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1. Introduction

Let G be a finite, simple and undirected graph with the vertex-set V(G) = {v;: 1 <i < n} and the
edge-set E(G) such that |V (G)| = n and |E(G)| = m are order and size of the graph G, respectively.
The adjacency matrix A(G) = [a; j] of the graph G is a matrix of order n, where a; ; = 1 if v; is adjacent
to vj and a;; = 0, otherwise. The zeros of det(A(G) — AI) are called the eigenvalues of A(G), where I
is an identity matrix of order n. Since A(G) is real and symmetric, all the eigenvalues say that A1 (G),
A2(G), ..., An(G) are real and called the eigenvalues of the graph G. If A1(G) is the least, then one can
arrange the eigenvalues as A1(G) < A,(G) < ... < A,(G), and the eigenvector corresponding to the
least eigenvalue is called the first eigenvector. For further study, we refer [1,2].

In 1957, Collatz and Sinogowitz investigated the spectrum of an undirected graph with respect
to the adjacency matrix [3]. The literature on spectra of graphs has grown enormously since that
time. The investigation on the spectral radius (largest eigenvalue) of graphs is an important topic
in the theory of graph spectra [1,2,4-6]. In literature, the least eigenvalue received less attention
comparatively to the spectral radius.

In a certain class of graphs, a graph is called minimizing if the least eigenvalue of its adjacency
matrix attains the minimum. A graph G is called a nested split if its vertices can be ordered so that
jq € Eg implies ip € Eg, wherei < jand p < g. Let G(m, n) denote the class of connected graphs of
order 1 and size m, where 0 < m <(3). Bell et al. [7] characterized the minimizing graphs in G (m, 1)
as follows.

Theorem 1. Let G be a minimizing graph in G(m,n). Then, G is either (i) a bipartite graph; or (ii) a joining of
two nested split graphs (not both totally disconnected).

It is observed that the complements of the minimizing graphs in G(m, n) are either disconnected
or contain a clique of order greater than or equal to the half of the order of the graphs. This motivated
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discussion of the least eigenvalue of the graphs whose complements are connected and contain cliques
of small sizes. Fan et al. [8] characterized the unique minimizing graph in the class of graphs of order
n whose complements are trees. Wang et al. [9] characterized the unique minimizing graph in the
class of graphs whose complements are unicyclic. Recently, the minimizing graph of the graphs
which belong to G7 ,, is studied in [10], where G7 | is a class of the connected graphs of order n whose
complements are bicyclic with exactly two cycles. In this note, we continue this study and characterize
the unique minimizing graph among all the graphs which belong to a class of the connected graphs of
order n whose complements are bicyclic with two or three cycles. The main result of this paper is
stated as follows.

Theorem 2. Let Gy ,, and Gy , be the classes of the bicyclic graphs of order n in which each bicyclic graph has
exactly two and three cycles, respectively. Let B° € Gy, be a connected graph of order n such that its complement
is a bicyclic graph i.e., B € Gy , U Gy ,. Then:

n—2 n—2

Amin(B(I 521, 1752 1)%) < Amin(B°)

where n > 30 and equality holds if and only if B = B(["52], [ 52 ]).

The results related to the bounds of the least eigenvalue can be found in [5,11]. For further study,
we refer [12-17]. The rest of the paper is organized as follows: in Section 2, we present some basic
definitions and terminologies that are frequently used in the main results and Section 3 includes the
main results from the minimizing graph of the connected graphs whose complements are bicyclic.

2. Preliminaries

A star of size n is a tree that is obtained by joining one specific vertex to the remaining n
vertices, where the fixed vertex is called center and all other vertices are called pendent vertices.
It is denoted by K , and its vertex-set and edge-set are defined as V(K1 ,) = {v;:1 <i < n+1}
and E(KCy,,) = {v19;: 2 < i < n+ 1}, respectively. Moreover, Sll,n is a graph obtained by joining any
one pair of pendent vertices of Ky ,,. If we choose a pair of pendent vertices of K1 ,, consisting of v,
and v,41, then V(8] ,) = {1 < i <n+1}and E(S],) = {v10:: 2 < i < n+1} U {0,0,41} are
the vertex-set and the edge-set of the graph Sll,n’ respectively. Similarly, 812,11 is a graph obtained
by joining any two distinct pairs of pendent vertices of K, such that V(S%,n) = V(Sll,n) and
E(S%,n) = E(Sll,n) U {vy—20,_1}, where (v,_2,v,,_1) is chosen as the second pair of pendent vertices
different from (vy, v,,41). If two chosen pairs of vertices have one vertex that is the same, then, by
joining these pairs of vertices, we obtain the graph Sfi
E(S;,;f) = {Uﬂ)ii 2<i<n+ 1} U {Un—lvn/ vnvn—l—l}'

Since bicyclic graphs are connected graphs in which the number of edges equals the number of

_, with the same vertex-set and the edge-set

vertices plus one. We conclude that Slz,n is a bicyclic graph with exactly two cycles and n — 4 pendent
vertices and Si‘ﬁ is a bicyclic graph with exactly three cycles and n — 3 pendent vertices. In particular,

812, 4 is a bicyclic graph of order 5 with exactly two cycles and Sf32 is a bicyclic graph of order 4 with
three cycles. In the following definitions, we define some more graphs that are bicyclic.

Definition 1. Let Ky, be a star and ng be a bicyclic graph with three cycles and four vertices.
The bicyclic graph denoted by B(p) is obtained by joining one pendent vertex of Ky, with a

vertex of degree 3 of the graph 81*’32, where p > 2. The vertex-set and the edge-set of B(p) are

defined as V(B(p)) = {0:1 < i < p—1}U{opz2 < i < 5}U{vi:1 < i < 2} and
E(B(p)) = {viva: 1 <i < p—1} U{0p03,0304, 0405} U {040%: 1 < i <2} U{ovsvi:1 <i <2}
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Definition 2. Let Ky, be a star and Si‘qz be a bicyclic graph with three cycles and q — 3 pendent vertices.
The bicyclic graph denoted by B(p, q) is obtained by joining a pendent vertex of K1, with a pendent vertex
of the graph Sl*l’qz, where p > 2 and q > 4. The vertex-set and the edge-set of B(p,q) are defined as
V(B(pg) = {op:1<i<p-13U{op2<i<6}U{on:1<i<2}U{ogl<i<q-—4}and
E(B(p,q)) = {vjv2: 1 < i < p—1}U{0203,0304,0405,0506} U {v505: 1 < i < 2} U{osvg: 1 < i <
q—4}U{ogvi: 1 <i<2}.

Let Gy , and G, , be the classes of bicyclic graphs of order n such that each bicyclic graph has exactly
two and three cycles, respectively. In particular, Figure 1 shows H; and H; as the examples of the bicyclic
graphs with exactly two cycles that belong to G; ,, and H3 as an example of the bicyclic graphs with
exactly three cycles which belongs to G .. Let i, be a class of the connected graphs of order n whose
complements are bicyclic with exactly two cycles ie., Gf , = {G®: G is connected and G € Gy ,}.
Let G , be a class of connected graphs of order n whose complements are bicyclic with exactly three
cyclesie., Qin = {G": G is connected and G € G, }. Now, we define G; = g;,n U ggrn and note that
(Slz,n—l)c and (Sl*ﬁfl)c being disconnected do not belong to Gf;, where n > 4.

— {0
Sean®

Hs

Figure 1. Bicyclic graphs.

By interlacing theorem, for a graph G containing at least one edge, we have Ayin(G) < —1.
In particular, if G is a complete graph or disjoint union of complete graphs with at least one non-trivial
copy, then Apin (G) = —1. Moreover, if G contains Kj » as an induced subgraph, then G verifies that
Min(G) < Amin(K12) = —v/2. Thus, for a graph G (tree), Amin(G°) = —1 if and only if G is a star.
Consequently, if G being a tree is not a star, then G¢ is connected and A (G°) < —1. For a unicyclic
graph G, Apmin(G¢) < —1, where equality holds if G == C4 (as (C4)¢ is 2P,, where P, is a path of order 2).
Similarly, for a bicyclic graph G with exactly three cycles, Apin(G°) < —1, where equality holds if
G= Si‘g and for a bicyclic graph G with exactly two cycles, Apin (G°) < —2, where equality holds if
G = 812,;1 forn > 3.

A vector X € R" is said to be defined on the graph G of order n, if there is a one to one map ¢
from V(G) to the entries of X such that ¢(u) = X,, for each u € V(G). If X is an eigenvector of A(G),
then it is naturally defined on V(G), i.e., X, is the entry of X corresponding to the vertex u. Thus, it is
easy to find that:

XTA(G)X=2 Y XuX, (1)
uveE(G)

and A is an eigenvalue of G corresponding to the eigenvector X if and only if X # 0. For each v € V(G),
we obtain the following eigen-equation of the graph G:

AXy = Z Xy )
ueNg(v)
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where N (v) is the set of neighbors of v in G. For an arbitrary unit vector X € R":
Amin(G) < XTA(G)X ©

with equality if and only if X is a first eigenvector of G.

Moreover, if G¢ is a complement of the graph G, then A(G°) =] — I — A(G), where J and I are
the all-ones matrix and the identity matrix of same size as of the adjacency matrix A(G), respectively.
Thus, for any vector X € R" :

XTA(GHX =XT(J-1)Xx - xTA(G)X 4)

Let X; be the first eigenvector of the graph B(p)¢ with entries corresponding to the vertices as
defined in Definition 1. By Eigen-Equation (2), the vertices vil for1 <i<p—1,vy, v3, 0v4, v5 and vé for
1 <i < 2have values in Xy, say X1, Xp, X3, X4, X5 and Xj, respectively. Moreover, if Ayin (B(p)€) = A4,
then, we have:

MXy = (p — Z)Xl + X3+ X4 + X5+ 2X5,
MXy = X4+ X5+ 2Xg,

A1X3 = (p - 1)X1 + X5 +2X6/
MXy=(p—-1)X1+ Xz,
MXs=(p-1X1+ X2+ X3,

MXg = (P — 1)X1 + X5 + X3 + Xg.

©)

Take X; = (X1, Xp, X3, Xy, X5, X6)T. Then, the matrix equation of the above system of equations
is (A — A1I)X; = 0, where A is a matrix of order 6. Thus, A; is the least root of the polynomial:

fi(A, p) =det(A—AL) = (=2+p) + (8 —6p)A + (6p)A% + (=8 +4p)A3 + (=4 —4p)A* — (1 — p)A° + A, (6)

Let X be the first eigenvector of the graph B(p, q)¢ with entries corresponding to the vertices
as defined in Definition 2. By Eigen-Equation (2), the vertices vil forl1 <i < p—1, vy, vs, vy, Us, Vg,
vé forl <i<2and vg for 1 <i < g—4 have values in Xy, say X1, Xp, X3, X4, X5, X4, X7 and Xg,
respectively. Moreover, if Apin(B(p,q)¢) = Az, then we have:

AMXy=(p—2)X1 + X3+ Xg + X5+ Xg +2X7 + (g — 4) Xg,
MXy =Xa+ X5+ X +2X7+ (9 —4)Xs,
A X3 = (p — 1)X1 + X5 + Xg +2X7 + (q — 4)X8,

MXy = (p — D)Xy +Xo + X +2X7 + (q — 4)X8, @)
MXs5 = (p — 1)X1 + X5 + X3,

MXe=(p—1)X1+Xo+ X3+ Xy + (7 —4)Xs,

A Xy = (p — 1)X1 + X0+ X3+ Xy + X7+ (q — 4)X3,

MXg=(p—1)X1+ Xo+ X3+ Xy + X6 +2X7 + (9 — 5) Xs.

Take Xo = (Xy, Xa, X3, X4, X5, X6, X7, X3)T. Then, the matrix equation of the above system of
equations is (A — A2I)X, = 0, where A is a matrix of order 8. Thus, A is the least root of the polynomial:

f2(A, p,q) = det(A — AI)
=(-5+p+q)+ (22 —10p — 6q + 2pq)A
+(—12+20p + 69 — 7pq)A? + (=30 + 2p + 10q + 2pq) A3
+(=5—11p — 3q + 7pq)A* + (22 — 11p — 11 + 2pq)\°
+(17 —6p — 69)A® + (6 — p — q)A7 + A8, (8)

Now, we state some results that are used in the main theorem.
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Lemma 1. [8] Let 7 be a tree with non-negative or non-positive real vectors X = (X1, Xp, X3, ..., Xn)T
defined on 7. The entries of X are ordered as | X;| > |X3| > | X3| > ... > | Xy, where |V(T)| = n. Then:

Z XuXy < 2 XuXo,
uveE(T) uv€E(Kq,p)

where X is defined on the star Ky ;, such that its central vertex of degree p = n — 1 has value Xj, and
equality holds if and only if 7 = Ky ,,_1.

Lemma 2. [9] Let U/ be a unicyclic graph with non-negative or non-positive real vectors
X = (X1, X2, X3, ..., Xn)T defined on U. The entries of X are ordered as |X;| > |Xa| > |X3| > ... > | Xy,
where |V (U)| = n. Then:

Y XX < Y XuXo,
uveE(U) uveSllyq

where X is defined on the unicyclic graph 811/ o such that the vertex of degree g = n — 1 has value X;
and two vertices of degree two have values X, and X3. The equality holds only if i/ = 811, g

3. Main Results

In this section, we present the main results related to the minimizing graph of the connected
graphs whose complements are bicyclic.

Lemma 3. If n > 8, then Ayin (B(n —6,4)°) < Amin(B(n —5)°).

Proof. Consider Ay = Apin(B(n —5)¢) and Ay = Anin(B(n — 6,4)¢) are the least roots of f1(A,n —5)
and f»(A, n — 6,4), respectively. Define

g(A,n—5) = (A+1)%f1(A,n —5).

Since Ay < —1, A; is the least root of ¢(A,n —5). By (6) f1(—3.5,n —5) = 113981 — 9666n,
¢(—3.5,n—5) < 0 forn > 8. Moreover, if A\ — —oco. Then, g(A,n —5) — +co, which implies
A1 < —3.5. Now, for A < —35and n > 8§,

An—5)—fo(A,n—6,4) = —(n—7)A2 =31+ 723 +2A* = —(n — 7)A(A 4+ 1)(A 4 3.3385)(0.5986 — 1.677A +2A%) > 0.
8

Consequently, f>(A,n —6,4) < g(A,n—4) for A < —35and n > 8. In particular, A, < Ay,
which implies Apin (B(n — 6,4)¢) < Apin(B(n —5)¢) for n > 8.
Lemma 4. Let p and q be positive integers such that p > q > 5and p + q + 2 = n. Then,

Amin (B 521 152 5) < Amin (B(p,0)°)

with equality if and only if p = ["52] and q = | 52|, where,
(a)n >30ifn =0 (mod 2);and (b)n > 25ifn =1 (mod 2).

Proof. From Equation (8), we have:
f2(=3,p,q) =712 — 248p + 469 — 42pq. )
(@) If n = 0(mod 2), then p = ”2;2 and g = ”2;2 Thus, (9) becomes fz(—3,";,”2;2) =

—(n — 4.7427)(n + 10.3617) (b) If n I(mod 2), then p = "7l and ¢ = 3. Thus,
(9) becomes fo(—3,%51,%53) = —1(n — 6.0108)(n + 11.6298). From both cases (a)and (b),



Mathematics 2017, 5, 18 6 of 12

f2(=3, [”7_21, L”Z;ZJ) < 0forn > 30 and n > 25, respectively. This shows that A, < —3, where A, is
the least root of f»(A, p, q). Moreover:

f(Ap—1,q9+1)
(=5+p+4q)+ (24 —8p—85+2pg)A

(=19 +13p + 13q — 7pq)A% + (=24 + 4p + 89 + 2pq) A3
(—4 —4p — 109 + 7pq)A* + (20 — 9p — 13q + 2pq) A°
(17 — 6p — 6q)A® + (6 — p — q)A7+A8, and

++++

LA p.q) — (A p—149+1)
=2(p—q—DAA-DA+2)(A+1+V2)(A+1-+2).

We note thatif p > g+ 1and A < =3, then f,(A,p,q) — f2(A,p—1,4+1) > 0. In addition,
f2(=3,p — 1,9+ 1) < 0. Consequently:

)\min(B(p -1,9+ 1)C) < Amin(B(P/ Q)C)

It follows that Amin(B([%52], [%52])°) < Amin(B(p,q)¢), where equality holds if and only if
p=["3]andq="3%].

Lemma 5. Let B € Gy, be a bicyclic graph of order n and X = (X1, Xp, X3, ..., Xn)T be a non-negative or
non-positive real vector defined on BB such that the entries of X are ordered as | Xq| > |Xp| > [X3| > ... > | Xu]:

(@ IBeG,then Y X,X,< Y X, Xy, where X is defined on Slz,n—l such that one
uveE(B) uveE(Sln 1)

vertex of degree n — 1 has value X; and four vertices of degree 2 have values X3, X3, X4 and X5,
respectively. The remaining values X; for 6 < i < n are assigned to the n — 5 pendent vertices.
The above equality holds only if B = Slz,n_l,

(b) Y XuXy < y XXy, where X is defined on Sl*,ﬁ—l such that one vertex of degree
uveE(Slz,n_l) ”UGE(Sl*,ﬁA)
n — 1, one vertex of degree 3 and two vertices of degree 2 have values X;, X5, X3 and Xy,

respectively. Furthermore, the remaining values are assigned to the n — 4 pendent vertices,
() IftBeGyy then Y, XX, < Y Xy Xy, where equality holds only if B = Sl* '5_1.
uveE(B) wweE(S;2 ) '

Proof. (a) Without loss of generality, assume that X is non-negative. Otherwise, we consider —X. Let v
be a vertex of the bicyclic graph B with value X; assigned by the first eigenvector X. Suppose that
there exists a vertex u that is not adjacent with v. Since B is a connected graph, there exists a neighbor
of u, say w, which is on the path of B containing v and u. If we delete uw and add a new edge vu in B,
then we have a new bicyclic graph B with exactly two cycles such that:

Z XuXo < Z XuXo.

uveE(B) uveE(B)

Repeating this process on the bicyclic graph B for the non-neighbor of v. Thus, we obtain a bicyclic
graph which is infact a star K; ,_1 with center v and two edges u'v" and u"v" that are non incident to
the vertex v. Thus, we have:

Y XuXe< ) XMXU§ZX1X + XX+ XX
uveE(B) uveE(B) i=2
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n
Since Xp X3 + X3 X5 > Xu' Xz/ + qu Xz;” and Y, X1 X;+ XoX3+ Xy X5 = 5127171, we obtain:
i=2 ’

Z XuXy < Z XuXo.
uveE(B) MUEE(S%,n—l)

The equality holds if v is adjacent to all other vertices and there are two non incident edges to the
vertex v in B, which implies that B = 812 a1

(b) Since X3X4 > X4 Xs5:

n
Y XuXo =) XiXi+ XoX3+ X4 Xs
uveE(S]z,nA) i=2

<

1

= Yy X, Xs.
uveE (81*,5—1 )

X1 X+ Xo X3+ X3Xy

Lo

Consequently, Y XuXy < Yy XuXy.
117;615(812,"71) uveE(Sl*’iJ

(c) Proof is similar to (a).

Lemma 6. Let B¢ € G, be a connected graph order n > 10 such that its complement is a bicyclic graph and X
be a first eigenvector of B°. Then, X has at least two positive and two negative entries.

Proof. Suppose, on the contrary, that only one vertex v of 3¢ has positive value assigned by X. Since B¢
is connected, B # Slz,n—l and B # 81*,'3—1' Thus, there exists a vertex u as a neighbor of the vertex v in
B such that Ng(u)\{v} # @, where N (u) is set of neighbors of u in B. By (2) the eigen-equation of
the vertex u for B¢ is:
0< Amin(B)Xu= ), Xu<0 (10)
weNpge (u)
This shows that X,, = 0 and X, = 0 for each w € Ngc (1), where Npc(u) is set of neighbors of u
in B¢. Thus, all of the vertices of Nz (u) have non zero entries assigned by X. Now, we discuss the
following three cases:

(@) When both of the vertices v and u are non-cycles. Then, we have three observations:
(i) Ng(u)\{v} N Ng(v)\{u} = &; otherwise, B is not bicyclic; (ii) each pair of
vertices of the set Np(u)\{v} is non adjacent; otherwise, B is not bicyclic; and (iii) at
most one neighbor of u may be on any cycle; otherwise, u will be also on a cycle.
Define Ng(u)\{v} = {s : s asadjacentto u in B} such that X; # 0 for each s € Ng(u)\{v}.

Thus, the eigen-equation of the vertex v for the graph B, Amin(B°)Xy = L X; becomes
tENBc (U)
Amin (B) Xy = Y.  X,. By adding X, to both sides, we have:
seB(u)\{v}
I+ Amin(B)Xo = X0+ ). X (11)
s€B(u)\{v}

Suppose that s) € Np(u)\{v} such that sy is non adjacent to s for each s € Np(u)\{v},
where s # 59 as observed in (ii). Thus, the eigen-equation of the vertex sy for the graph B¢
is Amin (B) X5, = Y X,, which implies:

seB(u)\{so}
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1+ Amin(B))Xsy = Xo + Y. Xs (12)
seB(u)\{s0}

From (11) and (12), (1 4 Amin(B°))(Xs, — Xo) = 0. Since n > 10, B # 82, |, B # S;»_| and
Amin(B¢) < —1. Consequently, X5, = X, are two positive entries of X, which is a contradiction to
our supposition.

(b) When both the vertices are on the cycle(s). Here, we have two possibilities: (i) the vertex u
is a common vertex of the cycles with degree of at least 4. Then, by (10), X, = 0, which is
a contradiction, as B is neither Slz,nfl nor Sf,’il ; (ii) the vertex u is not a common vertex of the
cycles with degree of at least 4. If u and v are on a cycle of length 3, then there is a neighbor
of u that is also a neighbor of v in B, say z. If Ng(u)\{v} = {z}, then by the eigen-equation of
v for B¢, X, = 0, which is a contradiction. If Nz(u)\{v,z} # @, then we follow (a) and have
all the vertices of Ng(u)\{v,z} with the same value as v, which is again a contradiction. If u
and v are on a cycle(s) of a length of at least 4, then Ng(u)\{v} N Ng(v)\{u} = ®, and we have
a contradiction using the procedure of (a).

(c) When one vertex is on a cycle(s) and the other is a non-cycle, then N (u)\{v} N Np(v)\{u} = &;
otherwise, B is not a bicycle. If v is on a cycle and u is non-cycle, then by repeating (a), we have
a contradiction. If u is on a cycle and v is non-cycle, then we have two possibilities: (i) if u is
a common vertex of the cycles with a degree of at least 4; then, by (b) (i), we have a contradiction;
(ii) if u is not a common vertex of the cycles with degree at least 4. Suppose that u is on a cycle
of length 3, then u has neighbors 11 and uy such that u; is adjacent to 1, and one is a common
vertex of the cycles, say u;. By the eigen-equations for these two neighbors of 1 in B¢, we have
Xy, = Xu,, which is contradiction. If u is on a cycle of a length of at least 4, then, by (a), we have
a contradiction. If u is a common vertex of two cycles, then the vertex which is non adjacent to all
other neighbors of u has equal value to the value of v by (a), which is again a contradiction.

Therefore, X contains at least two positive entries. If we consider —X, then we have at least two
negative entries. Consequently, X has at least two positive and two negative entries.

Theorem 3. Let Gy ,, and Gy, be the classes of the bicyclic graphs of order n in which each bicyclic graph has
exactly two and three cycles, respectively. Let B¢ € Gy, be a connected graph of order n such that its complement
is a bicyclic graph i.e B € Gy, U Ga . Then:

Amin(B(P,4)°) < Amin(B°)

where p > q > 6, p+q+2 = n > 30 and equality holds if and only if B = B(p, q).

Proof. Define V, = {v: X, > 0,v € V(B )} and V_ = {v : X, < 0,0 € V(B)}. By Lemma 6,
both contain at least two elements. Suppose that 5 and 5_ are subgraphs of B induced by V; and V_,
respectively. Moreover, assume that £ "is a set of edges between V. and V_ in B. As B is connected, £ /
is non empty. Thus, we have:

Y XuXo= Y XuXot+ Y XuXot+ Y XuXo (13)
uveE(B) uveBL wveB_ p—

Now, for the edges of the cycles of B, we have two cases: (i) all the edges of the cycles of 3 are
only in B4 or B_; and (ii) both the subgraphs B, and B_ contain the edges of the cycles of B.

(i) Without loss of generality, we suppose that B, does not include any edge of the cycles of B;
otherwise, we take —X as a first eigenvector. Let B be a graph obtained from B such that the subgraph
By and B_ of B induced by B, and B_ are tree and bicyclic, respectively (bicyclic with two cycles if
B <€ Gy, or bicyclic with three cycles if B € G, ;). By the deletion and addition of some edges in the



Mathematics 2017, 5, 18 90f12

tree B, we have a star Kj,, with center u', where p+1=|Vy| >7and u' has a maximum modulus
value among all the values of B given by X. Thus, by Lemma 1, we have:

2 XMX‘U S 2 XHX‘U S Z XHX'U

uveBy uveBy uveky

Similarly, by the deletion and addition of some edges in the bicyclic subgraph B_, we have Slz,q

if B € Gy, (or S§ qz if B € Gy y) with v adjacent to all other vertices in §? g (or S 2

!
. ). Moreover, v has

maximum modulus value among all the valuesof B_and g+1=|V_| > 7.
If B € Gy, then by Lemma 5((a) and (b)), we have:

Z XMXU S Z XMXZJ S Z XMXZI S Z XLIX’U

uveB_ uveB_ uveSlzlq uveS]*’;
If B € Gy, then by Lemma 5(c), we have:

Y XX < Y XX < Y XuXo

uveB_ uveB_ uveSf’qz
In this case, we conclude that:

Z XMXU + Z XMXU S Z XLIXU + Z XMXU

weBy uvEB_ uveky p “0681*}?

(i) Let B be a graph obtained from B such that both the subgraphs B, and B_ induced by the
subgraphs B and _ of B are unicyclic. By the deletion and addition of some edges in 5, we have
Sll,p with 1’ adjacent to all other vertices in Sll,p' Moreover, ' has a maximum modulus value among
all the values of B givenby Xand p +1 = |Vy| > 7. Thus, by Lemma 1, we have:

Y XX < Y XXo < Y XuXo

uveB uveBy uveSllp

Similarly, by the deletion and addition of some edges in 5_, we have 811, ) with o' adjacent to all

other vertices in 811, . Moreover, v has a maximum modulus value among all the values of B_ given
by Xand g +1 = |V_| > 7. Again, by Lemma 1, we have:

Z XMX'U S Z XMXU S Z XHX'U

uveB_ uveB_ uveSllq
From the above two inequalities, we have:

Z XMXU + Z XMXU S 2 XMX"U + Z XHXU

uveBy uveB_ uveS%p quSllq

Without loss of generality, assume that the modulus values of the vertices of B_ are greater than
the modulus values of the vertices of B, assigned by X. Suppose that w and w' are vertices in B such
that the edge ww' is non incident with 1. Delete the edge ww' and the edge the edge rr', where r and
¢ are vertices in B_ such that the edge r#’ is non incident with v, and use Lemma 5(b). Then:

Y XuXo4+ ), XuXo= Y XuXo+ XX+ ) XuXp
uveSll,p uveSlllq uvekly uveé‘ll,q
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< Y XX+ Y XuXo+ XX

”UEK]/;: uUES]l’q
= Z XuXy + Z Xu Xy
uveky, uveé‘fq
< Y XXt ) XuXo
uveky uveSl*”qz
Consequently, from both the cases:
Y XuXo+ ), XuXo< ) XuXot ), XuXo (14)
uveB4 uveB_ uveky,, uveSf’qz

Let#" and 0" be the vertices of B and B, with minimum modulus among all the vertices of B
and By, respectively. Then:
Y XuXo < X pX (15)

uvef’

Using (14) and (15) in (13), we have:

Y XuXe <Y XuXo+ ) XuXo+ XX (16)

uveB uveky,, uveSf’z
A

Since p > g > 6, the vertices 1" and v” can be taken from the pendent vertices of ICLp and 81* ,qz,
respectively. Thus, (16) becomes:

Y XX <) XuXy
uvel3 uveB(p,q)

Now, consider the following inequality:

Amin(B°) = XTA(B)X = XT(J — 1 - A(B))X

=XTA(B(p,9))X > Amin(B(p,9)°)

Consequently:
Amin(B(p, 7)) < Amin(B°)

where p > g > 6, p+ g+ 2 = n > 30 and equality holds if and only if B = B(p,q).

Now to complete the proof, we prove that the set £ " consists of exactly one edge and the set V.
does not contain any vertex with zero value given by X. Before this, we prove that X3 < X; < X, and
X5 < Xg < Xy < Xg < Xy.

Suppose B(p, q) has labeled vertices as in Definition 2. Therefore, v, = u,v5=v,03 =u" and
U4 = v". The vertices vy and v3 are unique in By with maximum and minimum moduli, and v4 and
v5 are unique in B_ with maximum and minimum moduli, respectively. By Lemma 6, as X is the
first eigenvector of the minimizing graph B(p, q), X1, X2, X3 are non negative and Xy, X5, X4, X7, X3
are negative values of X. Now, by (7), A2(Xs — X1) = —(p—2)X1 — X3 < 0 and A»(X; — X3) =
—Xj1 + X3 + X4 < 0, which implies X5 — X; > 0and X; — X3 > 0. Therefore, X3 < X; < X». Similarly,
M(Xyg—Xg) =Xg— X3 — Xy <0, A(Xg— Xy) = —Xg+ X+ X7 < 0, A(Xy — Xg) = Xy < 0and
/\2(X6 — X5) = X4+ (q *4)9(8 < 0. Thus, X5 < Xg < X7 < Xg < Xy.
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By (13)-(16) and the above discussion, we have By = B, = Kj, and B- = B = quz

Consequently, £ " contains exactly one edge Uy = v3v4. Now, if the value of v; is zero, i.e., Xp =0,
then X; = X3 = O because 0 < X3 < X7 < Xp. By (7) x5 = 0, which is a contradiction. If value of
vy is zeroie., X7 =0, then X3 = 0as 0 < X3 < Xj. Solving the first two equations of (7), X, = 0.
This shows X5 = 0, which is again a contradiction. If the value of v3 is zero, i.e., X3 = 0, then delete the
edges v3v4 and v4v5, and join v4 with v; and one of the pendent vertexes of Sl*,’Z. Thus, we get a graph
B(p + 1,9 — 1) with the same X such that A, (B(p+ 1,9 —1)¢) < Ay, (B), which is a contradiction
if p > g by Lemma 4. Consequently, V. does not contain any vertex with zero value given by X,
which completes the proof.

Now, we give the proof of the main theorem (Theorem 2) of this paper, which is stated in Section 1
(Introduction).

Proof of Theorem 2. This proof follows Lemma 4 and Theorem 3.

4. Conclusions

Petrovic¢ et al. [13] proved: if G € G, is any bicyclic graph of order 7, then Apin (G}) < Amin(G)
and equality holds if and only if G = G}, where G; = 51‘1’571. It shows that Sﬁ—l is a unique
minimizing graph in G, where G, is a class of bicyclic graphs of order n. However, in this paper, we
proved that B([%52], | %52 |)° is a unique minimizing graph in G§, where G is a class of the connected

graphs of order n whose complements are bicyclic.
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