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1. Introduction

In this paper, we investigate the Cauchy problem for a G3CH equation given in Ref. [1].
as follows:

U = —0px + Uxq + %uqx — %u(pxrx — pr),
Ut = 20qx + Uxg,
Wy = Vry + wxq + %wqx + %w(pxrx —pr),

1
U=P = Pxx, W =Txx — 1, ()
v= %(qxx —4q + pxxTx — TxxPx +3px — 3pry)
u(x,0) = up(x),v(x,0) = vo(x), w(x,0) = wo(x),t >0, x € R.

Based on the following spectral problem

1 0 10
px=Up, ¢=1| ¢ |,U=]| 1+Av 0 u |,
¢3 Aw 0 0

recently, Geng and Xue [1] proposed a new three-component Camassa—Holm system
with N-peakon solutions (1). Here u, v, w are three potentials and A is a constant spectral
parameter. It was shown in [1] that the N-peakon solitons of the system (1) have the form

N

p(x,t) = ¥ pj(t)e i),
j=1
N

g(x,t) = 3 q;(t)e 20,
=1

N
r(x,t) =Y rj(t)e’|x*xf(t)|,
=1

where pj, g;, 7j, and x; evolve according to a dynamical system (1). In Ref. [1], with the
aid of the zero-curvature equation, they derived a hierarchy of new nonlinear evolution
equations and established their Hamiltonian structures. Also, they demonstrated that (1) is
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exactly a negative flow in the hierarchy and admits exact solutions with N-peakons and an
infinite sequence of conserved quantities.
When p = r = 0, the system (1) becomes

1
up = 2uy +itxq, U= 5 (qxx —49)- 2)
Using an appropriate scaling i(x,t) = u(%,%), §(x,t) = —q(%,t) and using (2),
one has
4 20§ + @Gy = 0, @ = § — G, 3)

which is nothing but the famous Camassa—Holm (CH) equation [2]. (3) models a one-
dimensional unidirectional propagation of shallow water waves over a flat bottom under
the influence of gravity, and ii(t, x) represents the fluid velocity at time f in the horizontal
direction x. It is a well-known integrable equation describing the velocity dynamics of
shallow water waves. Dropping the symbol 7, (3) reduces

ur+2uq+uqgy =0, U =g — qGxx, (4)
In the case of the CH Equation (4), there are two local Hamilton structures [3] given by

0H» 0H;
qt 0 (5q 1 (517 ’

By = —0x + 05 = —L,B; = —(q0x + 0+9),
1 1
Hy = > /(u3 + uu?)dx, Hy = 2 /(u2 + u?)dx,

with ¢ = u — uyy, whose compatibility was known in [4]. In [2], Camassa and Holm
showed that (4) has peaked solitary wave solutions (peakons) u(t,x) = ce~ =t which
have a discontinuous first derivative at the wave peak, in contrast to the smoothness of
most previously known specious of solitary waves, and thus are called peakons. Also, (4)
has the multi-peakon solutions

u(t, ) = Y- pi(t)e om0,

i=1
where p;(t) and g;(t) satisfy the Hamiltonian system

@ = L pipjsgnlai - gp)e” 11l = g,
jAi

dgi _ o lai—qjl—lgi—a| — oH
= %:p]e i—4j i = op’

with the Hamiltonian

n
H= % Z pl.p].e_‘q:'_%‘.
i,j=1
The CH Equation (4) is integrable in the sense of an infinite-dimensional Hamiltonian
system and arises as a model for shallow water waves [2,5]. Indeed, the CH Equation (4)
and its bi-Hamiltonian structure were earlier established by Fokas and Fuchssteiner [6].
Moreover, it also used to describe small amplitude radial deformation waves in cylindrical
compressible hyper-elastic rods [7]. The local and global well-posedness of the Cauchy
problem of the CH Equation (4) have been extensively investigated in [8]. It was shown
that there are strong solutions to the CH Equation (4) [8] and finite time blow-up strong
solutions to the CH Equation (4) [8,9]. The existence and uniqueness of global weak
solutions to the CH Equation (4) were studied in [10,11]. Recently, the well-posedness, the
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scattering problem, and some qualitative properties for the CH Equation (4) were studied in
Refs. [12-19] and the references therein.

Due to the singularity of strong solutions in finite time, we are forced to study weak
solutions. In particular, in order to go beyond the breaking wave (i.e, the wave profile
remains bounded but its slope becomes unbounded in finite time) [8,9], if one considers a
global weak solution, it is natural to consider Holder a continuous solution, for instance,
the H! solution for CH (4). It is well known that there are two methods to deal with
the global existence of weak solutions to CH (4). One method is the vanishing viscosity
technique, see Refs. [10,11]. The other method is to introduce a new semi-linear system
on new characteristic coordinates, see Refs. [8,9]. It is worth mentioning that Zhang
et al. [12] investigated the global energy conservation solution for (4). More precisely,
using both the lower order and the higher order energy conservation laws, as well as the
characteristic method, they established the global existence and uniqueness of the Holder
continuous energy weak solution to (4) in the energy space H' (R) x W2N(R). Also, they
demonstrated that a very natural and interesting problem is to study how the regularity of
solution changes with respect to N. Namely, they established Holder continuous energy
weak solutions with the exponent 1 — ﬁ This improves the contributions in the literature
in [20,21].

Quite recently, using the Littlewood-Paley theory and transport equations theory, Luo
and Yin [22] proved the local well-posedness of the G3CH Equation (1) in Besov spaces Bj, .
with p,r € [1,00], s > max %, %} Also, they established two blow-up criteria which, along
with the conservation laws, enable us to study global existence. Moreover, when the initial
data satisfy some certain sign conditions, they obtained a global existence result. Finally,
they verified that the system possesses peakon solutions.

On the other hand, one of the most popular generalized systems is the following
integrable two-component Camassa—Holm shallow water system (2CH) [13]:

my + umy + 2uxm +kppy =0, m = (1 — 02)u,
pt + (up)x =0, 5)
m(x,0) = mo(x),p(x,0) = po(x).

There are many research results with respect to 2CH (5) [14,23-27], such as the blow-up
of solutions, the well-posedness of solutions, the existence of weak solutions, the global
solutions of the Cauchy problem, and wave-breaking criteria. In [14], Yan and Yin first
proved the local well-posedness of the 2CH (5) in the Besov spaces. Then, under certain
conditions on the initial data, they established the global existence and the finite lifespan.
Also, in the case of finite time singularities, they demonstrated the precise blow-up scenario
for breaking waves. In [23], they established the local well-posedness and precise blow-up
scenarios for strong solutions for the 2CH (5). In [24], Guan and Yin investigated the global
existence and blow-up phenomena for 2CH (5). Also, a new global existence result and
several new blow-up results of strong solutions to the system are presented. Their obtained
results for the system are sharp and considerably improve earlier results, such as [13]. In
[25], in the sense of weakness, they proved the existence of a global weak solution to 2CH (5)
given the initial data satisfying some certain conditions, which improves the earlier result,
such as [24]. It is worth mentioning that Gui et al. [27] established the local well-posedness
for the two-component Camassa-Holm system in a range of the Besov spaces and derived
a wave-breaking mechanism for strong solutions. In addition, they determined the exact
blow-up rate of such solutions to 2CH (5), which improves the earlier result, such as [26].

Another one is the modified two-component Camassa—Holm system (M2CH) [28]

my + umy + 2uym +kpp, =0, m = (1 —02)u,
o+ (up)x =0, p = (1~ 2)(7 — 7o), ©)
m(x,0) = mo(x),p(x,0) = po(x).
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There are lots of contributions concerning well-posedness, including local and global
well-posedness as well as blow-up phenomena results for M2CH (6) (see, for instance,
Refs. [29-33]). In [29], using the viscous approximation technique, they established the
existence of global-in-time weak solutions for the Cauchy problem of M2CH (6). The key
elements in their analysis are the Helly theorem and some a priori one-sided supernorm and
space-time higher integrability estimates on the first-order derivatives of approximation
solutions. In [30], Tan and Yin first proved the existence of global conservative solutions to
the Cauchy problem for M2CH (6). Then, they demonstrated that these global solutions,
which depend continuously on the initial date, construct a semigroup. This improves
the contributions in the literature in [20]. In [32], introducing a new set of independent
variables, they transformed M2CH (6) into a semilinear system. To obtain a dissipative
solution, they modified the corresponding system into a discontinuous system. Then, they
mapped the solution of system to the dissipative solution of original equation. Furthermore,
they proved that these global dissipative solutions construct a semigroup. This improves
the contribution in the literature in [31].

The analyticity of solutions to Euler equations of hydrodynamics has been studied
extensively. It was initiated by [33,34] and later further developed in [35-39]. As mentioned
before, we know that the approach is based on contraction-type arguments in a suitable
scale of Banach spaces. It is well known that KdV solutions are analytic in the space variable
for all time (see Trubowitz [40]) but are not analytic in the time variable (see Kato and
Masuda [41], and Byers and Himonas [42]). However, the analytical properties of solutions
to the CH (4) are quite different from those of the KdV, studied, for instance, in Bona and
Smith [43]; Bourgain [44]; and Kenig, Ponce, and Vega [45,46]. For example, the Cauchy
problem for CH (4) is not globally well-posed since for certain initial data the first derivative
of the solution becomes unbounded in L* norm in finite time, see [2,47].

Concerning the analyticity of solutions, it is worth mentioning that Himonas and
Misiolek [48] considered the periodic Cauchy problem for the CH (4) with analytic initial
data and proved that its solutions are analytic in both variables, globally in space and
locally in time. Later on, Yan and Yin [49] investigated the periodic Cauchy problem for
the M2CH (5) with analytic initial data and proved that its solutions are analytic in both
variables, globally in space and locally in time. Quite recently, Yan and Yin [50] investigated
the higher dimensional Camassa-Holm equations
my + umy +u - Vm 4+ Vul -m + m(divu) =0, 7
{ u(x,0) = up(x). @

where the vector fields u = u(x,t) and m = m(x, t) are defined from RT x R to R? such
that m = (I — A)u or u = G * m with the Green function G for the Helmholtz operator
I — A. Also, the analyticity of solutions for (7) is proved in both variables, globally in space
and locally in time. A natural idea is to extend such a study to the G3CH systems (1).
We observe that the classical Cauchy—Kowalevski theorem does not apply to (1) since the
initial line t = 0 is characteristic. Thus, the novel result can be viewed as an extended
Cauchy-Kowalevski theorem for the nonlinear situation (1). To our best knowledge, the
analyticity of the Cauchy problem for (1) has not been studied yet. In this paper, we will
prove the analyticity of solutions to system (1) in both variables, with x on the real line R
and t in a neighborhood of zero, provided that the initial data are analytic R.

The rest of this paper is organized as follows. In Section 2, we obtain the analytic solu-
tions to the system (1) on the line R, and we present the proof of our results (i.e., Theorem 2).
In Section 3, we present the conclusions for our paper.

2. Analytic Solutions to the System (1)

In this section, we shall show the existence and uniqueness of analytic solutions to the
system (1) on the line R. Before proceeding to our analysis, we present some notations that
will be used throughout our paper.
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Let
PL=(01-3*)"1 pp=(4-022)"", P3=0,,

p = Piu, r = Pu,

g = Py(—w-PiPsu+u- P Psw) + 2P, (=P, Psu - Pyw + Pyu - Py Psw) — 2P0 = B(u, w) — 2P,v.

To further facilitate our analysis, we need to rewrite the system (1) in the following
non-local form:

u, = F(U),
{ U(x,0) = Uy, ®)
Here, U = (u,v,w)T, Uy = (ug, v, wp)T, and
F(U)
F(U)=| E(U) )
F(U)

where

F(U) = —v- Py Psu + P3u(B(u,w) — 2Pv) + %u(Per(u, w) — 2P, P3v)
—3u(—PyPyu - P Psw + Pyu - Piw),
FE(U) =2v- (P3B(u,w) —2P,P3v) + P3v - (B(u, w) — 2P,0),

F5(U) = —v - PyPsw + Psw(B(u, w) — 2P,P30) + 3w(P3B(u, w) — 2P0)
+%ZU(—P1P3L[ -PiPsw + Pyu - Pﬂﬂ)

Next, before stating the main result of this section, we first introduce the
following theorem.

Theorem 1 ([36,37]). Let (X, ||| - |||s),s > 0 be a scale of decreasing Banach spaces, such that for
any 0 < s’ <'s, we have X5 C Xy with ||| - |||s < ||| - |||s- Consider the Cauchy problem

up = F(t,u(t)),

u(0) = 0.

Let T, R, and C be positive numbers and suppose that F satisfies the following conditions:

(i) Ifforany 0 < s’ < s < 1, the function ¢ |— u(t) is holomorphic in |t| < T and
continuous on |t| < T with values in X; and sup |||u(t)|||s < R, then t | = F(t,u(t))
[{|<T
is a holomorphic functionon |t| < T with values in Xy.
(i) Forany 0 <s <s<1,andanyu,v € B(0,R) C X;, thatis, |||u]||s <R, |||7]||s < R,
we have
sup [[|[F(t,u) = F(t,0)[|lsy < —
H<T s—s

[ = ol[]s-

(iii) M > 0O exists such that forany 0 <s < 1,

M
1—s

sup [||F(t,0)][]s <
H<T

Then, Ty € (0, T) exists, along with a unique function u(t), which is holomorphic in
t < (1 —s)T, with values in X; for every s € (0,1) and is a solution to the above IVP.
We are now in position to state our main theorem.

Theorem 2. Let (ug,vo,wo)" be a real analytic function on R. Then, e > 0 exists, along with a
unique solution (u,v,w)T of the IVP (1) that is analytic on (—¢,e) x R.
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Now, we use a contraction argument to analytic solutions to the system (1). For that
purpose, we will need a suitable scale of Banach spaces. For any s > 0, we define the spaces

a:{uecwm:mmm:mmfkﬂﬂﬁl oo},
ren KU/ (k+1)2

where r > 1 is any fixed real number. It is obvious that E; equipped with the norm ||| - [|s
is a Banach space, and for any 0 < s’ < s, Es C Ey with |||u|||s¢ < |||u]||s. Note that any u
in E is real analytic on R.
Let
U s = Hlullls + ol + [zl ]s,

HEQD s = HF@)Hs + [[E2 (W) ]s + [[[Fs(U)[]s-

We will use Theorem 1 to prove Theorem 2. The conditions (i) and (iii) in Theorem 1
can be easily verified once our system (1) is transformed into a new system with zero
initial data as in (8). In order to verify Theorem 2, it suffices to let the system (8) satisfy the
following condition.

Proposition 1. Let R > 0; there is a constant C > 0 such that for any 0 < s’ < s < 1, we have

C
s—s'

[[|F(th) — F(Wa)|[|s < |t — Ua|]]s.
for any Uy and Uy in the ball B(0,R) C E;.

To establish Proposition 1, we need the following two lemmas:

Lemma 1 ([49]). Let 0 < s < 1; there is a constant C > 0, independent of s, such that for any f
and g in E;, we have

[ £8llls < ClIAIls gl s,
where C = C(r) depends only on r.

Lemma 2. Forany 0 < s’ <s <1, we have

1P Als < 111l (10)
1

11P2Als < 5 lI1A11 ay
1

11Psfllle < — 111Nl (12)

11PPs£ls < 1111l (13)
1

112 flls < g1l (14)

Proof. As for (10), (12), and (13), we can see Ref. [49] (p. 1119). Thus, we only prove (11)
and (14). For the proof of (11), it suffices to show that

1
10*Pof || pr(ry < Z”akf”H’(]R)-
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Indeed, -
19 Paf 13y gy = Jr(1+ Cz)’la"sz( )[2dg
Jo 0+ 155 F@)Pdg
< % fﬂ%( (1+¢%) Ié"f(é)lzdﬁ
= 16l19°f 1 )

For the proof of (14), it suffices to show that

10 PaPy | () < *IIa Flarw)
In a similar way, we have

1% PaPy 12 gy = S (1 + E2)7 1R PPy £(2)

= [p(1+22) |Wf(§)|2d§
i e (1427 §kf( )[2dE
L9112, g

This completes the proof of Lemma 2. O

H I/\

Next, by Lemmas 1 and 2, we prove Proposition 1.

Proof. It follows from (9) that
Fi(Uy) — Fi(Uz) = —vy1 - PyPsuy + Pauq (B(u1, wy) — 2P201)
+%u1(Pg,B(u1, ) 2P2P3’01) ( P1P3u1 P1P3w1 + P1Lt1 lel) (15)
+0y - P1P3u2 - P3u2(B(u2, ZU2) 2P202)
—3us(P3B(ua, w2) — 2PaPsv3) + 3ua(—Py Psuy - Py Pswy + Pyus - Prws),

FB(Uy) — B(Uz) = 20y - (P3B(uy, wy) — 2P2P3v1) + Psoy - (B(ug, wy) — 2P01) (16)
—21)2 . (P3B(Ll2, ZUZ) — 2P2P3'02) — P3’02 . (B(le, wz) — 2P2’02),

F3(Uy) — F3(Up) = —vy - PiP3wy + Pswq (B(uy, wy) — 2P, P3vq)

+3w; (P3B(uy, w1) — 2Pyv1) + 3wy (—Py Psuy - Py Pswy + Pruy - Prwy) (17)
+v2 - PyP3w;, — Pawy (B(uz, wz) 2P, P305)
—3wy(P3B(up, wy) — 2Pyv;) — 3wy (— Py P3up - PrPswy + Pruy - Pyws).

From (15), we have
[[F1(U1) — Fu(U2)||ls < [|[v1 - PrP3uy — 02 - PrPaus|||s + ||[Psua B(u1, w1) — Paua(B(ua, wo)l|[s
+2|[P3u1 Pyoy — PsuaPoy)| || + 31| P3B(u1, w1) — ua P3B(uz, w3) |||
+3|[|u1 P, P3v1 — up P, P30y ||s (18)
+%|||M1P1P3u1 - PyPswy — up Py Psuy - P1P3w2| | |s’
+3|[[ur Pruy - Pywy — upPrup - Pyws| ||
AN+ DL+L+ 1+ I+ I+ I
In what follows, using Lemmas 1 and 2, we shall to estimate I; in the right-hand side
of (18), respectively. O

Estimate I;. It follows from (13) and (18) that

11ls = [||v1 - PrP3uy — v - PyP3usl||

[|[(v1 — v2) PLPsus ||| + [||02P1 P3 (1 — u2)|||s
[[lo1 — o2||[s||[PLPsus|[]s + [[|o2|||s||[PLP3(u1 — u2)]||s
1o = o2l ls||[u1l]s + o2 ]s]| |1 — u2l|]s

<

<

<
C1 rR

< G (r,R)|||ur — Wyl < SR |Uy = W[]s.
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Observing

B(u,w) = P,(—w - PyPsu + u - PyPsw) + 2P, (— Py Psu - Pyw + Pyu - Py Psw),

and using Lemma 2 (i.e., (10), (11), and (13)), we arrive at

||B(u1,w1)|||s = |||P2(—wy - PyPauq + uq - PyPswy) + 2P (—Py Psuq - Pywy + Pyuq - PyPawy)|||s

< 3| = wy - PyPsuy +uy - PrPswn|||s +2||| — Py Psuy - Pywy + Pruy - Py Pyw |||s]
< w1 [|[s|[|PrPsun|[[s + | [ur|[[s]||Pr P3wn || |5 (19)
+2([[|PyPsu ||[s][|Pravr [|[s + [[|Prua || [s] || PLPswa |]s)]

[0 [[s T 15 + a5 [[0 [ []s +2([ a5 Tzon[Hs + [T ][ []]s))
e[ l]s [T [[1s,

B(u1,w1) — B(ug, wa) = Po(—wy - PrP3uy + uyg - P Pswy)
+2P2(—P1P3u1 . lel + P11/l1 . P1P3w1)
+Py(—wy - PyP3uy + uy - Py P3ws)
+2P2(—P1P3u2 . P1EU2 + P1u2 . P1P3ZU2) (20)
= —DPy(wy - P1P3uy — wy - Py P3uy) + Pa(uy - Py Pswy — uy - Py P3w;)
—2P,(PyP3uy - Pywy — PyP3uy - Pyws)
+2P(Pyuq - Py Pswy — Piug - Py P3w;)
EN++]3+ s

For [;, it follows from (20), Lemmas 1 and 2 (i.e., (11) and (13)) that

[1J1llls = ||| = P2(wq - PyPsuy — wo - PyPauy)||]s
< |Jwy - PyPsuy — wy - Py Psus||s
< 21(wy — wy) - PyPsus]||s + |||ws - Py P3 (11 — u)||s]
1 (21)
< %Hle_wzms|||P1P3u1|||s+|||w2H‘s|||P1P3(u1_M2)|||s]
< 1w = wol[s]|[ual]s + [[[w2]|]s|[[u1 — u2l[]s)
< Ci(r, R)[[|Uy — Ua]|]s-

Similarly, we have

[[172[11s = [[|P2(u1 - PyPswy — ua - PyPsws)|[s 22)
< Go(r, R)[|[Uy = Uz][]s,

11J51ls = [|| = 2P2(P1P3uq - Pywy — PyPauy - Pyws)||[s 23)
< G(r, R)[[|th — Wa|]ls,

[[Jallls = [|[2P2(Pyuq - PyPswy — Pus - PyPsws)||[s (24)
< Gu(r, R)[[|th — Wp|]ls.

Thus, it follows from (20)—(24) that

[[1B(u, w1) = B(uz, w2)|[Is < Cs(r, R)|||Uy — U], (25)

where
C5(l’, R) =(C (1’, R) + Gy (1’, R) +Cs (7’, R) + C4(1’, R).

Estimate I,. It follows from (12), (18), (19), and (25) that

|| L2]||s = [||Psu1B(uq, w1) — P3uz(B(uz, w2)l||s

[[1Ps(ur = uz)|[[s[|1B(ur, wr) []s + (|| Psuz|||s][| B(t1, w1 ) — B(uz, w2)|[ls
3= N uallfsl[[wr [[Is1[u1 — uallls + 25| u2]|sCs (r, R)| Uy — Un |5
QR ||y — Wy

INININA
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Estimate 3. Using (11), (12), and (18), we obtain

| 1I3|[ls = 2|||Psu1 P21 — P3ua Pyvs)|| s
< 2|||Ps(ul - u2)|||sHl|P201|||s + ||1|P3M2|||s\HlP2(01 —02)|lls
< 2[5 [|Jug — ua||lsg o1 llls + Zo I |u2ll|s 3101 — v2l]ls]

Gi(rR)
< SUR Uy - Uyl

Estimate I;. Using (12), (18), (19), and (25), we obtain

|Lal|l¢ = 3||uaPsB(u1,w1) — uaPsB(u2,w2)| ||«
< 3[I11(u1 — uz) PsB(uy, w1)|[s + |||u2P3(B(ur, wy) — B(szwz))||| ]
< 3{I[|ur — uallfs H|P33(u11w1)|Hs+|HM2\H |||P3( (u1,w1) — B(uz, w2))||]s
<3y —uzlls 25 S/|||B ug, wi)|lls + [[luzlllss=5 Sr|||B(erw1) B(ua, w2)!|]s
< 3{I[|ur — wa|lls 2 3 a1 wr |[ls + [u2]]]s 225 Cs (r, R)|[|Uy — Un |5
< SO ||uy - w|ls.

m

Estimate 5. Using (11), (12), and (18), we obtain

|||I5|||s/ = 3|||u1 PoP3v1 — up P P3vs ||

< 3[||[P2(u1 — u2) Psv1][|s + ||| PauaP3(v1 — 02)|s]
< 3[|||P2(”1 — up)||[s[|Psv1][ls + [[[Pauallls|[|P3(v1 — v2)][]s]
< 3[3ur — u2llls 2l lorl s + F1u2llls 2ol o1 — v2ll]s
<G

”Wm U )s.

S
Estimate Ig. It follows from (13) and (18) that

|||u1 Py P31y - PyP3wy — up Py Pauy - Py Paws| ||y

16llly =3
= 5|[|[(u1 — u2) Py Psuy - PyPswy + up(Py P3uq - Py Pswy — Py Pauy - Py Pswy)|||s
< 3{I[lur — ua||[s| /1Py P |||s| || Py Pswoy |||s + |[|uz|||s||| Py Psuey - PyPswy — PyPsuy - Py Pawy|||s]
< 5 {ur — ua||[s] [ |15 [ | |]s + [1[s2]|]s| || P P31y - PyPswy — Py Psuia - PyPsws||]s].

On the other hand, using (13), we have

|||P1Psuy - Py Pswy — Py P3uy - Py P3wsl||s
= ||[P1P3(u1 — u2) - PyP3wy + Py P3uy - PyP3(wy — ws)||[s

< [|[PrPs (g — ua)[[|s ||| PrPswn | |[s + || Py Pauz|[|s|[| Py P3(wr — w2)][]s
< [lfug = wallls[l[wn[ls + [[uz[ls][[w1 — walls.

Thus, we obtain

sl < STl1e1 — wafl st 115 ]
s (11 = uallls[ e [[ls + [[|ual|[s][[wr = wall]s)]

< Co(r, R)|I|Uy — U5 < SRty — 5.

Estimate I;. It follows from (10) and (18) that

1E7[||s = 3[|[u1 Py - Pywy — uaPruz - Pyawol||

< S (u1 — u2) Pruy - Py |||s + [[|uz(Pyuy - Prwy — Prua - Pyws)| |1s]

< 5{[[ur — wal||s|[|Pra]|[s|[| Preon |[[s + [ [u2|||s]|Prus - Prwoy — Pyuz - Praa ][]

< 3ux = uallIs/|a|||s| |01 ]|]s + [[[u2]||s|| Praey - Prwy — Pyug - Prawg|[]s].

On the other hand, using (10), we have
[[|Prur - Prwy — Pyup - Pyws|[|s = |[|Pr(ur — u2) - Prwoy + Prup - Pr(wy — wa)|][s

< |[Pr(u1 —uz) - Prwn||[s + [[[Prug - Pr(wy — w2)]|[s
< 1P (ur = w2) [[[s|[|Pran |[Is + [[[Pruz|[Is[|[ Py (w1 — w2)]l]s
< [fur = wa[[sl[wallls + [|uzl[|s[ |1 — w2]]s.

Thus, we obtain



Mathematics 2024, 12, 1085 10 of 12

30 = sl s ] s el an = sl + sl o = 2l )]
Cr(r, R[]t — W5 < 2R 1Ly — Uy s

1I7]]]s <
<

Hence, using estimate [;(i = 1,2,...,7), we obtain

Cg r,R
IR )~ Rl < SR ),
where Co(r,R) C.(rR)
s\7, i\, .
ﬁ:max{ﬁ}, (121,2,...,7).

Similarly, we have

Co(r,R)

B ~ Bl < LR ),
Cro(r, R

B — Bt e < SRy,

Thus, we obtain

= [I[F1(U1) = B (Wa)[[ly + [[[F2(Ur) = B2 (U)l]s + [[[F3(Un) — F3(Uz2)[l]&
< St - Wllls,

§—S§

[E(Ur) = E(Ua)l[l

C Ci(r,R) .

5 _ S, - max{ﬁ}, (l - 8,9, ].O)

The proof of Proposition 1 is then completed.

By Theorem 1 and Proposition 1, thus we complete the proof of Theorem 2.

3. Conclusions

This paper is mainly interested with the Cauchy problem for a three-component gen-
eralization of the Camassa—Holm equation with analytic initial data. Based on contraction-
type arguments in a suitable scale of Banach spaces, we establish that the analyticity of its
solutions is proved in both variables, globally in space and locally in time.
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