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Abstract: In this paper, we investigate the existence of solutions for the fractional
neutral differential equations with random impulses. The results are obtained by using
Krasnoselskii’s fixed point theorem. Examples are added to show applications of the

main results.
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1. Introduction

Fractional Differential Equations, in which an unknown function is contained under the operation of
a derivative of fractional order, have been of great interest recently. Many papers and books on fractional
differential equations have appeared (see [1-6]). In [7], Lakshmikantham and Vatsala derived the basic
theory of fractional differential equations. In [8], Hernandez et al. proved the existence of solutions of

abstract fractional differential equations by using fixed point techniques.
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On the other hand, impulsive differential systems are proved to be adequate mathematical models
for numerous processes and phenomena studied in population dynamics, physics, chemistry and
engineering. In recent years, some impressive results have been obtained in this area (see [7,9]). For the
general theory of impulsive differential systems, the reader can refer to [10].

However, actual impulses do not always happen at fixed points but usually at random points. When
the impulses exist at random points, the solutions of the differential systems are stochastic processes.
Random impulsive systems are more realistic than deterministic impulsive systems. The study of random
impulsive differential equations is a new area of research. So far, few results have been discussed in
random impulsive systems. The existence and uniqueness of differential system with random impulses
is studied by Anguraj et al. in [11,12]. In [13], Wu and Duan discussed the oscillation, stability and
boundedness of second-order differential systems with random impulses, and in [14,15], the authors
proved the existence and stability results of random impulsive semilinear differential systems.

Recently, the study of impulsive differential equations has attracted a great deal of attention in
fractional dynamics and its theory has been treated in several works (see [16,17]). Also, several
authors [18-20] have studied the behaviour of neutral dfferential equations. The main reason for
this interest is that delay differential equations play an important role in applications. For instance,
in biological applications, delay equations give a better description of fluctuations in population than
the ordinary ones. Also, neutral delay differential equations appear as models of electrical networks
which contain lossless transmission lines. Such networks arise, for example, in high speed computers
where lossless transmission lines are used to interconnect switching circuits. In [21], Agarwal, Zhou and
He proved the existence results of fractional neutral functional differential equations and also in [22],
Anguraj et al. proved the existence results for fractional impulsive neutral differential equations. By
the motivation of the recent surge in developing the theory of fractional neutral differential equations,
we present a new idea of research to prove the existence of fractional neutral differential equations with
random impulses.

This paper is divided into four sections. In Secion 2, we recall some basic definitions and preliminary
facts. In Section 3, we shall establish the existence theorem for the Equation (1) by using the

Krasnoselskii’s fixed point theorem and in the final section, an illustrative example is presented.

2. Preliminaries

Let R™ be the n-dimensional Euclidean space and €2 a non-empty set. Assume that 7 is a random
variable defined from €2 to Dy, = (0,dy) forall k = 1,2,... where 0 < dj, < co. Furthermore, assume
that 7, and 7; are independent of each other as i # j fori,5 = 1,2,.... Let 7,7" € R be two constants
satisfying 7 < T'. We denote R, = [, T|, RT = [to, 00).

We consider the fractional neutral functional differential equations with random impulses of the form:
D= l'(t) - ( ‘rt)) = A(tv .%').CC(t) + f(ta‘rt)v te [T7 T]7 13 7£ gk

“D*( g(t,
z(C) = b ()2 (¢y ), t=tp, k=12, .. (1)
Lty = (b
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where “D“ is the standard Caputo’s fractional derivative of order 0 < a < 1. f, g : R, x C' — R",
C = C([-r0],R") are given functions mapping [—r,0] into R™ with some given r > 0. ¢ is a
function defined from [—r, 0] to R" ; x; is a function when ¢ is fixed, defined by x,(0) = x(t + 0), for
0 € [-r,0];{o=toand x = ()1 + 7 fork = 1,2, .... Here ty € R, is an arbitrary given real number.
Obviously, tg = (o < (1 < (2 < ...... < (p < ..y by : Dy — R™™ is a matrix valued function for
each k = 1,2, ...,x((, ) = lim;¢, x(t) with the norm ||x||; = sup,_, .., ||z(s)|| for each ¢ satisfying
7<t<TandT € R is a given number, ||.|| is any given norm in R". Let B(R") denote the Banach
space of bounded linear operators from R" to R™ with the norm || A||ggn) = Sup{ AW = lyl| = 1}.

Denote { By, ¢t > 0} the simple counting process generated by (,, thatis, {B; > n} = {(, < t}, and
denote F; the o-algebra generated by {B;,¢ > 0}. Then (Q2, P, {F;}) is a probability space. For the
simplicity, denote the Banach space [' = { all functions defined from [tq — r, 00) to R™ with the norm

defined by ||x||r = SUP;>¢, EHXHt}

Definition 1. ([4]). The fractional integral of order q with the lower limit t for a function f is defined as

1f(t) = ﬁ /t(t —5) @V f(s)ds, t>ty, ¢>0

provided the right-hand side is pointwise defined on [ty, 00), where 1" is the gamma function.

Definition 2. (/4]). Riemann-Liouville (R-L) derivative of order q with the lower limit t, for a function
f : [to,00) — R can be written as

1 dn t
Dift) = —— t— (n—g—1) d " " 1 '
f() F(n_Q)dt"/to( 5) f(S) S, >1lg, N <g<n

The most important property of R-L fractional derivative is that for t > tq and q > 0, we have
Di(19f(t)) = f(t), which means that R-L fractional differentiation operator is a left inverse to the R-L

[fractional integration operator of the same order q.

Definition 3. ([4]). The Caputo fractional derivative of order q with the lower limit 1y for a function
f : [to,00) — R can be written as

1 t
/ (t — )=V (g)ds = T fM() t > tg,n—1 < g <n.

D= I'(n—q) J;

Obviously, Caputo’s derivative of a constant is equal to zero.
We shall state some properties of the operators /* and “D®.

Proposition 4. ([4,15]) For o, B > o and f as a suitable function, we have
(i) 1°IPf(t) = TP f(1)
(ii) 1°I°f(t) = I°I°f(t)

(iii) 1%(f(1) + g(t)) = I*f(t) + I*g(1)
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(iv) 1°°Df(t) = f(t) — f(0),0 < a <1
(v) DI f(t) = f(t)
(vi) “D*f(t) = I'"Df(t) = 1= f'(t),0 <a <1,D =g
(vii) <D® ¢DPf(t) # D@+ f(¢)
(ix) <D ¢DP f(t) # <DP cD* f(t)

In [7], Balachandran and Trujillo observed that both the R-L and the Caputo fractional differential
operators do not possess neither semigroup nor commutative properties, which are inherent to the
derivatives on integer order. For basic facts about fractional integrals and fractional derivatives one
can refer to the books [4,6,9].

Definition 5. For a given T' € (ty, 00), a stochastic process {x(t),to —r < t < T'} is called a solution
to the Equation (1) in (Q, P,{F;}), if

(i) x(t) is F;-adapted.

(ii)x(to + s) = ¢(s) when s € [—r,0], and

z(t) = g(t,z)+ g [ig(tz,xt )(bi(r;) — 1) Aﬁlbj(@) + ﬁl bi(7) [¢(o) — glto, ¢)]
+if[ bﬁgz)){ /< i(cz $)° " A(s, 2)a(s)ds |
+ﬁ /C:(t — 5)* L A(s, 2)x(s)ds )
+ Ei;li[ ol i(g — ) (s, ds)
+ﬁ /C:(t - S)a_lf(s,xs)ds} T (®). FE o, T]

where Hf:z bi(1;) = br()bk—1(Th=1).-.bi(7:), Tli—, () = 1 as m > n and 14(.) is the index

j=m
function, i.e.,
1, if te A
0, if t¢ A
Lemma 6. (Krasnoselskii’s Fixed point theorem). Let X be a Banach space, let E be a bounded closed

convex subset of X and let S, U be maps of E into X such that Sx + Uy € FE for every pair v,y € E. If
S'is a contraction and U is Completely continuous, then the equation Sx + Ux = x has a solution on E.
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3. Existence Results

In this section, we discuss the existence of the solutions of the system (1). Before stating and proving
the main results, we introduce the following hypothesis.

(H,) The function f satisfies the Lipschitz condition and there exists a positive constant L; > 0 such
that for z,y € C'and t € [1,T],

f(t20) = F{E wo)ll < Lz —yll.
(Hy) The function g is continuous and there exists a constant Ly > 0 such that

[lg(t, 2)]] < Lo

(Hs) A:J x R" — B(R") is a continuous bounded linear operator and there exists a constant Lz > 0
such that
1A, ) — A, )| < Lalle —yll,

forall z,y € R".

(H,) The functions f and A are continuous and there exist a non-negative constant k such that
F O <k LF(E 2] < Lafl=]| + &
1A O)I| < K, [[A(, @) < Lall]] + k.
(Hs) max; { Hf:z ||bj(7-j)||} is uniformly bounded. (i.e.) there is a B > 0 such that
k
m%X{H |ybj(7j)||} <BNr€D;j=12..
J=1
(Hg) There exists a constant N > 0 such that

ma {[lg(t, 20 (bi(m) = DI} < V.

Theorem 7. Under the hypotheses (H,) — (Hg), there exists a solution for the equation (1) if

(T —t)*

Faen {1 BHer + b (Lur+ B+ Lo+ BN + Bl[60) = g(t0,0)[) <7 )

and

(T —t9)”

ot T max{1,B}[2L3r+k+L1] <1 4)
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Proof: Let 7" be an arbitrary positive number ¢y < 7" < oo. Let us define an operator P : [' — I

as follows:
Px(t) = ¢t —ty), t€ [to—r,to)
and
Pa(t) = otz + 3 [3ottom) () =) T () + [0 [900) —olto.0)]
LILES T Gi
+2Hbf]‘2a])){/< (G = )" Als, @) (s)ds }
! t L A(s, z)x(s)ds
m/g@ §)* A(s, 2)a(s)d
kE ok by(r; G .
+Z;];[ FEQ)){/C¢—1(Q 5) f(S {L‘s)ds}
1 t ol
+m /Ck(t - S> f(S,ZES)dS} I[Ck7Ck+1)<t>7 le [t[);T]

Let B, = {m el:|z| < r}
We define the operators .S and U on B, as

(cb(t — to) t €[ty —r,to]

e | S T B3 S (G = 9)7 Al @)a(s)ds
Sx(t) = —fc (t — 8)*LA(s, x)z(s)ds

+ XTI S (G = )7 (s )ds |
|t m ka (t—s)* 1f(s,a:s)ds} Ticecron) (1), t € [to,T]
and

(6t — to) EE [t — 1 to]
Un(t) = { gltee) + 2 | T gltw)(bi(m) = DT bi(5)

|+ T b1(7) [6(0) = gk, 6) 1] T 8) t€ [to, T]

Next, we have to prove that S + U has a fixed point in B,.
The proof is divided into three steps.

Step I: To prove Sx + Uy € B,,forall x,y € B,.
For x,y € B,, consider,

|Sz+ Uyl = Hi[iﬁ (o) /_ (G — 8)* TA(s, x)x(s)ds
/ (t —s)* 1 A(s, ) ds—i—Zﬁblia / (G —8)* M f(s,x4)ds

=1 Jj=t Cl

1 Oé
F—/ 1f (s $S)d5][[4k Ck+1)<t)
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IN

IA

IA

IN

+9(t ye) + Z [Zg tis Y ) ( —1) H b;(75)

k=0 =1 j=i+1
k

+TTBEO - glto, )| L. O]
(9] k k
lott. )l + 3 |2 gt ) tm) = DI TT b))

k= i= j=i+1

k
+ T IBIlIo(0) - gt >H} e (1)

Z[ZH”?Q L[ (G = sy, o)1 et s

1 t .

+W /Ck<t —5)* Y| A(s, 2)|| ||a:(s)||ds]]<k o (D)
G bi(T;

+Z[ H“ T H — )% f (s, z4)||ds
k=0 i=1 j=1

1 t a
vl A e rds}fm o)

L2+mgx{i||9(tuyt)[b () = ]|} max { II Iyt I

Jj=t+1
k

+ e { [T 141 }1000) = gtt0. )
{1 H||b o} [ (= oAl fe(s)las
e Hnb o} [ (= s a o

L2+NB+BH¢>( )= glt0, )]
gy {18} [ =9 [1A.0) = Al 0] + A 0)1] (o) s

+r<1a> max {1, B / = 5 145 — £, 00 + 1 0] ds

(t = 5)°7 [ Lalall + k] [la(s) s

mgX{LB XE s)o"l[LlﬂxH + k} ds

22
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Now,
E|(Sz+Uy)(t)| < La+ B(N + E|[¢(0) — g(to, ¢)|I)

+F(104) nil’%x {1, B} /t:(t — 8)(171 [L3EHIL’“ + k] El|z(s)||ds

Ll hax {1, B} /t:(t — g)e! [L1E||x|| + k] ds

() ik
sup E[(Sz+Uy)(t)| < L2+ B(N+ sup E|¢(0) — g(to, 9)]l)
to<t<T to<t<T
1 t
+ max{l,B}/(t—s)o‘_l[Lg sup E||x||+k:} sup E|lz(s)||ds
['(a) ik to to<t<T to<t<T

1 t
+ max{l,B}/ t—s O‘_l[L sup Fllx —I—k:}ds
Ty "8 to( ) 1 Sup ]

Ly + B(N +|¢(0) — g(to, 9)|)

N (g(’(;fOi; max {1, B} [(Lgr k) + (L + k;)}

Therefore, by Equation (3) || Sz +Uy|| = sup;s,, E||Sz+Uy| < r, which means that Sz +Uy € B,.

IN

Step II: To prove S is a contraction on B,..
Letz,y € B,.

Consider,

-
o b;(75) N a1 B

+zzl}_[z F(O{) /Cz‘1 (CZ S) [f(S,l’s) f(svys>] dS
1 t a1

+m /C‘k <t S) [f(s’ :L‘S) o f(S, ys)]ds} I[Ck,CkJrl)(t)-

Then,
[Sz(t) — Sy(®)|l

e i e Gi
< Y [T [ (6= o [lata)ats) - us)l + (4G, ) — Al g)o(s) s

k=0 =1 j=i Gi—1
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+2 [ZH Lita T(a) Ci—s)“‘l[\lﬂs,ws) — f(s,ys)|l]ds

k=0 =1 j=¢ Gi1

1 ¢ a1
m/@c(t — ) f(s,25) — f(s,ys)||}ds] i coun) (1)
< —max{ HHb T H}/ — )" HIIA(s, 2) (@(s) — y(s))|| + | (A(s,z) — A(s, y))y(s)|]ds
+—max{ HHb 7 H}/ (t = )" 1 £(5,30) — (5, 00)llds
< ﬁrgggx{w} [ =9 [(hallel + Ble(s) = ) + Lol ol s
Fra L e} [ - [Late s
Therefore,

sup El|(Sz(t) - Sy(t)| < Lmax{l,B} / t{(t—sw*[(Ls sup Elfz], + k) x

to<t<T [(a) ik o to<t<T

sup_Ela(s) = y(s) s+ Ls_sup_Elle =yl sup Ely(s)],| }ds
to<t<T to<t<T to<t<T
L {1 B}/t(t ) sup Elle —ylld

max < 1, —s su x —1Yl||sds

[(a) ik to togtET Y
(T — to)°
max 41, B} |2Lsr +k+ Li| sup Ellx — yl;.

T(o+1) { }H2Ls 1] toStIS)T | ylle

Thus,

{% max{l,B}[QLg?"—{—k‘i'Ll}}Hx_?/H

15(t) — Sy(8)]]
Therefore, by Equation (4), S is a contraction.

Step III: To prove that U is a completely continuous operator.
For that, first we prove that U is uniformly bounded.
For any t € [ty, T, consider

[Uz@)] < Hg(t,wt)H+2[Zl\g(tuwti)(@(n)—1)H L1 lioi(m)l

j=i+1

+ TL 1B NI60) = g(to. D) T (0
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Therefore,

=

swp BV < L+ max { 3 lg(ts 2 i) = 1l s { IT st}

tost<T Jj=i+1

=

+m]?x{HHbi(n)|l} sup E|o(0) — g(to, 9)||

to<t<T

< L+ B(N+ suwp E[6(0) - glto. o)l

to<t<T

That implies that, |Uz(t)|| < Lo + B(N +116(0) — glto, ¢>>H)-
This yields that U is uniformly bounded.
Next, we have to show that {U rT:x € BT} is equicontinuous.
Letz € B, and let ty < t; < t5 < 7T, then we have

Ux(ty) — Ux(ty)

= |gltz,a) + i [gg@% 71)(bi() = 1) H by(7;) + Qbmw — 9(t0, )| T o (82)
—[g<t1,xt1>+§[gg@u,xth () = 1) Hb ) H (7)[6(0) = gt O] i (1)
= gltas,) — g(tr21,) +§;[; t%,xt%)(bi(n)—1)jzlilbj(fj)
+ li bi(T, = g(to, ¢)]} Uichcern (B2) = Tighcu (01) |
+:O[é (bais 213,) — 9105 20,,)] (i(72) = 1) ':ﬁlbj(fj)}f[ck,ckm(tl)
Then _
1Uz(tz) =Uz(t)l < lg(t2 2i) — g(tr we) || + [ Ll + | 2] (5)

where,

BlL| < E(mgX{ng(t%xtgi)( bi() = D)  max { 11 i I

Jj=i+1

+max { [T 11} 19(0) = gt 9 Ui (t2) = T (1))

IN

BN + B(16(0)  9(t0, 8))) Bl t2) ~ T, (0)
— 0asty — (6)
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=

ElL) < B (mpx {301 lota o) - ot a0) 10:(2) = DI}

max{ H 16 (7 ||}][Ck Ck+1)(t1)>

Jj=i+1

< Bmax { ZE(H (tai, T4y,) — g(t1s, m4,,) [(0i(73) — 1)”)}

—0asty =t (7)
From the Equations (6) and (7), the right hand side of the Equation (5) — 0 as o — ;.

|Ux(ty) — Ux(ty)|| = sup E||Ux(ts) — Ux(t1)|| — 0
to<t<T
as
to — 1.

Thus, U is equicontinuous.

4. Example

Let 7, be a random variable defined in D, = (0,dy) for all £ = 1,2,... where 0 < dj < oc.
Furthermore, assume that 7; and 7; be independent with each other as 7 # j for7,j = 1,2, ...

Consider, the following fractional differential equation with random impulses of the form:

¢ o (x(w - (;gggmix) — Lsina(t)a(t) + fy 25, t € [to, T), ¢ # G
x(Ck) = p(k)(7k>$(Clg_)> k=12, .. &)
Ty = ¢
It is easily seen that the functions f,g and A satisfies the assumptions and clearly, we have
Ly = Ly =Ly =k =3
Moreover the assumptions (H5) and (Hg) are satisfied.

Further, if » = 1, from the above facts, in view of Theorem (3), we conclude that the Equation (8) has
a solution on [tg, T'], provided that the inequalities:

KT — ty)° 1

STy LB+ g+ BV +1160) — glto,0)l) <1 ©)
and

A(T — to)™

—9F(a—i— 1 maX{l,B} <1 (10)

are satisfied.
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