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1. Introduction

Let H; and Hj be two real Hilbert spaces and A : Hi — Hj be a bounded linear operator.

For nonlinear operators T : Hy — Hj and U : Hy — Hp, the split fixed point problem (SFPP) is to
find a point:

x € Fix(T) suchthat Ax € Fix(U) 1)

It is often desirable to consider the above problem for finitely many operators. Given n nonlinear
operators T; : Hi — Hj and m nonlinear operators Uj: Hy — Hy, the split common fixed point
problem (SCFPP) is to find a point:

x € NiFix(T;) suchthat Ax € NiL,Fix(U;)

In particular, if T; = P, and U;j = Pg,, then the SCFPP reduces to the multiple sets split feasibility
problem (MSSFP); that is, to find x € N} ;C;, such that Ax € ﬂ;-”le]-, where {C;}" ; and {Qj}}n:l are
nonempty closed convex subsets in H; and H», respectively.

In the Hilbert space setting, the split feasibility problem and the split common fixed point problem
have been studied by several authors; see, for instance, [1-3]. In [4], Censor and Segal introduced the

iterative scheme:
Xp1 = Ul —pr A" (I —T)A)xy,

which solves the problem (1) for directed operators. This algorithm was then extended to the case of
quasinonexpansive mappings [5], as well as to the case of demicontractive mappings [6]. Recently,
Takahashi in [7,8] extended the split feasibility problem in Hilbert spaces to the Banach space setting.
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Then, Alsulami et al. [1] established some strong convergence theorems for finding a solution of the
split feasibility problem in Banach spaces. Using the shrinking projection method of [8], Takahashi
proved the strong convergence theorem for finding a solution of the split feasibility problem in Banach
spaces. In this direction, Byrne et al. [2] studied the split common null point problem for multi-valued
mappings in Hilbert spaces. Consider finitely many multi-valued mappings F; : H; — 2H1,1 <i <,
and Bj: Hy — 22 1 < j < m,and let Aj:Hy — Hp be bounded linear operators. The split common
null point problem is to find a point:

z€ Hy suchthat ze (N/,F 10)N (ﬂ}”:lAjB]ﬂO)

Very recently, using the hybrid method and the shrinking projection method in mathematical
programming, Takahashi et al. [9] proved two strong convergence theorems for finding a solution of the
split common null point problem in Banach spaces. In [10], Tang et al. proved a theorem regarding the
split common fixed point problem for a k-quasi-strictly pseudocontractive mapping and an asymptotical
nonexpansive mapping. In this paper, motivated by [11], we use the hybrid method to study the split
common fixed point problem for an infinite family of multi-valued quasinonexpansive mappings
and an infinite family of L-Lipschitzian continuous and (k, {yts }, {&n } )-totally asymptotically strictly
pseudocontractive mappings. Compared to the Theorem of Tang et al. [10], we remove an extra
condition and present a strong convergence theorem, which is more desirable than the weak
convergence. The point is that the authors of [10] considered a semi-compact mapping, that is
a mapping T on a set X having the property that if {x,} is a bounded sequence in X such that
|ITx, — x| tends to zero, then {x,} has a convergent subsequence. We will not assume that our
mappings are semi-compact, and at the same time, we propose a different algorithm; instead, we
impose some restrictions on the control sequences to get the strong convergence. We also present
an algorithm for solving the split common fixed point problem for totally quasi-¢-asymptotically
nonexpansive mappings and for k-quasi-strictly pseudocontractive mappings. Under some mild
conditions, we establish the strong convergence of these algorithms in Banach spaces. As applications,
we consider the algorithms for a split variational inequality problem and a split common null point
problem. Our results improve and generalize the result of Tang et al. [10], Takahashi [12], Moudafi [5],
Censor et al. [13] and Byrne et al. [2].

2. Preliminaries

Let E be a real Banach space and C be a nonempty closed convex subset of E. A mapping
T : C — Cissaid to be {k, }-asymptotically nonexpansive if there exists a sequence {k, } C [1,00) with
k, — 1, such that:
IT" Ty <kullx—yl,  VryeCn>1

The mapping T : C — C is said to be k-quasi-strictly pseudocontractive if F(T) # @ and there
exists a constant k € [0, 1], such that:

ITx — pl|* < l|lx = pl* + kx = Tx|* VxeCpeFT)

The mapping T : C — C is said to be (k {un}, {C1n})-totally asymptotically strictly
pseudocontractive if there exist a constant k € [0,1] and null sequences {u,} and {&,} in [0, o0)
and a continuous strictly increasing function ¢ : [0,00) — [0, c0) with {(0) = 0, such that for all
x,y€ Handn > 1:

IT"x = Ty [1* < [lx = yl* + kll(x = y) = (Tx = Ty)|I* + pal (llx = yll) + E

A Banach space E is said to be uniformly smooth if pE—t(t) — 0as t — 0, where pg(f) is the modulus

of smoothness of E. Let g > 1; then, E is called g-uniformly smooth if there exists a constant ¢ > 0,
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such that pg(t) < ct7 for all t > 0. Throughout, | will stand for the duality mapping of E. We recall
that a Banach space E is smooth if and only if the duality mapping ] is single valued.

Lemma 1. [14] If E is a two-uniformly smooth Banach space, then for each t > 0 and each x,y € E:
-+ ty |1 < {lx]1% + 2y, Jx) + 2]ty 1>
For a smooth Banach space E, Alber [15] defined:

¢(x,y) = |l = 20x, Jy) + lyll>, xye€E

It follows that (||x|| — [|ly]|)? < ¢(x,y) < (||x|| + ||y||)* for each x,y € E. Moreover, if we denote
by I'lcx the generalized projection from E onto a closed convex subset C in E, then we have:

Lemma 2. [15] Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty closed
convex subset of E. Then:

(@)  ¢(x,Icy) +¢(Icy,y) < ¢p(x,y), forallx € Cand y € E;

(b) Forx,y € E,¢(x,y) =O0ifand only if x = y;

() Forx,y,z€ E,¢(x,y) <Pp(x,z)+¢(z,y) +2(x —z, ]z — Jy);

(d) Forx,y,z€ E,A€[0,1],¢(x, ] YAy + (1 —A)Jz)) < Ap(x,y) + (1 — A)g(x,z).

Lemma 3. [16] If E is a uniformly-smooth Banach space and r > 0, then there exists a continuous,
strictly-increasing convex function g : [0,2r] — [0, 00), such that ¢(0) = 0 and:

P(x ] My + (1= A)J2)) < Ap(xy) + (1= M)¢(x,2) — AL = Mg (llJy — =)
forallA € [0,1],x € Eandy,z € B, = {u € E : ||u|| <r}.

We denote by N(C), CB(C) and P(C) the collection of all nonempty subsets, nonempty closed
bounded subsets and nonempty proximal bounded subsets of C, respectively. Let T : E — N(E) be
a multivalued mapping. An element x € E is said to be a fixed point of T if x € Tx. The set of fixed
points of T is denoted by F(T).

Definition 1. Let C be a closed convex subset of a smooth Banach space E and T : C — N(C) be a multivalued
mapping. We set:

®(Tx, Tp) = max{sup inf ¢(y,q), sup inf ¢(y,q)}
qupyeTx yeTx qeTp

We call T a quasinonexpansive multivalued mapping if F(T) # @ and:
O(Tx, Tp) < ¢p(x,p), VpeF(T), VxeC

Definition 2. A multivalued mapping T is called demi-closed if limy, o0 dist(xn, Tx,) = 0 and x, — w
imply that w € Tw.

Let C be a nonempty closed convex subset of E and T := {T(s) : 0 < s < oo} be a nonexpansive
semigroup on C. We use Fix(T) to denote the common fixed point set of the semigroup T. It is well
known that Fix(T) is closed and convex. A nonexpansive semigroup T on C is said to be uniformly
asymptotically regular (u.a.r.) if for all - > 0 and any bounded subset D of C:

,}igc}osgg IT(r)(T(t)x) = T(t)x| =0
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For each h > 0, define o;(x) = 1 fot T(s)xds. Then, lim; ;e sup,cp [|T()(0t(x)) — o (x)|| = 0
provided that D is a closed bounded convex subset of C. It is known that the set {o;(x) : t > 0} isa
u.a.r. nonexpansive semigroup; see [17].

A mapping T : E — E is said to be a-averaged if T = (1 — a)I + aS for some « € (0,1); here, I
is the identity operator, and S : E — E is a nonexpansive mapping (see [18]). It is known that in
a Hilbert space setting, every firmly-nonexpansive mapping (in particular, a projection) is a %—averaged
mapping (see Proposition 11.2 in the book [19]).

Lemma 4. [20] (i) The composition of finitely many averaged mappings is averaged. In particular, if T; is
w;-averaged, where o; € (0,1) for i = 1,2, then the composition Ty Ty is a-averaged, where & = oy + xp — aqay.
(ii) If the mappings {T;} N, are averaged and have a common fixed point, then NN | F(T;) = F(Ty - - - Tn).
(iii) In case E is a uniformly-convex Banach space, every a-averaged mapping is nonexpansive.

Lemma 5. [21] Let E be a uniformly-convex and smooth Banach space, and let {x, } and {y, } be two sequences
in E.If (X, yn) — 0 and either {x, } or {yn} is bounded, then x, — y, — 0.

Lemma 6. [15] Let C be a nonempty closed convex subset of a smooth Banach space E and x € E, then
xo = ex ifand only if forally € C, (xg —y, Jx — Jxg) > 0.

Lemma 7. [22] Let E be a uniformly-convex Banach space, and let B,(0) = {x € E : ||x|| < r}, forr >0,
then there exists a continuous, strictly-increasing and convex function g : [0,00) — [0,00) with g(0) = 0,
such that, for any given sequence {x, }5,_; C B,(0) and for any given sequence {a, };_; of positive numbers
with Y3° 1 a, = 1 and for any positive integers i, j with i < j :

= 2 = 2
1Y nxnll < Y anllanll® — asagg([lxi — x;1))-
n=1 n=1

Lemma 8. [23] Let {ay, } be a sequence in [0,1], 6, and {~y, } be sequences in R, such that (i) Y ;" 1 &y = oo,
(i) limsup,,_, 0y < 0and (iii) v, > 0and Y1 vn < 0. If {a,} is a sequence of nonnegative real numbers,
such that a1 < (1 —ay)ay + andy + yn, for each n > 0, then limy, 0 a, = 0.

Lemma 9. [24] Let {s, } be a sequence of real numbers that does not decrease at infinity, in the sense that there
exists a subsequence {sy, } of {sn}, such that s,, < sy, , foralli > 0. For every n € N, define an integer
sequence {T(n)} as T(n) = max{k < n:sp <sgy1}. Then, T(n) — oo and max{s(y), Sn} < Sg(n)41-

Lemma 10. [25] Let {A,} and {y,} be nonnegative and {a, } be positive real numbers, such that A1 <
Ap — @yAy + Y, n > 0. Let forall n > 1, 2—:: < ¢ and way < a. Then, A, < max{Ay,K*}, where
K* = (14 a)cq.

Definition 3. (1) A mapping T : C — C is said to be a k-quasi-strictly pseudocontractive mapping if there
exists k € [0,1), such that | Tx — p||*> < ||x — p||> + k||]x — Tx||?>, Vx € C,p € F(T). (2) A mapping
T : C — C is called quasinonexpansive if F(T) # @; and ¢(p,Tx) < ¢(p,x)Vx € C,p € F(T).
(3) A countable family of mappings {T;} : C — C is said to be totally uniformly quasi-$p-asymptotically
nonexpansive, if § = (2 F(T;) # © and there exist nonnegative real sequences {ji,},{vy} with
fn — 0,y — 0(as n — o) and a strictly-increasing continuous function { : RT™ — RY with
7(0) = 0, such that ¢(p, T''x) < ¢p(p,x) +vul(P(p,x)) +pu, n > 1,i > 1,x € C,p € 3. (4) A mapping
T : C — C is said to be uniformly L-Lipschitzian continuous, if there exists a constant L > 0, such that
IT"x — T"y|| < L||lx—vyl|, Vx,yeCmn>1.

Lemma 11. [11] Let E be a real uniformly-smooth and uniformly-convex Banach space and C be a nonempty
closed convex subset of E. Let T : C — C be a closed and totally quasi-¢-asymptotically nonexpansive mapping



Mathematics 2017, 5, 11 50f 18

with nonnegative real sequences {py }, {vn } and a strictly-increasing continuous function { : RT™ — R, such
that py, — 0, v, — 0 and (0) = 0. If g = 0, then the fixed point set of T is closed and convex.

Lemma 12. [26] Let C be a nonempty closed convex subset of a real Banach space E, and let T : C — C be
a k-quasi-strictly pseudocontractive mapping. If F(T) # @, then F(T) is closed and convex.

3. Main Results

This section is devoted to the main results of this paper.

Theorem 1. Let Ei be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < %, and let Ep be a real smooth Banach space. Let A : Ey — E
be a bounded linear operator and A* be its adjoint. Suppose T : Ep — Ep is a uniformly L-Lipschitzian
continuous and (k, {pn}, {Cn})-totally asymptotically strictly pseudocontractive mapping satisfying the
following conditions:

(1) 220:1 Un < 0O, 220:1 Cn < 00,
(2)  {ra} isareal sequence in (0,1), such that p, = 0(rn),&n = 0(ry),limry, =0,Y 5 1ty = oo,
(3)  there exist constants Mg > 0, My > 0, such that {(A) < MgA?, VA > M;.

Let {Su}5> 4 : Ey — CB(Eq) be a family of multivalued quasinonexpansive mappings, such that for each
i > 1,S; is demi-closed at zero, and for each p € Fix(S;),S;(p) = {p}. Suppose:

Q= {xe ﬁF(Si):AxGF(T)} #+ O
i=1

and {x, } is the sequence generated by x1 € Ej :

Uy = (1—rn)xy
Yn = ]fl (“nhun + (1 - “n)’YA*]Z(Tn - I)Aun) @
X1 = J; H(BuoJiyn + T2 BriJ1®ni) Wi € Siyn

where 7y € (0, 2ﬁ;ﬁ2 ); the sequences {ay }, {Bn,i} C (0,1) satisfy the following conditions:

(a) ):fio Bu,i = 1,liminf, B, 0B, > 0,
(b)) limpseny, =1, (1 —ay) < oo, (1—ay) =o(ry).

Then, {xn} converges strongly to an element of Q).

Proof. Since { is continuous, { attains its maximum in [0, M;], and by assumption, {(A) < MoA2,
VYA > M. In either case, we have {(A) < M + MoA2, VA € [0,00). Let p € O, then:

P(p,un) < (1—ra)P(p, xn) + rallpl? 3)

From (2) and Lemma 2(d,c), we have:



Mathematics 2017, 5, 11 6 of 18

PP, Yn) < anp(pun) + (1= an)p(p, ;T (YA ]2 (T" — 1) Auy,))
< wnp(p,un) + (1= an) [@(p, n) + P(un, J; (YA 2 (T" — 1) Auy))
+2(p — i, it — YA o (T" — I) Auty)]
= ¢(p,un) + (1= an) [lunl* + PUAIPN(T" = 1) At |* = 2(un, yA* (T = 1) Auy)  (4)
+ 2<P - un/]lun> =+ 2<P - ”nr'yA*]Z(Tn - I)Aun>]
< ¢(pun) + (1= an)[IplI> + PHAPI(T" = 1) Aug||* = 2(un, YA* J2(T" = I) Au)
+2(p — tn, YA o (T" — 1) Auy)]

From Lemma 1, we have:

—2(ttp, YA* (T — 1) Auy) < ||YA*Jo(T" — 1) Au||® 4 2||tun ||* — ||ty + YA* 2 (T — ) Auy |
< PIAIPIT" = 1) Aun]|? + [Jun ]

1 11

_ A2 2 n __ 2 - _ = 012

= 1 NAIFIT" = DAun|” + 4] Sun — 5p+ 57 (5)
1 1

< PIAPIT" = 1) Aun | +4(5 un = pII* + 5 1pII*)

= PNAIPIT" = D) Aua|* + 2] — p|* +2[lp]1?)

Since Ap € F(T) and T is a totally quasi-asymptotically strictly pseudocontractive mapping,
we obtain:

~ l1Ap — Awg|P] = (" ~ 1) Auy )
< Y G — D) Awg |2+ [(T" Ay — Ap)]? ©)
A — Augl2] = (T = 1) Au )

1
< (51 At — Apl2 4 KN (T = 1) At |2+ pa (| A — Apl) + &)
1 n
— ST = 1) Ay |2+ | Ap — Aug|)
k—l n n
= (ST = 1) Aua2 4 22 M+ Mol Ay — Ap]] + )

Substituting (5) and (6) into (4), we have:

PP yn) < and(p,un) + (1= an)p(p, J;7 (YA ] (T" — 1) Auy))
< @(p,un) + (1= ) Blpl* + 22 AIPH(T" = 1) A ||* + 2] 0 — p|?
+ (k= D[(T" = 1) Aun|* + v [M + Mol| A[*[[un — pl|*] + 7En @)
< P(p,un) +3(1 — an) || pl* = (1 = k =2y || A|*)[(T" = T) Auy||>
+ VM + (Ypn Mol Al* + 2) [un — pl|* + ¥En

From Lemma 1 and the fact that 0 < t < %, we have:
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P(p,yn) < angp(pun) + (1 —an)p(p, J; (YA (T — 1) Auy))
< ¢(p,un) +3(1 — an)|[pl* = v(1 =k = 2| A]2) [(T" — I) Auy |)?
+ YUaM + (Y Mo | Al|* +2)[[un — plI* + ¥En
< ¢(p,un) +3(1 — a)[Ipl> — (1 —k =2y AP I(T" — I) Auy|? ®)
+ YunM + (Y Mo | Al* + 2)[[|un* = (p, Jun) + 2/Itpl1*] + vEn
< ¢(p,un) +3(1 — an)|[pl* — v(1 =k = 2| A[]P) [(T" — I) Auy |)?
+ VM + (Y Mo || Al* + 2)¢(p, 1n) + ¥En

Putting (3) and (8) into (2), we obtain:

¢(p,xni1) = ¢(p, 1 (Buoliyn + Z.anhwnz )

i=1

< Buop(p,yn) + Z Br,i®(p, wh,i)

—ﬁn0¢ PrYn +Z,an i (p/wnz)

Sz(p)
< Buop(p,yn) + Zﬁnz (p,wni) = ¢(p, yn) o
i=1 9
< ¢(p,un) +3(1 = an)||pl* = v(1 =k = 2y ||A[]P) |(T" — I) Auy |2
+ M+ (Y Mo AlI? +2)p(p, 1n) +¥En
< (X =r0)p(p, xn) + rallplI* +3(1 = an)|IplI* = v(1 = k = 2y | AP [(T" — I) Auy||?
+ VM + (Y Mol| Al +2) (1 = 1) (p, xn) + rull plI?) + ¥En
< ¢(p,xn) — (rn — Y Mol|A|* +2) (1 — r4)p(p, xn)
+ (B(1 —an) + 10+ ﬂn'YMOHAHz”n)”PHZ + YunM + ¥Cn
< @(p,xn) — (rn — ('Y.unMOHAHZ +2))(1 = 1n)p(p, xu) + 0n
where 0, = (3(1 —ay) + 14 + yn'yMoHAHzrn)Hsz + UnyM + v&p. Since py = 0(ry), (1 — ay) = 0(ry)

and ¢, = o(ry), we may assume without loss of generality that there exist constants kg € (0,1) and
M> > 0, such that for all n > 1:

B ra(l—ko+2)—2 . O
tn = ra(1—1y) Y Myl A||2 rn —

Thus, we obtain:

¢(p, xny1) < P(p, xun) — rukop(p, xun) + on (10)

According to Lemma 10, ¢(p, x,41) < max{¢(p,x1), (1 +ko)Mz}. Therefore, {¢(p,x,)} and
{xn} are bounded. Furthermore, the sequences {y, } and {u,} are bounded, as well. We now consider
two cases.

Case 1. Suppose that there exists ng € N, such that {¢(p, xn) }5—y, is nonincreasing. Then, {¢(p, xn) }_y
converges, and ¢(p, xn) — ¢(p, Xn41) — 04as n — co. Since Eq is a uniformly smooth Banach space, it follows
from Lemma 3 and Equations (8) and (10) that:
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¢(p, Xnr1) < ¢(p,yn)
< wnd(p,un) + (1= w)p(p, J; (YA Ja(T" = 1) Auty)) — a0 (1 = ) g (|| ittn = YA Jo(T" = 1) Auty )
< ¢(pun) +3(1 =) |pl* =7 (1 =k = 29[| AIP)I(T" = 1) Au |
+yunM+ ('YVHMOHAHZ +2)p(p,un) +¥8n — an(1 — an)g(|Jittn — YA*J2(T" — I) Auy | (11)
< ¢(p,xn) = (rn = (vpnMol| Al* +2))@(p, ) + (3(1 — an) +1a) | p|I?
+98n = (1 =k =29 AP [(T" = 1) Aun|* — (1 — an)g (| Jttn — YA*J2(T" — 1) Aun )
< @(p,xn) = ruko@(p, xu) + 0 — 7 (1 =k = 29[| AP [(T" = 1) Au |?
—an(1 = an)g([|Jittn — YA 2 (T" — I) Aun||)

Hence, from (10), we have:
an (1= an)g([[Jitn — YA J2(T" — D) Aunl]) < ¢(p, xn) — $(p, Xn41) — ruko@(p, xn) + 0n
and:
YA =k =29[[AIP)(T" = 1) Aun|* < ¢p(p, xn) — (P, Xns1) — rakop(p, xn) + 00

Therefore, ay (1 — a0y )g (|| Jittn — YA* o (T" — 1) Auy||) and y(1 — k — 2y ||A||*) [[(T" — 1) Auy||? tend

to zero as n — oo, Since liminfa, (1 — a,) > 0and v € (0, ﬁ), we obtain:

|Jitun — YA 2 (T" — 1) Aup|| — 0 n — o0 (12)

(T" = DAup||* — 0 n — oo (13)

Furthermore, we observe that ||[1yn — Jiun|| = (1 — an)||Jittn — YA 2 (T" — I) Auy|| — 0. Since ]1_1
is uniformly norm-to-norm continuous on bounded subsets, we conclude that:

nlgrolo lyn — unll =0 (14)

Using (7) and Lemma 3 in (2), we have:

(P xns1) = ¢(p, 7 (Buoliyn + Y Buil1t0n,i))
=1

1

< ,Bn,O(P(P/]/n) =+ Zﬁn,i‘P(p/ wn,z') - ﬁn,O:Bn,ig(”]lyn - Ilwn,i”) (15)
i=1

< (P, yn) — BuoBnigIT1yn — rwnill)
< @(pun) +3(1—an)||p)|* = (1 =k = 29| A|P)|[(T" — I) Aun?
+ YunM + (YpnMo|| Al + 2) un — plI* + &0 — BoBri& (1 J1yn — Tiwnill)

It now follows from (3) and y € (0, 2|1\;I\<|2) that:

BrnoBrn,i8 I T1yn — Tiwnill) < ¢(p,xn) — p(p, xnp1) — (rn — ('WnMO”AHZ +2))¢(p, un)
+ (31 —an) +r)llpl* +9En
< ¢(p,xn) — ¢(p, Xng1) — rukop(p, xn) + 0w

From Condition (a), we have im0 §(||Jiyn — 1wy i||) = 0. Since g is continuous and g(0) = 0, we

obtain limy, e0 || J1yn — J1wy,i|| = 0. Since J; Y is uniformly norm-to-norm continuous on bounded subsets,
we have:
lim [y, —wyif =0  VieN (16)

which implies that limy, e dist (Y, Siyn) < limy_eo ||yn — wy ;|| = 0, Vi € N. From (2), we obtain:

1J1xn41 = Tiynll = (1 = Buo) 11y — 1wpil| — 0 n — o
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Since | is uniformly norm-to-norm continuous on bounded subsets, we have:
[xn41 = Yul — 0 n — o0 (17)
From (14), (17) and lim;, . 1, = 0, we have:

%1 = x| < lenga = Yoll + [[yn = vl + [Jun = 2]

= %01 = ynll 4 [lyn = wnll + rallxnl| — 0 7 = oo

Consequently:
luns1 = tnll = [[(1 = rug1) xna — (1= ) xn) |
(18)
< [rupr =l | + (U =r) | xps1 = ull — 0 1 — 0
Using the fact that T is uniformly L-Lipschitzian, we have:
| TAu, — Auy|| < ||TAuy — T" M Auy || + || T Auy — T Aug, 4|
T Aty 1 — Aty | + [ Attyg — Ay
< L[ Aty — T" Auy | + (14 L) Attyg — Ay | + [T Aty — Aty |
< Ll Ay = T" Aup | + (1 + L) | All |1 = ttall + [T Atty1 = Aty |
From (13) and (18), we obtain:
(T —1)Auy|| — 0, n— o (19)

Since {x,} is bounded, there exists a subsequence {xy} of {xn}, such that x,; — z. Using the fact that
xXn; = zand ||y — xul| — 0, n — oo, we have that y,, — z. Similarly, un; — z, since |[un — xn|| =0, n —
oo. Now, we show that z € Q). Since Yn, =2 and limy, o dist(yn, Si(yn)) = 0 and by the demi-closedness of
each S;, we have z € ;e F(S;). On the other hand, since A is a bounded operator, it follows from Un; = 2
that Auy; — Az. Hence, from (13), we have || TAun; — Aup|| — 0as j — oo. Since T is demi-closed at zero,
we have that Az € F(T). Hence, z € Q). Next, we prove that {x, } converges strongly to z. From (7), Lemma 1

and v € (0, 2ﬁ2ﬁ2 ), we have:

¢z xn41) < P(2,yn) < and(z,un) + (1 - "‘n)47(2/]1_1(’)’A*]2(Tn —I)Auy))
< an(z,un) + (1= ) [@(2,1n) + P(un, J; (YA T2 (T" = 1) Auy))
+2(z — up, ity — YA J2(T" — 1) Au)]
< @(zun) + (1= ) [[|2[1* + [[n — 2+ 2[* + 22 AP (T" = I) Aun|?
+ (k= D)|(T" = D) Aug||* + ypa[M + Mo || Al|*|un — 21|*] + ¥Gn
< @z un) + (1= w)[[l2> + lun — 21> + ||2]1* + 2{utn — 2, J2)
+ 27 AIPI(T" = 1) Aug |+ (k= D[[(T" = T) Auy || (20)
+ Y in[M + Mol| Al [fun — 2[1°] + 7Gx
< ¢(z,un) + (T —an)([lun — z|| + 2(un, 12)) + puM* + ¥Cn
< (L =ru)¢(z,xn) = 2rn{xn — 2, J1z) + (1 — an) ([lun — z||
+2(xn, 12)) + pnM* + YCn
< (1= ra) (2, xn) = 2rn(xn — 2, J12) + (1 — an) (||t — 2||?
+2(xn, 12) + unM* +7Gn
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where M* > 7y sup,o(M + Myl|Al|?||uy — z||*) > 0. It is clear that —2(u, — z,z) — 0, n — oo, and
Yo My < 00, Y0 1 &y < coand Y00 1 (1 — ay)(||un — z||? + 2{xn, J1z) < oo. Now, using Lemma 8 in
(20), we have ¢(z, x,,) — 0. Therefore, x, — z as n — oo.

Case 2. Assume that there exists a subsequence {xu;} of {xn}, such that ¢(z, xu;) < ¢(z,xn,41), Vj € N. By
Lemma 9, there exists a nondecreasing sequence {T(n)} of N, such that for all n > ny (for some ng large enough)
T(n) — coas n — oo and such that the following inequalities hold:

4)(2/ xﬂ) < 47(2/ xT(n)+1)/ 4)(2/ xT(l’l)) < 4)(2/ x'r(n)—i-l)

By a similar argument as in Case 1, we obtain:

4)(2/ xT(H)-‘rl) < (1 - rT(H))(P(Z/ xT(n)) - 27’T(n) <xr(n) -z ]1Z>

* @y
+ (1= ag() (1o () — 201 + 2000y, 12)) + V() M* + Yor(n)

and lim(x(,) — z, J1z) = 0. Since §(z, Xr()) < P(2, X7 (y)41), We have:

rT(n)¢(Z/ xT(l’l)) < 4)(2/ xr(n)) - (P(Z, xr(n)+1) - er(n) <xT(n) - Z ]1Z>
+ (1= ag(y) (ltte(ny — 201 + 2000y, 12)) + V() M* + Vo)

By our assumption that v, > 0, we obtain:

(P(Z/ xT(n)) < *er(n) <xT(n) EZ ]1Z> + (1 - D‘r(n))(””r(n) - Z||2 + 2<xT(n)th>) + fVIuT(n)M* + 'YCT(n)

which implies that limy e P(X, Xr(,y) = 0. It now follows from (21) that limy—c0 ¢(X, Xr(y)11) = 0. Now,
since ¢(%, xn) < P(X, Xr(y)11), we obtain that ¢(%, x,) — 0. Finally, we conclude from Lemma 5 that {xy }
converges strongly to X.

O

Theorem 2. Let Ei be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < %, and let Ey be a real smooth Banach space. Let A : Ey — Ex bea
bounded linear operator and A* be its adjoint. Let T; : Ey — E (i € N) be an infinite family of k-quasi-strict
pseudocontractive mappings and {S;}$°, : Ey — Ey be an infinite family of uniformly L;-Lipschitzian
continuous and totally quasi-p-asymptotically nonexpansive mappings. Let {x, } be the sequence generated by
x1 € Eq:

Up = ]fl(“n,ohxn + Z?il "‘n,i('YA*IZ(Ti - I)Axn))
Y = J1 (BuJix1 + (1= Bu) 1Shxn)
Cu1 = {2 € Cu: sUpmz19(2, Yum) < Budp(2, 1) + (1= Bu) (@(2, %) + [ ]|* + [[2]1) + &}

u+1 = g, 1 X1

(22)

where &y = Vysup,cq {(¢(z,un)) + pn, v € (0, ﬁ), and ¢, is the generalized projection of E onto
Cy41; and the sequences {a, }, {Bni} C (0,1) and satisfy the following conditions:

(@)  {Bn} C [0,1] and lim, e B =0
(b)) {ani} C€[0,1], Ti2gan; = land lim, e a0 =1

IfQ = {x € N%_F(Sw) : Ax € N2, F(T;)} is nonempty and bounded and py = 0, then {x,}
converges strongly to: I1qu.

Proof. (I) Both QY and C,, n > 1, are closed and convex.
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We know from Lemma 11 and Lemma 12 that F(T;) and F(S;), i > 1, are closed and convex. This
implies that () is closed and convex. Again, by the assumption, C; = E; is closed and convex. Now,
suppose that C, is closed and convex for some 7 > 1. In view of the definition of ¢, we have:

Cop1={2€Cu: sggsb(z/yn,m) < Bud(z,x1) + (1 = Bn) (P(z, xn) +2(z, 12Xn)) + Cn}
= Nn>1{z € E1: (2, Ynm) < Bud(z,x1) + (1 — Bn) (P(2, Xn) +2(z, J1xXu)) + Gn} N Cn
= Nw>1 {2 € E1 1 2Bn(z, Jix1) +2(1 = Bu) (2, 1xn) — 2(2, Yum) < Bullx1l* +2(1 = Bu) x|
— [[Ynmll® + 1217} N Cn

from which, it follows that C,,;1 is closed and convex.
I accCy,n>1.
It is clear that () C E;. Suppose that (3 C C,, for some n > 1. Let u € O C C;, then we have:

(P(”r un) = ‘P(“/ ];1(“n,011xn + Zan,i(’YA*]Z(Ti - I)Axn)))
i=1

< D‘n,qu(”/ xn) + Z’Xn,i(l)(uf ]1_1(7A*]2(Ti - I)Axn))
i=1

S¢Wﬂﬂ+imﬂﬂmeth@UA%) 3)
+ 2<u — xn,]ll;n — ’yA*]z(Ti — I)Axn>
s¢mn»+imﬂwmﬂzwmﬂwm+%wﬂﬂm-nAmw

— 2(xp, ]fl(vz*fz(Ti —1)Axy)) 4 2(u — X0, YA* ]2(T; — I) Axy)

From Lemma 1, we have:

=20, YA Ty = DAxn) < || YA"2(T; = 1) Axu|* + 2| txul|* = |20 + YA T2(T; = D) Axa >

< PIAIRIT ~ DAz + ] “
Since Au € N, F(T;) and T; is a k-quasi-strictly pseudocontractive mapping:
(xp —u, YA o(T; — 1) Axy) = v(A(xy — 1), o(T; — 1) Axy)

=v(A(xy —u) + (T; = I)Axy — (T; — ) Axy, Jo(T; — 1) Axy)
= 7({TiA(xn) = Au, [o(T; = ) Axa) = [[(T; = D Axal )
< 7(%(||TiAxn = Au|? + [[(T; = DAx|?)) = ¥[|(Ti = 1) Axa|? 25)
= J(ITAxw — Aul]2 = ||(T; = 1) Axa)
< Z (1A% = Aul2 + (k= D|(T; = D Axd|?)
< 3l =l + 2k = DI (T - DA, 2

Substituting (24) and (25) into (23), we obtain:
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[e)

¢, 1n) < tnop (1, %n) + ) ip (0, J; (YA J2(Ti = 1) Axy))
i=1

< @, xn) + Y ani[2(u, Jixn) — v(1 =k = 29| A[P)(T; = DAxa|* + [|xn —ul?]  (26)
i=1

< () + 1 i (a1 + [fuel|?) = v (1 =k =29 AIP)II(T; — 1) Axa |
i=1

It now follows from Lemma 2(d) and Equation (22):

¢, Ynm) < Pudp(u,x1) + (1 = Bn)p(u, Sy'tin)
< Bup(u,x1) + (1= Bu) [P(u, un) + vl (P(1t, un)) + pin]
< Bup(u, x1) + (1 = Bu) [Pp(u, tn) + v sup T(P(u, 1n)) + pin]

ueQ)

= B, x1) + (1= Bu) (P, un) +Gn) Vm >1
< Bup(u,x1) + (1= ) (@1, %n) + Yt (|| + [|2e]?)

i=1
+8n) =71 =29 AIP) (T = DAx > Ym > 1

27)

e}

< Budp(u, 1) + (1= Bn) (p(u, x0) + ;an,i(ﬂxnﬂz +ul?) +8n) Ym=1

Therefore, we have:

sup ¢(u, Ynm) < Bup(u, x1) + (1 — Bn) (¢(u, xn) + Z“n,i(”xnnz + [ul|?) + &)
m>1 P (28)

< B (1, x1) + (1= Bu) (@11, 20) + 2 + [[ul|? + Zn)
This argument shows that u € C,,11, and so, F C C,,41.
(IT) {x, } converges strongly to some point p* € E;.

Since x,, = Ilc, x1, from Lemma 6, we have (x, —y, Jix1 — Jix,) > 0, Vy € C,. Again, since
Q C C,, we obtain (x, — u, J1x1 — J1x,) > 0, Vu € Q. It now follows from Lemma 2(a) that for each
u € Qand eachn > 1:

¢(xn, x1) = ¢(Tlc,x1, x1) < p(u, x1) = P(u, xu) < p(u, x1) (29)

Therefore, {¢(xy, x1)} is bounded, and so is {x,}. Since x,, = Ilc, x1 and x,41 = ¢, 11x1 €
Cyi1 C Cy, we have ¢p(xy, x1) < ¢(xy41,x1), n > 1. This implies that {¢(x,, x1)} is nondecreasing.
Hence, lim;, e ¢(x,, x1) exists. Since E is reflexive, there exists a subsequence x,,; C x;, such that
Xy, — p* (some point in E;). Since C, is closed and convex and C,;1 C Cy, it follows that C;, is

weakly closed and p* € C, for each n > 1. Now, in view of x,, = Il¢, x1, we have ¢(xp;, x1) <
1
¢(p*,x1), Vn; > 1. Since the norm ||.|| is weakly lower semicontinuous, we have:

liminf ¢ (x,, x1) = Hminf{ |2, [ + 1l = 2000, Joe)} > (5112 + llxa |2 = 2(p", x1) = ¢(p", 21)
and so:
¢(p*,x1) < Uminf(xn, x1) < limsup ¢p(xy;, x1) < $(p*, x1)

n;i—oo

This implies that limy,, ¢(xn;, x1) = ¢(x1,p*), and so, |x, || — [|p*|. Since x,, — p* and E;
is uniformly convex, we obtain lim;,, ;. X, = p*. Now, the convergence of {¢(xn,x1)}, together
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with limy, e (x4, x1) = ¢(p*,x1), implies that limy, o (x4, x1) = ¢(p*, x1). If there exists some
subsequence {xy;} C {xn}, such that x,; — ¢, then from Lemma 2(a), we have:

¢(p*,q) = lm_P(xn,xn) = Lm ¢(xn, Icxr) < lim (¢(xn, x1) — ¢(I1c;x1,x1))

n,-,n]-ﬁoo n,-,n]-ﬁoo 1’1,‘,1’1]'%00

< lm (¢(xn, x1) — P(xn;, x1)) = ¢(p*,9) — p(p*,9) =0

nl-,njﬁoo

ie, p* =g, and so:

lim x, = p* (30)

n—oo

By the way, it follows from from (26) that ¢(u, u,) is bounded, so:

lim ¢, = Jgrt}o{‘/n sup §(¢(p, un)) +pn} =0 (31)

n—00 peQ

(IV) p* € Q). Since x,,41 € Cpy41, from (28), (30) and (31):

Sup,,;>1 ¢(xn+1r]/n,m) < ,Bn(lj(xn+1/ xl) + (1 - ‘Bn)[(P(le+1/ xn) + Z?il “n,i(”anz + ||xn+1||2) + gﬂ] =0 (32)
Since x;,,+1 € Cy,41, from (27) and (32) we have:

Y1~k =29 AP (T~ D Axa 2 < B (nar, 1) + (L~ Bi) (@i, x0)

# il P4 1) 80 = gl 0 nses O
Since v € (0, ZﬁZﬁZ ), we have:
I(T; = ) Axy|| =0 n— o0 (34)
Since x;, — p*, it follows from (32) and Lemma 5 that for each m > 1:
lim yym = p* (35)

n—oo

Since {x,} is a bounded sequence and {S;};>_; is uniformly totally quasi-asymptotically
nonexpansive, {S”mxn}fn",n:1 is uniformly bounded. In view of §, — 0 and (22), we conclude that for
eachm > 1:

11gm — il = lim BullFiva — iSiall =0 (36)

Since for each m > 1, J1yy,m — J1p*, it follows that for each m > 1, limy, 0 1S} Xy = J1p*. Since
J1 is continuous on each bounded subset of E1, for each m > 1:

lim S} x, = p* (37)

n—o0

On the other hand, by the assumption that for each m > 1, S, is uniformly L,,-Lipschitzian
continuous, we have:

15 2w = Shxall < IS5 — S a1 xs1 = a4 s = 2ll + [l — Sxa
< (L + Dllsr = 2l + 1S5 s = st |+ [l — Shxl
(38)

From (37) and x, — p*, we have that lim, .« ||S/ ! x, — SEx,|| = 0 and limy, 0 S/ X, = p*,
ie., limyyo0 SuShxn = p*. In view of the closedness of S, it follows that S,,p* = p*, i.e., for each
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m >1,p* € F(Sy). By the arbitrariness of m > 1, we have p* € N_, F(Sy). On the other hand, since
A is bounded, it follows from x,, — p* that Ax,, — Ap*. Hence, from (34), we have that:

| TiAxp, — Axp,|| — 0, i — 00

Since T; is demi-closed at zero, we have that Az € F(T;). Hence, z € Q.

(V) Finally, p* € IInxy, and so, x;, — I1qxy.

Let w = Tlgx;. Since w € O C C, and x, = Ilc,x1, we have ¢(xy, x1) < ¢p(w,x1), n >
This implies that ¢(p*, x1) = lim, e ¢(xn,x1) < ¢(w, x1). Since w = I1nx;, it follows that p* =
and hence, x, — p* =1lgx;. O

1.
w,

Corollary 1. Let Eq be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < %, and let E, be a real smooth Banach space. Let A : Ey — Ep bea
bounded linear operator and A* be its adjoint. Let T : E — Ej be a k-quasi-strict pseudocontractive mapping
and T be demi-closed at zero. Let {S,}°" | : Ey — CB(E1) be a family of multivalued quasinonexpansive
mappings, such that for each i > 1, S; is demi-closed at zero. Assume that for each p € Fix(S;), Si(p) = {p}.
Let {x,} be the sequence generated by x1 € Eq:

Uy = (1 - T'n)xn
Yn = J; (@nJttn + (1= )y A*J2(T — I) Auty)
Xp4+1 = ]fl(ﬁn,ohyn + ):?il ,Bn,i]lwn,i) Wy € Si]/n

where y € (0, Zﬁ;\]\(lz ); the sequences {an },{Bni} C (0,1) satisfy the following conditions:

(a) Z;}io IBTZ,i = 1 and lim infn ﬁn,O‘Bn,i > O,
(b) llmn—>00 Ky = 1, Z;,.ozl (1 — lxn> < oo and (1 — [xn) — 0(7’;1).

Then, {x} converges strongly to an element of Q).

Proof. Since every k-quasi-strictly pseudocontractive mapping is clearly (k, 0, 0)-totally asymptotically
strictly pseudocontractive, the result follows. [

Corollary 2. Let Eq be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < %, and let E, be a real smooth Banach space. Let A : Ey — Ep bea
bounded linear operator and A* be its adjoint. Let T : Ey — Ep be a uniformly L-Lipschitzian continuous and
(k, {ptn}, {Cn})-totally asymptotically strictly pseudocontractive mapping satisfying the following conditions:

(a) ZSZO:1 Hn < 00, 2;1.021 Cn < o,
(b)  {ra} isareal sequence in (0,1), such that p, = 0(tn),&n = 0(rn),limry, =0,Y 5 1ty = oo,
(c)  there exist constants Mo > 0, My > 0, such that {(A) < MgA?, VA > Mj.

Let § = {S(t) : 0 < t < oo} be a one-parameter nonexpansive semigroup on Eq. Suppose further that
Q= {x € M>oF(5(t)) : Ax € F(T)} # @, and {x,} is the sequence generated by x1 € Ey:

Uy = (1 —rn)xy
Yn = ]fl(“njlun + (1 - “n)’)’A*]Z(Tn - I)Auﬂ>
Xpp1 = J1 (Buliyn + (1= Ba) (& [o" S(u)duJiyn)

where v € (O,ﬁ); the sequence {a,} C (0,1),0 < € < By < b < 1, and limy yeoty = 1,

Yor1(1—ay) <ocoand (1 —wy) = o(rn). Then, {x,} converges strongly to to an element of Q).
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Proof. Since {o;(x) = 1 fot S(u)xdu : t > 0} is a u.a.r. nonexpansive semigroup, the result follows
from Corollary 1. [
In the following, we shall provide an example to illustrate the main result of this paper.
Example 1. Let C be the unit ball of the real Hilbert space 1?, and let T : C — C be a mapping defined by:
T(x1,x7,...) = (0,x1,a2X2,a3X3, ...)
where {a;} is a sequence in (0,1), such that TI{>, a; = %. It was shown in [27] that Tis a (0, k, — 1, &y ) —totally

asymptotically strictly pseudocontractive mapping and F(T) = {0}, where k,, = 2TT}"_, a;. Let B be the unit
interval in R, and let S; : B — B be a mapping defined by:

1 1

—x x€]0,7]
Si(x) = 2 1 2

0 xe€e (E, 1]

Then, N2 Fix(S;) = {0} and:
Sp=0] = | —0] = i la] < Ix
Therefore, each S; is a quasinonexpansive mapping. Let A : B — C be the linear operator defined by:
A(x) = (0,x,axx, azarx, agasapx,...), x € BCR.
Then, A is bounded and || A|| = 1+ a3 + (a3a2)? + (asazaz)? + - - -. It now follows that:
A*:C— B, A"(x1,x0,+-+) = x4+ asxz + azasxy + aa3apx5 + -+ - .
We now put, forn € N, ay, = %,rn = %/,Bn,O = %,ﬁn,o = %and)\ = %(1+a%+~~~—|—(an---a2)2).

Furthermore, we have:
Q={xeF(T): Ax e N;21F(S;)} = {0}

Now, all of the assumptions in Theorem 1 are satisfied. Let us consider the following numerical algorithm:
T"(x1,x2,...) = (0,0, ...,0, an...azx%,anH...azxZ,...)

T"(Auy) — Auy = (0, —up, —aguy, —azasiy, ..., —dn...a2uy, 0,0, ...

A (T (Auy) — Auy) = —uy(1+ a3 + (a3a2)? + ... + (an...a2)?)
1

1 > 1
Yn= ZUn = 6(1 = —)Xn,  Xni1 > Yn +; 3i (E%ﬁ = 10Yn
1 1
Yn1 = @( - ﬁ)xn

By Theorem 1, the sequence {x, } converges to the unique element of Q).
4. Application

Let E be a uniformly-smooth Banach space, E* be the dual of E, | be the duality mapping on E
and F : E — 2F" be a multi-valued operator. Recall that F is called monotone if (# —v,x —y) > 0,
for any (x,u), (y,v) € G(F), where G(F) = {(x,u) : x € D(F),u € F(x)}. A monotone operator
F is said to be maximally monotone if its graph G(F) is not properly contained in the graph of any
other monotone operator. For a maximally-monotone operator F : E — 2E" and r > 0, we can define
a single-valued operator:
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Jf=0U+rF)7'J:E—E
It is known that for any r > 0, J! is firmly nonexpansive, and its domain is all of E, also 0 € F(x)

if and only if x € Fix(JI).

Theorem 3. Let Ei be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < 1/+/2, and let E, be a real smooth Banach space and T : E; — Ej
be a bounded linear operator. Let A : Ey — 2B and B; : E1 — 2E; ,fori =1,2,..., be maximal monotone
mappings, such that A=10 # @ and N B; 0 # @. Suppose:

Q={xe€E :0en2Bj(x) suchthat 0€ A(Tx)} # D
Let {xy,} be a sequence generated by xo € Eq and:

g = (1 —ry)xy
Yn = ]fl(“nhun + (1 - D‘n)'YT*]Z(];‘T“n — Tuy)
Xn4+1 = ]fl(,Bn,O]lyn + Z?il :Bn,i]l]pl?iyn

wherer,yu > 0,7 € (0, 2‘1&'72 ), and the sequences {a, }, {Bn,i} C (0,1) satisfy the following conditions:
(1) Yi2oBni=1and liminf, B, 0B,; > 0,
(2) limpseay, =1, (1 —ay) <coand (1 —ay) =o0(ry).

Then, {x,} converges strongly to an element of Q).
Proof. Since ] and ]5 " are nonexpansive, the result follows from Corollary 1. O

Remark 1. Set S; = ]TB " in Corollary 1, where B; is a maximal monotone mapping, then Corollary 1 improves
Theorem 4.2 of Takahashi et al. [12].

Moudafi [28] introduced the split monotone variational inclusion (SMVIP) in Hilbert spaces.
We present the SMVIP in a Banach space. Let E; and E; be two real Banach spaces and J; and |, be the
duality mapping of E; and Ey, respectively. Given the operators f : E; — Eq, §: E; — E», abounded
linear operator A : E; — E, and two multi-valued mappings B; : E; — 2Fi and B, : E; — 2F2,
the SMVI is formulated as follows:

findapoint x € C suchthat 0¢€ J;(f(x))+ Bi(x)
and such that the point:

y=A(x) € E; solves 0¢€ J2(g(y)) + Ba(y)

Note that if C and Q are nonempty closed convex subsets of E; and Ej, (resp.) and By = N¢ and
By = Ng, where Nc and N are normal cones to C and Q (resp.), then the split monotone variational
inclusion problem reduces to the split variational inequality problem (SVIP), which is formulated as
follows: find a point:

x € C suchthat (J;(f(x)),w—x)>0 forall weC
and such that the point:

y=Axe Q solves (J2(g(y)),z—y) >0 forall ze€Q

SVIP is quite general and enables the split minimization between two spaces in such a way
that the image of a solution of one minimization problem, under a given bounded linear operator,
is a solution of another minimization problem.
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Let h : C — E be an operator, and let C C E. The operator & is called inverse strongly monotone
with constant > 0, or in brief (f — ism), on E if:

(h(x) = h(y), Jx = Jy) = Bllh(x) =h(y?, VxyeC

Remark 2. Ifh : E — E is an « — ism operator on E and B : E — 2F" is a maximal monotone mapping, then
JB(I — Ah) is averaged for each A € (0,2a).

Theorem 4. Let Eq be a real uniformly-convex and two-uniformly-smooth Banach space with the best
smoothness constant t satisfying 0 < t < 1/+/2, and let E, be a real smooth Banach space and T : E; — Ep bea
bounded linear operator. Let A : Ey — 22 and, fori = 1,2,..., B; : E; — 251 be maximal monotone mappings,
such that A=10 # @ and ﬂ;-’ilBlflO # @; and that h : Ey — Ej is an o — ism operator and g; : Ey — Eq is
a «y; — ism operator. Assume that p = ainfieny; > 0and T € (0,2p). Suppose SMVI:

xen®;B70  0€(gi(x))+Bi(x) VieN
Tx€ A7'0  0€ Jo(h(Tx))+ A(Tx)

has a nonempty solution set Q). Let {xy, } be a sequence generated by xo € E1 and:

Uy = (1—1ry)xy
yn = J1 anJin + (1= an) YT L ((JA(I = Th) = 1) Tun))
Xui1 = I (Buoliyn + 2520 ﬁn,ih]}lji(l —T8i)Yn)

where y € (0, zﬁ;ﬁz ); the sequences {an },{Byi} C (0,1) satisfy the following conditions:

(1) Y20 Bui=1and liminf, B, 0B, > 0,

(2) limysean, =1, 1(1—ay) <ocoand (1 —ay) =o(ry).

Then, {x,} converges strongly to an element of Q).

Proof. The results follow from Remark 2, Lemma 4¢(iii) and Corollary 1. O

We mention in passing that the above theorem improves and extends Theorems 6.3 and 6.5 of [13]
to Banach spaces. Indeed, we removed an extra condition and obtained a strong convergence theorem,
which is more desirable than the weak convergence already obtained by the authors.
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