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Lemma S1. Under C.1-C.4, ∥gk(β)∥ = Op(n

−1/2
k ) and ∥ġk(β0)∥ = Op(1).

Proof. Without loss of generality, independent correlation structure and canonical link is consid-
ered. The true correlation matrix is approximated by A−1/2 M1 A−1/2. Under canonical link, if we
assume the scale parameter equals 1, then ∂µk,i(β)/∂β = Ak,iXk,i. Let X̃k,i = XO

k,i(r) for all r, the
submatrix of Xk,i(r) with columns consist of observed covariates.

By C.4,

1
nk

nk∑
i=1

gk,i(r)(β0) =
1
nk

nk∑
i=1

X̃T
k,i A

1/2
k,i M1 A−1/2

k,i (Yk,i − µk,i(r)(β0))

=
1
nk

nk∑
i=1

X̃T
k,i A

1/2
k,i M1εk,i +

1
nk

nk∑
i=1

X̃T
k,i(r) A1/2

k,i M1 A−1/2
k,i (µk,i(β0) − µk,i(r)(β0))

=
1
nk

nk∑
i=1

X̃T
k,i A

1/2
k,i M1εk,i + op(n−1/2

k ).

By Chebyshev’s inequality and C.1-C.3, ∥1/nk
∑nk

i=1 X̃T
k,i A

1/2
k,i M1εk,i∥ = Op(n−1/2

k ). Also, K and
number of imputations are both finite, implying nk = O(n). Therefore, ∥gk(β)∥ = Op(n−1/2).

Because each element of ġk(β0),

1
nk

nk∑
i=1

ġk,i(r)(β0) =
1
nk

nk∑
i=1

XT
k,i(r) A1/2

k,i M1 A−1/2
k,i X̃k,i

Q̇

Q̈

Q̇

is bounded in probability by Law of Large Number, C.1-C.2, and the finite number of imputa-
tions. It follows that ∥ġk(β0)∥ = Op(1). □

Lemma S2. Let Qk(β) = gk
T (β)T Ck(β)−1gk(β). Under C.1-C.4, we have

k(β0) = 2ġk
T (β0)Ck(β0)−1gk(β0) + op(1)

and

k(β0) = 2ġk
T (β0)Ck(β0)−1 ̇gk(β0) + op(1).

Proof. By C.3 and Law of Large Number, we have ∥Ck(β0)∥ = Op(1). Thus,

k(β0) = 2ġk
T (β0)Ck(β0)−1gk(β0) + gk

T (β0)Ċ k(β0)−1gk(β0)
= 2ġT

k (β0)Ck(β0)−1gk(β0) + op(1),

where Ċk(β0)−1 is a three-dimensional array and is bounded in probability. Similarly, we can
show that

Q̈k(β0) = 2ġT
k (β0)Ck(β0)−1ġk(β0) + 4ġT

k (β0)
∂Ck(β0)−1

∂β
gk(β0)

+ 2g̈T
k (β0)Ck(β0)−1gk(β0) + gT

k (β0)C̈k(β0)−1gk(β0)

= 2ġT
k (β0)Ck(β0)−1ġk(β0) + op(1).

□
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Proof of Theorem S1
Proof. It suffices to prove that for any ϵ > 0, with probability at least 1 − ϵ, there exist a constant 
Cϵ such that a local minimizer exists within the ball

{β0 + n−1/2u : ∥u∥ < Cϵ }.

Let Qk = gk(β)T Ck(β)−1gk(β), where Ck(β) = 1/nk
∑nk

i=1 gk,i(β)gT
k,i(β). We notice that Q(β) =∑K

k=1 Qk(β) since C is a block-diagonal matrix.
By Taylor expansion,

S (β0 + n−1/2u) − S (β0) = Q(β0 + n−1/2u) − Q(β0) +
p∑

j=1

[
pλn(|β0 j + n−1/2u j|) − pλn(|β0 j|)

]
=

K∑
k=1

[
Qk(β0 + n−1/2u) − Qk(β0)

]
+

p∑
j=1

[
pλn(|β0 j + n−1/2u j|) − pλn(|β0 j|)

]
≥

K∑
k=1

[
Qk(β0 + n−1/2u) − Qk(β0)

]
+

∑
j∈A

[
pλn(|β0 j + n−1/2u j|) − pλn(|β0 j|)

]
= I1 + I2.

We further expand I1 by Taylor expansion

I1 =

K∑
k=1

[
Qk(β0 + n−1/2u) − Qk(β0)

]
=

K∑
k=1

n−1/2uT Q̇k(β0) +
K∑

k=1

1
2

n−1uT Q̈k(β0)u +
K∑

k=1

1
6

n−
3
2
∂

∂β

{
uT Q̈k(β∗)u

}
u

= I11 + I12 + op(n−1),

where β∗ is an intermediate value between β̂ and β0.
By Lemmas S1 and S2,

∥I11∥ ≤

K∑
k=1

n−1/2
∥∥∥2uT ġT

k (β0)Ck(β0)−1gk(β0) + op(1)
∥∥∥ = Op(n−1)∥u∥

and

∥I12∥ ≤
1
2

K∑
k=1

n−1
∥∥∥2uT ġT

k (β0)Ck(β0)−1ġk(β0)u + op(1)
∥∥∥ = Op(n−1)∥u∥2.

By C.6,

I2 =
∑
j∈A

[
pλn(|β0 j + n−1/2u j|) − pλn(|β0 j|)

]
=

∑
j∈A

n−1/2u j p′λn
(|β0 j|)sign(|β0 j|) +

∑
j∈A

1
2

n−1u2
j p
′′
λn

(|β0 j|) + op(n−1)

= I21 + I22.
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Notice that

|I21| ≤
∑
j∈A

∣∣∣n−1/2u j p′λn
(|β0 j|)sign(β0 j)

∣∣∣ ≤ max
j∈A
{p′λn

(β0 j)}
∑
j∈A

|n−1/2u j| ≤ op(n−1)∥u∥

and

I22 ≤ max
j∈A
{p′′λn

(|β0 j|)}
1
2

n−1∥u∥2 = op(n−1)∥u∥2.

By choosing sufficient large ∥u∥, I1 + I2 will be dominated by I12, which is positive. Thus,
S (β0 + n−1/2u) − S (β0) > 0.

□

Proof of Theorem S2
Proof. To prove sparsity, it suffices to prove that there exist M0  > 0 such that for an y j ∈ N ,

∂S (β̂)
∂β j

> 0,when 0 < β̂ j < M0n−1/2

∂S (β̂)
∂β j

< 0,when − M0n−1/2 < β̂ j < 0.

By Taylor expansion,

∂S (β̂)
∂β j

=
∂Q(β̂)
∂β j

+ p′λn
(|β̂ j|)sign(β̂ j)

=
∂Q(β0)
∂β j

+

p∑
l=1

∂2Q(β0)
∂β j∂βl

(β̂l − β0l)

+

p∑
l,k=1

∂3Q(β∗)
∂β j∂βl∂βk

(β̂l − β0l)(β̂k − β0k) + p′λn
(|β̂ j|)sign(β̂ j)

= I1 + I2 + I3 + I4,

where β∗ is an intermediate value between β̂ and β0.
By Lemma S2, ∥I1∥ = Op(n−1/2). By the Cauchy-Schwarz inequality and Therorem 1, we have

∥I2∥
2 ≤ ∥Q̈(β0)∥2∥β̂ − β0∥

2 = Op(n−1)

and ∥I3∥ = op(n−1/2).
Because λn → 0 and λn

√
n/an → ∞,

I4 = λn{p′λn
(|β̂ j|)/λnsign(β̂ j)}

dominates I1, I2, and I3. Therefore, ∂S (β̂)/∂β j has the same sign as β̂ j. This finishes the proof of
sparsity.

Next we prove the asymptotic normality. By the Taylor expansion,

∂S (β̂)
∂βA

=
∂Q(β0)
∂βA

+
∂2Q(β0)
∂βA∂βT

A

(β̂A − β0A) + P′λn
(|β0A|)sign(β0A) + P′′λn

(|β0A|)(β̂A − β0A) + rn,
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where P′λn
(|β|) is a vector consisting of p′λn

(|β|) and P′′λn
(|β|) is a diagonal matrix consisting of

p′′λn
(|β|). Because β̂ is a local minimizer, indicating that ∂S (β̂)/∂βA = 0, we obtain

√
n(β̂A − β0A) = −

√
n
[
∂2Q(β0)
∂βA∂βT

A

+ P′′λn
(|β0A|)

]−1 [
∂Q(β0)
∂βA

+ P′λn
(|β0A|)sign(β0A) + rn

]
.

By the definition of SCAD penalty, P′′λn
(|β0A|)

p
→ 0,

√
nP′λn

(|β0A|)
p
→ 0, and

√
nrn

p
→ 0. By

Lemma S2,

√
n
∂Q(β0)
∂βA

= 2
√

n
∂g(β0)
∂βA

C(β0)−1g(β0) + op(1).

By C.6 and Law of Large Numbers, C(β0)
p
→ Σ, ∂g(β0)/∂βA

p
→ H, and

√
ng(β0)

d
→ N(0,ΣΩ).

By C.6, Slutsky’s Theorem, and continuous mapping, we have

√
n
[
∂Q(β0)
∂βA

+ P′λn
(|β0A|)sign(β0A) + rn

]
d
→ N(0, 4HΣ−1ΩHT ).

Similarly, we can show that

∂2Q(β0)
∂βA∂βT

A

+ P′′λn
(|β0A|)

p
→ 2HΣ−1HT .

ˆ → □
Again, by Slutsky’s Theorem, 

√
n(βA − β0A) 

d 
N(0, V), where V = (HΣ−1Ω−1HT )−1.

Proof of Theorem S3 ˜ ˜˜˜ ˜Proof. We use the similar notation as Theorem S2 with Ṽ = (HC̃−1Ω−1HT )−1. It suffices to prove 
that HC−1HT ≥ HC−1HT . Because V̂ and Ṽ are block-diagonal matrices, we have

HC−1HT =

K∑
k=1

HkC−1
k HT

k

and

H̃C̃−1H̃T =

K∑
k=1

H̃kC̃−1
k H̃T

k .

Obviously, HC−1HT ≥ H̃C̃−1H̃T will hold if, for any k, HkC−1
k HT

k ≥ H̃kC̃−1
k H̃T

k .
Let Gk(β) = (gk,1(β), . . . , gk,nk

(β)). Then, we reordering the row of Gk(β) by letting Bk be a
matrix such that BkGk(β) = (GT

k1(β),GT
k2(β))T , where Gk1(β) are the estimating equations con-

structed based on complete cases and Gk2(β) are the remaining estimating equations. We make
the following transformation

Gk20(β) = Gk2(β) −
[

1
nk

Gk1(β)GT
k2(β)

] [
1
nk

Gk1(β)GT
k1(β)

]−1

Gk1(β).
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It follows that Gk1(β)GT
k20(β) = 0. Let Uk be a matrix such that UkGk(β) = (GT

k1(β),GT
k20(β))T .

Define HkUT
k = (H̃k, H̃k2). Thus

HkC−1
0k HT

k = HkUT
k

[
UkCkUT

k

]−1
UkHT

k

= H̃kC̃−1
k H̃T

k + H̃k2C̃−1
k2 H̃T

k2,

where C̃k2 = 1/nkGk20(β)GT
k20(β). The last equality is because

UkCkUT
k = Uk

[
1
nk

Gk(β)GT
k (β)

]
UT

k .

Note that H̃k2C̃−1
k2 H̃T

k2 is a positive semidefinite matrix. Thus, HkC−1
k HT

k ≥ H̃kC̃−1
k H̃T

k . □

Lemma S3. Under D.1, ||Q̈k(β0) − E{Q̈k(β0)|| = Op(p3
nn
−1).

Proof. By D.1 and Chebyshev’s inequality, for any ε > 0,

P
(∥∥∥Q̈k(β0) − E{Q̈k(β0)}

∥∥∥ ≥ ε
pn

)
≤

p2
n

ε2 E
(∥∥∥Q̈k(β0) − E{Q̈k(β0)

}
∥2

)
=

p2
n

ε2 E

 pn∑
i=1

pn∑
j=1

[
∂2Qk(β0)
∂βi∂β j

− E
{
∂2Qk(β0)
∂βi∂β j

}]2


= Op(p4
nn−1).

□

Proof of Theorem S4
Proof. The proof is similar as Theorem S1. It suffices to prove that for any ϵ > 0, with probability 
at least 1 − ϵ, there exist a constant Cϵ such that a local minimizer exists within the ball

{β0 + p1/2
n n−1/2u : ∥u∥ < Cϵ}.

We first notice that by D.2,

p
3
2
n n−

3
2

∥∥∥∥∥ ∂∂β {uT Q̈k(β∗)u}u
∥∥∥∥∥ = p

3
2
n n−

3
2

∥∥∥∥∥∥∥
pn∑

i, j,k=1

∂3Q(β)
∂βi∂β j∂βk

uiu juk

∥∥∥∥∥∥∥
≤ p

3
2
n n−

3
2

∥∥∥∥∥∥∥
pn∑

i, j,k=1

M2

∥∥∥∥∥∥∥
1/2

∥u∥3

= op(pnn−1)∥u∥3.

Thus, by Taylor expansion,

S (β0 + p1/2
n n−1/2u) − S (β0) ≥

K∑
k=1

p1/2
n n−1/2uT Q̇k(β0) +

K∑
k=1

1
2

pnn−1uT Q̈k(β0)u

+
∑
j∈A

p1/2
n n−1/2u j p′λn

(|β0 j|)sign(|β0 j|) +
∑
j∈A

1
2

pnn−1u2
j p
′′
λn

(|β0 j|) + op(pnn−1)

= I11 + I12 + I21 + I22.
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By D.1, ∥I11∥ = Op(pnn−1)∥u∥. 
From Lemma S3,

I12 =

K∑
k=1

1
2

pnn−1uT
[
Q̈k(β0) − E{Q̈k(β0)}

]
u +

K∑
k=1

1
2

pnn−1uT
[
E{Q̈k(β0)}

]
u

=

K∑
k=1

1
2

pnn−1uT
[
E{Q̈k(β0)}

]
u +

1
2

op(pnn−1)∥u∥2.

|I21| ≤
∑
j∈A

|p1/2
n n−1/2u j p′λn

(|β0 j|)sign(β0 j)| ≤ max
j∈A
{p′λn

(β0 j)}
∑
j∈A

|p1/2
n n−1/2u j| ≤ op(pnn−1)∥u∥

and

I22 ≤ max
j∈A
{p′′λn

(|β0 j|)}
1
2

pnn−1∥u∥2 = op(pnn−1)∥u∥2.

By choosing sufficient large ∥u∥, I11 + I12 + I21 + I22 will be dominated by I12, which is positive.
Thus, S (β0 + p1/2

n n−1/2u) − S (β0) > 0.
□
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