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Abstract: An explicit method for the construction of a tight wavelet frame generated
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(Shah, 2013). In this article, we extend the notion of wavelet frames to periodic wavelet
frames generated by the Walsh polynomials on R™ by using extension principles. We first
show that under some mild conditions, the periodization of any wavelet frame constructed
by the unitary extension principle is still a periodic wavelet frame on R™. Then, we construct
a pair of dual periodic wavelet frames generated by the Walsh polynomials on R™ using the
machinery of the mixed extension principle and Walsh—Fourier transforms.
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1. Introduction

Wavelet frames have gained considerable popularity during the past decade, primarily due to their
substantiated applications in diverse and widespread fields of engineering and science. One of the
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most useful methods to construct wavelet frames is through the concept of the unitary extension
principle (UEP) introduced by Ron and Shen [1] and was subsequently extended by Daubechies
et al. [2] in the form of the oblique extension principle (OEP). They give sufficient conditions for
constructing tight wavelet frames for any refinable function ¢(x) that generates a multiresolution
analysis. The resulting wavelet frames are based on multiresolution analysis, and the generators are often
called framelets. These methods of construction of wavelet frames are generalized from one dimension
to higher dimensions, tight frames to dual frames, from a single scaling function to a scaling function
vector. More importantly, the setup of tight wavelet frames provides great flexibility in approximating
and representing periodic functions. Using periodization techniques, Zhang [3] constructed a dual pair
of periodic wavelet frames for L?[0, 1] under the assumption that the support of the wavelet function ¢ in
the frequency domain is contained in [—7, —¢] U [, 7|, € > 0. Later on, Zhang and Saito [4] constructed
general periodic wavelet frames using extension principles. More precisely, they proved that under some
decay conditions, the periodization of any wavelet frame constructed by the unitary extension principle
is a periodic wavelet frame, and the periodization of any pair of dual wavelet frames constructed by the
mixed extension principle is a pair of dual periodic wavelet frames. To mention only a few references on
wavelet frames, the reader is referred to [5—8] and the many references therein.

The past decade has also witnessed a tremendous interest in the problem of constructing
compactly-supported orthonormal scaling functions and wavelets with an arbitrary dilation factor
p > 2,p € N (see Debnath and Shah [9]). The motivation comes partly from signal processing
and numerical applications, where such wavelets are useful in image compression and feature
extraction, because of their small support and multifractal structure. Lang [10] constructed several
examples of compactly-supported wavelets for the Cantor dyadic group by following the procedure of
Daubechies [11] via scaling filters, and these wavelets turn out to be certain lacunary Walsh series on
the real line. Kozyrev [12] found a compactly-supported p-adic wavelet basis for L*(Q,), which is
an analog of the Haar basis. The concept of multiresolution analysis on a positive half-line Rt was
recently introduced by Farkov [13]. He pointed out a method for constructing compactly-supported
orthogonal p-wavelets related to the Walsh functions and proved necessary and sufficient conditions for
scaling filters with p" many terms (p,n > 2) to generate a p-MRAin L?(RT). Subsequently, dyadic
wavelet frames on the positive half-line R were constructed by Shah and Debnath in [14] using the
machinery of Walsh—Fourier transforms. They have established necessary and sufficient conditions for
the system {v;(z) = 29/% (212 © k) : j € Z, k € Z"} to be a frame for L?(RT). Wavelet packets and
wavelet frame packets related to the Walsh polynomials were deeply investigated by Shah and Debnath
in [14,15]. Recent results in this direction can also be found in [16,17] and the references therein.

Recently, Shah [18] established a unitary extension principle for constructing normalized tight wavelet
frames generated by the Walsh polynomials on R". Drawing inspiration from these wavelet frames, our
aim is to extend the notion of wavelet frames to periodic wavelet frames on R* by using extension
principles. More precisely, we prove that under some mild conditions, the periodization of any wavelet
frame constructed by the unitary extension principle is a periodic wavelet frame on a positive half-line
R*. Furthermore, based on the mixed extension principle and Walsh—Fourier transforms of the wavelet
frames, an explicitly-constructed method for a pair of dual periodic wavelet frames generated by the

Walsh polynomials is also given.
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This paper is organized as follows. In Section 2, we introduce some notations and preliminaries
related to the operations on positive half-line R*, including the definitions of the Walsh—Fourier
transform and MRA-based wavelet frames related to the Walsh polynomials. Sections 3 and 4 state

and prove our main results about periodic wavelet frames generated by the Walsh polynomials.

2. Walsh-Fourier Analysis and MRA-Based Wavelet Frames

We start this section with certain results on Walsh—Fourier analysis. We present a brief review of
generalized Walsh functions, Walsh—Fourier transforms and their various properties.

As usual, let Rt = [0, +00), ZT = {0,1,2,...} and N = Z* — {0}. Denote by [z] the integer part
of x. Let p be a fixed natural number greater than one. For x € R and any positive integer j, we set:

zj = [p'z](modp),  2_; =[p"'z](modp) (1)
where z;, x_; € {0,1,...,p — 1}. Clearly, ; and z_; are the digits in the p-expansion of x:
T = Z x_jp_j_l + Z xjp_j
<0 7>0

Moreover, the first sum on the right is always finite. Besides,

@] =z p?t Az} =D ap

<0 >0
where [z] and {z} are, respectively, the integral and fractional parts of .
Consider on R™ the addition defined as follows:

TDY = Z Gp T+ Z ¢p™?

<0 >0
with (; = z; + y;(modp), j € Z \ {0}, where ¢; € {0,1,...,p— 1} and z;, y,; are calculated by
Equation (1). Clearly, [z ® y] = [z] ® [y] and {z & y} = {«} & {y}. As usual, we write z = z & y if
z @&y = x, where © denotes subtraction modulo p in R".

Let ¢, = exp(27i/p); we define a function r¢(x) on [0, 1) by:

1, ifxzel0,1/p)
ro(e) =
ef;, ifee [, ((+1)p"), (=1,2,...,p—1
The extension of the function r to R™ is given by the equality ro(z+1) = ro(z),Vz € R*. Then, the
system of generalized Walsh functions {w,,(x) : m € Z*} on [0, 1) is defined by:

wo(z) =1 and wy,(z) = H (To(pjx))“j

where m = Z;?:O wip’, ;€ {0,1,...,p—1}, uy # 0. They have many properties similar to those of
the Haar functions and trigonometric series and form a complete orthogonal system. Further, by a Walsh

polynomial, we shall mean a finite linear combination of Walsh functions.
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For x,y € ]R+, let:
27
x(z,y) = exp (7 > (g + x—jyj)) (2)
j=1
where x;, y; are given by Equation (1).
We observe that:

X(m,ﬂ): (i,m):wm (ﬁ), Vzel0,p), mneZt
" p" p"

X(@@y,2) =x(r,2)x(y,2), x(Eoy 2)=x("2)x(y2)

and:

where z,y,z € Rt and = & y is p-adic irrational. It is well known that systems {x(«,.)}o., and
{x(-, @) }.2, are orthonormal bases in L?[0,1] (see Golubov et al. [19]).
The Walsh-Fourier transform of a function f € L'(R™) N L*(R™) is defined by:

fe) = . fx)x(z,§) do (3)

where x(z, €) is given by Equation (2). The Walsh-Fourier operator F : L'(R™) N L?(R*) — L*(R™),
Ff= f , extends uniquely to the whole space L*(R™"). The properties of the Walsh—Fourier transform
are quite similar to those of the classic Fourier transform (see [19,20]). In particular, if f € L2(R+),
then f € L2(R*) and:

1

Moreover, if f € L?[0, 1], then we can define the Walsh-Fourier coefficients of f as:

L2 (RH) - HfHL2(R+)

f(n) = / f(@)wn(z) da

The series ) ;. f(n)wy,(z) is called the Walsh—Fourier series of f. Therefore, from the standard
L?-theory, we conclude that the Walsh—Fourier series of f converges to f in L?[0, 1], and Parseval’s
identity holds:

2 ! 2 2 2
£ = [ lr@Paz = 3 |

neZ+t

(4)

By p-adic interval I C R of range n, we mean intervals of the form:

I=1IF=[kp",(k+1)p"), keZ"

The p-adic topology is generated by the collection of p-adic intervals, and each p-adic interval
is both open and closed under the p-adic topology (see [19]). The family {[0,p™): j € Z} forms
a fundamental system of the p-adic topology on R*. Therefore, the generalized Walsh functions
w (),0 < 7 <p"—1, assume constant values on each p-adic interval I,’f and, hence, continuous on
these intervals. Thus, w;(z) = 1 for z € I?.
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Let £,(R™) be the space of p-adic entire functions of order n, that is the set of all functions that are
constant on all p-adic intervals of range n. Thus, for every f € &,(R™), we have:

f@)= Y f "k)xp(z), «eRF
keZ+
Clearly, each Walsh function of order up to p"~! belongs to &,(R*). The set £(RT) of p-adic
entire functions on R is the union of all of the spaces &,(R"). It is clear that £(R™) is dense in
LP(RT),1 < p < oo, and each function in £(R™) is of compact support.
For j € Ny, let ; denote a full collection of coset representatives of Z* /p'Z7, i.e.,

N;={0,1,2,....p7 =1}, j>0 (5)

Then, Z" = U,cp, (R +P’Z%), and for any distinct ny,n, € Nj, we have (n; +p/Z") N
(ny + p’Z%) = (). Thus, every non-negative integer & can uniquely be written as &k = rp’ + s, where
r € Z*,s € N,. Further, a bounded function ¢ : Rt — R is said to be a radially-decreasing
L'-majorant of f(z) € L*(RT) if | f(x)| < g(z), g € L*(RT), and g(0) < oo.

For j € Z and y € R™, we define the dilation D; and translation operators T}, as follows:

Dif(w) =p2f (¢x) and T,f(z)=[f(xOy), feL*(RY) (6)
For given ¥ := {1y, ...,9} C L*(RT), define the wavelet system:

F(@) = {eirl@) =P Pops o k), jE Lk €T (=12, L} (7)
The wavelet system F (V) is called a wavelet frame, if there exist positive constants A and B,
such that:

Al <3252 32 Kt wuam| < BIISL (8)

t=1 jEZ kez+

holds for every f € L?(R™), and we call the optimal constants A and B the lower frame bound and the
upper frame bound, respectively. A tight wavelet frame refers to the case when A = B, and a Parseval
wavelet frame refers to the case when A = B = 1. On the other hand, if only the right-hand side of
the above double inequality holds, then we say F (W) is a Bessel sequence. If both F () and F(¥) are
wavelet frames and for any f € L*(R"), we have the reconstruction formula:

f= ZZ Z <f7 @,j,kﬁ/fe,j,k (9)

=1 jEZ keZ+
in the L?-sense; then, we say that F () is a dual wavelet frame of F(¥) (and vice versa), or we simply
say that (F(¥), F (1)) is a pair of dual framelets.
Wavelets and tight wavelet frames are often derived from refinable functions and wavelet masks.
A compactly supported function ¢(x) € L*(R") is called a p-refinable function, if it satisfies an equation
of the type:

p"—1

o(x)=p Z cd(pr ©k), xeRT (10)

k=0
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where ¢ are complex coefficients. In the Fourier domain, the above refinement equation can be

written as: ¢ ¢
b =n(t)o(%) (1)
where: -
ho(§) = cr wi(§) (12)
k=0

is a generalized Walsh polynomial, which is called the mask or symbol of the p-refinable function
Observe that wy(0) = ¢(0) = 1.
¢ = 0 in Equations (11) and (12), we obtain >_?" "¢, = 1. Since ¢ is compactly supported and in
fact supp ¢ C [0, p" 1), therefore ¢ € &,_1(R"), and hence, as a result, ¢(¢) = 1 forall € € [0, p'™™) as
$(0) = 1.

Suppose ¥ = {9, ...

¢ and is of course a p-adic step function. By letting

,¥r} is a set of p-MRA functions derived from:

Do (€) = e (g) 3 (g) (13)

pr—1

dewk (=1,...,L (14)

where:

are the generalized Walsh polynomlals,
With hy(€), £ =0,1,...
matrix M (§) as

called the framelet symbols or wavelet masks.
,L, L >p—1 as the Walsh polynomials (wavelet masks), we formulate the

ho(§)  ho(§ ®1/p) ho(§ & (p—1)/p)
h Mol M@ (p—1
Mg | MO MESUD) o i@ =1/ -
he(§) h(§®1/p) he(§ @ (p—1)/p)
The so-called unitary extension principle (UEP) provides a sufficient condition on ¥ = {1, ... ¢},

such that the wavelet system F(¥) given by Equation (7) constitutes a tight frame for L?(R™). It is well
known that in order to apply the UEP to derive a wavelet tight frame from a given refinable function, the

corresponding refinement mask must satisfy:

[y

bS]

ho(€ @ k/p)| <1, €eRY (16)

0

b
Il

Recently, Shah [18] has given a general procedure for the construction of tight wavelet frames
generated by the Walsh polynomials using unitary extension principles as:

Theorem 2.1: Let ¢(z) be a compactly-supported refinable function, and ¢(0) = 1. Then, the wavelet
system JF () given by (7) constitutes a Parseval frame in L?(R™) provided the matrix M (¢) as defined
in Equation (15) satisfies:

MEOM* (&) =1, forae. &€ a(Vp) (17)
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where o(Vp) := {€ € [0,1] : >,z |g5(§ ®k)|*#0}.
3. Periodic Wavelet Frames Related to the Walsh Polynomials

For any f € L'(R"), we define the periodic version of f as:

=Y fleak)

keZ+
Then, it is easy to verify that fP* is a well-defined locally-integrable function. With the same dilation
and translation operators as in Equation (6), we define the periodic wavelet system as:

F(WPr) = {¢per’¢ge]rk 1<(<LjeZ" ke N} (18)

First, we present an approach for constructing periodic wavelet frames generated by the Walsh
polynomials on R" via the unitary extension principle (UEP). The following theorem is the main result
of this section.

Theorem 3.1: Let hg, hy,...,h; be the Walsh polynomials given by Equations (12) and (14),
and let the wavelet system F(¥) given by Equation (7) form a Parseval wavelet frame generated
by the compactly-supported p-refinable function ¢. If {¢,¢y,...,¢r} < LY(R") N L*(R") and
&, 1,19, ..., % have a common radial decreasing L!-majorant, then the periodic wavelet system
F (W) given by Equation (18) generates a Parseval wavelet frame for L?[0, 1].

We split the proof of Theorem 3.1 into several lemmas.

Lemma 3.2: Suppose that the periodic wavelet system F(¥P) is as in Theorem 3.1. Then, for any
function f € £[0,1) and given ¢ > 0, there exists a positive integer J € N, such that:

I < S [FED < +0)|f]; forallj>J (19)

keN;

Proof: Let S denote the support of the Walsh—Fourier coefficients { f (n) }nez .. Then, we have:
= f()wa(2)
nes

Let:
fe) = d(n) wa() (20)

neZ+

where the Walsh—Fourier coefficients of the above series are given by:
) = p2(p~In) wi(p~in) (21)

Applying Parseval’s formula to the above Walsh—Fourier series, we obtain:
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SR = 3|3 Frdion

keN; keN; nesS
= 3|3 Fop o) ()|
keN; nesS
= Z Z dn (fv é) Wk (p_jn> ‘2
keN; nesS

where d,, ( f , QB) =pI? f (n)gzg(p—jn). As S is a finite set, there exists a positive number /V, such that
S C D(N) = {k eZT: |kl < N}. Hence, there exists J; > 0, such that for all j > J;, the elements
of D(N) lie in different cosets of Z* /p’Z* (see [13]). Thus, the cardinality of £(R™) ("(k + p/Z") is
at most one for each j > Jy, k € N;. Consequently, we have:

SESDP = 3 Y d <f¢)wk. szd(fd3> ~in)

kEN; keN; mesS nes
- S Y d, (f, qB) d, (f, qB) > wi(p(m—n))
meS nes keN;
]
nes

Since ¢(0) = limg_ $(€) = 1, therefore there exists a non-negative integer J», such that:

—4) < ‘é(p‘jn)(z < (144), forallj>J

Let J = max{Jy, J,}, then with this choice of j > J, we obtain:

(=X [im| < S el < 49X

nes keN; nes

f|

By using Equation (4), we have:

Il < D2 1kl < 1+ o)l

keN;
This completes the proof of Lemma 3.2. 0O
Lemma 3.3: Let ho(&) be the refinement mask of a compactly-supported refinable function ¢ of an
MRA, and let h,(§),¢ = 1,2, ..., L be the wavelet masks. Moreover, if the wavelet system F(¥) given
by Equation (7) forms a normalized tight wavelet frame for L?(R™"), then for any f € L*(R"), we have:
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ST b = S0 o)+ D03 v (22)

kezZ+ kezZ+ =1 kezZ+

Proof: Forany f € L?(R") and j € Z™, define the linear operators P; and Q; as:

Pif(x) =Y (f:din)bin(@), Qif(x) =YY (fitbeju)tejn(x) (23)

keZ+ (=1 keZ+

Since £(R™) is a dense subset of L?(R™), it is sufficient to prove that:

(Pif, [) +(Qif [) = (Pisaf. f) (24)
holds for all of the functions f in £(RT). Therefore, for all f € E(R") and j € Z,k € Z*, we obtain
the following equality by using Parseval’s formula:

2

(Pt f) = p7/ S FEom)dEam)| de
meZt
; i 2
- [ 13 Feermsfcam)| d (25)
meZ+

By taking advantage of the periodicity of the Walsh polynomial h4(&), we obtain:

2

dg

(Pif, f) = /Op Z Fe@pm)b(p=i-1€ ® ptm) ho(p~7—1€ & p~lm)

meZt

. / > Y fearmen))o(prcoptoman)

meZ+T neN )

dg

X ho (p‘j‘lé @ pt(pm e n))

- [ S ieertmen)o(pr e omen)

meZ+ neNy )
X ho(p-i-1€ @ p—ln)( de

2

dg

- /Op > RS, (n,)ho(pi- 1 @ ptn)

neN

where:

Bon8) = 3 foroman))o(pi g o pmon)

meZ+

Proceeding on similar lines as above, we can have:

2

dg

(@1 f) Z/

ZRf¢n§h4p3 Eep'n )
neN
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Therefore, we have:

(Pif f) +(Qif: f)

_ / {ZR (n,€)ho(p=i-1€ ® p~1n) }{ZR hop“§®p‘1n)}

neN n'eNy

o[

=170

{Z R o (n, ) he(p7=1€ @ p~'in) } { > R}, B p 1n)}

neNy n’eN1

-/ " { 2, 2. R?,qs(n,i)m} {;he(p“f Oy )he(p 69191”)}

neNi n’eNy

Since the UEP condition Equation (17) is equivalent to:

L
Y b e @p ) h(pi i Dpin) = b
£=0

therefore, we have:

(Pt )+ Qi 1) :/ ST (R (n,€)[ de

neN;

Iy

2

> f 5@177 pm@n))cﬁ(p*f”f@p*l(pm@n))

meZ+

dg

2

p? (14+n) - -
S / f(e® P m)d(r e @ m)| de
neNy meZ7L
pitl R ' § 2
= [ eortmslicom)| i
0 meZ+

= <Pj+1f7 f>

and hence, we get the desired result. 0O

Lemma 3.4: Let ¢ € L*(R") be a compactly-supported refinable function with refinement mask
ho(€), and let the wavelet system F (V) given by Equation (7) constitute a Parseval wavelet frame for
L?(R*). Moreover, if {¢, 11, ...,%} € LY(RT)NL?(RT) and ¢, ¢, 1o, . . . , 11, have a common radial
decreasing L!-majorant, then we have:

Z [(f 55 { = Z ([, ¢per>‘ +Z Z ([, @Z’ge]rk (26)

keN; keN; =1 keN;
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Proof: Forany f € £(R*) and j € Z", we have:

SR =S Y suten)| = S| X (o en)

‘2
kEN; keN; neZ+ keN; nezt

The change of the summation and the integration above is reasonable. In fact, we have:

S [ lwmaGsla < Wl [ 1ol
= w2 [ oo

< o0

We can also deduce that the series:

ST dinle om))(f, djux B n))

keEN; meZ+ neZ+

is absolutely convergent. Therefore, the series can be rearranged as follows:

> K ol = SO L dinlwom))(f, djulz ®n))

keN; kEN; meZ+ nezt

= 2 2 X (foutom){f ousemaen)

keEN; meZ+ neZt

For n € Z*, we define:
Fn(x) = f<x>X[0,1]+n<x)

where x(z) is the characteristic function. Using the fact that ¢; ,(x ® n) = ¢, x—pin (), we have:

Slranl = ¥ ¥ XA/ 1f<x>mdx}{ / 1f(x)¢j,k(x@m®n)dw}

keN; keEN; meZ+ nezt

- 2% [ rwsaamma{ [T oo ma)

keEN; meZ+ neZ+

- > ¥ S nwseEmel! [ e

keEN; meZ+ neZ+

= S (B byamin) (B b

keEN; meZt+ nezZ+

= > (Fo,djw) (Fu bs)

keZ* neZt

Similarly, foreach / = 1,2, ..., L, we have:
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Z ‘<f’w5;rk | - Z Z (Fo, e k) € nﬂ/%;k)

keN; keZ+ neZ+t

The application of Lemma 3.3 yields:

> KA +Z PONIEAL¥Is

keN; =1 keN;

L
= Z Z F07¢jk na¢]k +Z Z Z <F07w€7j7k> <an¢f7]}k>

kEZ+ neZ+ =1 k€Z+ neZ+t

= Z Z F0,¢]+1k na¢]+1k’>

kEZT neZ+

- Z |<f> per1k>‘

keN;

This completes the proof. 0O
Proof of Theorem 3.1: For any function f € £[0,1) and 6 > 0, we can choose J > 0 by Lemma 3.2,
such that for all 5 > J, we have:

G < D KA < 1+ 0|7l

keN;

For any j € Z, Lemma 3.4 implies that:

SR = Y O S S o

keN; keN;_1 =1 keN;_1

By repeating this argument on 3, - | [(f & 0) }2, we obtain:

L j—1
Z ‘<f Per>| _} f7¢Per>’ +ZZ Z } f%)e;k
keN; (=1 m=0 kEN
Therefore, we have:
L j—1 )
A < Ko=)+ > (b < (L +0)[| 715
(=1 m=0 keN;,

Letting j — oo, we obtain:

=o) sl < [¢F.00f +ZZ > [0l < a+alls;

=1 m=0 keN,

Since 6 > (0 was arbitrary. Therefore, it follows that:
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L 0
(L4303 S [kl =171,

(=1 m=0 keEN;,

This completes the proof of the Theorem 3.1. 0O

4. Dual Periodic Wavelet Frames Related to the Walsh Polynomials

In this section, we construct dual periodic wavelet frames generated by the Walsh polynomials on R™
using the mixed extension principle (MEP). The following theorem is the main result of this section.

Theorem 4.1: Suppose that ¢ and ¢ are two compactly-supported refinable functions, and
ho(€), he(€), £ = 0,1,. .., L are the Walsh polynomials. Let F(¥) and F(T) be a pair of dual wavelet
frames for L2(R*) generated by the mixed extension principle. Then, F (P*r) and F (\UP*r) form a pair
of dual wavelet frames for L?[0, 1].

We need the following lemmas, which are important for the proof of the main result.

Lemma 4.2: The sequences J (") and F (UP") are both Bessel sequences for L2[0, 1].

Proof. To simplify expressions in the proof, we let:

ZZZHmk

=1 jeZ+ keN;

- i S S|

JEZF kEN;

In order to prove that the sequences F (\I/Per) and F (\I/Per) are both Bessel sequences, we need to find
out two positive numbers C, C, such that for any function f € £(R*), we have:

N+1sen <l
i)

For any f € L?[0, 1], by the Parseval identity of the Walsh—Fourier series, we deduce that:

¢per>’ ‘ Z f ¢per

neZt

2 ~
<l

fo| > 1o @)

Since lim,,_, qg(n) =1, ne€Z",so qg is bounded on ZT; therefore, there exists C; > 0, such that
Znez+ |gz§(n) ‘2 < (. Using Equation (4) and this estimate, Equation (27) reduces to:

(. < a1l (28)
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Next, we compute Py(f). Using the periodic property of the functions ¢}7,, that is
Vo jk(®®n) =y ppin(r), n € Z*, we have:

Py(f) = i > (Z (<f,we,j,k<x@n>>]>2

=1 jeZ+ keN; \n€Z+
) 2

2

[ i

2

=1 jeZ+ keN;

S@ZZZZ/f%mM
=1 jeZ+ keN; neZ+
S@ZZZ/f%k

(=1 jez+ keN;

- X S| [ st e

2=1 jeZ+t keN;

Since the wavelet system JF (W) is a Bessel sequence for L?(R™), thus we can deduce that there exists
a positive number C'3, such that:

Py(f) SC:st-X[o,l]HZZC:%Hsz (29)
Combining Equations (28) and (29), we get:

Py(f) + (£ 67" < o+ CallS]], = Cill £l
Similarly, we have:
() + (.00 < Gl

This completes the proof of Lemma 4.2.
Lemma4.3:If f,g € £[0,1), i.e

= 3 finl) o) = 3 o0

neZ+ <Y/s

where the sequences { f(n)} and {§(n)} have only finitely many non-zero terms. Then, the following

formula holds:

(fr9) = (f. 050 (D 9) + D (F ) (b 9) (30)

=1 jeZ+ keN;

<

Proof: We split the proof of this results into three steps.

Step 1: We rearrange and rewrite the following series:

Z <f per E’;;g% Z <f; 1/’53rk> <@)ejrk’g>

keN; keN;
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Since both the functions ¢ and gz~5 are compactly supported, thus it is possible to make a rearrangement

in the above series:

(65 () = (z o, ¢j,k<x@m>>) (z <<zj,k<xean>,g>)

mezt =
=2 3 (ot om)) (dixlz@n), )
= > X (fouleom) (dule@men).g) (31)
et ezt
For any n € Z*, we define:
Fo(@) = f(@)xpa4n(2),  Gul(e) = g(2)X[011n(2) (32)

Since f and g are periodic functions, by Equations (31) and (32), we have:

(Fr ) (Fhg) = > Z(/f z)¢jk(z & m) d$) (/ e @mean)()d)

:éé(/f %M@mdrc) (/ 3ix(z ®m) (m)dm)
= Z+ Z+ ( / mdaf) ( s éj,k(x@m)mdx> 33)

By summing Equation (33) over the set \V; and noting that ¢; ;(x & m) = ¢; x_,im(x), We have:

Z <f prer Jpel;’ Z Z Z <F07¢Jk p3m> <¢Jk’ —pim >

keN; keN; meZ+ neZ+

= > > (Fo, 0 )(s: Gu) (34)

neZt kezZ+
Similarly, foreach ¢/ = 1,2, ..., L, we have:

Z (£l (D054 9) Z Z (Fo, Vi) (Ve Gn) (35)

keN; neZt keZ+

Step 2: For any J > 0, we claim that:

(f, &55) <¢§el;g> + ZZ Z (f i) Ee}rk’ Z (.05 0) (0 409)

=1 j= OICE./\/ kENJ.H

Taking the sum on the R.H.S of Equation (35) over ¢ =0, 1,. .., L, we have:

=Y D> (Fotbegn) (bejn Gn) (36)

=0 keZt neZ+t
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By the Parseval identity of the Walsh—Fourier transform and Equation (13), we deduce that:
(Fo, e jr) = <Fo,¢e,j,k>
=7 [ RO b un o)
R
=y [ RO Rl 6wl e
R

_ il / U ST (€@ pim) (e @ pim)
0

meZ+t

X &(p~i71€ @ ptm)wi (p7E) dé (37)
Since hy(£),1 < ¢ < L are the Walsh polynomials (wavelet masks) associated with given wavelets
1y and we know each h,(€) is bounded periodic on [0, 1], therefore we have:

/OP] { > ‘Fo (E@pm)he(p716 ®p~tm) d(p=i-1€ @ p~im)wy,(p 7€) ‘} d¢

meZ+

< thnm/R+ |E(©)d(r719) | de < o0

Therefore, the exchange of the integral and the summation is reasonable in the above formula.
Again, by the periodicity of wavelet masks h,, we infer that:

o . . A
(Fos Yujk) :p—m/ Yo D (e pm o) w(pE)
0 vez+tem
X he(p=iLE @ ptpm' ©1)) p(pi e @ pL(pm/ B t)) dE

:pm/j YD) R(Eop (pm @ t)w(pE)

m/€Z+ teN

X o(p=i=1e @ p=t(pm/ © t) he(p=i—1€ ® p~Lt) d¢ (38)

Similarly, we have:

N . » . A A
(anGa) = [7 503 Gulempon &) wilo-se)

n'€Z+ t'eNy

X d(p i1 @pt(pn/ ®t')) he(p € @ p1t')dE (39)
Since {p~/?wy(p~i¢) :k € Z*} is an orthonormal basis for L?(p’[0,1]), therefore, by
Equations (38) and (39), together with the Parseval identity of the Walsh—Fourier series, we have:

Z <FO’ w£7j7k> <1;é,j,ka Gn>

keZ+

B /Op { > >k (5 @y (pm’ @ t> he(p=9-1e @ p~1t) (pi1E @ p~H(pm' @ t))}

m/eZ+ teN

x { S S Gulcep o) h(p o) o(r e @p‘l(pn’@t'))}df

n'€zZ+ t'eNy
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Again, by Equation (36), we deduce that:

Z/ > ZZF()(f@pj pm @t) (5@pﬂ(pn/@t/))

neZ+ m/ €Lt n' €7+ teNT Y eN

x (;(p—j—lg & pt(pm' @ t))a@(p*f*lf @p ' (pn' @ t’))

L
X (Z he(p=7=1€ @ p~tt) e (p77'¢ @p_lt’)> d§
=0
By the mixed extension principle (MEP) condition, we have:

L
Y h(piteop ) ho(p @ pTY) = 0w
=0

Therefore, we have:

Z/ S S w(corm o). (cop(m o))

nez+ m/ €L+ n'eZ+ teN1

X é(p*j*% ®p~(pm' & t)) cz(p""lf optpn © t)>d§
Letting:

Ri(&)= 3 Ey(ceptm)o(pi e am!), Sial z (€@ i) G(p e @)

m/ ezt /s

we conclude that:

Q; = ZZ/ 5 (€@ P't) Sjn(€ @ pit) dE

neZ+ teN:

- / JHW (@) de

nez+ teN

— Z/OM €) d¢

neZ+

Using the Parseval identity of the Walsh—Fourier series, we obtain:

pitl
/0 R,(€) 5,.(E) de

pJ-H pJ'H
-G+ Z/ w (J+1)k dg/ w (J+1)k(§)d£
0

kezZ+

~

AR Z/ p I1E) w1 df G <5 T w, -G (€) d€

keZ+
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Again, by the Parseval identity of the Walsh—Fourier transform, we have:

- Z Z (Fo, &j4106) (D41, Gr) (40)

kEZT neZ+t

By Equations (36) and (40), it follows that:

L
Z Z (o, $js110){Djs10es Gn) = Z Z (Fo,ejx) (e Gn)

keZt neZ+ =0 keZt neZt
L
= Z Z (Fo, 61.x){Pjukr Gn) +Z Z Z (Fo, Vi) (Ve Gn)
keZt neZ+ {=1 keZt neZ+t

Using Equations (34) and (35) in the above identity, we obtain:

> (LN a) =D (655 §°;ia9>+zz<f Uha) (Uh5a9)

keN; 1 keN; (=1 keN;
Since NV; = {0}, when j = 0, we have:

> (f NI 9) = (£, 000)(Ph5: 9) +Zz<f Yook) (Voo 9)

keN /=1 keNy
In general, for any J > 0, we have:

L J
S T Tk g) = (L8 (5 0) + D D (Fub (0 g) (Al

kEN 41 (=1 j=0 keN;

<

Step 3: For f,g € £[0,1), we have:

Ty= ) (f (i g) = (f.9), J— o0 (42)

keN;

Since f and g are both periodic, hence there exists a non-negative integer ./, such that:

=3 fmw.(@), g@) =Y §n)w.()

neZ+ neZ+

where f(n) = g(n) =0, n ¢ N;. Again, let:

per Z ¢per ’ per Z (bper

neZ+ neZ+

where: A A
r(n) = p 2o (pIn) wi(pin),  $h%(n) = p?6(p7n) wy(p~in)
Therefore, for j > .J, we have:

<f; per Z f per

neN;

p () ()

zM
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Similarly, we have:

(@ g) =D gn)p?o(pIn)wi(p—n), j=J
neN;

Hence, we conclude that for 7 > .J, we have:

r = (5 ity | 5 st itnyaGm)
keN; \ meN; neN;

= 33 Fm)gmspim)o(pin) [ 3 pw(p i (m o))

meN; neN; keN;

= 3" T3 In)b(pin)
nE/\/j _—
= > Fmam(pn)é(p-in)

nENJ

Since limg_ P(€) = limg_ gzzﬁ(f) = 1, we have:

lim 75 = Y f(n)g(n) F(n)g(n) = (£.9)
J nENJ
From Equations (41) and (42), we deduce that:

3

m
N
+

(f, 8% si;,g>+22 SRR (0 9) = (f.9)

=1 jeZ+t keN;
This completes the proof of the Lemma 4.3. 0
Proof of Theorem 4.1: By Lemma 4.2, it follows that the sequences F (\I/Per) and F (\ilper) are both
Bessel sequences for L]0, 1]. By Lemma 4.3, we know that for any f, g € £[0, 1), Equation (30) holds.
Again, since the set £[0, 1) is dense in L2[0, 1], it follows that the periodic wavelet systems F (") and
F (ﬁlper) constitute a pair of dual frames for L2[0, 1]. This completes the proof. 0O

Acknowledgments

The authors express their gratitude to the anonymous referees for their careful reading and very useful
comments, which improved the final version of this paper.

Author Contributions

There was equal contribution by the authors.



Mathematics 2015, 3 1190

Conflicts of Interest

The authors declare no conflict of interest.

References
1. Ron, A.; Shen, Z. Affine systems in L?(R%): The analysis of the analysis operator. J. Funct. Anal.
1997, 148, 408—447.
2. Daubechies, I.; Han, B.; Ron, A.; Shen, Z. Framelets: MRA-based constructions of wavelet frames.
Appl. Comput. Harmon. Anal. 2003, 14, 1-46.
3. Zhang, Z. Periodic wavelet frames. Adv. Comput. Math. 2005, 22, 165-180.
4. Zhang, Z.; Saito, N. Constructions of periodic wavelet frames using extension principles.
Appl. Comput. Harmon. Anal. 2009, 27, 12-23.
5. Dong, B.; Ji, H.; Li, J.; Shen, Z.; Xu, Y. Wavelet frame based blind image inpainting.
Appl. Comput. Harmon. Anal. 2012, 32, 268-279.
6. Farkov, Yu.A.; Lebedeva, E.A.; Skopina, M.A. Wavelet frames on Vilenkin groups and their
approximation properties. Int. J. Wavelets Multiresolut. Inf. Process. 2015, 13, in press.
7. Goh, S.S.; Teo, K.M. Extension principles for tight wavelet frames of periodic functions.
Appl. Comput. Harmon. Anal. 2008, 25, 168—186.
8. Li, Y.Z.; Jia, H.F. The construction of multivariate periodic wavelet bi-frames. J. Math. Anal. Appl.
2014, 412, 852-865.
9. Debnath, L.; Shah, F.A. Wavelet Transforms and Their Applications; Birkhduser: New York, NY,
USA, 2015.
10. Lang, W.C. Orthogonal wavelets on the Cantor dyadic group. SIAM J. Math. Anal. 1996, 27,
305-312.
11. Daubechies, I. Ten Lectures on Wavelets; SIAM: Philadelphia, PA, USA, 1992.
12. Kozyrev, S.V. Wavelet analysis as a p-adic spectral analysis. Izv. Akad. Nauk, Ser. Mat. 2002, 66,
149-158.
13. Farkov, Yu.A. On wavelets related to Walsh series. J. Approx. Theory 2009, 161, 259-279.
14. Shah, F.A.; Debnath, L. Dyadic wavelet frames on a half-line using the Walsh—Fourier transform.
Integr. Transf. Spec. Funct. 2011, 22, 477-486.
15. Shah, FA. Construction of wavelet packets on p-adic field. Int. J. Wavelets Multiresolut.
Inf. Process. 2009, 7, 553-565.
16. Shah, F.A.; Debnath, L. p-Wavelet frame packets on a half-line using the Walsh—Fourier transform.
Integr. Transf. Spec. Funct. 2011, 22, 907-917.
17. Shah, F.A. p-Frame multiresolution analysis related to the Walsh functions. Int. J. Anal. Appl.
2015, 7, 1-15.
18. Shah, F.A. Tight wavelet frames generated by the Walsh polynomials. Int. J. Wavelets Multiresolut.

Inf. Process. 2013, 11, 1350042.



Mathematics 2015, 3 1191

19. Golubov, B.I.; Efimov, A.V.; Skvortsov, V.A. Walsh Series and Transforms: Theory and Applications;
Kluwer: Dordrecht, The Netherlands, 1991.

20. Schipp, F.; Wade, W.R.; Simon, P. Walsh Series: An Introduction to Dyadic Harmonic Analysis;
Adam Hilger: Bristol, UK; New York, NY, USA, 1990.

(© 2015 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/4.0/).



	Introduction
	Walsh–Fourier Analysis and MRA-Based Wavelet Frames
	Periodic Wavelet Frames Related to the Walsh Polynomials 
	Dual Periodic Wavelet Frames Related to the Walsh Polynomials 

