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Abstract: In this paper, we introduce the notion of (&, B, {)-contraction for a pair of mappings (S, T)
defined on a set X. We use our new notion to create and prove a common fixed point theorem for
two mappings defined on a metric space (X, d) under a set of conditions. Furthermore, we employ
our main result to get another new result. Our results are modifications of many existing results in
the literature. An example is included in order to show the authenticity of our main result.
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1. Introduction and Preliminaries

The importance of fixed point theories lies in finding and proving the uniqueness of solutions
for many questions of Applied Sciences such as Physics, Chemistry, Economics, and Engineering.
The pioneer mathematician in the area of fixed point theory was Banach, who established and proved
the first fixed point theorem named the “Banach contraction theorem” [1]. After that, many authors
formulated and established many contractive conditions to modify the Banach contraction theorem
in many different directions. Khan [2] introduced the altering distance mapping to formulate a
new contractive condition in fixed point theory in order to extend the Banach fixed point theorem
to new forms. For some extension to the Banach contraction theorem, we ask the readers to see
References [3-20]. Recently, Abodyeh et al. [21] introduced a new notion, named almost perfect
function, to formulate new contractive conditions to modify and extend some fixed point theorems
known in the literature.

Now, we mention the notions of altering distance function and almost perfect function:

Definition 1 ([2]). A self-function ¥ on Rt U {0} is called an altering distance function if i satisfies the
following conditions:

1. ¢(s) =0<=s=0.

2. isanondecreasing and continuous function.

Definition 2 ([21]). A nondecreasing self-function  on RT U {0} is called an almost perfect function if i
satisfies the following conditions:

1. ¢P(s)=0<=s=0.
2. Iffor all sequence (s,) in R* U {0} with ¥(s,) — 0 it holds s, — 0.

One of the most important notions in fixed point theory to derive new contractive conditions is
x-admissibility, which were introduced by Samet et al. [22]. Then, E. Karapiner et al. [23] generated
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the concept of triangular a-admissibility. In meantime, Abdeljawad [24] expanded the notion of
x-admissibility to a pair of functions. For some fixed point theorems on a-admissibility, we direct
readers to read References [25-31].

The notions of « —admissibility mapping and a-admissibility for a pair of mappings are introduced
as follows:

Definition 3 ([22]). Let S be a self-mapping on X and a: X x X — R* U {0} be a function. Then, S is called
a-admissible if for all v,w € X with a(v,w) > 1 it holds a(Sv, Sw) > 1.

The definition of triangular a-admissibility for a single mapping is:

Definition 4 ([23]). Let S be a self-mapping on X and a: X x X — R U {0}. Then, we call S triangular
a-admissible if

1. Sis w-admissible; and
2. Forallv,w,u € X witha(v,w) > 1and a(w,u) > 1it holds a(v,w) > 1.

Definition 5 ([24]). Let S and T be two self mappings on X and a: X x X — R* U {0} be a function. Then,
the pair (S, T) is called a-admissible if z,w € X and a(z,w) > 1 imply a(Sz, Tw) > 1 and a(Tz, Sw) > 1.

In our work we need the following definitions:

Definition 6 ([30]). Let d be a metric on a set X and a, B: X x X — R U {0} be functions. Then, X is called
a, B-complete if and only if {x,} is a Cauchy sequence in X and a(xn, X,41) > B(xn, Xp41) foralln € N
imply (xy,) converges to some x € X.

Definition 7 ([30]). Let d be a metric on a set X and a,n: X x X — R* U {0} be functions. A self-mapping
T on X is called a, B-continuous if {x, } is a sequence in X, x,, — x as n — 00 and a(xXp, Xp11) > B(Xn, Xp4+1)
foralln € Nimply Tx, — Tx asn — co.

In this paper, we introduce a new contractive condition of type («, B, {)-admissibility for a pair of
mappings (S, T) defined on a set X. We utilize our new contractive condition to formulate and prove a
common fixed point theorem for two self-mappings defined on a metric space (X, d) under a set of
conditions. Then, we utilize our main result to obtain some fixed point results.

This paper is divided into three sections. In the first section, we collect all necessary definitions
and preliminaries that cover the subject of our paper. In Section 2, we give our new definitions and
our main result. In addition, we give an example to validate our main result. In Section 3, we write
our conclusion.

2. Main Results

We begin our work with the following new definition:

Definition 8. Let S, T be two self-mappings on the set X and o,  : X x X — R U {0} be functions. We say
that (S, T) is a pair of («, B)-admissibility if z,w € X and a(z,w) > B(z,w) imply «(Sz, Tw) > B(Sz, Tw)
and a(Tz, Sw) > B(Tz, Sw).

Example 1. Define self-mappings S and T on a set of real numbers by Sv = v* and

To — —?, ifo<0;
) 07, if v > 0.
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Additionally, define o, p : X x X — RT U {0} via a(v, w) = e*™™ and B(v,w) = €. Then, (S, T) is a pair of
(«, B)-admissibility.

Proof. Let v,w € X such that a(v,w) > B(v,w). Then, e?t% > ¢’. So v+ w > v and hence w is a
nonnegative real number. Therefore

w(Sv, Tw) = a(v?, w?) = e T > ¢ = B(Sv, Tw).

Consequently, a(Sv, Tw) > B(Sv, Tw).
Now, if v > 0, then

a(To, Sw) = a(v?,w?) = T > ¢ = B(Tv, Sw).
While, if v < 0, then
a(To, Sw) = a(—v?,w?) = e 1" > ¢~ = B(To, Sw).
a(Tv, Sw) > B(Tv, Sw). O

Definition 9. Let ¢ be a nondecreasing function on R* U {0}. We call ¢ a perfect function if the following
conditions hold:

1. ¢P(t)=0<=1t=0.
2. If (tn) is a sequence in R* U {0} and ¢(t,) — 0as n — +oo implies t, — 0as n — +oo.
3. Y(u+0) <ypu)+ (o) forallu,o € R™ U{0}.

Example 2. Define the self-function i on R U {0} by

) In(l4u), ifu<l;
‘P(”){ 1, ifu> 1.

Then,  is a perfect function.
Our main definition in this paper is:
Definition 10. Let d be a metric on a set X. Let S, T be two self-mappings on X, ¢ be a perfect self-mapping on

RTU{0},a,B: X x X = R U{0} be functions. We say that the pair (S, T) is an (a, B, )-contraction if
there exists k € [0,1) such that z,w € X and a(z, w) > B(z,w) imply

(d(Sz, Tw)) < max {kw(d(z,w),kl/ﬂ(d(z, 5z)), kp(d(w, Tw)), kyp(d(w, 5z)), %klﬁ(d(z, Tw))} ey
and

$(d(Tz, Sw)) < max {kw(d(z,w)),kw(d@ Tz)), kp(d(w, Sw)), ky (w, Tz), %w(d(zf Sw))}- ©)

Example 3. Define d : [0,1] x [0,1] — R* U {0} by d(v,w) = [v—w| and S,T: [0,1] — [0,1] by

Su = u? and Tu = u*. Also define the self-function 1 on R™ U{0} by y(s) = 155 and the functions w, B:
(0,31 x[0,1] = R* U {0} by a(u,w) = " and B(u,w) = e“+*. Then, (S, T) is an (a, B, )-contraction.
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Proof. Givenv,w € [0, 411] is such that a(v,w) > B(v, w). Then, e’ > e?T™. Therefore, we conclude that
w = 0. Since v < %, we have

2 1 1
Y(d(So, Tw)) = Y(d(2?,0) = p(0*) = 17— < 3775 = gPdO©)
and
vt 1 v 1

$d(To,50)) = p(d(e,0)) = p(o') = T < 31— = J9(d(o,0).

So the pair (S, T) is an (&, B, §)-contraction. [

The main result of this paper is:

Theorem 1. On the set X, let o, B : X x X — R U {0} be two functions and S, T: X — X be two mappings.
Assume there exists a metric d on X such that the following hypotheses hold:

(X, d) is an a, B-complete metric space.

S and T are a, B-continuous.

(S, T) isan («, B, P)-contraction.

(S, T) is a pair of («, B)-admissibility.

Ifv,w,z € X satisfy the condition a(v,w) > B(v,w) and a(w,z) > B(w,z), then a(v,z) > B(v,z).
There exists xo € X such that a(Sxg, TSxo) > B(Sxo, TSxo) and a(TSxg, Sxg) > B(TSxo, Sxp).

S ks W=

Then, both mappings S and T have a common fixed point.

Proof. In view of hypothesis (6), we start with xy € X in such a way that a(Sxo, TSxg) > B(Sxo, TSx)
and a(TSxg, Sxg) > B(TSxp, Sxp). Now, let x; = Sxg and x, = Tx;. Then, a(xg,x1) > B(xp,x1) and
a(x1,x0) > B(x1,x0). In view of hypothesis (4), we have

a(x1,x2) = a(Sxp, Txy) > B(Sxo, Tx1) = B(x1,x2)

and
[x(x2/ xl) = IX(TX], SxO) Z IB(TxllsxO) = ﬁ(X],XZ).
Again, we put x3 = Sxp. Then, hypothesis (4) implies that
a(x2,x3) = a(Txy, Sxa) > B(Tx1, Sx2) = B(x2,x3)
and
a(x3,x2) = a(Sxp, Txq) > B(Sxz, Tx1) = B(x3, x2).
Putting x4 = Tx3 and referring to hypothesis (4), we conclude
a(x3,x4) = a(Sxp, Txz) > B(Sxz, Txz) = B(x3,x4)
and

a(xg,x3) = a(Tx3,Sxp) > B(Txs, Sxz) = B(xg, x3).

Continuing in the same manner, we construct a sequence (x,) in X with x5,,1 = Sxp, and
Xon+2 = Txp,41 such that
a(xn, Xp1 > B(xn, Xp11) ¥V n €N

and
a(Xp11,%0) > B(xXpi1,%0) ¥V neN

From hypothesis (5), we see that
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a(xp, Xm) > B(xn, xm) ¥V n,me N.

If there exists t € N such that xp; = xp;41, then xp; = Sxp;41 and hence S has a fixed point.
From contractive condition (1), we have

P(d(x0p51,d(x2t12)
= (d(Sxat, Txor41))

< max {kl,l’(d(xzt, x21+1)), kp(d(x2t, Sxat11)),
kp(d(x2e41, Txori1)), kp(d(x2e41, Sxat)), %kll’(d(x% Tth-'rl))}
< max {kp (a1, 5220, 3P 7212)) |

< max {klp(d(x%—&-lr X2t42)), %klP(d(xth, x2t+2))}

< kp(d(x2141, X2142))-

The last inequality is correct only if ((d(xs11, X2t42)) = 0. The properties of ¢ and d imply that
Xpt41 = Xop4+2. Hence, xo; = Sxp; = Txy;. Thus, S and T have a common fixed point of S and T.

If there is a natural number t with xp;11 = Xot4p, then xp;.1 = Txp;1 and hence T has a
fixed point. From contractive condition (2), we have

¢(d(x2t+2/ d(x2t+3)
= P(d(Txa41, Sx2142))

< max {k¢(d(x2t+1/ x2¢42)), kp(d(x2p 41, Txoe11)), kip(d(x26 12, Sx2t42)),
kg (d(x2t42, Tx241)), %klp(d(th-&-lr Sx2t+2))}
< max {k¢(d(x2t+2/ X2t43)), %klP(d(xzmr x2t+3))}

< max {klP(d(XZtH, X2t43)), %klP(d(xthrz, x2t+3))}

< kp(d(x2t+2, X21+3))-

The last inequality holds only if (d(x2t42, X21+3)) = 0. The properties of ¥ and d imply that
Xot42 = Xop+3. Hence xpp11 = Sxpp1 = Txps11. Thus, we conclude that xp¢11 is a common fixed point
of Sand T.

Now, assume that x,, # x,,1 V n € N.
Forn € NU {0}, we get

P(d(xX2n41, X2n42))
= l/J(d(szn, Tx2n+1))

< max {k¢(d(x2n, X2n11)), k(d(x20, Sx2n)), kP (d (X241, TX2n41)),
(20, S520)), 3P, Trzei) |
= max {520 Y2 10)) (21, 22)), G0 32012)) |

= max {2, x20.00) k(A 52001, 72002) .
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Thus, if

max{k(d(x2, Xon41)), kp(d(x2n41, X2n42)) } = kP(d(X2n41, X2n42)),

then ¢(d(x2,41, X2n12)) < kp(d(x2n+1,X2n42)). Since k < 1, condition (1) on ¢ implies that
Xon+1 = X2n42, @ contradiction. Therefore,

max{k(d(x2,, X2n+1) ), kP (d (%2041, X2n42)) } = k(d(xX20, X2n41))-

Hence,

Y(d(x2n41, X2n42)) < kip(d(xon, Xon11))- 3)

Using arguments similar to the above, we may show that

P(d(x2n, X2n41)) < kp(d(x2n-1, %21))- 4)

Combining Equations (3) and (4) together, we reach

$(d(xn, x011)) < kp(d(x4-1,%n))- @)

By recurring Equation (5) n-times, we deduce

P(d(xn, xn41)) < kp(d(xp—1,xn))
< kzlP(d(xn—z, Xp-1))
< K'(d(xo,x)). (6)
On allowing n — +oc0 in Equation (6), we get
im p(d(x,,%11)) = 0. )
Condition (2) on the function i implies that
lim d(xy, x,41) =0. 8)

n— 400

We intend to prove that (x,) is a Cauchy sequence in X, take n,m € N with m > n. We divide the
proof into four cases:

Case 1: 1 is an odd integer and m is an even integer.
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Therefore, there exist s € N and an odd integer i such thatn =2s+landm =n+h=2s+1+h.
Since a(xy, Xy) > B(xXn, Xm), we have

P(d(xn, xm))
= p(d(xs41, X251141))
= (d(Sxzs, Txps11))

max {klﬁ(d(xzs, Xos)) kip(d(xs, Sx2)), ki (d (X254, TXo541)),

IN

(211, 5320)), 3P Tra) |

IN

2s+h—1
max{k¢( y d(x]-,x]m),k¢<d<xzs,xzs+1>>,k¢<d<x25+h,x25+h+1>>,
j=2s

kp(d(xs4n, X2541)), %klﬁ(d(xzs/ xzs+h+1))}

2s+h—1

max{k Y. w(d(xg,x41)), kip(d(xas, x2511)), ki (d (X s X251n41)),
j=2s

IN

" ( 25%71 i, xj+1)) , %klp ( 2§h d(xj, x]‘+1)> }

j=2s+1 J=2s
2s+h—1

max {3 (05 00) k(@20 52010)) 9@ 2 1100)),
j=2s

IN

2s+h—1 1 2s+h
£ L 9 ma)) gk ¥ 90 m) |

j=2s+1 j=2s

+o0
max {k Y p(d(xj, xp40)), kp(d (xas, x2541)), kp(d (X250 x2s+h+1))}
j=2s

IN

k2s+1
< max {0, 0)) (@ S )), (@ S n)
By permitting n,m — +o0 in above inequalities and considering Equation (7), we have

Lim ¢(d(xn, xm)) = 0.

n—+o0o
The properties of i imply that

lim d(x,, x,) = 0. 9)

n—+oo

Case 2: n and m are both even integers.
Applying the triangular inequality of the metric d, we have

d(xn, xm) < d(xp, Xyp1) +d(Xps1, Xim)-
Letting n — +o0 and in view of Equations (8) and (9), we get limy, s +o0 d(Xy, Xm) = 0.

Case 3: 1 is an even integer and m is an odd integer.
Applying the triangular inequality of the metric d, we have

d(xn/ xm) < d(xn/ xn-i—l) + d(xn-H/ xm—l) + d(xm—lf xm)-
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On permitting n — +o0 and considering Equations (8) and (9), we get limy, y—+o0 d(Xy, Xm) = 0.

Case 4: n and m are both odd integers. Applying the triangular inequality of the metric d, we have

d(xn/ xm) < d(xn/xmfl) + d(xmflr xm)'

On permitting n — +o0 and in view of Equations (8) and (9), we get limy, ;40 d (X, X)) = 0.
Combining all cases with each other, we conclude that
lim d(xy, xm) = 0.
n,m— —+00

Thus, we conclude that (x;) is a Cauchy sequence in X. The &, f-completeness of the metric space
(X, d) ensures that there is x € X such that x, — x. Using the &, B-continuity of the mappings S and T,
we deduce that
Xopt1 = Sxpy — Sx and xp,42 = Txp,41 — Tx. By uniqueness of limit, we obtain Sx = Tx = x. Thus,
x is a fixed point of S. O

Corollary 1. Let d be a metric on the set X, let a, B: X x X — RT U {0} be functions and S, T be self-mappings
on X. Assume following hypotheses:

(X,d) is an a, B-complete metric space.

S and T are w, B-continuous.

(S, T) is a pair of (a, B)-admissibility.

There exist positive numbers ay,ap, a3, a4 and as with a; 4+ a + a3 + a4 + 2as < 1 and a perfect function
Y such that if z,w € X are so that a(z, w) > B(z,w), then

N =

P(d(Sz, Tw)) < aqp(d(z,w)) + axp(d(z, Sz)) + azp(d(w, Tw)) + agp(d(w, Sz)) + asp(d(z, Tw))
and
P(d(Tz, Sw)) < a(d(z,w)) + axp(d(z, Tz)) + azp(d(w, Sw)) + agp(d(w, Tz)) + asp(d(z, Sw)).

. Ifv,w,zarein X, with a(v,w) > B(v,w) and a(w,z) > B(w, z), then a(v,z) > B(v,z).
6.  There exists xy € X such that

a(Sxp, TSxg) > B(Sxo, TSxg) and a(TSxg, Sxg) > B(TSxq, Sxg).

Then S and T have a common fixed point.

Example 4. Defined : [0, +o0) X [0, +00) — [0, +o0) by

0, if z=w.

d(z,w) = { max{z w}, ifz #w;

Let S, T be two self-mappings on [0, +00) defined by Sz = 1sin?(z) and Tz = Lsin®(z). In addition, define the
function : [0, +00) — [0, +00) by Y(s) = 155-
Furthermore, we define the functions o,  : X x X — [0, +c0) by

a(s,b) — et ifs,t €0,1];
20, ifs>1or t>1,

and
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Bls,t) =

e, ifs tel0,1];
1, ifs>1or t>1.

Then:

1. 1 is a perfect function.
2. There exists xog € X such that

a(Sxo, S*xg) > B(Sx0,S%xp)) and a(S>xq, Sxg) > B(S*x0, Sxp)).

(S, T) is a pair of (a, B)-admissibility.
S and T are w, B-continuous.

(X, d) is an o, B-complete metric space.
(S, T) isan («, B, )-contraction.

ARSI

Proof. It is an easy matter to see Equations (1)—(3). To prove Equation (4), let (x,) be any sequence
in [0, +00) such that x, — x € [0, +00) and a(xy, X,11) > B(xn, xy41) for all n € N. Thus, x, € [0,1]
forall n € N. If x, = x for all but finitely many, we conclude that Sx, — Sx as n — +oco. If
x, # x for all but finitely many, we notice that x = 0. Hence, x, — 0in ([0,1],|.]). Therefore,
max{% sin® x,,0} — 0 = Sx in ([0, +-00),d); that is, S is &, B-continuous.

To prove (5), let (x,,) be a Cauchy sequence in ([0, +00),d) such that a(x,, x,,4+1 > B(Xn, Xp41)-
Then, x, € [0,1] for all n € N. If there exists x € [0,1] such that x, = x for all but finitely many,
then x, — x as n — +o00. Now, suppose the elements of (x,) are distinct for all but finitely many.
Given ¢ > 0, since (x,) is a Cauchy sequence in ([0, +c0),d), then there exists 1y € N such that
max{x,, X, } < €forallm > n > ny. Therefore, max{x,,0} < e forall n > ny. So, x, — 0in
([0, 4+00),d). Thus, ([0, +0),d) is an «, f-complete metric space.

To prove (6), let z, w € X be such that a(z, w) > B(z,w). Then, z,w € [0,1]. So

P(d(Sz, Tw)) = ¢<d<;sin22,isin2w)>

1. 1.
= 1p<max {Zsznzz, 4szn2w}>

max { %sinzz, }Lsinzw}

1 4+ max { %sin2z, isinzw}

max {sin2z, %sinzw}

2 + max {sinzz, %sin%u}

g, Max {sin2z, sinzw}

5 ( S YO\ >
1 + max < sin<z, sin‘w

4( max{z, w} )

5\ 1+ max{z,w}

IN

IN

5
= 9 w)

max {étp(d(z, o)), %w(d(z, $2)), %w(d(w, Tw)), gd(w, s2), 14—011(2, Tw)]) }

IN
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Similarly, we can show that
4 4 4 4 4
P(d(Tz, Sw)) < max {51/J(d(z, w)), gtp(d(z, Tz)), gtp(d(w, Sw)), gd(w, Tz), Ed(z, Sw)]) }

Hence, S and T satisfy Definition 2.3 for k = %. Therefore, S and T satisfy all the conditions of
Theorem 1. Therefore, S and T have a common fixed point. [

Remark 1

1.  Bytaking S = T in Theorem 1 and Corollary 1, we can formulate and get some fixed point results.

2. By Defining the self-function i on [0, +co) via P(t) = t, and the two functions a, f: X x X — [0, +o0)
via a(s,t) = B(s,t) = 1in Theorem 1 and Corollary 1, we may formulate and get some common fixed
point results.

3. Conclusions

New notions of («, )-admissibility and (&, §)-contraction for a pair of self-mappings on a set X
are given. According to these notions, we introduced and proved our main result. Additionally, we
gave an example to validate our main result.
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