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Abstract: In this paper, exact solutions of semilinear equations having exponential growth in the
space variable x are found. Semilinear Schrédinger equation with logarithmic nonlinearity and third-
order evolution equations arising in optics with logarithmic and power-logarithmic nonlinearities

ax

are investigated. In the parabolic case, the solution u is written as u = be™ 2, a < 0, a,b being

real-valued functions. We are looking for the solutions u of Schrodinger-type equation of the form
u= be“’%, respectively, for the third-order PDE, u = Ae'®, where the amplitude b and the phase
function a are complex-valued functions, A > 0, and @ is real-valued. In our proofs, the method of
the first integral is used, not Hirota’s approach or the method of simplest equation.

Keywords: semilinear parabolic equation; semilinear Schrédinger equation; logarithmic nonlinearity;
parabolic equations with solutions of exponential growth; solutions into explicit form; special
functions of Jacobi type; hyperbolic functions; Radhakrishnan-Kundu-Lakshmanan optic
equation

MSC: 35K58; 35Q51; 35Q55; 35K91; 35Q99

1. Introduction

This paper deals with exact (explicitly written) solutions of several semilinear evolu-
tion equations of mathematical physics. It concerns parabolic equations for which solutions
with exponential growth in the space variable x are found, semilinear Schrédinger equation
with logarithmic nonlinearity, and third-order evolution equations arising in optics with
power and logarithmic-power nonlinearities. The latter are generalizations of the standard
semilinear Schrodinger equation, which is of second order. We are looking for the solutions
u of Schrodinger-type equations of the form Ae®, where A is the amplitude and @ is the
phase function. A, B are complex-valued. That ansatz is often used in mathematical physics
and we shall mention only the classical paper [1] that stimulated in the middle of last
century different applications of the asymptotical solutions in analysis, PDE, and certainly
in physics. For the parabolic equation u = be~"" with a < 0, a and b are real-valued. De-
pending on the sign of some parameter A, we can have dispersive and non-dispersive cases
for the classical Schrodinger equation. Therefore, two different cases appear. In the first one,
the phase @ is periodic in ¢, while in the general case, the amplitude is only bounded but
not periodic in t. Its modulus is periodic. In the second case, the amplitude is bounded and
tends to zero as a spiral for |t| — co, while for fixed ¢, the phase is exponentially increasing
in x. The “third order” Schrodinger-type equation possesses solutions of the type ¢(&)e'¥,
¢, being linear functions of ¢, x. Under many restrictions, three types of solutions are
constructed, namely solutions for which ¢(¢) forms one-parametric family of periodic
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solutions, ¢ is a soliton, ¢ blows up at some & = ¢, but ¢(+c0) = 0 and ¢ blows up at
some point ¢ = & being periodic in ¢.

In proving our results, we use the method of the first integral from the theory of
mechanical systems having one degree of freedom. For the sake of completeness, we shall
say several words about the method of the first integral that possesses many applications
to the theory of autonomous systems of ODE and to first-order quasilinear PDE [2,3]. The
first integral appeared for the first time in the investigations of Newton and the proof
of Kepler’s law and it relies on the construction into explicit form of the appropriate
first integral. Assume that ¢(t) stands for the trajectory of some particle in the one-
dimensional space with initial position ¢(ty) and initial velocity ¢(tp). According to
Newton’s second law, ¢(t) satisfies the ODE m¢ = f(¢), where f(¢) is the corresponding
acting force. Denote by U(¢) = — [ f(¢)d¢ the kinetic energy of the particle. Then the

full energy E(t) = mT(PZ + U(¢g) satisfies the relation E(t) = 0 = E(t) = Ey = const.

This is the classical energy conservation law. From a mathematical point of view, the
2

function E(y, ¢) = "5~ + U(g) is the first integral of Newton’s second law, i.e., the phase

trajectory ¢(t) is located on surface level E = Ey, y = ¢. Therefore, ¢(t) satisfies the
first-order ODE with separate variables ¢ = 2(Eg — U(¢)), Eg > U(¢(t)) and E # U(p).

If ¢(tg) > 0, we have thatt — t) = (;”((t?) m. By using different reference books on

analysis as [4-6], we can express in some cases ¢ = fzz ——4A_ — G(z) via elementary
0 \/2(E-U(7))

functions or some special functions (hyperbolic, Jacobi elliptic, Legendre elliptic function,
etc.). As G (z) > 0, the smooth mapping ¢ = G(z) is invertible, i.e., there exists uniquely
determined z = G~1(&). So ¢(t) = G~1(t — tg) with zg = ¢(to). The above-mentioned
results are usually local but it could happen that solutions global in ¢ exist. The well-known
approach of Hirota [7] and the method of the simplest equation [8] are not used here. Several
historical notes are proposed below. The logarithmic Schrédinger equation was introduced
in [9]. Applications of that equation in quantum optics, nuclear physics, transport and
diffusion phenomena, theory of super fluidity, and Bose-Einstein condensation can be
found, respectively, in the following papers: [10-13]. Numerical experiments in [14] show
that the dynamical properties of the solutions in the logarithmic case are rather different
from that for power-like nonlinearity. The strong superposition of two or finitely many
Gaussians was studied in [15]. We rely here on [16-18] generalizing the dispersive case
from [16]. In the last 10 years, many papers appeared on the cubic-quartic Fokas—Lenells
equation with perturbation terms. The corresponding PDE of fourth order occurs in
different systems in fluid mechanics, solid state physics and condensed matter, nonlinear
optic and plasma physics. One can see [19] on the subject and the references therein.

Our aim here is to find out explicitly written solutions by using purely mathematical
tools. So there are no numerical simulations. We give here a detailed study of the dispersive

case of the logarithmic Schrédinger equation looking for solution u = b(t)e’”(t)%, a(t),
b(t) being smooth complex-valued functions. b(t) is not periodic in general but we find a
necessary and sufficient condition for its periodicity. It is interesting to mention that |b(t)|
is always periodic. Our ODE are studied under Cauchy initial conditions. The situation
is delicate if ¢ = shg, ¢(5) = 0, ¢(5) = 2. The approach sketched above shows that its
unique solution ¢ = 2Intgh, t € (0, 7). Certainly, |¢p| = co at t = 0, t = 7. The Troesh
boundary value problem $ = Ash(A¢), (0) = 0, ¢(0) = 1 is out of the scope of this
paper but some aspect was studied in 2014 by H. Temini and H. Kurkcu (precise numerical
solution for A > 10).

The paper is organized as follows. In Section 2, we formulate our results, in Section 3,
the proof of Theorem 1 is given, in Section 4, the detailed proof of Theorem 2 is proposed,
geometrically illustrated, and mechanically interpreted, and Section 5 contains the proof of
Theorem 3. References are given at the end of the paper. We point out that for logarithmic
nonlinearities, technically the things differ from those for power nonlinearities.
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2. Formulation of the Main Results
1.  We shall begin with the following nonlinear Cauchy problem:
Up = Uy + Aulnu?,x e RLO<t<T 1)

u|t=o = up(x) > 0,A € R\ 0.

The case of bounded real-valued solutions for parabolic equations is well-studied and
we shall assume further on that u > 0 and uy(x) = boe_”oxz, bp > 0, a9 < 0. Certainly,
u = 0 is not a solution of (1). Let My, = {u € C3(RL xRl),|u| < C(T)e’“‘z,a > 0,
xeRL0<tL T}. My, is a linear space. We shall look for a solution of (1) having

the form .
u(t, x) = b(t)e ¥, b(0) = by, a(0) = ay, )

. 2
if ug = bpe=%*" , by > 0, ay < 0.

This is our first result.

Theorem 1. Uniqueness. Consider (1) with positive solution u such that
x2
(i) u>Ae ™, A >0b>00b<a
(i) 0 < |ux(t,x)| < Ax(1+|x|)u, Ay = Ax(T) >0,Vx e RL,0O<t<T.

Then u is uniquely determined for appropriate 0 < a in My ,.
Existence of solution for ug = boe %%, Then there are three possible cases depending on the
signof A, i.e.,

- ifA<0,0> a9 > % = one can find

N >

a(t) € C°(RY),0 > a(t) > %,a, > 0,a(—00) = =, a(+00) =0,0 > a(t) > ag

- if%:ao<0:>a(t)5%
- ifag< 2 <0 thena(t) € C(t < F),F>0andablowsupfort =Fa (t) <O0fort <F.

The function b(t) € C*(R') in the first two cases.
- ifA>0,a9 < Oagaina(t) € C°(t < F),a (t) < 0 but a blows up for t = I.

According to the Granwall lemma, (ii) implies that |u| < Ag,e"“l"2 for some A3, Ay >0,

ll,‘f2
ie., u € My 4,. Certainly, e~ > o= 15 0,Vx € RL.
Our second model example is the Schrodinger equation with logarithmic nonlinearity:

1
iut+§uxx:/\uln|u|2,t€R1,x€Rl,AeRl\O. 3)

Evidently, u = 0 is not a solution of (3), while u = '™ satisfies it Va € R1.
Again we shall find a solution of (3) having the form

1

u(t,x) = b(H)e "M%, u(0,x) = b(0)e~ 19012 @

a(0) # 0,b(0) #0,a(0) = ag + iBo, Rea(0) < 0. Otherwise |up| will be bounded in x. (4) is
called the Gaussian solution of (3). Below we present some historical remarks.

(3) possesses standing wave solutions u,, called Gaussons: i (t, x) = glwtel/ 2*%6/\"2,
w € RL u,(t x) are not asymptotically stable for A < 0 due to the Galilean invariance
of (3). The latter means that if u is a solution of (3), then for each p € R v(t,x) = u(t, x —
pt)elP = 21°t satisfies (3).

Introduce now the Sobolev-type space W = {u € H'(R)\ 0 : |u|?In|u|?> € L'(R!)}.
T. Cazenave and A. Haraux proved in [20] in 1980 that for A < 0 and uy € W\ 0 the
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Cauchy problem for Equation (3) with initial data 1y = u|;—o possesses a global solution
u € C(R} : Wy \ 0) such that
(O] oy, = ol 2,

1
B 12qmgy = 5 IV Ry + A [ e, x) P, ) Pdx = E(uo)

(conservation laws).
Below we formulate the logarithmic Sobolev inequality in W \ 0 [21]: For each a« > 0
and f € W\ 0

2
/R1 |f(x)Ploglf (x) Pdx < %vaHLZ(Rl) + [log|IfI[72 — (1 + loga)]|IfI[72.

There is equality in the previous estimate if and only if up to a translation x — x + ¢,

g € R the function f(x) is a multiple of e/ 202 Evidently, el*" ¢ W for a > 0.
This is our second result.

Theorem 2. Consider (3) with ag < 0, By # 0. Then a(t) € C®(R?) exists and Rea(t) < 0, a(t) is
a periodic function for Aag < 0 ( <= A > 0). In the case Aag > 0 (<= A < 0),t — a(t) € C!
is a bounded smooth closed curve located in the half plane Rea < 0 tangential to the imaginary axes at
the origin, a(do00) = 0. The function b(t) is defined everywhere and is written explicitly.

We point out that b(t) is not periodic in general for A > 0 and we discuss this problem
during the proof of Theorem 2, finding NSC b(t + T) = b(t),Vt. In the investigations
for a(t)-periodic, the second Kepler law appears, i.e., r2(£)® (t) = ag and then the curve
t — w(t) = r(t)e®® — Clis either periodic or dense in the ring in C' : r; < |a| < 12,
0 <71 = mingir(t), rp = maxgir(t), 0 < r(t) being a periodic function.

A. H. Ardila proved in 2016 in [22] that the Gaussons are orbitally stable in W(RL).

2. Our next step is to study two Schrodinger-type semilinear PDEs arising in optics,

finding their special solutions that have appropriate physical interpretation. The first

one is known as the Radhakrishnan-Kundu-Lakshmanan(RKL) equation (see [23]),
namely

ity 4 atgy + blu|® u + i(Buiyer + (afu|*"u)y) =0, (5)

where the constants a, b, a, B are real and nonzero, n > 0 (see, for example, [19]).
The second equation has power-logarithmic nonlinearity:

ity + auyy + blu|? uln|u| + i(Buiyer + a(|u)* uln|ul)y) = 0. (6)

The solutions are also known as dispersive optical ones. Concerning (5), u(t, x)
presents the wave profile, u; describes the temporal evolution, a stands for the coefficient
of chromatic dispersion, b is the coefficient of power law of self-phase modulation,  is the
coefficient of third-order dispersion, & stands for the coefficient of self-steeping term of the
short pulses, and 7 is the power law parameter (see [19]).

The solutions of (5) and (6) we are looking for will have the following form:

u(t,x) = (&)e), 7)
where 1 is linear phase function:

P(t,x) = —kx + wt, k,w € R},

& =x—Vt,V € R! and amplitude ¢(¢) > 0. As usual, w is the frequency, k is the wave
number, and V is the velocity of the wave.
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Putting (7) into (5) and (6) and separating the real and imaginary parts of the corre-
sponding expressions, we come to the overdetermined system that should be satisfied by
the real-valued positive function ¢(&):

"

a+ 3k — ¢(w + ak® + Bk3) + ¢*" 1 (b + ka) = 0
¢ —¢ ¢ ®)
Bo" — ¢ (V +2ak +3pk?) + a(¢?*1) =0
for Equation (5) and
| (a+3kB)g" — @(w + ak? + BK3) + ¢ ng(b + ka) = 0 ©)

Be — ¢ (V +2ak+3Bk%) +a(¢”lng)y =0

for Equation (6).
We integrate the second equations in (8) and (9), and taking the constant of integration
equal to 0, we obtain:

(a+3kB)g" — ¢(w + ak® + BK3) + o> (b + ka) = 0 10)
Bg" — @(V + 2ak 4 3k2) + w21 =0,
(a+3kB)g" — ¢(w + ak® + k) + ¢ ing(b 4 ka) = 0 an
Bo' — @(V + 2ak 4 3BK2) + ag**ing = 0.
The first and second equations in (10) and (11) are identical iff
2 3
a+3kp _btka w4 ak”+ Pk (12)

B «  V+2ak+3pk2’

ie.,
‘= bB — aw v (w + ak? + Bk3)a — (b + ka)(2ak + 3Bk?)

2aB 7 b+ ka !
b+ka#0,aB #0.

This is our Theorem 3. Certainly we assume further on that condition (12) holds.

Theorem 3. For appropriate values of the real coefficients a, b, a, B, k, w, V, Equations (5) and (6)
possess three different types of solutions having the form (7):

- solutions for which ¢ forms a one parametric family of periodic functions;

- gissoliton, ¢ € C*(& # §), p(£o0) = 0;

- @ blows up at some & = ¢ and ¢ is periodic unbounded function (|p(&+kT)| = |¢(&)| = oo
foreachk € Z, T = const > 0).

The restrictions on the coefficients will be imposed during the proof of Theorem 3.
The unbounded solutions are of two “qualitative” types: |cosechd| and [sec|, |cosecd|. The non-
periodic solutions ¢ of (5) will be found in explicit form when (10) under condition (12) is
investigated. In fact, then they are [sech{]|, cosechg, |secG| and |cosecE|. Otherwise (say in the
periodic case) the solutions ¢ up to the inverse mapping theorem are written into integral
form. The solutions ¢ of (10) and (11) are written into integral form, but in general, the latter
cannot be expressed via elementary or special functions (Jacobi ones, etc.).

3. Proof of Theorem 1

Consider the Cauchy problem (1) with up(x) = boe_“oxz, by > 0, a9 < 0. To prove the
uniqueness of the classical solution u for arbitrary uo(x) € My, and in the same class, we
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take the second solution u#; > 0 of the same equation admitting the initial condition .
Thenputz =Ilnu = u =e* =z, = ==

u’
2t = Zyx + 22+ 2Mz, (13)

z|p—p = Inuli—o = Inug = zo.

According to (i), (ii) z < D(T) +ax?, z > InA(T) — ™ 2 e, lz| < Dl(T)e‘”‘2 =2z€
M ;. Moreover, |z,| = [4*]| < Ay(1+ |x]). Ina similar way, z; = Inu; satisfies (13) ,z; € My,
|z1x| < A2(1+ |x]). Define w = zq — z. Evidently, w € My, |wy| < 2A5(1 + |x|) and

wy = Wyx + D(t, x)wy +2Aw,D(f,x) = 21+ 2z

14
w|i—o = 0. (14)

Certainly, |[D| < 2A;,(1+ |x|), A is a constant.

We apply to the linear equation with respect to w Theorem 10 from Chapter II of [24]
and conclude that w = 0 = z = z; = u; = u. For parabolic equations, see also [25].

To find a solution of (1) of the form (2), we find J;u = (b/ — a/bx)e_“(t)"z, Oyt =
—2axbe="%, 02u = (—2ab + élczzyczb)e"”‘2 and from the Equation (1), we obtain

b —a'bx? = —2ab + 4a®x%b + Ab(Inb? — 2ax?),

i.e., the system of ODE
a = —4a +2\a = 2a(A — 2a)
b = —2ab+ Ablnb?,

Ll(()) = 4y, b(O) = bg; a9 < 0.

Asu > 0 = b(t) > 0 everywhere in [0, T]. It is easy to see that if 0 > ap > %
there exists a solution global in t € R! of the ODE a' = 2a(A — 2a) such that a'(t) > 0,
3a(+00) = 0, Ja(—c0) = % and F(a) = [ ;%5 = 2t —InC, while F(a) = —3In[A72].
Thus, —}1n|2224| +InC = 2t = C|2222|~V/A = ¢2,

Having in mind that a(0) = a9 < 0, we find C =

A=2
A =

/\7200
|| =M. (15)
a
AsO>a(t) >4 =
A A
H=-—"_€(% 1
a() 2+k0€72/\t € (2’0)’ ( 6)
where kg = )‘;—02”0 > 0.
In the case ag = 3 = a(t) :%( uniqueness).
IfA>2a9=0>A>2a(t),a (t) <0and a(t) = mbutk0<0anda()blows
upfortzz‘/\| |k\>0

If A > 0= a'(t) < 0and the solution a(t) blows up.
The equation
‘ b' = —2ab + 2Ablnb, b(t) >
b( ) =by>0
can be rewritten as
‘ Linb = —2a+2AIn b
Inb(0) = Inby

and this is linear ODE with respect to g = Inb.
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Thus,
t
Inb(t) = e*M(Cy — 2/ a(s)e *%ds), Cy = Inby = (17)
0
t
b(t) = bf]we_zew/ a(s)e”ds. (18)
0
Evidently (see (16)),
—2As
“91s e “"ds
ds =) [ 5T —
/a(s)e s 31 koo 2
—1 [d(24 ke ) 1 oA
— | = ——In(2+k *).
2k / 2 + kge—22s 2ko n(2+ koe )
So for kg > 0,
21k
b(t) = b T0 a2 (19)
After easy computations, we conclude that
2 —2At 1 2Mt
b() = b (AR Ty - 0)

Remark 1. A < 0,t >0, kg > 0in (20), i.e., M —; oo 0and e M — 400 for t — +o0.

Ifay = %
b(t) = b3 — (\l;’é)f”el/z. 1)
Therefore, the solution of (1) for ag = % < 0 takes the form
) = () Ve B @)

4. Proof of Theorem 2

We repeat the same procedure as in the previous case. Things are more complicated, as
the functions a, b are complex-valued and the corresponding system ODE is in C2, not in R?.
Having in mind that

2
X
Uy = (b/ — a/bi)e_”xz/z, Uy = —xabe‘”xz/z,

Uyy = (—ab+ azxzb)e_”"z/2

we obtain from (3) that

it' — % = Abln|b|?

/ 23
ia —a?> =2ARea,a(0) = ag # 0,b(0) = by # 0,a9,by € C. 23)
It is simpler to express b(t) from the first ODE. We are looking for
b(t) = boe!®®
®(0) =0, @4

ie., b(O) = bo.
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Certainly, ®(t) is a complex-valued function, t € R!. Substituting (24) in the first
equation of (23), we obtain

1

P + 50 = —Aln|bo|? + 2A Im®. (25)

Splitting the real and imaginary parts of (25), we come to the system of ODE in the plane R%:

Red' + LRea = —Aln|bp|? + 2AImd 26)
Im® + 1Ima = 0,Re®(0) = 0, Im®(0) = 0.
Thus,
1 rt
Im®(t) = —E/ Ima(s)ds = (27)
0
ro1 t
Red + ERea = —Aln|by|> — /\/ Ima(s)ds =
0
1 rt t 04
Red = _E/ Rea(s)ds — Atln|bg|* — A/ (/ Ima(s)ds)dy. (28)
0 0o Jo

One can rewrite fot(fo'y Ima(s)ds)dy = fot Ima(s)(t — s)ds applying the Fubini theorem in
the triangle {0 < s < 79,0 <y <t} ={0<s<t,s<q <t}.So

Red(t) = —% /Ot Rea(s)ds — Atln|bg|* — /\/Ot(t —s)Ima(s)ds. (29)

(2), (27), and (29) imply that
1 gt t it
o= _E/ Rea(s)ds — Atln|bg|* — /\/ (t —s)Ima(s)ds — E/ Ima(s)ds, (30)
0 0 0
i.e., with A(t) = fot a(s)ds, we have
b= bye'® = boefiAtln\b0|27%A(t)efi)xlm Jo(t=s)a(s)ds @31)
In the solvability of
ia —a? = 2ARea
a(0) = ag +iBo, 0 # 0, Bo # 0

we follow [16]. a(0) =0 = a(t) = 0.
/\o ,

We shall find a(t) = —i%, w(t) #0,1ie., a2 = —(‘Z)—z), ia = %” I C %ﬁ +a? =

a? + 2AIm%- (according to the equation).
Consequently,

“ o (32)

Here we imitate the theory of Kepler’s law via Newton equation, i.e., we look for w in polar
coordinates: '
w = r(t)e®W;r(t) > 0, (33)

O(t)-real-valued polar angle. As
W = (rl + z'r@/)e@

"

w = el@(r” +ir@ +2ir® — r(®,)2)
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from (32), we obtain ,

r—r(@)+i(r@ +2r@) =210, (34)
ie.,

¥ —r(@)% =210

" ! ! ! 35
@ +2r@ =0= (1’0 )=0= (35)

2@ = A = const. This way, we come to the area first integral of Kepler’s law. According
to this law, the revolution of the Earth around the Sun is with constant area velocity. Then

!

a(t) = —i% = L EO)
w r r
A 7
a(t) = 5 —i—= (36)
B A O A
"0 =00+ = G 0 © O " e
. .1’/ 0 /
= a(0) =wag+ifp = lr((O)) +© (0).
To simplify things, we take
r'(0) = —Bo
0)=1= h = 37
0 @0) =ay=A 37
©'(0) = A = ag. Further on, By < 0.
Therefore,
o .r
a(t) = 2 i (38)
Of course, Rea = ‘;‘—S, O(t) = O(ty) + a ft erss)

This is the main equation in our considerations here:

—1(©')? +20r0 = 4 4222
() 1,7 (0) = —Bo > 0.

In a standard way, by multiplying (39) with r and integrating from 0 to ¢, we conclude that

(39)

(r)()—txo+,50 0 +4Azxolnrt>0 (40)
r(0) =
Therefore, we shall concentrate on the following nonlinear ODE with separate variables:
r(t) = \/ af + B — rz(t) + 4)aglnr(t) 1)
r(0) = 1.

Put U(r) = B +ad(1— %) +4Aaglnr. U € C¥(r > 0),U(1) = B > 0, U(+0) = —co,
U(400) = —oo for Aag < 0 and U(+o0) = +oo for Awy > 0. Because of this, we must
consider two different cases:

(1) Aap<O

@) Aag > 0.
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Put B = 2Ang. Then

/ 202 4Aag 2
u(r)= r—30+ = r—3(¢x3+Br2).

In case (2), U (r) > 0, i.e., Uis strictly monotonically increasing and there exists a unique
point ry > 0 such that U(ry) = 0, i.e, U(r) > 0 for r > ry, U(rg) = 0, U (ry) > 0 and
U(r) <0for0<r<rySory <1

! 2 2 !
Incase (1), U (r) =0 < r:r1:\/$£0)\= %>O,U(r)>0forr>r1;

U (r) < 0forr < ry,ie., Upyay = U(ry) > 0as U(1) > 0.
The graph of U(r) is given in Figure 1.

0 m; r; mz\

Figure 1. Graph of the potential U(r), B < 0.

It is obvious that there exist uniquely determined points 0 < my < my and U(r) > 0
on (my,my), U(r) < 0for0 < r < myand r > my, U(my) = U(my) = 0, U (my) > 0,
U'(my) < 0, U(r) is strictly increasing for 0 < r < r1 and strictly decreasing for r > mj.
Evidently, m; < 1 < my.

In case (1), the unique solution of (41) is given by the formula

F(r(t)) = ———=1t=F(r(0)) =0=F(1) =0. (42)
This is the graph of

mp <r< mz,F,(T’) >0

T ds
F(T):/l VU(s)

form; < r < my, F(1) =0, F (my,) = +c0and 0 > F(my), F(my) > 0 are finite numbers
as the integral is convergent at the end points my, m; (see Figure 2).



Mathematics 2024, 12, 1003 11 of 24

t=F(r)

62=F (m3)

U

61=F (m1)

Figure 2. Graph of the function F(r) = t for B < 0 and its inverse function r = F~1(t).

The inverse function r = F~1(t) is defined, and smooth in [61,6,], 7 > 0for t € (61,6,),
¥ (61) = ' (82) = 0. We continue 7(t) smoothly in the interval [6,,20, — 61] in an even way,
ie (b +t) =10 — t) for each t € [0,0; — 1] and then periodically on R! with period

=2(6—61) =2 f ﬁ > 0. Then r(t) satisfies (41) for each t. Obviously, r(t) > my,
my >r(t) > my, r(t+T)=r(t), Vt.

Then a(t) = rf‘(ot) — i% and b(t) is given by (31). a(t) is periodic with period T > 0
but we do not know anything about b(t). To find a better expression for b(t), we compute:

ot 't ds
A(t) = = —_— 4
(t) /Oa(s)ds ao/o 20 ilnr(t) (43)
t £ d
/ (t — s)Ima(s)ds = —/ ()= Inr(s)ds = (44)
0 0
—tlnr(t +/ s—lnr /lnr
Thus,
b(t) = boe PP I 55 i b (45)
\b/(l —1/\(tln\b0\2+2A éf;) i)\for Inr(s)ds
;

On the other hand, if f(t) is continuous periodic function with period T, its primitive

fo s)ds is periodic with the same period if and only if fo s)ds = 0.
One can easﬂy see that

RO =i+ 5 [ fa )

where the smooth periodic function f1(t) vanishes at t = 0.
In fact, h(t) = f(t) — + 0 f( )ds is perlodlc with perlod T as fo t)dt = 0. Therefore,
fo s)ds is periodic = fi(t) fo — % fo s)ds, i.e., (46) holds.

If ¢(t) = ¢'Kt, K # 0, K-real, then g is per10d1c w1th period T iff % € Z, Z being the
set of the integers. The phase function of (45) can be written then as

aot ds At T
—Atln|bg|* — T Jo r2() gl(t)—'_T/o Inr(s)ds + ga(t),

81,2(t) being real-valued periodic functions with period T.
Put u = —Aln|bo|> — & [ rzdss) A [T inr(s)ds, p € R' =

b(t) = \};boeiwei(gl +82), (47)
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b(t) is periodic with period T if and only if % € Z. In other words, it is very rare.
Certainly, |b(t)| = \bdﬁ is periodicas r(t+ T) = r(t) > 0.

Remark 2. The curve in C! w : t — r(t)e'© is rather interesting. In fact, w is smooth, w =
r(1)e©0, O(t) = ©(0) +ao fy 4% = ©0) + 4§ Jy 5 +83(1), ga3(t +T) = g (0).

Consequently the curve w is located in the ring {z € C! : my < |z| < my}. It is periodic
there if 5% OT ,zd(ss 7 € Z. If ag fOT rz‘%ds is an irrational number, then the curve w is dense in the
same ring [2,3]. w can have infinitely many points of self-intersection.

Case (2) is absolutely different, as then r(f) > 0 is unbounded and w is located in an
angle: ©@_ < argz < ©.
In case (2), we shall study (41) for 7(t) > 0 but the integral t = F(r) = [/ —%_ exists

1 /uGs)
forr > ro, F'(r) > 0,79 < 1, F (rg) = 00, F(rg) = &y < 0 is a real number as the integral is
convergent for r = ry.
On the other hand, U(r) ~ 2Blnr forr — o0, B > 0; Inr < 2 forr — 00,0 <a <1
implies that F(+0c0) = oco. This is the graph of F(r) (Figure 3).

T,

+=F (r)

TO

of rg

/ 1 r 8o 0 T
80=F (rg)f---------=-

Figure 3. Graph of t = F(r), B > 0 and its inverse function.

Its inverse function r = F~1(t) is such that 7 (£) > 0 for t > &, 7 (6y) = 0, r(c0) = o0
(see Figure 3). Again we continue r(t) in an even way with respectto t = J, i.e., r(t + ) =
r(6 —t),¥t > 0= 71 (8) = 0; r(t) satisfies (41) for each t.

We are interested in the behavior of F(r) at +oo (asymptote) as F(co0) = +oc0. On the
other hand, forr > 7> 1: U(r) ~ 2Blnr,

F(r)z'/l'rj%:./lrjsa+/;j%.

According to L'Hospital rule,

Td u
f? VE+2BInr vV E+2BInr

ie., with E >0,E:const:¢x%+ﬁ% >0, F(r) ~ ﬁf;ﬁ,r%w, E; > 0.

Obviously, after the change Ins = 22, s = e
Vinr 2z¢2 dz Vinr

“dz,

r ds
— N 2 e
/7 VEq + Ins Vint \/Eq + 22 Vinf

2
r — oo (L'Hospital is again applied). Our last step is to show that [ e dz ~ % for y — co.
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el 1 r
F(r)wm: @ﬁ,r%oo, (48)
ie.,
t=F(r) LI !l " (49)

~VaB Vinr - 2v/aoA /Inr’

(49) can be asymptotically inverted looking for r ~ 2\/agAtinPt, t — oo, B > 0. As Inr ~
Int + Bln(Int) ~ Int, - cowe find = 1/2, i.e,,

r(t) ~ 2y/AagtVint, t — oo. (50)

Due to the definition of r(¢) for t < 0

r(t) ~ 27/ Awg|t|\/In|t], |t] — oo, (51)

r,>0forr>(5,r/ < Oforr <9,

r (t) ~ 2/ Aagsgnty/Inlt], |t — 4. (52)

From (38), (51), and (52), it follows that Rea(t) = ’;‘—g #0,Vt = a(t) # 0 foreacht,

) v L e
4AL2In|t| ’
ie., |t| = 00 =a(t) — 0.
Asitconcerns ©(t) = ©(0) + g fg erTss) we know that % ~ le;}’z‘sf‘, |t| = 00, M > 0.
The integral is convergent for t — co and t — —00 = @4 = O(+x), O_ = O(—o)
are finite numbers and the angle leTJ@ € (®_,0;). This is the graph of w = r(t)e®,
mingr = rg > 0 (see Figure 4).

Imw

ro

0 To Rew

Figure 4. Graph of w = r(t)e®©(t),
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Our last step is to illustrate geometrically the curve t — a(t) € Cl. As Rea = r;’%,

6g <0 <= A < 0= Rea(0) = ag < 0= |e0¥| = ¢~%¥ ie, |ul is rapidly increasing
in function x for fixed t. Moreover, | X2 | ~ const|t|In|t|, |t| — oo, Rea(t) < 0, Rea > 2,
0

r(80) = 70,7 (89) = 0,7(8p) > 0 and a(4c0) = 0, a is tangential to the imaginary axes at the
origin, Ima < 0 for t > 1, Ima > 0fort < —1,Ima =0 <= 1 (t) =0 < t =d.a(t)
is given in Figure 5.

Ima

)
k_____ —/ 0 Rea

Figure 5. Graph of a(t) = % —iL.

Formula (45) shows that |b(t)| = \% — 0 for [t| — oo. The phase function in #:
tin|bo|* + 5% Otrzds +/\f0 Inr(s)ds is such that f+°° rds =0.>0, [, " rzds =0 <0
and/\f7 Inr(s Aft Insds ~ Atlnt, t — oo.

In other words, the phase function in b(t) is superlinear for t — +oo with growth Atlnt.

Last observation: b(t) describes a spiral in C! tending to 0, i.e., t — b(t) € C! is a focus

. —ax? _Reax®—ilmax> . _ 2", .
in the complex plane, e~ = ¢~ Reax"—ilmax® Eor each fixed t, e~ Rea()*" is exponentially

!
increasing in x. For fixed x: —Ima(t) ~ = ~ 1 for [t| — co:

The angle of rotation is bounded, 0 > Rea( ), Rea(t) — 0, |t| — oo.

5. Proof of Theorem 3
1.  We shall study first the ODE (11) under number
q)” _ —A(Pzn+ll7’l§0 + Bq)/ (53)

where A = %,B: %%withA#O,B;éO.
At the beginning, we observe that the smooth function h(¢) = ¢’Ing, ¢ > 0,0 > 1
has the following properties: #(0) = 0, k' (0) = 0 for ¢ > 1and k' (0) = —co for o = 1,
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H (@) > (<)0for @ > (<)o, oo = €7 < 1, Iy = — L, 1(1) = 0, h(g) < 0for0 < ¢ < 1;
h(¢) > 0for ¢ > 1. In a standard way, we obtain from (53) that

Aq02n+2 1
n+1 (2n+2

((P ) = B¢* + —Ing) +2C,C = const.

Certainly, (¢')2 > 0and ¢ > 0. So if we put

A

1
_ 2
8(e) =" (B+ - ¢

2n +2

2 —Ing)), ¢ >0 (54)

we come to the ODE

(¢ =2(C+5) =2(C~ Ulg)), Ulp) = ~33(9).

Thus,

V2(E—&) = > C,o0=2n+1. (55)

“Jo v

We have four different cases for g(¢): A >0,B>0,A>0,B<0;,A<0,B>0;
A <0, B < 0. Evidently, g(4+0) =0, g(¢) ~ Bg?, ¢ — 0, g(+00) = —sgnA(+oo).

Moreover, )

8 (9) =2¢(B— Ag*"*ling), ¢ >0
¢ () > (<)0 < B— A¢?"ng > 0(< 0),

g (9) =0 <= ¢**ing; = B for some ¢; > 0.

Assume (a) B > 0, A > 0. Then g (¢) > (<)0 <= ¢¥*lng < (>)58, g (9) =
0 < h(g1) = & > 0, ie, there exists a unique point ¢; > 1 with this property

)

= ¢(p1) =0, g’( <0forg > @rand g (¢) > 0for0 < ¢ < @1, gmax = g(p1) > 0
as g(1) = B+ S 0 (see the graph of g(¢) in Figure 6 and the graph of U(¢) in

Figure 7). ¢, is the unique point ¢, > @1 such that g(¢,) = 0, ¢ (¢2) < 0.

g(p)

Zmax

Figure 6. Graph of ¢(¢), B> 0, A > 0.
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1
—328max

Figure 7. Graph of U(¢) = —1¢(¢).

Take 0 > C > f%gmax and let 0 < m; < mp < ¢y be the unique points m; < ¢y,
my > @1 with the properties U(my5) = C, U (my) < 0, U (my) > 0. The initial data
@0 € (my1, my). As we know, formula (55) defines a periodic solution, ¢(y) = ¢o (see Proof
of Theorem 2 Figure 2 there, etc.). If C =0, m; =0, mp = ¢, 0 < ¢g < my and the integral
=F(p) = % m 0 < ¢ < ¢ has the following properties: F(¢y) = 0, F (¢) > 0 on

(0, ¢2), F(+0) = —oo, F(¢3) > 0 is some number and F (¢;) = +o0. The inverse function
¢ = F1(&) is defined on {—co < & < A}, ¢ > 0 there, ¢' (&) > 0, ¢ (A) = 0 for some
A. We continue ¢(¢) in an even way with respectto A, ie., ¢({+ A) = ¢(A—¢), V¢ >0
obtaining this way a soliton solution of (11).

(b) Suppose that A < 0, B > 0, | 5| < m, ie, 0> 5 > —m = hpin. It

follows that ¢ (¢) = 0 <= h(¢g;) = (p%"“lnq)l =B ¢ (0’_(2711T)e)’ ¢(1) =B > 0;

§(9) >0 <= hyin < B < h(e),0< F(c0) < co. We take the point 1 > ¢; > e~ as
there are two numbers satisfying h(¢) = % < 0 — one of them less that e~ T and the
other is ¢;.

Having in mind that /' (¢) > 0 for ¢ > e~ 771, we conclude that for ¢ > ¢1=h(p) >
hig1) =& = g (¢) > 0, i.e., g is strictly monotonically increasing and g(¢) > g(¢;) for

(PZ(Plr
A

n+1

g(p1) = ¢i(B+ —Ingy)),

ie, g(¢1) > (<)0if and only if 1 + . Assuming g(¢7) = 0 and

s Perner = (<0)

(n+1)2@1Ing, (n+1)
having in mind that g (¢) = 0, we can construct a solution of (53) of the type |coseché],
asfor ¢ > @1, o > @1 the integral F(¢) has the following properties: F (¢) > 0, F(¢g) = 0,
F(¢1) = —00,0 < F(400) < oo. ¢(t) has a blow up for finite time, ¢(t) > 0 everywhere
and ¢(+oo) = 0. The latter result is rather implicit. So it is better to study the function

p(e) —B—i—%q)z (2n+2 Ing), ¢ >0,B>0,A<0.
Evidently, ¢(¢) = ¢?p(¢), 7 (9) = ,Iflqoz”’l( o T 2nlng), p () > (<)0 = ¢ >
(<)ps = 20sDn T Pmm =p(p3) =B+ 2n(n+1)e "“/ p(0) = B, p(+00) = oo, P/((P3) =0.
Thus, g(t) > ¢@*puin. We are interested in the subcases of (b) p(¢3) > 0; p(¢3) =

_ A
0= B= *Zn(n+1)

£ = Flp) = J§ 1

e > 0= p(@) > 0for ¢ > @3, p(3) = p'(¢3) = 0. The integral

is investigated for ¢ > @3 and the initial data ¢9 > @3. Then
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0 < F(4c0) < o0, F'(¢) > 0for ¢ > @3, F(¢3) = —o0, F(gg) = 0. The inverse function of
& = F(¢), p = F71(&) is positive in some interval {& < A}, p(—o0) =0, p(A) = oo, ¢ >0.
We continue in an even way with respect to A the function ¢ and obtain a |cosechl|-type
solution of (53).

The third subcase is p,,;; < 0 and consequently there exists unique ¢4 > ¢3 such
that p(¢4) = 0, p(¢) > 0 for ¢ > ¢4, p (¢4) > 0. (55) will be considered on the interval

_ _[e dA : !
9= ¢s>0,5=F(p)= [, o ? > @4, 9o > ¢4. Obviously, F (¢) > 0, F(¢4) <O,

F'(¢4) = —c0, F(4-00) < oo. The inverse function F~! has the behavior of |cosecé| (Figure 8).

2B - A 'B 0

—_ — — e —m e e e e e e e e e e = = = =
_——— 4= S FE— [ [ — N,
—_ - —m e — = e e e e e e e e e e m = = =

Figure 8. Graph of the inverse function ¢, pyi, < 0, ¢(B—¢) = ¢(B+¢),0 < ¢ < A—B,
9p(E+T) =), T =50

The other two cases A < 0, B > 0 or B < 0 are omitted as they can be studied similarly
to the previous cases (a) and (b).

2. We shall study now Equation (10) under condition (12), i.e.,

" 2
9" =Bp—Ag* A="2 B = L +2a];+3ﬁk ‘ (56)
In a standard way, we come to the first-order ODE
(go/)2 = Bg? — mq)z”*z +2C =2C+g,C = const,
where A
3(9) = ¢*(B— == 0" (57)
So (¢')? =2(C—U), U = ~}g(9)-
In the special case C = 0, we conclude that
¢ dA
£~ =Glg)~Glgo) = | : 58)
90 V/8(A)

i.e., G(¢) is any primitive of \/ﬁ, @, 90> 0,8(p) > 0.



Mathematics 2024, 12, 1003 18 of 24

There are four cases for the signs of A,Bin g(¢): A >0,B >0; A >0,B <0-
impossible; A < 0,B > 0and A <0, B <0.
Thus,

V2(E—&) = /%\/W

If B> 0, A < 0(56) possesses a one parametric family of periodic solutions. The proof
repeats the proof of the similar results for (41), (1) and we omit it.

Suppose that
"0 9y/B -y )‘zn

and A>0,B>0;,A<0,B>0;,A<0,B <0. Certainly, ¢ > 0, g9 > 0.
The change A" = z in (59) gives us that

R o My
?% z Al Joy sgnAz2

We shall study the cases

¢—Co= (59)

B>0,A>0 with a2 = 227U 4 > 0
B<0,A>0 with B — 42 4 5 0,

The case A < 0, B < 01is treated in a similar way as A > 0, B > 0 and we omit the proof.
According to formulae 341.01, 281.01 from [4], we have that with u = ¢", uo = ¢f

2 2
iin #m,o LA>0,B>0
1 [n+1 Mg O < <aA>0B8>

F(g) = n\l A 1(m’ccosﬁ - arccos—) 0<a<u0<a<pu,
B<0,A>0.

Therefore, (59) implies that

ne PEE =\ /a2 — 12, A > 0,8 >0 (60)

2,2
and0< D =mn |A|1a E—w>0.

From (60), we obtain that
0 20E
P T HT DEt0) 4 F2e DEG)

wherea:\/("T}‘HB‘ E= ‘Hvaf% , D =ny/|B|.

(61) is a soliton-type solutlon of course, and can be expressed via sech(C1& + Cp).
In the case B < 0, A > 0 we have that

(61)

D(¢—¢p) = arccos% - arccos%,o <a<p0<a<p
0

From trigonometry, it is known thatfor0 < x < 1,0 <y < I

f_l_ L_l

1+\/;\/7

arccosx — arccosy = arctg (62)




Mathematics 2024, 12, 1003 19 of 24

_ /1 _ /1 _ 1 _ 1 _ o
Put R = 72_1’5_V?_1:>x—¢1+R2’y_¢1+52'Putx_%€(0’1)’y_%e

(0,1). So
_.,_ R-5s _ 18D —%0) +5
tgD (G — &) = 1+RS ~ 1-5tgD(¢ — &)
Thus, x = \/ﬁ = y|cosD(§ — &o) — SsinD(¢ — &o)| =
" 1 1
ry o o_ - . — 63
«  x  yl|cosD(E —&o) — SsinD(& — Co)| ©
; %
= . 7 64
7" = JeosDI(E — &) — SsinD(z — &o)| “
where D = n/[B], S = \/Hé*“z — \/‘l’é‘:*”‘zl a = %_ In other words,
o (65)

Q= 1°
lcosD(& — &o) — SsinD(& — &o)|n

The expression in the denominator can be expressed as cosec(A1§ + By ).
Below we propose several useful identities from classical and hyperbolic trigonometries.

For each P,Q real: Pcosx+ Qsinx = /P2 + Q%sin(x +«a), (66)

where sinag =

p _ Q
o T o

For each P > 0,Q such that P > |Q| > 0: Pchx 4+ Qshx = /P2 — Q%ch(x +a), (67)

p Q
where cha = ——,sha = ———.
P2 — QZ /P2 — QZ
If |P| = |Q|, i.e, P = £Q = Pchx + Qshx = P(chx + shx) = Pe**.
Assume that P > 0, Q > 0. Then

Pe* + Qe * =24/PQch(x + a), (68)

where cha = %(\/g—i- \/g),shzx = %(\/g— \/g)

Suppose that P, Q > 0. Then

Pe* — Qe =24/PQsh(x +«a), (69)

where sha = 217% = %(\/g— \/g), cha = %(\/g+ \/g) Therefore, W—;Qefx =

2\/1prcosech(x +a),P,Q>0.

Conclusion: The solution (61) can be rewritten as

¢" = asech(D(& — &) + 9), (70)

where chd = 1(1 + E), shé = 3(4 — E). Formula (64) takes the form:

n %o
¢l = — = afcosec(D(§ — o) — B)l, (71)
[sin(D(¢ — o) — B)|V1+S?
] /2 —a2
where sinf = \/11? = 450 Cosp = \/1“152 = ’;?0 ; Mo = ¢35, D = ny/|B|, & =

(n+1) I‘ill'
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The function (71) is strictly positive and, being unbounded, is periodic with period
2 . _ 271

D ny/1B|

Remark 3. Suppose that n = % in (56), i.e.,

¢ = Bgp— Aq)z.
Therefore,
/ 2A¢°
(92 = -5 +Bg?+C. 72)
If A
n:1:>q)”:B(p—Ago33(¢/)2:B¢2—E¢4+C. (73)
Put P3(¢) = —2A3—¢ﬁ + Bg?> +C, A > 0 and assume that P;(¢) = 0 has three simple
real roots ¢1 > @2 > ¢3. Then (72) possesses the special solution ¢(&) = ¢1 + (¢2 —
@1)sn*(31/ % (91 — 93)& m) and sn stands for the Jacobi elliptic function with modulus
m= /8= [17].

P1—93
The cubic equation Q3(¢p) = —A1¢® + B1¢? + C1¢ + D1 = 0, A; > 0 possesses three
simple real roots if and only if Q;((p) = 0 has two simple real roots z; < z; such that
Qs(z1) < 0, Q3(z2) > 0. In our case (P5(¢)), the coefficients of Q3 are —%! < 0, B, 0, C
B3

and the corresponding roots of Q;, arez; =0,z = £. 50 C < 0and 4z > —3C guarantee

the existence of three simple real roots of P3(¢) = 0. Certainly, ¢1¢2¢3 = % <.
Assume that n = 1in (56), i.e., the biquadratic polynomial

A
Py(g) = —E(p4+B(p2+C,A>0. (74)
According to [17], the equation possesses the solution

P(0) = g1 — g arsn®(v,m),
™ P1—93

where T = 1/(¢1 — ¢3) (92 — 94) (& — &), m? = % and the simple real roots

of Py = Oare g1 > @2 > @3 > @4, P2 = —¢1, 3 = —¢2, the modulus 0 < m? < 1,
9(0) = 91, 94 < 9({) < 93.

As it concerns (73), there is a table for the solutions of (73) expressed by Jacobi elliptic
functions for special values of the coefficients A, B.

Example. Consider (73) with the following coefficients depending on the parameter

0<m<1: A= —2m?, B = —(m?+1),C = 1. Then it possesses the elliptic function
solutions ¢ = sn (&, m), cd(&,m) = gzgg"ng

Formulas (61) and (70) can be found directly, using the fact that %Arcsechqo” =
IFW, 0 < ¢ < 1. Similarly, %Arccosechgo” = 4’\/;17' So¢—¢o=G(p)—G(¢o) =
FL1(Arcsechg™ — Arcsechgll) = sech(Fn(& — &) + Arcsechgll) = ¢", |cosech(—n (& — &) +
Arccosechgll)] = ¢". The second solution blows up for § = o + %Arccosechgog and

¢(£o0) =0.
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6. Appendix on the Solvability of the Cauchy Problem for the Schrodinger Operator (3),
u|t=0 = up(x) in the Space W\ 0,A < 0

For the sake of completeness, we shall prove unicity of (3) under the additional
condition u € C(Ry; L2(R%)). Assume that uy, u, are two solutions of (3) having the same
initial data and denote w = uy — u;. Then

1
idyw + EAxw = Mupln|uz|> — upln|ui|?) (75)
and we multiply both sides of (75) by @ and integrate in R}. Thus,
i(atw, W)LZ(Rn) + (Axw, w>L2(Rn) = /\(uzln|u2|2 — Mll?’l|l/l1|2, w>L2(Rn)- (76)

Taking the imaginary part of (76), we obtain that

1d _
5@““’(0“%2(1{;«) = A/R” Im[(ualn|ua|* — ugln|u |*)w]dx = )\/Rn Idx. (77)
In fact, Imi(o;w, w) = Re(dyw,w) = %%Hwaz Having in mind that Imz = %7 and
. . d —
|z1| > |z2| > 0 implies that 0 < In|z;| — In|z;| = Lf“;j' 71) < %ﬂzl\ —|z|) < |Zl|ZZTZ| we
conclude that for uy, u, € C'\ 0:
[ = 2Im[(upln|uy| — urlnjuq|) (iiy — ity)] = —2Im(ugiiyIn|uy| — uyiipInjuq|) =
i[(ugity — uqiip)In|uy| + (uriip — upiiy)In|uq|] = i(ugity — uqiin) (Infuz| — Injug|) =
i(up (it — 11p) + 1z (u — u1)) (Infuz| — Infuq|).
Therefore,
1| < 2[ua||ur — ua||Infua| — Infus||. (78)

Without loss of generality, we suppose that |u1| > |uy| > 0,i.e., |I| < |u; — us|? =
4 1wo(8) B2 < 417 [w(8)| ., w(0) = 0,w € C(R; L2(R”
g [0z = 4lA[lw(®)]]L,, w(0) = 0,w € C(R; L(R")).

The continuous function 0 < y(t) = ||w(t)| \%2, y(0) = 0 satisfies the inequality

!

y(t) <Cy(t) = y(t) =0
(Gronwall Lemma)
Unicity is verified.
We know that xInx is not Lipschitz near 0. On the other hand, if |w;| > 0, |w;| > 0, then
|wilog|wy | — waloglws|| < |wy — wo|(1 + max(|log|ws|, |log|wa]). (79)

7. Discussion and Open Problems
In optics, higher-order PDE of Schrodinger type could appear, namely

ittt + Py (Dx)tt = Alu*Ru(Dx)u + B(|ul*u)x, (80)

Py, Ry, being polynomials of §,1 <n < m — 2.
A simple example is the Focas—Lenells equation (FLE)

iU + 10Uy rx + DUy + \u|2(cu +iduy) = i[auy + /\(|u|2u)x + ,u(|ux]2)u}, (81)
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where a,b,c,d, a, A, u are real constants. We are looking for a solution of (80) having the
form '
u(x, t) = ®(x —ot)e¥h & = x —ot, (82)

®-real, y = —kx + wt, all the coefficients being real-valued.

Taking (82) into (81) and splitting the real and imaginary parts, we obtain for ®(&) a
fourth-order ODE and third-order ODE with real coefficients. We take the coefficients of
the third-order ODE to be zero and conclude that

DY 4 3" + C4® = C5P°. (83)

In general, C3C4Cs # 0 and these constants are real.
One can easily guess the validity of the following two propositions.

Proposition 1. The soliton-type function
A

O = GEE (84)
AB # 1, A, B-real, satisfies
@ +CP=Cd%,C <0,C <0 (85)
ifand only if B= +/—C;, A=+ %
(84) does not verify (83).
Proposition 2. Equation (83) has a soliton-type solution of the form
©:L+LAB¢0 (86)

ch?B¢’
in the following two cases:
(1) L=0,C3<0,C5>0,C=ACHA= -85 /B,B=c/55 e2 =g =1
() L=e5/8Ci>0,C>0,8=1A=eB /1 3 =1, B =g/ 20000,
£2e31/30Cy + C3 < 0, where C3 = @(—78283 —/65) <0, =1.

Equation (86) does not satisfy (85).

In a similar way, one can find a blowing up solution ® = L + ﬁ of (83). We can
reduce the order of (83) by two units, obtaining a non-autonomous second-order ODE for
p(®) = | >

The open problem is to find soliton (blowing up)-type solutions of (80). One can try to
construct soliton solutions by using the method of a priori estimates.

8. Conclusions
In this paper, we construct exact solutions of several model examples of semilinear
PDE arising in mathematical physics. At first we study the parabolic PDE with nonlinearity

Aulnu? and initial data bye %", gy < 0. The corresponding Cauchy problem possesses
a unique solution for 0 < t < T in the class of exponentially increasing functions u,

lu) < C (T)e”xz, a > 0,0 <t < T. The solutions are either globally defined in f or the

phase of u = b(t‘)e“‘(t)"2 blows up for some finite f. Much more complicated is the case

of the Schrédinger equation with nonlinearity Auln|u|?, u # 0, A = const # 0. Here
2

u=b(t)e 7T, b(0) #0,a(0) = ag+ifo, &g < 0, By # 0. If A > 0, there exists smooth

periodic a(t) such that Rea(t) < 0. It is interesting to note that |b| > 0 is periodic but we
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find here a necessary and sufficient condition for periodicity of b(t) showing that b(t) is
very rarely periodic.

For the first time, we investigate the case A < 0 and prove that the smooth curve
t — a(t) € C!is bounded and located in the half plane Rea < 0 being tangential to the
imaginary axes at the origin, a(+o0) = 0, Ima > 0 for t > 1, Ima < 0 for t < —1, while
b(t) : t — C! describes a focus in C! with center 0.

For the higher-order Schrodinger equations with power and power-logarithmic non-
linearities, we are looking for solutions of the type u = ®(¢ )eil/’(t'x), O-real, { = x — Vi,
V € R}, ¢ linear real-valued in x, t. We split the corresponding real and imaginary parts and
reduce the solvability of that semilinear PDE to the solvability of appropriate second-order
autonomous ODE. By means of the method of first integral (used in mechanical processes of
one degree of freedom), we obtain directly the solutions of type solitons, kinks, blowing up,
etc. We propose here solutions of the type sech, cosech, sec, cosec, Jacobi elliptic functions
that are found directly. In the higher-order case, things are complicated. If the appropriate
autonomous semilinear ODEs are of even order by using the method of first integral and
the change p(®) = CD,C, we can reduce the order by (at least) two units, obtaining, for
example, in the fourth-dimensional case, a second-order Emden-Fawler ODE.
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