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Abstract: In this paper we study the qualitative properties and the periodic nature of the solutions
of the difference equation

B s
Xpt1 = &Xy—2 + m, n=20,1,..
n— n—

where the initial conditions x_5, x_4, x_3, x_», x_1, X are arbitrary positive real numbers and
«, B, v, ¢ are positive constants. In addition, we derive the form of the solutions of some special
cases of this equation.
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1. Introduction

This paper deals with behavior of the solutions of the difference equation

PP .= B (1.1)
s "2 VX2 40Xy 5 T .

where the initial conditions x_5, x_4, x_3, x_p, x_1, X are arbitrary positive real numbers and
«, B, 7y, ¢ are constants. In addition, we obtain the form of solution of some special cases.
Recently, there has been great interest in studying difference equation systems. One of the reasons
for this is a necessity for some techniques which can be used in investigating equations arising in
mathematical models describing real life situations in population biology, economics, probability
theory, genetics, psychology, and so forth.

Difference equations appear naturally as discrete analogues and as numerical solutions of
differential and delay differential equations having applications in biology, ecology, economy,
physics, and so on. Although difference equations are very simple in form, it is extremely difficult to
understand thoroughly the behaviors of their solution (see [1-9] and the references cited therein).
Recently, a great effort has been made in studying the qualitative analysis of rational difference
equations and rational difference system (see [10-23]).

Elabbasy et al. [8] studied the boundedness, global stability, periodicity character and gave the
solution of some special cases of the difference equation.

Xy + ﬁxnfk

X =
e Axy 1+ Bx, g
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Elabbasy and Elsayed [9] investigated the local and global stability, boundedness, and gave the
solution of some special cases of the difference equation

AXyn—1Xn—k

Xpoq = ——noenok
ntl bxu—p + CXn—g

In [13], Elsayed investigated the solution of the following non-linear difference equation

2
bxs;

Xpp1 = Xy + ——
exy +dx2

Keratas et al. [24] obtained the solution of the following difference equation

Xn—5

X =
(AR + Xp—2Xn—5

Saleh et al. [25] investigated the dynamics of the solution of difference equation

Yn
= A+
Ynt1 Yok

Yalcinkaya [26] has studied the following difference equation

Xn—m
Xpp1 =&+ ok
n

For other related work on rational difference equations, see [24—49].

Below, we outline some basic definitions and some theorems that we will need to establish
our results.

Let I be some interval of real numbers and let

F:I1 &,

be a continuously differentiable function. Then for every set of initial conditions x _, x_1,...,x0 € I,
the difference equation
Xpi1 = F(xn, Xp_1, ., Xy_g), n=0,1,..., (1.2)

has a unique solution {x;, }5_ .
A point x € [ is called an equilibrium point of Equation (1.2) if

%= f(%,%, .. %)
That is, x, = X for n > 0, is a solution of Equation (1.2), or equivalently, ¥ is a fixed point of f.
DEFINITION 1.1. (Equilibrium Point)
A point x € [ is called an equilibrium point of Equation (1.2) if
¥ = f(%,%, .., %)
That is, x, = X for n > 0, is a solution of Equation (1.2), or equivalently, ¥ is a fixed point of f.
DEFINITION 1.2. (Periodicity)
A Sequence {x,} _, is said to be periodic with period p if x,4p = x, foralln > —k.

DEFINITION 1.3. (Fibonacci Sequence)
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The sequence

{(Fa}®_, = {1,2,3,58,13,...} ie, Fy=Fy_1+Fu2>0,
F, 0, F.1=1,

is called Fibonacci Sequence.

DEFINITION 1.4. (Stability)

(i) The equilibrium point ¥ of Equation (1.2) is locally stable if for every e > 0, there exists
6 > 0suchthatforall x_y, x_fi1,..., x_1, Xp € [ with

Xk = X+ [ 1 = X[+ 4 20 —X| <6,

we have
|x, —x%| <e forall n> —k.

(i)  The equilibrium point ¥ of Equation (1.2) is locally asymptotically stable if ¥ is locally stable
solution of Equation (1.2) and there exists v > 0, such that forall x_j, x_j41,..., x_1, xo € I with

X — %]+ ¥ pp1 — X+ v — X <,

we have

Iim x, =Xx.
n—oo

(iii) The equilibrium point X of Equation (1.2) is global attractor if for all x_j, x_ . q,...,x_1,
xg € I, we have

lim x, =7X.
n—o0

(iv)  The equilibrium point X of Equation (1.2) is globally asymptotically stable if ¥ is locally stable,
and X is also a global attractor of Equation (1.2).

(v)  The equilibrium point X of Equation (1.2) is unstable if X is not locally stable.

(vi)  The linearized equation of Equation (1.2) about the equilibrium ¥ is the linear difference equation

k — - =
B oF(%,%, ..., %)
yi’l+1 - Z;Q axnii

Yn—i- (1.3)

Theorem A. [38] Assume that p,g € Rand k € {0,1,2,...}. Then
pl+lal <1,
is a sufficient condition for the asymptotic stability of the difference equation
Xpt1 +pxn+qx,_x =0, n=0,1,...

The following theorem will be useful for establishing the results in this paper.
Theorem B. [39] Let [«, 3] be an interval of real numbers assume that ¢ : [a,8]> — [a, 8], is a
continuous function and consider the following equation

Xp+1 = §(Xn, Xp-1), n=20,1,.., (1.4)

satisfying the following conditions :

(@) g(x,y) is non-decreasing in x € [a, B] for each fixed y € [a, f] and g(x,y) is non-increasing in
y € [a, B] for each fixed x € [, B].
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(b)  Forany (m, M) € [a, B] X [, B] that is a solution of the system
M = g(M,m) and m = g(m, M),

we have that
m = M.

4 of 14

Then Equation (1.4) has a unique equilibrium X € [, f] and every solution of Equation (1.4)

converges to Xx.

2. Local Stability of the Equilibrium Point of Equation (1.1)

In this section we study the local stability properties of the equilibrium point of Equation (1.1).

The equilibrium points of Equation (1.1) are given by the relation
N
e o

(1 —a)(y+0) = px>.

If (1—a)(y+6) # P, then the unique equilibrium point is ¥ = 0.
Let f:(0,00)> — (0, 0) be a continuously differentiable function defined by

pu?
Yu +6v°

flu,v) =au+

Therefore

(%>x:“*7?:§? (2Dx:<if;f

Then the linearized equation of Equation (1.1) about X is

Theorem 1. Assume that B(y +35) < (y+0)*(1 —a), a < 1. Then the equilibrium
x = 0 of Equation (1.1) is locally asymptotically stable.

Yn+1 — <‘X +

Proof: From Theorem A, it follows that Equation (2.2) is asymptotically stable if

By + 26 Bé

+ <1,
P (v +0)2 ’m+&2
o By + 366
Y
+
AN CE
and so

By +38) < (v+6)*(1—a),

which completes the proof.

3. Global Attractivity of the Equilibrium Point of Equation (1.1)

@.1)

2.2)

point

In this section we investigate the global attractivity character of solutions of Equation (1.1).
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Theorem 2. The equilibrium point X of Equation (1.1) is a global attractor if y(1 — ) # B.
Proof: Let a, B are real numbers and assume that g : [«,8]> — [a,B], be a function defined by
Equation (2.1).

Suppose that (m, M) is a solution of the system

M=g(M,m) and m=g(m,M).

Then from Equation (1.1), we see that

_ pM? _ pm?
M_“M+7M+(5m’ m—zxm+7m+5M.
Therefore ) )
pM pm
1 — = — =
M(1 —a) YM + ém’ m( ) ym~+ M’
o1,
Y1 —a)(M? —m?) = b(M* —m?),  c(1—a) #p,
thus

M =m.

From Theorem B, it follows that X is a global attractor of Equation (1.1) and then the proof
is complete.

4. Boundedness of Solutions of Equation (1.1)

In this section we study the boundedness of solution of Equation (1.1)
Theorem 3. Every solution of Equation(1.1) is bounded if <zx + fi) < 1.

Proof: Let {x, };>_ 5 be a solution of Equation (1.1). It follows from Equation (1.1) that

p

Xp41 = &Xy_2 + o+ 7) Xp—2.

<ax,_o+
YXp—2 +0Xy_5 8 YXn—2

B s % — (

Then
Xp41 < Xpy—p, forallnm > 0.

Then the sub-sequences {x3,_1}5 5, {x3,—2}5" 5 and {x3,}5 5 are decreasing and so are
bounded from above by M = max{x_s5,x_4,X_3,X_2,X_1,X0}.

In order to confirm the result in this section we consider some numerical examples for
x5 =10, x4y =5 x3 =8 x2=2,x1=9 x=7 a4 =05 =6 7v=9 6 =10
(See Figure 1) and x_5 = 10, x_4 =5, x_.3 =8, x_» =2, x_1 =9, x =7 a =06, B =6,
¥ =7, 6 =12. (See Figure 2).
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2
plotof x  =atx ,+((B X (VX _,+8x o)
10 T T ' !

60 70 80 9 100
n
%2
Figure 1. Expresses the solution of x,11 = ax,_ + — T2 when we put initials and
YXp—2 +6%xp_5

constants x_5 =10, x_4 =5, x_3=8,x_,=2,x_1=9,x =7, a4=05 =6, 7v=9, 6 =10.

2
plot of X =0 xn_2+(( B xn_2)/( yxn_2+5 Xn—S))
700 T T T T

Figure 2. Represents behavior of Equation (1.1) when x_5 =10, x_4 =5, x_3 =8, x_p,=2,x_1 =9,
x=7,a4=06 =6 v=7,6=12.

5. Special Cases of Equation (1.1)

5.1. First Equation
In this section we study the following special case of Equation (1.1)
2
)
=X+ —— 5.1
a1 = Xn-2+ e G.1)

where the initial conditions x_5, x_4, x_3, X_3, X_1, Xxg are arbitrary real numbers.

Theorem 4. Let {x,}:"__s be a solution of Equation (5.1) then forn = 0,1,2, ...

n n
I f2i+1k+f2iq> I (f2i+1h +f2iP>
X _ = k _ , X2y = ]/l _ ,
-t P (fzik+fzi1¢7 2PN i+ fisap

P rﬁ<f2i+17+f2it)
" 1 \far + fai1t )’

wherex_5s =t,X_4=q,x_3=p,Xx_2=1x1=kxo=h{fute_,=1{112357813,..}.
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Proof: We prove that the forms given are solutions of Equation (5.1) by using mathematical induction.
First, we let n = 0, then the result holds. Second, we assume that the expressions are satisfied for
n —1, n — 2. Our objective is to show that the expressions are satisfied for . That is;

n—2
f2i+17’+f2it> (fzz+1k+f21 )
_ = — 7 - k 4 £ oo
X3n—8 r H <f2ir + foi 1t Xan—7 = 1_[ foik + fai—1q

— ( fritih + foip ) <f21+17+f21 )
b = e X35 =T
Ton=6 11—[ <f21h + faic1p ne T H foir + fai-1t

= f2i+1k+f2iq> <f21+1h+fzz >
X n— == k — ’ X —h —_—
o im1 (fZik+f2i1‘1 ns H faih + faicap

Now, it follows from Equation (5.1) that,

x% 4
"
X3p—1 = x3n—4+m
n— n—

knﬁl <f21+1k+f21q) k”ﬁl <f21+1k+le’7>

_ k”_l (f2i+1k+f2iﬂl>+ foik + foic1q faik + fai—19
faik + fai-19 k”ﬁl <f2i+1k+f2M) +k”]:[2 <f2i+1k+f2iq>
iz1 \ faik + fai—1q i1 \ ik + fai—1q

(f21+1k+f210]> (fzn—1k+f2nzq)
faivik + foiq >+ foik + f2i19) \ fan—2k + fan—3q
faik + fai149 <f2n 1k + fon— 2q> 41

fon—2k + fon—3q

faivik + faiq ( fon—1k+ fon—2q >
faik + fri—1q fon—1k + fon—2q + fon—2k + fon—3q

I

T (2 00)

(f21+1k+f21 > ( o fonak A fou- zq>
()

f21k+f21 14 f2nk+f2n 19

f21+1k+f21q (f2n+lk+f2nq>
foik + foic1g ) \ fank + fon—19

Therefore

f21+1k+f21q>
x =k = -7
-t H(fzzk+fzz 19

Also, we see from Equation (5.1) that,

2
X315

n— n—

r"’l <f2i+1r+f2it> (onlr +f2n—2t)
_ rﬁ (f2i+1r+f2it> 4 i fair + faic1t ) \ fan—ar + fon—s3t
-1 \fair + fai_1t <f2nlr+f2n—2t 1
fon—or + fon—st

_ /ﬁ (f21+17+f21 ) (1 n fon-17 + fon—ot )
fair + faiat fon—1t + fon—ot + fon—or + fon_3t

. (f2i+17’ + foit ) <f2n+17'+f2nt) .

fair + faicat ) \ fon? + fon—1t
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Then

L ( faivih + faip >
X =h = =7
n2 H(f21h+f21 4

Also, wee see from Equation (5.1) that,
2
Y313

Xzp = X3t _—————
X3p—-3 + X3n—6

hnﬁl (f2i+1h+f2ip> (onlh +f2n—2P)
B h’i_[l(fz,-+1h+f2ip)_l_ i=1 \J2ill + faic1p) \ fan—2h + fon—3p
fair + fait (f2nlh+f2n—2p L1
f2n72h + f2n73p

_ hﬁ (f21+1h + foip ) (1+ fon—1h =+ fou—op )
i1 \fail + fai1p fon-1h + fon—op + fon—2h + fon—3p
_ hn <f21+1h+f21 ><f2n+lh+f2np)
1 \faih + faic1p ) \ fauh + fon-1p

Thus bt
" 2i+11 + foi >
H(fzzh+fzz 1p

Hence, the proof is complete.
We will confirm our result by considering some numerical examples assume x_5 = 3,
X_4 = 5, X_3 = 9, X_p = 2, X_1 = 9, X = 4, (See Figure 3)

2
plotof x  =x  +((X (X ,+% o)

500 T T T

Figure 3. Shows the behavior for Equation (5.1) with x_5
9, X0 = 4.

3, X_4 = 5, X_3 = 9, X_p = 2, X_1 =

5.2. Second Equation
In this section we solve a more specific form of Equation (1.1)
2
)
=Xy 9+ —= 5.2
i1 = Xn—a + (52)

where the initial conditions x_5, x_4, x_3, X_p, x_1, X are arbitrary real numbers.
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Theorem 5. Let {x,}{°_ s be a solution of Equation (5.3). Then forn =0,1,2, ...

v = ATT(EEI) o] (),

r]_[ <f1+2rfz 2f>

wherex_5 =1t, Xx_4=q, X 3=p, x_2=1,x_1=k xo=h,{fu}__,=1{101,12,35,8,13,..}.

X3n

Proof: The proof is the same as for Theorem 4 and is therefore omitted.

To confirm our result assume x_5 = 3, x 4 =5, x3 =9, x ) =2, x 1 =9, xp = 4.
(See Figure 4).
5 plotof . =x ,+((X2 (X, 5= X, )

x 10 1 n-2
5 T T T

0 5 10 15 20 25 30 35 40

Figure 4. Shows solution of Equation (5.2) withx_5 =3, x_4 =5,x_3=9,x_» =2, x_1 =9,x) = 4.

5.3. Third Equation
In this section we deal with the following special case of Equation (1.1)
2
)
=Xy yg— — "= 5.3
il = Xn-2 = (5.3)

where the initial conditions x_5, x_4, x_3,x_2, X_1, Xg are arbitrary real numbers.

Theorem 6. Let{x,};>__sbe a solution of Equation(5.5) then for n = 0,1,2, ...

. _ kq . _ rt . hp
-t fuk + fui1q’ ez fur + fagat’ 3 fah+ fusap’

wherex_5 =1t x_4=q, X 3=p, x2=1,x1=k xo=h, {fu}y__,=1{1,011,235813,..}.

Proof: For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for
n—2, n— 3. Thatis,
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N rt N _ kq
3n—8 fnfzr—l-fn_ﬁ’ 3n—-7 fnfzk‘i‘fn_lql
hp rt
X3y = _—, X35 = —————,
n=o fa—all+ fa_1p M T+ fat
_ kq _ hp
X3p—4 = fn—1k+fnq' X3p—3 = fn—lk‘|‘fnq.

Now, it follows from Equation (5.3) that,

2

- o Mana
X3n—1 X3n—4 X3n-a + X3y 7
kq kq
_ kq o o2k + fu19 fu—2k+ fu14q
frnoak+ fnq kq " kq
fnak+ fu19 = fa2k+ fu1q
kq
————— (fu2k+ fu_
_ kq B fn72k+fn—lq (fn 2 fi’l 1q)
o1k + fugq fn2k+ fu19+ fu1k+ fuq
(i kil )
o1k + fugq fn—2k+ fu19+ fu1k+ fuq

— kq (fn—2k+fn1q+fnlk+fnq +fn—2k+fn1q>
fn—1k+ fuq fook+ fu1q9+ fu1k + fugq

_ kg <fn—lk+fn‘7> _ K
fnflk"l‘fnq fnk+fn+1q

 fuk+ faq’
Also, from Equation (5.3), we see that,

2

- __ %3
o = n=s X313+ X3u—6
hp hp
_ hp . fn—lk +fnq fn—1k+fnq
fn-1k+ fnq hp hp
fuak+ fuq ~ fa2h+ fuoap
hp
—t (fuoh + fy_
_ hP B fn—2h+fn71p (fn 2 fVl 1p)
fnflk'f'fnq fn72h+fn71p+fn71h+fnp
_ (1 _ fu2l+ fa1p )
fnflh"f’fnp fn—2h+fnflp+fn71h+fnp

_ hp (fn—1h+fnp): hp
fo—1h+ fap \ fuh + fus1p fulh + furap
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Also, from Equation (5.3), we get,

x% 5
X3p_p = Xgy_5— —————
X3p—5 + X318
rt rt
_ rt o fnar + fut fu_1r + fut
fn71r+fnt rt 4 rt
fooar+ fut  fu—or+ fuat
rt
-_— _ofr + fp_1t
_ rt _ fn72r+fn71t(fn 27+ fut)
fnflr'i‘fnt fn—27'+fnflt+fnflr+fnt
B rt (fn_1r+fnt) B rt
frnar + fut \ fur + fuiat fur + fag1t’

Hence, the proof is complete.
We consider a numerical example of this special case, assume x_5 = 2,x_4 = 5,x_3 = 6,

x_p = 12,x_1 =9,xy = 18. (See Figure 5).
2

plot of Xo= anz_(( anz)/( X, o+ xnis))

20 T T T T T
15[ R
< 10} ]
x
5 - -
0 1 1 1 1 —_ L Il Il
0 5 10 15 20 25 30 35 40 45 50

Figure 5. Shows the dynamics of Equaton (5.3) when x_5 =2, x_4 =5, x_3=6,x_, =12, x_1 =9,

xo = 18.
5.4. Fourth Equation

In this section we deal with the form of solution of the following equation

2
Xn—2
i1 =Xy g — — 12 (5.4)
! ! Xp—2 — Xp-5

where the initial conditions x_5, x_4, x_3, X_p, x_1, X are arbitrary real numbers.

Theorem 7. Let {x,};°__sbe a solution of Equation (5.4) Then every solution of Equation (5.4) is periodic
with period 18. Moreover, {xy}3>__5 takes the form

—rt —kg —hp
t/qrp/rrkrh/r_t/k_q/h_plft/fqlfp/

rt kg  hp !
_r/_k/_h/r_t/k_q/h_plt/q/p/r/k/h/"'
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or,
X1gn-5 = t, X18n—4 = 4, X18n—-3 = P, X18n—2 =1, X181—-1 =k,
—rt —kq —hp
X1gn = h, X841 = —, Xign42 = 7, X18143 = 7 =,
r—t k—q h—p
Xignta = —1L, X18n+5 = —4, X18n+6 = — P, X18n+7 = —1, X181+8 = —k,
rt kq hp
Xignt9 = —h, X181410 = —, X18n411 = 7——,  Xi18n4+12 = 7——
r—t k—gq h—p

wherex_s =1t x_4=¢q, x 3=p, x o=t x_1=k xo="h, X_5 #X_p, X_4 # X0, X_3 # X_1.
Proof: The proof is the same as the proof of Theorem 6 and thus will be omitted.
Figure 6 shows the solution when x_5=4, x_4 =7, x_3=5, x_» =14, x_1 =19, xp = 11.

2
plot of X 1= xn_z—(( xn_z)/( X, o= X, 5))

20 T T T T T

10 .

_20 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

2
ﬁxn—Z

Figure 6. Shows the periodic behavior of solution of x,,1 = ax;,_p — ——————
YXn—2 — 6Xp—5

, with
X_5 = 4, X_4 = 7, X_3 = 5, X_p = 14, X_1= 19, X0 = 11.

6. Conclusions

In this paper we investigated the global attractivity, boundedness and the solutions of some
special cases of Equation (1.1). In Section 2 we proved when B(y + 36) < (v +6)%(1 — a),
Equation (1.1) has local stability. In Section 3 we showed that the unique equilibrium of Equation
(1.1) is globally asymptotically stable if (1 —a) # B. In Section 4 we investigated that the solution

of Equation (1.1) is bounded if | & + b < 1. In Section 5 we obtained the form of the solution of

four special cases of Equation (1.1) and gave numerical examples of each of the case with different
initial values.
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