algebraically closed with respect to the difference;
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(K2) Rc is topologically closed.

In this paper, we show that, by the conclusions of the above proposition, both of these conditions
may be removed in all results to be presented.

3. The Main Results

Let c ∈ I and T : E0 → E be a nonself-mapping.
Now, we need the following result for some PPF-dependent fixed point theorems in this section:

Proposition 9. Let α : E × E → [−∞,+∞) be the nonself-mapping and F be the Wardowski function
satisfying the following conditions:

(i) T is α-admissible;
(ii) T is a generalized α-F-contraction;

(iii) there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0.

In addition, assume that:
T has no PPF-dependent fixed points inR0

c , that is Tφ 6= φ(c) for all φ ∈ R0
c .

Then, there exists a sequence (φn) inR0
c , φ∗ ∈ R0

c and h ∈ N such that:

(c1) Tφn = φn+1(c) and α(φn(c), φn+1(c)) ≥ 0 for all n ∈ N;
(c2) φn → φ∗ as n→ ∞;
(c3) Tφn 6= Tφ∗, and hence, φn 6= φ∗ for all n ∈ Nh.

Proof. By a previous observation, Condition (iii) may be written as follows:

(iv) there exists φ0 ∈ R0
c such that α(φ0(c), Tφ0) ≥ 0.

Let φ0 ∈ R0
c . Since Tφ0 ∈ E, we may consider an element φ1 = H[Tφ0] from the constant

Razumikhin classR0
c , which, by the definition, means that:

φ1(t) = Tφ0

for all t ∈ I, and hence, φ1(c) = Tφ0. Further, since Tφ1 ∈ E, we may consider an element φ2 = H[Tφ1]

from the constant Razumikhin classR0
c , which, by the definition, means that:

φ2(t) = Tφ1

for all t ∈ I, and hence, φ2(c) = Tφ1. If this process may continue indefinitely, then we can get a
sequence (φn) in the constant Razumikhin classR0

c with:

φn(t) = Tφn−1 (2)

for all n ∈ N1 and t ∈ I, and hence, φn(c) = Tφn−1. By the algebraic-topological properties of the
constant Razumikhin classR0

c , it follows that:

‖φn−1 − φn‖E0 = ‖φn−1(c)− φn(c)‖E

for each n ∈ N1. Since T is an α-admissible mapping and α(φ0(c), φ1(c)) = α(φ0(c), Tφ0) ≥ 0, we
have:

α(φ1(c), φ2(c)) = α(Tφ0, Tφ1) ≥ 0.

Again, since T is α-admissible, we have:

α(φ2(c), φ3(c)) ≥ 0.
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By continuing this process, we have:

α(φn−1(c), φn(c)) ≥ 0

for all n ∈ N1, and so, this proves Conclusion (c1).
By the imposed condition on the nonself-mapping T, the fact that there exists h ∈ N such that:

Tφh+1 = φh+1(c) = Tφh

is impossible, and so Tφn 6= Tφn+1; hence, φn 6= φn+1 for each n ∈ N. Since T is a generalized
α-F-contraction, for each n ∈ N, it follows that:

τ + F(‖φn − φn+1‖E0)

≤ τ + α
(
φn−1(c), φn(c)

)
+ F(‖φn − φn+1‖E0)

= τ + α
(
φn−1(c), φn(c)

)
+ F(‖φn(c)− φn+1(c)‖E)

= τ + α
(
φn−1(c), φn(c)

)
+ F(‖Tφn−1 − Tφn‖E)

≤ F
(

max
{
‖φn−1 − φn‖E0 , ‖φn−1(c)− Tφn−1‖E, ‖φn(c)− Tφn‖E,

‖φn−1(c)− Tφn‖E + ‖φn(c)− Tφn−1‖E
2

})
= F

(
max

{
‖φn−1 − φn‖E0 , ‖φn−1(c)− φn(c)‖E, ‖φn(c)− φn+1(c)‖E,

‖φn−1(c)− φn+1(c)‖E
2

})
= F

(
max

{
‖φn−1 − φn‖E0 , ‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0 ,

‖φn−1 − φn+1‖E0

2

})
= F

(
max

{
‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0 ,

‖φn−1 − φn+1‖E0

2

})
≤ F

(
max

{
‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0 ,

‖φn−1 − φn‖E0 + ‖φn − φn+1‖E0

2

})
= F(max{‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0}),

which implies that, for each n ∈ N1,

F(‖φn − φn+1‖E0) ≤ F(max{‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0})− τ.

Now, if max{‖φn−1 − φn‖E0 , ‖φn − φn+1‖E0} = ‖φn − φn+1‖E0 , then we have:

F(‖φn − φn+1‖E0) ≤ F(‖φn − φn+1‖E0)− τ < F(‖φn − φn+1‖E0),

which is a contradiction. Therefore, we have:

F(‖φn − φn+1‖E0) ≤ F(‖φn−1 − φn‖E0)− τ

and so, for each n ∈ N,

F(‖φn − φn+1‖E0) ≤ F(‖φn−1 − φn‖E0)− τ

≤ F(‖φn−2 − φn−1‖E0)− 2τ

≤ · · ·
≤ F(‖φ0 − φ1‖E0)− nτ.

(3)
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Hence, limn→∞ F(‖φn − φn+1‖E0) = −∞. Since F ∈ ∆, it follows that:

lim
n→∞

‖φn − φn+1‖E0 = 0.

Again, since F ∈ ∆, there exists k ∈ (0, 1) such that:

lim
n→∞

‖φn − φn+1‖k
E0

F(‖φn − φn+1‖E0) = 0.

From (3), it follows that, for all n ∈ N,

0 ≤ nτ‖φn − φn+1‖k
E0
≤ ‖φn − φn+1‖k

E0

[
F(‖φ0 − φ1‖E0)− F(‖φn − φn+1‖E0)

]
.

Taking n→ ∞, we obtain:
lim

n→∞
n‖φn − φn+1‖k

E0
= 0.

Therefore, there exists j ∈ N such that:

n‖φn − φn+1‖k
E0
≤ 1

for all n ∈ Nj. This implies:

‖φn − φn+1‖E0 ≤
1

n1/k

for each n ∈ Nj. Thus, for each m > n ≥ j, we have:

‖φn − φm‖E0 ≤
m−1

∑
i=n
‖φi − φi+1‖E0 ≤

m−1

∑
i=n

1
i1/k .

Since 0 < k < 1, the series ∑i≥1
1

i1/k converges, and so ‖φn − φm‖E0 → 0 as m, n → ∞,
which implies that (φn) is a Cauchy sequence. Since R0

c is complete, there exists φ∗ ∈ R0
c such

that φn → φ∗ as n→ ∞. Therefore, (c2) holds too.
Finally, assume that (c3) is not true, that is for each n ∈ N, there exists m > n such that:

Tφ∗ = Tφm = φm+1(c),

which implies that there exists an infinite sequence (k(n)) in N such that:

Tφ∗ = φk(n)(c)

for each n ∈ N. Taking n → ∞, we have Tφ∗ = φ∗(c), which contracts the imposed hypothesis.
Hence conclusion (c3) holds. This completes the proof.

By using Proposition 9, we have the following basic PPF-dependent fixed point theorems:

Theorem 10. Let α : E× E → [−∞,+∞) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is α-admissible;
(ii) T is an α-F-contraction;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N,
then α(φn(c), φ(c)) ≥ 0 for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0.

Then, T has a PPF-dependent fixed point inR0
c .
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Proof. Assume that the conclusion is not true. Since F is strictly increasing, every α-F-contraction
is a generalized α-F-contraction. Then, all the conditions of Proposition 9 hold. Thus, there exists a
sequence (φn) inR0

c , φ∗ ∈ R0
c and h ∈ N such that:

(c1) Tφn = φn+1(c) and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N;
(c2) φn → φ∗ as n→ ∞;
(c3) Tφn 6= Tφ∗, and hence, φn 6= φ∗ for each n ∈ Nh.

Since T is an α-F-contraction, for each n ∈ Nh, we have:

F(‖Tφn − Tφ∗‖E) ≤ τ + α
(
φn(c), φ∗(c)

)
+ F(‖Tφn − Tφ∗‖E) ≤ F(‖φn − φ∗‖E0).

Since F ∈ ∆, for each n ∈ Nh, we have:

‖Tφn − Tφ∗‖E ≤ ‖φn − φ∗‖E0

and so:

‖Tφ∗ − φ∗(c)‖E ≤ ‖Tφ∗ − Tφn‖E + ‖Tφn − φ∗(c)‖E

= ‖Tφ∗ − Tφn‖E + ‖φn+1(c)− φ∗(c)‖E

≤ ‖φ∗ − φn‖E0 + ‖φn+1 − φ∗‖E0 .

Taking n→ ∞, it follows that ‖Tφ∗ − φ∗(c)‖E = 0, that is, Tφ∗ = φ∗(c), which is a contradiction.
This completes the proof.

Theorem 11. Let α : E× E → [−∞,+∞) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is α-admissible;
(ii) T is a generalized α-F-contraction, and F is continuous;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N,
then α(φn(c), φ(c)) ≥ 0 for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0.

Then, T has a PPF-dependent fixed point inR0
c .

Proof. Assume that the conclusion of the statement is not true. Since T is a generalized α-F-contraction,
it follows from Proposition 9 that there exists a sequence (φn) inR0

c , φ∗ ∈ R0
c , and h ∈ N such that:

(c1) Tφn = φn+1(c) and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N;
(c2) φn → φ∗ as n→ ∞;
(c3) Tφn 6= Tφ∗, and hence, φn 6= φ∗ for each n ∈ Nh.

Since T is a generalized α-F-contraction, for each n ∈ Nh, we have:

τ + F(‖φn+1(c)− Tφ∗‖E)

≤ τ + α
(
φn(c), φ∗(c)

)
+ F(‖φn+1(c)− Tφ∗‖E)

= τ + α
(
φn(c), φ∗(c)

)
+ F(‖Tφn − Tφ∗‖E)

≤ F
(

max
{
‖φn − φ∗‖E0 , ‖φn(c)− Tφn‖E, ‖φ∗(c)− Tφ∗‖E,

‖φn(c)− Tφ∗‖E + ‖φ∗(c)− Tφn‖E
2

})
≤ F

(
max

{
‖φn − φ∗‖E0 , ‖φn(c)− φn+1(c)‖E, ‖φ∗(c)− Tφ∗‖E,

‖φn(c)− Tφ∗‖E + ‖φ∗(c)− φn+1(c)‖E
2

})
.
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Since F is continuous, by taking n→ ∞, it follows that:

τ + F(‖φ∗(c)− Tφ∗‖E) ≤ F(‖φ∗(c)− Tφ∗‖E),

which is possible only when ‖φ∗(c) − Tφ∗‖E = 0, that is, φ∗(c) = Tφ∗, which is contradiction.
This completes the proof.

If we use the proof lines of Theorem 11, then we can prove the following:

Theorem 12. Let α : E× E → [−∞,+∞) be a nonself-mapping and F be a Wardowski function satisfying
the following conditions:

(i) T is α-admissible;
(ii) T is a weak α-F-contraction, and F is continuous;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N,
then α(φn(c), φ(c)) ≥ 0 for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0.

Then, T has a PPF-dependent fixed point inR0
c .

Now, we prove a Suzuki-type theorem for α-F-contractions in the described Razumikhin class.

Theorem 13. Let α : E× E→ [−∞,+∞) be a nonself-mapping, F be a Wardowski function, and the number
τ > 0 be such that:

(i) T is α-admissible;
(ii) for all φ, ξ ∈ E0 with ‖Tφ− Tξ‖E > 0 and 1

2‖φ(c)− Tφ‖E ≤ ‖φ− ξ‖E0 ,

τ + α
(
φ(c), ξ(c)

)
+ F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0); (4)

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each n ∈ N,
then α(φn(c), φ(c)) ≥ 0 for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0.

Then, T has a PPF-dependent fixed point inR0
c .

Proof. Assume that the conclusion is not true. By a previous observation, Condition (iv) may be
written as follows:

(v) there exists φ0 ∈ R0
c such that α(φ0(c), Tφ0) ≥ 0.

Let φ0 ∈ R0
c . Since Tφ0 ∈ E, we may consider an element φ1 = H[Tφ0] from the constant

Razumikhin classR0
c , which, by the definition, means that:

φ1(t) = Tφ0

for all t ∈ I and hence φ1(c) = Tφ0. Further, since Tφ1 ∈ E, we may consider an element φ2 = H[Tφ1]

from the constant Razumikhin classR0
c , which, by the definition, means that

φ2(t) = Tφ1

for all t ∈ I, and hence, φ2(c) = Tφ1. Thus, inductively, we can have a sequence (φn) in the constant
Razumikhin classR0

c such that, for each n ∈ N1,

φn(t) = Tφn−1 (5)



Mathematics 2018, 6, 267 10 of 19

for all t ∈ I, and hence, φn(c) = Tφn−1. By the algebraic-topological properties of the constant
Razumikhin classR0

c , it follows that:

‖φn−1 − φn‖E0 = ‖φn−1(c)− φn(c)‖E

for each n ∈ N1. Since T is α-admissible and:

α(φ0(c), φ1(c)) = α(φ0(c), Tφ0) ≥ 0,

we have:
α(φ1(c), φ2(c)) = α(Tφ0, Tφ1) ≥ 0.

Again, since T is an α-admissible nonself-mapping, we have:

α(φ2(c), φ3(c)) ≥ 0.

By continuing this process, we have:

α(φn−1(c), φn(c)) ≥ 0

for each n ∈ N1. By the imposed condition on the nonself-mapping T, we cannot have a relation like:

Tφh = φh(c) = Tφh−1

for some h ∈ N1, and so, we have:
Tφn 6= Tφn+1

and hence, φn 6= φn+1 for each n ∈ N.
Now, we have:

1
2
‖φn−1(c)− Tφn−1‖E =

1
2
‖φn−1(c)− φn(c)‖E

=
1
2
‖φn−1 − φn‖E0

≤ ‖φn−1 − φn‖E0 .

From the Suzuki-type condition we admitted, it follows that:

F(‖φn − φn+1‖E0) ≤ F(‖φn−1 − φn‖E0)− τ (6)

for each n ∈ N1. Again, as in the proof of Proposition 9, we can prove that (φn) is a Cauchy sequence
inR0

c , and so, there exists φ∗ ∈ R0
c such that φn → φ∗ as n→ ∞. From (6), we have:

F(‖φn − φn+1‖E0) ≤ F(‖φn−1 − φn‖E0)− τ < F(‖φn−1 − φn‖E0)

for each n ∈ N1. Since F ∈ ∆, we have:

‖φn − φn+1‖E0 < ‖φn−1 − φn‖E0 (7)

for each n ∈ N1. Suppose that there exists j ∈ N such that:

1
2
‖φj(c)− Tφj‖E > ‖φj − φ∗‖E0
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and:
1
2
‖φj+1(c)− Tφj+1‖E > ‖φj+1 − φ∗‖E0 .

Then, from (7), it follows that:

‖φj − φj+1‖E0 ≤ ‖φj − φ∗‖E0 + ‖φj+1 − φ∗‖E0

<
1
2
‖φj(c)− Tφj‖E +

1
2
‖φj+1(c)− Tφj+1‖E

=
1
2
‖φj(c)− φj+1(c)‖E +

1
2
‖φj+1(c)− φj+2(c)‖E

=
1
2
‖φj − φj+1‖E0 +

1
2
‖φj+1 − φj+2‖E0

<
1
2
‖φj − φj+1‖E0 +

1
2
‖φj − φj+1‖E0 = ‖φj − φj+1‖E0 ,

which is a contradiction. Hence, for each n ∈ N, we have either:

1
2
‖φn(c)− Tφn‖E ≤ ‖φn − φ∗‖E0

or:
1
2
‖φn+1(c)− Tφn+1‖E ≤ ‖φn+1 − φ∗‖E0 .

Consequently, there exists a sequence (k(n)) in N such that, for each n ∈ N,

1
2
‖φk(n)(c)− Tφk(n)‖E ≤ ‖φk(n) − φ∗‖E0 .

Then, from (4), it follows that:

F(‖Tφk(n) − Tφ∗‖E) ≤ τ + α
(
φk(n)(c), φ∗(c)

)
+ F(‖Tφk(n) − Tφ∗‖E)

≤ F(‖φk(n) − φ∗‖E0).

Now, since F ∈ ∆, for each n ∈ N, we have:

‖Tφk(n) − Tφ∗‖E ≤ ‖φk(n) − φ∗‖E0

or, equivalently,
‖φk(n)+1(c)− Tφ∗‖E ≤ ‖φk(n) − φ∗‖E0

for each n ∈ N. Taking n → ∞, it follows that ‖Tφ∗ − φ∗(c)‖E = 0, that is, Tφ∗ = φ∗(c).
This contradiction completes the proof.

Corollary 14. Let F be the Wardowski function and the number τ > 0 be such that, for all φ, ξ ∈ E0 with
‖Tφ− Tξ‖E > 0 and 1

2‖φ(c)− Tφ‖E ≤ ‖φ− ξ‖E0 ,

τ + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0). (8)

Then, we have the following:

(1) T has a PPF-dependent fixed point inR0
c ;

(2) T has a unique PPF-dependent fixed point inRc.

Proof. Let α(u, v) = 0 for all u, v ∈ E in Theorem 13. Then, we can prove that T has a PPF-dependent
fixed point inR0

c .
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For the uniqueness of the PPF-dependent fixed point of T, suppose that φ∗ and ξ∗ are two
PPF-dependent fixed points of T inRc such that φ∗ 6= ξ∗. Therefore, we have:

1
2
‖φ∗(c)− Tφ∗‖E = 0 ≤ ‖φ∗ − ξ∗‖E0

and so, from (8),
τ + F(‖φ∗ − ξ∗‖E0) = τ + F(‖φ∗(c)− ξ∗(c)‖E)

= τ + F(‖Tφ∗ − Tξ∗‖E)

≤ F(‖φ∗ − ξ∗‖E0),

which is a contradiction. Hence, φ∗ = ξ∗. This completes the proof.

4. Particular Cases

Let (X, d) be a metric space. Consider the directed graph G such that the set V(G) of its vertices
coincides with X and the set E(G) of its edges contains all loops, i.e., E(G) ⊇ I(X) (the diagonal of
Cartesian product X × X). If we suppose that G has no parallel edges, then we can identify G with
the pair (V(G), E(G)). Moreover, we may treat G as the weighted graph (see [26], p. 309) by assigning
to each edge the distance between its vertices. If x and y are vertices in the graph G, by a path in G
from x to y of length m ∈ N1, we mean any finite sequence (xi)

m
i=0 of m + 1 vertices such that x0 = x,

xm = y and (xi−1, xi) ∈ E(G) for each i = 1, · · · , m. A graph G is said to be connected if there is a path
between any two vertices. The graph G is said to be weakly connected if G̃ is connected (for more
details, see [5,9,11,27,28]).

Definition 15 ([11]). Let (X, d) be a metric space endowed with a graph G. A mapping T : X → X is called a
G-contraction if T preserves the edges of G, that is,

(x, y) ∈ E(G) =⇒ (Tx, Ty) ∈ E(G)

and T decreases the weights of the edges of G in the following way: there exists α ∈ (0, 1) such that:

(x, y) ∈ E(G) =⇒ d(Tx, Ty) ≤ αd(x, y).

In this section, by using the results in Section 3, we give some PPF-dependent fixed point theorems
in Banach spaces with the graph and the partial order.

4.1. Some Results in Banach Spaces Endowed with a Graph

Let E be endowed with the graph G, c ∈ I and T : E0 → E be a nonself-mapping.

Definition 16. Let F ∈ ∆ be a Wardowski function.

(1) T is called a graphic F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with (φ(c), ξ(c)) ∈
E(G) and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0);

(2) T is called a graphic weak F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with
(φ(c), ξ(c)) ∈ E(G) and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F(max{‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E});
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(3) T is called a graphic generalized F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with
(φ(c), ξ(c)) ∈ E(G) and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F
(

max
{
‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E,

‖φ(c)− Tξ‖E + ‖ξ(c)− Tφ‖E
2

})
.

Theorem 17. Suppose that the following conditions are satisfied:

(i) if (φ(c), ξ(c)) ∈ E(G), then (Tφ, Tξ) ∈ E(G);
(ii) T is a graphic F-contraction, for some Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n→ ∞ and (φn(c), φn+1(c)) ∈ E(G) for each n ∈ N,
then (φn(c), φ(c)) ∈ E(G) for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that (φ0(c), Tφ0) ∈ E(G).

Then, T has a PPF-dependent fixed point inR0
c .

Proof. Define a mapping α : E× E→ [−∞,+∞) by:

α(x, y) =


0, if (x, y) ∈ E(G),

−∞, otherwise.

Assume that α(φ(c), ξ(c)) ≥ 0. Then, (φ(c), ξ(c)) ∈ E(G). From (i), we have (Tφ, Tξ) ∈ E(G),
that is α(Tφ, Tξ) ≥ 0. Hence, T is α-admissible.

Let φ, ξ ∈ E0 be such that ‖Tφ− Tξ‖E > 0. If α(φ(c), ξ(c)) ≥ 0, then (φ(c), ξ(c)) ∈ E(G).
From the definition of a graphic F-contraction, we have:

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0).

Otherwise, α(φ(c), ξ(c)) = −∞, that is,

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0).

Therefore, for all φ, ξ ∈ E0 such that ‖Tφ− Tξ‖E > 0, we have:

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0),

and T is α-F-contractive.
Let (φn) be a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each

n ∈ N. Thus, we have (φn(c), φn+1(c)) ∈ E(G) for each n ∈ N. In this case, from (iii), it follows that
(φn(c), φ(c)) ∈ E(G) for each n ∈ N, that is α(φn(c), φ(c)) ≥ 0 for each n ∈ N.

Finally, from (iv), it follows that there exists φ0 ∈ Rc such that α(φ0(c), Tφ0) ≥ 0. Thus, all
the conditions of Theorem 10 hold, and so, T has a PPF-dependent fixed point. This completes
the proof.

Similarly, we can prove the following:

Theorem 18. Suppose that the following conditions are satisfied:

(i) if (φ(c), ξ(c)) ∈ E(G), then (Tφ, Tξ) ∈ E(G);
(ii) T is a graphic weak F-contraction for a continuous Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n→ ∞ and (φn(c), φn+1(c)) ∈ E(G) for each n ∈ N,
then (φn(c), φ(c)) ∈ E(G) for each n ∈ N;
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(iv) there exists φ0 ∈ Rc such that (φ0(c), Tφ0) ∈ E(G).

Then, T has a PPF-dependent fixed point inR0
c .

Theorem 19. Suppose that the following conditions are satisfied:

(i) if (φ(c), ξ(c)) ∈ E(G), then (Tφ, Tξ) ∈ E(G);
(ii) T is a graphic generalized F-contraction for a continuous Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n→ ∞ and (φn(c), φn+1(c)) ∈ E(G) for each n ∈ N,
then (φn(c), φ(c)) ∈ E(G) for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that (φ0(c), Tφ0) ∈ E(G).

Then, T has a PPF-dependent fixed point inR0
c .

4.2. Some Results in Banach Spaces Endowed with a Partial Order

Let E be a Banach space endowed with a partial order � and c ∈ I and T : E0 → E be a
nonself-mapping.

Definition 20. Let F ∈ ∆ be a Wardowski function.

(1) T is called an ordered F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with φ(c) � ξ(c)
and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0);

(2) T is called an ordered weak F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with
φ(c) � ξ(c) and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F(max{‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E});

(3) T is an ordered generalized F-contraction if there exists τ > 0 such that, for all φ, ξ ∈ E0 with
φ(c) � ξ(c) and ‖Tφ− Tξ‖E > 0,

τ + F(‖Tφ− Tξ‖E) ≤ F
(

max
{
‖φ− ξ‖E0 , ‖φ(c)− Tφ‖E, ‖ξ(c)− Tξ‖E,

‖φ(c)− Tξ‖E + ‖ξ(c)− Tφ‖E
2

})
.

Definition 21 ([10]). We say that T is c-increasing if, for any φ, ξ ∈ E0 with φ(c) � ξ(c), we have Tφ � Tξ.

Theorem 22. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(ii) T is an ordered F-contraction for a Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and φn(c) � φn+1(c) for each n ∈ N,
then φn(c) � φ(c) for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that φ0(c) � Tφ0.

Then, T has a PPF-dependent fixed point inR0
c .

Proof. Define a mapping α : E× E→ [−∞,+∞) by:

α(x, y) =


0, if x � y

−∞, otherwise.
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Assume that α(φ(c), ξ(c)) ≥ 0. Then, we have φ(c) � ξ(c). Since T is c-increasing, it follows that
Tφ � Tξ, that is α(Tφ, Tξ) ≥ 0. Thus, T is α-admissible.

Let φ, ξ ∈ E0 be such that ‖Tφ− Tξ‖E > 0. If α(φ(c), ξ(c)) ≥ 0, then φ(c) � ξ(c)). From the
definition of an ordered F-contraction, we have:

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0).

Otherwise, α(φ(c), ξ(c)) = −∞, that is,

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0).

Therefore, for all φ, ξ ∈ E0 with ‖Tφ− Tξ‖E > 0, we have:

τ + α(φ(c), ξ(c)) + F(‖Tφ− Tξ‖E) ≤ F(‖φ− ξ‖E0)

and T is α-F-contractive.
Let (φn) be a sequence in E0 such that φn → φ as n → ∞ and α(φn(c), φn+1(c)) ≥ 0 for each

n ∈ N. Then, φn(c) � φn+1(c) for each n ∈ N. Thus, from (iii), it follows that φn(c) � φ(c) for each
n ∈ N, that is α(φn(c), φ(c)) ≥ 0 for each n ∈ N.

Finally, from (iv), it follows that there exists φ0 ∈ Rc such that φ0(c) � Tφ0, that is α(φ0(c), Tφ0) ≥
0. Thus, all the conditions of Theorem 10 hold, and so, T has a PPF-dependent fixed point inR0

c . This
completes the proof.

Similarly, we can prove the following:

Theorem 23. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(ii) T is an ordered weak F-contraction for a continuous Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and φn(c) � φn+1(c) for each n ∈ N,
then φn(c) � φ(c) for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that φ0(c) � Tφ0.

Then, T has a PPF-dependent fixed point inR0
c .

Theorem 24. Suppose that the following conditions are satisfied:

(i) T is c-increasing;
(ii) T is an ordered generalized F-contraction for a continuous Wardowski function F;

(iii) if (φn) is a sequence in E0 such that φn → φ as n → ∞ and φn(c) � φn+1(c) for each n ∈ N,
then φn(c) � φ(c) for each n ∈ N;

(iv) there exists φ0 ∈ Rc such that φ0(c) � Tφ0.

Then, T has a PPF-dependent fixed point inR0
c .

5. Some Applications

In this Section, we give an application to integro-functional equations for some of the results in
Section 4. It may be compared with some related statements in Kutbi and Sintunavarat [29].

Let J = [−a, 0] be a bounded closed interval, where a > 0 is a real number. Further, let E = C(J, R)
stand for the real space of all continuous functions over J. It is easy to see that, with respect to the norm:

(D1) ||x||E = max{|x(t)| : t ∈ J} for all x ∈ E, the couple (E, || · ||E) becomes a Banach space.
Moreover, the relation “≤” over E is introduced as follows:
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(D2) x ≤ y if and only if x(t) ≤ y(t) for all t ∈ J is reflexive, transitive, and antisymmetric, and
hence, the relation “≤" is a partial order on E.

Finally, denote I = [0, 1], and let Λ = C(J ∪ I, R) stand for the linear space of all continuous
functions from J ∪ I to R. As before, with respect to the norm:

(D3) ||φ||Λ = max{|φ(t)| : t ∈ J ∪ I} for all φ ∈ Λ, the couple (Λ, || · ||Λ) becomes a Banach space.

Now, for each φ ∈ Λ, define the family of delayed functions φt in E such that:
(D4) φt(θ) = φ(t + θ) for all t ∈ I and θ ∈ J. Let f : I × E→ R be a function such that:
(H1) (t, x) 7→ f (t, x) is continuous, that is tn → t and xn → x imply f (tn, xn) → f (t, x). With the

aid of this, for some z ∈ E, we may now consider the following integro-functional equation:

φ0 = z +
∫ 1

0
f (s, φs)ds. (9)

To show the existence and uniqueness result for the Equation (9), we need some more properties
as follows:

Let F : R0
+ → R be a Wardowski function. We say that F is a normal Wardowski function,

provided:
(W4) F is strictly increasing, continuous, and F(0+) = −∞, F(∞) = ∞, and hence, F(R0

+) = R.
In this case, F admits an inverse function F−1 : R→ R0

+ with the properties
(P1) F−1 is strictly increasing, continuous, and F−1(−∞) = 0+, F−1(∞) = ∞.

Hence, F is a topological isomorphism between R0
+ and R. Moreover, for each τ > 0,

the associated function Kτ : R0
+ → R is introduced as follows:

(D5) Kτ(t) = F−1(F(t)− τ) for all t ∈ R0
+ is well defined and has the following property:

(P2) Kτ is strictly increasing, continuous, and Kτ(0+) = 0+, Kτ(∞) = ∞, and so, Kτ is a topological
isomorphism from R0

+ to itself. Therefore, if we put Kτ(0) = 0, then the extended function
Kτ : R+ → R+ is a topological isomorphism from R+ to itself.

Now, we give an application for our result in Section 4.

Theorem 25. Suppose that there exists a function α ∈ Λ, a normal Wardowski function F : R0
+ → R and a

number τ > 0 such that (H1) holds, as well as:

(H2) φ, ξ ∈ Λ and φ0 ≤ ξ0 imply f (t, φt) ≤ f (t, ξt) for all t ∈ I;

(H3) sup{||αt||E : t ∈ I} = ||α0||E and α0 ≤ z +
∫ 1

0
f (s, αs)ds;

(H4) | f (t, x)− f (t, y)| ≤ Kτ(||x− y||E) for all t ∈ I and x, y ∈ E.

Then, the integro-functional Equation (9) has exactly one solution in Λ.

Proof. Define the following linear space:

(D6) Ê = {φ̂ := (φt) : t ∈ I, φ ∈ Λ}.

(I-1) If we define the norm as follows:

(D7) φ̂Ê = sup{||φt||E : t ∈ I} for all φ̂ ∈ Ê,

then Ê becomes a Banach space. In fact, let (φ̂n)n∈N be a Cauchy sequence in Ê, and hence, by
the definition above, we have the following:

(i) (φn(t))n∈N is a Cauchy sequence in R for all t ∈ J ∪ I;
(ii) (φn

t )n∈N is a Cauchy sequence in E for all t ∈ I.

By the former conclusion above, one can derive that:
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(a) φ(t) = limn→∞ φn(t) exists for all t ∈ J ∪ I.

This, combined with the latter conclusion, tells us that:
(b) φ ∈ Λ and, hence, φt ∈ E for all t ∈ I;
(c) φn → φ̂ := (φt; t ∈ I) with respect to the norm || · ||Ê,

and so, our claim follows.

(I-2) The following regularity property of the structure (Ê, ||.||Ê) is also valid:

(Reg) for each sequence (φ̂n)n∈N in Ê, φ̂ ∈ Ê with φ̂n → φ̂ (in the norm || · ||Ê) and φn
0 ≤ φn+1

0
for each n ∈ N, we have φn

0 ≤ φ0 for each n ∈ N.

This is a direct consequence of the following property:
(d) φ̂n → φ̂ (with respect to the norm || · ||Ê) implies φn

0 → φ0 (in E), and this, in turn, gives φn
0 ≤ φ0

for each n ∈ N.

By using these properties, let us introduce the operator T : Ê→ E defined by:

(Oper) T φ̂ = z +
∫ 1

0
f (s, φs)ds for all φ̂ ∈ Ê.

Now, we claim that the conditions of Theorem 22 hold, and then, this will complete the argument.

(II-1) First, by (H2), we have:

(Q1) φ̂, ξ̂ ∈ Ê and φ0 ≤ ξ0 imply f (s, φs) ≤ f (s, ξs) for all s ∈ I, and this gives T φ̂ ≤ T ξ̂ in
E,

which shows that T is zero-increasing.

(II-2) Secondly, by (H3), there exists α ∈ Λ such that:

(i) sup{||αt||E : t ∈ I} = ||α0||E;

(ii) α0 ≤ z +
∫ 1

0
f (s, αs)ds.

This tells us that the element α̂ = (αt; t ∈ I) in Ê satisfies:

(Q2) ||α̂||Ê = ||α0||E;

(Q3) α0 ≤ z +
∫ 1

0
f (s, αs)ds = T α̂.

(II-3) Finally, we have to verify the contractive condition. Let F, τ and Kτ be introduced as before.
For any φ̂, ξ̂ ∈ Ê with φ0 ≤ ξ0 and T φ̂ 6= T ξ̂, we have, by (H4),

||T φ̂− T ξ̂||E ≤
∫ 1

0
| f (s, φs)− f (s, ξs)|ds

≤
∫ 1

0
Kτ(||φs − ξs||E)ds

≤
∫ 1

0
Kτ(||φ̂− ξ̂||Ê)ds

= Kτ(||φ̂− ξ̂||Ê)
= F−1(F(φ̂− ξ̂||Ê)− τ)

and so:
τ + F(||T φ̂− T ξ̂||E) ≤ F(||φ̂− ξ̂||Ê)

or, in other words, T is ordered F-contractive. Putting these together, it follows that Theorem 22
is indeed applicable to our data, and so, from this, we can complete our conclusion.
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6. Conclusions

Motivated by the results of Bernfeld et al. [18] and Samet et al. [21,22], we newly introduce
the concepts of an α-admissible nonself-mapping, an α-F-contractive nonself-mapping, a weak
α-F-contractive nonself-mapping, and a generalized α-F-contractive nonself-mapping, and prove some
PPF-dependent fixed theorems for these kinds of contractive nonself-mappings in Razumikhin classes.
By using our results, we derive some PPF-dependent fixed point theorems for an α-F-contractive
nonself-mapping when the range space is endowed with the graph or the partial order. Furthermore,
we give some applications to illustrate the main results.

Finally, we expect that our main results will contribute much to the development of
PPF-dependent fixed point theory and applications.
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