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Abstract: In an effort to balance the distribution of services across a given territory, dispersion and
diversity models typically aim to maximize the minimum distance between any pair of facilities.
Specifically, in the capacitated dispersion problem (CDP), each facility has an associated capacity
or level of service, and the objective is to select a set of facilities so that the minimum distance
between any pair of them (dispersion) is maximized, while ensuring a user-defined level of service.
This problem can be formulated as a linear integer model, where the sum of the capacities of the
selected facilities must match or exceed the total demand in the network. Real-life applications
often necessitate considering the levels of uncertainty affecting the capacity of the nodes. Failure to
account for this uncertainty could lead to low-quality or infeasible solutions in practical scenarios.
However, research addressing the stochastic version of the CDP is scarce. This paper introduces
two models for the CDP with stochastic capacities, incorporating soft constraints and penalty costs
for violating the total capacity constraint. The first model includes a probabilistic constraint to ensure
the required level of service with a certain probability, while the second model introduces a soft
constraint with penalty costs for violations. To solve both variants of the model, a forward–backward
simheuristic algorithm is proposed. Our approach combines a metaheuristic algorithm with Monte
Carlo simulation, enabling the efficient handling of the random behavior of node capacities and
obtaining reliable solutions regardless of their probability distribution.

Keywords: dispersion problem; stochastic optimization problems; metaheuristics; simulation

MSC: 90-10; 90C59; 90B06

1. Introduction

The general challenge in dispersion problems is providing a collection of elements that
maximizes the diversity or representativeness of a group. In particular, the p-dispersion
problem consists of selecting a subset of p elements from a given set V in such a way that
the diversity between the pairs of elements (usually the pairwise distance) is maximized.
This problem and other related dispersion models have been widely studied in the last
few decades, and several solution approaches have been proposed to tackle them [1–3].
Starting with the seminal works of Kuby [4], Kuo et al. [5], and Dhir et al. [6], mostly
based on integer programming models, the area of diversity and dispersion maximization
has significantly grown, and constitutes an important part of location theory nowadays.
A complete review of discrete diversity and dispersion maximization problems can be
found in Martí et al. [7].

Consider a graph G = (V, E), where V and E are the sets of elements and edges,
respectively, with |V| = n. Let dij > 0 be the distance between two different elements i
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and j, and let p be the number of selected elements. Let us define a binary variable xi that
takes the value 1 if the element i is selected, and 0 otherwise. Also, we define the set of
selected elements as M = i ∈ V : xi = 1. Then, the p-dispersion problem can be formulated
as follows:

max min
i,j∈M

i<j

dij

s.t.
n
∑

i=1
xi = p

xi ∈ {0, 1} i = 1, 2, . . . , n

(1)

The number of selected elements p is usually set in advance by the decision maker, thus
ignoring practical factors that appear in many real-life situations, e.g., capacity, cost, time,
etc. It is in this context that Rosenkrantz et al. [8] proposed more realistic variants of the
conventional p-dispersion problem by incorporating new characteristics, e.g., the storage
capacity of each facility, into the model. In particular, we focus on the capacitated dispersion
problem (CDP) where the number of selected facilities is controlled by the total demand
associated with the nodes in the system. As shown in Rosenkrantz et al. [8], the CDP is an
NP-hard problem that belongs to the large family of facility location problems. Figure 1
depicts an example of locating similar facilities, such as shop franchises, where the goal
is to avoid their proximity, since a good distribution of the facilities on the map implies
reaching more people and clients. Hence, the purpose is to determine the open facilities
(red stars in the example shown in Figure 1) among a set of potential candidates (marked
with a location symbol) in such a way that the inter-distance between the selected facilities
is maximized while, at the same time, the required demand is satisfied. Another important
application of this problem is determining the location of undesirable facilities, such as
landfills or sewage plants, nuclear or chemical plants, and hazardous waste sites. These
facilities should be dispersed enough with the purpose of minimizing their potential
social impact while satisfying storage capacity constraints [9]. An additional example
involves the realistic location problem proposed in Daskin [10] and subsequently studied
by Lu et al. [11], where an international branch company aims to open new offices in the
U.S. to expand their business.

Figure 1. Example of a franchise location problem.

While uncertainty is one of the main characteristics of real-life problems, as far as we
know, it has never been considered in the existing literature on the CDP. One of the main
contributions of this paper is to consider a more realistic version of the CDP with stochastic
capacities (SCDP). Hence, we will model the demand of each node in the network as an
independent random variable. In other words, the capacity of each site is expressed as a
probabilistic distribution rather than a single estimated value. The motivation for studying
the stochastic variants of the CDP comes from the inherent uncertainty present in real-
world situations. Traditional deterministic models, while providing foundational insights,
often fall short in capturing the dynamic nature of real-life scenarios where demand and
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capacity can fluctuate unpredictably. By integrating stochastic elements into the model, this
research aims to devise solutions that are not only near-optimal under specific conditions,
but are also robust and adaptable to changes. To solve the stochastic version of the CDP, we
propose a simheuristic algorithm combining Monte Carlo simulation with a metaheuristic
framework [12]. Simheuristics offer a robust framework for better understanding a system’s
behavior by addressing the uncertain nature of the problem. They can generate robust
solutions that are less sensitive to uncertainty perturbations, ensuring that they will remain
relatively insensitive to changes in the system, at least within a certain range of uncertainty.
By employing a simheuristic algorithm, we can efficiently address the stochastic CDP
while, at the same time, including the stochastic nature of the demands to create high-
quality solutions. In particular, in our solving method, the simulation is integrated with the
tabu search metaheuristic to guide the search in a way that generates robust solutions by
applying perturbation operators and biased randomization techniques. Hence, the main
contributions of this paper can be described as follows: (i) it proposes an extension of
the deterministic CDP by considering capacities as random variables, as well as a formal
description of the stochastic version, SCDP; (ii) it introduces an effective forward–backward
constructive algorithm to deal with different types of instances, and a novel simheuristic
algorithm to solve the SCDP; (iii) it performs a stochastic analysis of how solutions change
as the level of uncertainty increases; and (iv) it provides a reliability analysis of solutions in
a scenario under uncertainty.

The remainder of this paper is organized as follows. Sections 2.1 and 2.2 contain
a review of the literature on dispersion problems and stochastic location, respectively.
Section 3 describes the deterministic and stochastic problems under study. Section 4.1
provides a detailed description of previous forward–backward constructive approaches to
dispersion problems. Section 4.2 outlines the simheuristic tabu search method proposed to
solve the SCDP. Section 5 analyzes the results obtained in our computational experiments.
Finally, the conclusions of this paper are presented in Section 6.

2. Literature Review

This section provides an overview of the existing publications related to our work,
including studies on diversity and dispersion problems, as well as on stochastic facility
location problems.

2.1. Review of the Literature on Diversity and Dispersion Problems

As far as we know, Kuby [4] was the first author to propose diversity models in the
context of discrete optimization. The author considered the p-dispersion as locating p facil-
ities on the nodes of a network, so that the minimum distance between any pair of facilities
is maximized. This problem is also known as the MaxMin dispersion problem (MMDP).
The author extended this model by considering the sum of distances in the objective func-
tion, named the MaxSum diversity problem, or simply the maximum diversity problem
(MDP). The survey of Martí et al. [7] reviewed the milestones in the development of diver-
sity problems and identified three periods of time. In the early period (1980–2000), simple
heuristics were applied to solve the two mathematical models, MaxSum and MaxMin,
with small instances and short computational times [9,13–16]. During the expansion period
(2000–2010), researchers considered other models to include different aspects of diversity,
as shown in Table 1. They introduced larger instances that pose a challenge to simple
heuristics and applied complex metaheuristics to efficiently solve the problems [17–22].
Finally, in the development period (2010–2023), researchers mainly worked on sophisticated
metaheuristics to obtain high-quality solutions to instances of very large problems [23–26].
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Table 1. Diversity models.

Problem Objective Function Reference
MaxSum ∑

i<j,i,j∈M
dij Kuby [4]

MaxMin min
i<j,i,j∈M

dij Kuby [4]

MaxMin/Cap/Cost min
i<j,i,j∈M

dij Rosenkrantz et al. [8]

MaxMean ∑
i<j,i,j∈M

dij/|M| Prokopyev et al. [27]

MaxMinSum min
i∈M

∑
j∈M,j ̸=i

dij Prokopyev et al. [27]

MinDiff max
i∈M

∑
j∈M,j ̸=i

dij −min
i∈M

∑
j∈M,j ̸=i

dij Prokopyev et al. [27]

Our work analyzes an extension of the model introduced by Rosenkrantz et al. [8].
Specifically, these authors considered the inclusion of capacity constraints motivated by
their practical applications in facility location. The resulting CDP model was built upon
the classical MaxMin objective function by replacing the typical cardinality constraint of p
elements with a constraint with the required capacity (specifying the desired level of ser-
vice). Several papers on the CDP have been identified. The first one was by Peiró et al. [28],
who adapted a GRASP method which had already been implemented for the unconstrained
MaxMin diversity to this constrained variant [3,7,29]. The GRASP method of solving the
CDP implements a strategic oscillation [30] for an efficient search of the solution space. This
proposal was able to outperform the previous heuristic method by Rosenkrantz et al. [8].
In a different work, Martí et al. [31], proposed a mathematical model and a heuristic
based on the scatter search (SS) methodology to improve the previous results for the CDP.
The authors adapted the exact method by Sayyady and Fathi [32] for the MaxMin to the
CDP. The method iteratively solves the node packing problem, which finds a maximum
cardinality subset of nodes in an auxiliary graph, so that no two nodes in this subset are
adjacent to each other. With this method they were able to solve medium size instances to
optimality. The SS method explores the solution space by improving and combining a small
set of solutions. The combination method applies path relinking [33], which generates new
solutions by connecting high-quality solutions. It implements a local search that, starting
from one of these solutions, swaps its elements one by one with the elements in another
high-quality solution. In yet another work, Mladenović et al. [34] customized the variable
neighborhood search (VNS) methodology to further improve upon their previous results for
the CDP. This method is able to reach all of the best-known solutions to the CDP established
in the literature. Gomez et al. [35] proposed a multi-start biased randomized algorithm
to efficiently solve the instances in the testbed. Furthermore, Lu et al. [11] introduced a
solution-based tabu search algorithm, which incorporated a hash-based mechanism to
rapidly identify eligible neighboring solutions and employed a streamline calculation
strategy to quickly determine the objective function value of a neighboring solution. The
aforementioned studies have significantly contributed to the analysis of the CDP, and are
able to solve medium-sized and large-sized instances. However, one major limitation can
be identified in these previous works: they targeted the CDP in its deterministic version,
without considering the stochastic nature of real-life scenarios.

2.2. Related Work on Stochastic Facility Location Problems

Since there are no previous articles on the stochastic versions of the CDP, a review of
the existing work on the more general stochastic facility location problem (FLP) is provided.
Some of the seminal articles which incorporated uncertainty into FLP models made use of
the mean-variance objective function. For instance, Jucker and Carlson [36] considered a
stochastic version of the FLP with random demands. Following these ideas, Hodder and
Jucker [37] also took into account the existence of possible correlations among random
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demands in their model. Another early work is that of Drezner [38], who considered an
FLP with uncertainties caused by disruptions. With the aim of minimizing customers’ total
traveling and waiting costs, Wang et al. [39] analyzed an FLP with stochastic demands.
The authors developed several heuristic approaches, including a greedy-dropping pro-
cedure, a tabu search (TS) algorithm, and an optimal-epsilon branch-and-bound method.
After a series of experiments, they concluded that the greedy heuristic is the fastest method,
but it might provide sub-optimal solutions in many cases. On the contrary, the optimal-
epsilon method and the TS algorithm provided high-quality results, even though the former
required much larger computational times than the latter. Ravi and Sinha [40] proposed a
two-stage stochastic optimization model for solving the FLP, where the demand of each
customer is not known during the first stage. Hence, each facility has a first-stage opening
cost and a recourse cost in case it was not opened in the first stage.

A review of the stochastic FLP is provided in Snyder [41]. This review illustrates
different optimization approaches that have been applied to solve stochastic versions of
the problem. Baron et al. [42] analyzed a version of the FLP in the presence of stochastic
demand and congestion. Indicators such as the level of service and the maximum travel
distance were also considered. Wagner et al. [43] considered an FLP variant in which the
demands are stochastic and correlated. These authors proposed a mean-variance approach
that balanced profit and uncertainty. Verma et al. [44] made use of fuzzy logic to model the
FLP under uncertainty and solve some small-sized instances. Contreras et al. [45] consid-
ered a stochastic FLP variant in which random traffic flows from one node have to be routed
to their final destination via different hub facilities. In Arabani and Farahani [46], the au-
thors discuss several characteristics associated with FLPs, and they dedicated a section to its
probabilistic, fuzzy, and stochastic versions. Likewise, Correia and da Gama [47] proposed
different modeling frameworks for the FLP under uncertainty and discuss the differences
between robust optimization, stochastic programming, and chance-constrained models.
Similarly, Lu et al. [48] proposed a model with random disruptions. These authors applied
a robust optimization approach to minimize the expected cost under a worst-case scenario.
Kim et al. [49] considered a stochastic FLP based on drone facilities applied to humanitar-
ian logistics, which forced them to consider uncertainty in the drone operating conditions.
Since the application requires short computational times, the authors developed a heuristic
algorithm based on the Benders decomposition. Still, one clear limitation of their approach
is the assumption that the flight distance of a drone follows an exponential probability
distribution. Abensur et al. [50] proposed the combined use of game theory and simulations
to analyze an FLP under an uncertainty scenario. Another singular aspect of this work
is the application context, which is not the traditional logistics one, but one related to
financial services.

Parragh et al. [51] considered a bi-objective stochastic FLP, in which cost and covered
demand have to be optimized, being the latter being a random variable with a known
probability distribution. These authors applied the L-shaped method for stochastic pro-
gramming, which is combined with a branch-and-bound method. Since these methods are
expensive in terms of computational time, the authors recommended some techniques that
might speed up computations, which is specially useful in the case of real-life applications.
With the goal of minimizing unsatisfied demand and response time, Turkeš et al. [52] pro-
posed a matheuristic algorithm for the stochastic facility location problem with different
facility sizes and stored goods. The authors assumed different sources of uncertainty,
including demands, inventory spoilage, and availability of the transportation network.
Their matheuristic combines an iterated local search, which searches for promising loca-
tion and inventory configurations, with the use of an exact solver, which optimizes the
assignment problem associated with each given configuration. Finally, Ref. [53] analyze
reliability aspects of an FLP with uncertain disruptions. These authors made use of a robust
optimization approach, which employs a cutting plane algorithm. A simulation was then
used to verify the performance of their models.
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3. Problem Description and Formulation

Our stochastic models will build upon the mathematical programming model pro-
posed by Rosenkrantz et al. [8] for the deterministic version of the CDP. In this section we
first describe a mathematical model for the deterministic CDP (Equation (2)). Subsequently,
we introduce two stochastic versions of the CDP: the stochastic CDP with a probabilis-
tic constraint (SCDP-PC, Equation (3)), and the stochastic model with a soft constraint
(SCDP-SC, Equation (4)).

Consider a set of locations (nodes) V, with | V |= n, such that dij > 0 represents
the distance between two different sites i and j, with dij = dji. Let ci ≥ 0 be the storage
capacity of a site i ∈ V. Let us consider a binary variable xi that takes the value 1 if site i is
selected, and 0 otherwise. Let B > 0 be the aggregated demand requested by the nodes in
the network. Then, the deterministic CDP consists of finding a subset M subset V with a
total storage capacity which is larger than the aggregated demand B, in such a way that
the dispersion of the selected sites is maximized. If we denote that M = {i ∈ V : xi = 1},
the formulation of the (deterministic) CDP is as follows:

max min
i,j∈M

i<j

dijxixj

s.t.
n

∑
i=1

cixi ≥ B

xi ∈ {0, 1} ∀ i ∈ V

(2)

The objective function and the definition of the variables are the same as in the p-
dispersion problem. However, the sites are selected in such a way that their total storage
capacity is at least capacity level B.

Two stochastic versions of the CDP are introduced next. The first one has random
capacities and a probabilistic constraint (SCDP-PC). We assume that the storage capacity ci
of each site i ∈ V is not known in advance. However, it can be modeled using a probability
distribution whose specific values will be revealed once the sites have been already selected.
Then, each site has an associated independent random variable C̃i > 0 (∀i ∈ V) which
follows a non-negative probability distribution, such as the Weibull or the log-normal ones.
In many stochastic problems, a recourse action can be applied when the solution is not
feasible in a given scenario, usually called a ‘solution failure’. However, in our problem
we do not always have this possibility. A solution specifies a set of locations, in which
some facilities will be temporarily located (e.g., communication antennas) or permanently
built (e.g., hospitals, clinics, coffee shops, etc.). In the second case, if they cannot reach
the requested demand in a given scenario, there is no easy way to consider a recourse
action. For that reason, it is necessary to compute the reliability associated with a proposed
solution in a scenario under uncertainty, i.e., the probability that the solution performs
as intended without failure. Hence, a probabilistic constraint model can be formulated
as follows:

max min
i,j∈M

i<j

dijxixj

s.t. P

(
∑
i∈V

C̃ixi ≥ B

)
≥ α

xi ∈ {0, 1} ∀ i ∈ V

(3)

In the second stochastic model, we consider random capacities and soft constraints
(SCDP-SC). As before, V is the set of all sites with independent random capacity variables
C̃i > 0 and B is the required aggregated demand. The distances between each pair of
sites, (i, j) ∈ V, are also constant values. Instead of assuming a probabilistic constraint,
we consider a soft constraint with a recourse strategy, which includes a ‘penalty cost’ in
the objective function. If the soft constraint is satisfied, i.e., if the aggregated demand is
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covered by the capacity of the facilities in the current solution, then the solution U is simply
defined as the set M of selected facilities, i.e., U = M = {i ∈ V : xi = 1}. However, if the
soft constraint is not satisfied and the aggregated demand exceeds the current capacity,
then we consider the solution U as the set M with the selected facilities, together with the
set R of additional facilities (selected at random) to meet the original demand B plus an
additional demand that is imposed as a penalty cost. Then, the mathematical model can be
stated as follows:

max min
i,j∈U
i<j

dij

xi ∈ {0, 1} ∀ i ∈ V

(4)

where:

U =


M if ∑i∈V C̃ixi ≥ B

M ∪ R otherwise

(5)

In other words, when M is infeasible we compute U = M ∪ R by adding randomly
selected facilities to R until an extra level of service is met. In our computational experi-
ments, this new demand to achieve during the recourse process exceeds the original one by
a given percentage, representing the penalty cost for initially violating the soft constraint.

4. Solution Methods

Many metaheuristics, including those based on artificial intelligence, social behavior,
or bio-inspired techniques, have been proven to be effective in solving complex optimization
problems [30,54–57]. In Martí et al. [7], tabu search (TS) is identified as the most successful
metaheuristic for solving diversity maximization problems. This makes TS a natural
choice for addressing the stochastic CDP. In this section, we first review the state-of-
the-art methods published using constructive–destructive metaheuristics to solve related
dispersion problems, and then we propose a new one. Specifically, we describe a TS to
solve the deterministic model, which is then extended into a simheuristic to address the
stochastic versions of the CDP.

4.1. Previous Constructive-Destructive Neighborhood Searches

There are several research papers that propose using constructive–destructive neighbor-
hood searches to design approaches for solving problems. For instance, Aringhieri et al. [58]
explore both constructive and destructive approaches for solving the MaxSum and MaxMin-
Sum diversity problems. Glover et al. [59] proposed two constructive and two destructive
heuristics. The first constructive (C1) and destructive (D1) methods were based on the
concept of the center of gravity of a set, computed as the average of the elements’ coor-
dinates. Algorithm C1 selects, at each step, the element with the maximum distance to
the center among the elements already selected. The method finishes when p elements
have been selected. Conversely, starting with all elements selected, D1 removes, at each
step, the element with the minimum distance to the center from among the selected el-
ements. The method finishes when n− p elements have been removed, leaving only p
elements selected. The other two heuristics in Glover et al. [59], namely C2 and D2, have
been extensively applied in metaheuristic methods for discrete diversity optimization.
C2 selects, at each step, the element with the maximum distance to the already selected
elements, while D2 removes, at each step, the element with the minimum distance to the
set of selected elements until only p elements remain selected. Here, the distance of an
element from a set is computed either as the sum of distances to the elements in the set
or the minimum of those distances, depending on whether we are solving the MaxSum
or MaxMin problem, respectively. Building upon each of the four methods described
above, Duarte and Martí [21] proposed a greedy randomized adaptive search procedure
(GRASP) metaheuristic to address the limitations of these greedy methods. The idea of
complementing constructive methods with destructive ones has been applied in various
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diversity problems. See, for example, the works of Peiró et al. [28] and Lozano and Ro-
dríguez [54]. Peiró et al. [28] applied a strategic oscillation framework, alternating between
the constructive and destructive methods proposed in Glover et al. [59] (C1 and D1) to solve
a capacitated version of the maximum diversity problem. The C1 constructive method
incrementally adds elements to the partial solution under construction until the capacity
level is satisfied, resulting in a feasible solution, say M1. Subsequently, the authors pro-
posed to “keep going” by adding some extra elements to M1 using C1, obtaining solution
M2. Then, D1 was applied to remove some elements from M2, potentially yielding a new
feasible solution, M3, which may be superior to the previous ones. This iterative process
continues, with D1 removing some extra elements from M3, resulting in a partial, infeasible
solution M4 that does not meet the capacity constraint.

4.2. A Hybrid Simheuristic Algorithm

Probabilistic modeling emerges as one of the most effective techniques for capturing
uncertainty in real-life optimization problems [60,61]. In particular, simheuristics hybridize
simulation techniques with metaheuristics to address stochastic optimization problems [12].
Simheuristics have demonstrated successful applications in solving combinatorial opti-
mization problems across various domains, such as production [62]. They are built up from
an efficient heuristic in which a stochastic evaluation is repeatedly computed at strategic
points of the algorithm. This allows us to obtain a more ‘robust’ final solution, i.e., one that
performs well under a stochastic scenario. We first describe our base metaheuristic, a prob-
abilistic TS, to solve the deterministic CDP. Then, this metaheuristic is extended into a
simheuristic to solve the stochastic version of the stochastic CDP.

4.2.1. A Probabilistic Tabu Search Algorithm

To solve the deterministic CDP, our approach has two phases. In the first one, a tai-
lored method generates a solution based on the type of instance being solved. To do it, we
propose two construction methods, BR-F and BR-B heuristics, and apply them for a few
trials first to select the best one with a reactive mechanism. Then, the selected method is re-
peatedly applied, following a classic multi-start pattern. The constructed solutions are then
submitted to a TS improvement method. We then make use of biased-randomization (BR)
techniques to add/remove nodes from an emerging solution. These techniques make use of
skewed probability distributions to transform a deterministic heuristic into a probabilistic
algorithm able to generate many ‘good-quality’ solutions to the problem in short compu-
tational times [63]. The term ‘forward heuristic’ refers to the constructive method, while
the term ‘backward heuristic’ refers to the destructive one. The bias randomized forward
heuristic (BR-F) starts with an empty initial solution S. The algorithm adds nodes from
V to the solution S, while the capacity constraint is not satisfied (Algorithm 1). As input
parameters, the method requires the instance I to be solved, the parameter δ to balance the
distance, and the capacity of the greedy function (6). I contains the information about the
capacity of each element i, ci, the minimum required level of capacity B, and the distance
between any pair of elements dij, e = (i, j) ∈ E. S is initialized as an empty solution in
step 1. Let edgesl ist be the list with all the edges in the input graph. In step 2, the algorithm
sorts this list of edges in a decreasing order based on the distances between nodes, where
the largest edge comes first (we call the ordered listedgesl ist↓). We then randomly select one
of the edges according to a geometric probability distribution. This biased selection favors
the edges with larger distances (i.e., in the first positions in the list). Specifically, in step 3,
the edge e = (i0, j0) is randomly selected from the edgel ist↓. The endpoints of edges e, i0,
and j0, are added to the partial solution, and their objective functions are initialized in
step 5 with the distance between i0 and j0 being de = di0 j0 . The objective function value
f (S) of the partial solution S is then updated (step 5). The BR-F performs iterations, adding
an element at a time, to reach the required level of service. The while loop in Algorithm 1
shows these iterations (from steps 7–13). In particular, the method first creates a candidate
list, CL, with all the elements not included in the solution (i.e., CL = V \ S). The candidate
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elements in CL are evaluated considering both their distance to the elements already in the
solution S, and their capacity. In mathematical terms, for each node i ∈ CL we compute its
evaluation g(i) as:

g(i) = δ · d(S, i) + (1− δ) · c(i) (6)

where d(S, i) is the minimum distance from node i to the elements in S, and c(i) is the
capacity of elements i, or ci. Both distance and capacity are normalized in order to sum them
up. To set up the δ parameter, the constructive heuristic is executed 10 times, varying the
range of δ from 0 to 1 and increasing its value by 0.1 in each execution. Subsequently, the δ
value associated with the best solution found is utilized throughout the entire execution.
This parameter in the greedy function oversees the balance between distance and capacity.
Once all the elements are computed, they are rearranged by applying a biased-randomized
process, so the elements associated with higher values are more likely to be ranked at the
top of the list. This process allows us to select the elements in a different order at each
iteration of the process, while still preserving the flavor of the original heuristic. In our case,
a geometric probability distribution, driven by a single parameter β (0 < β < 1), is used to
induce this skewed behaviour. The value of this parameter was set after a quick tuning
process over sample of deterministic CPD benchmark instances. Thus, this selection returns
the element i∗ of CL to be added to the solution (step 9). After adding it to the solution
(step 10), the objective function is updated (step 11), and the element is removed from the
candidate list (step 12). The algorithm finishes when the capacity level B is satisfied.

Algorithm 1 BR-F(I, δ)
1: S← ∅
2: edges_list↓ ← sort_decrease(edges_list)
3: (i0, j0)← random_select_edge(edges_list↓)
4: S← S ∪ {i0} ∪ {j0}
5: f (S)← di0 j0
6: CL← V \ S
7: while not_feasible(S) do
8: CL← sort_descending(CL, g)
9: i∗ ← Geom_selects_node(CL)

10: S← S ∪ {i∗}
11: f (S)← Update_ f (S)
12: CL← CL \ {i∗}
13: end while
14: return S

In terms of computational complexity, the bias randomized forward heuristic exhibits
a Big O notation of O(n2). This complexity arises from the necessity to sort the edge list in
increasing distance order and the iterative process of selecting and removing nodes based
on the geometric probability distribution until the capacity constraint is satisfied. It must be
noticed that, since we are solving the stochastic version of the capacity diversity problem,
the elements (also called sites) have random capacity variables C̃i > 0, and at this stage of
the solving method (i.e., when constructing solutions), we are considering their expected
value as the input in the algorithm.

The bias randomized backward heuristic (BR-B) follows the line drawn by destructive
heuristics such as GRASP-D1 [21]. Similarly to BR-F, the BR-B algorithm requires the instance
information I as its input (Algorithm 2). In contrast to BR-F, BR-B starts with all elements
selected (step 1), and removes nodes from the solution S as long as it continues to fulfill
the capacity constraint (while loop, from steps 3–7). The algorithm creates an edge list
sorted in increasing distance order, which we call edgesl ist↑ (step 2). While the solution
remains feasible, the algorithm selects an edge e∗ at random using a geometric probability
distribution based on the distances of the edges. Then, the next element to be removed from
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the solution (step 6) is selected at random from the two nodes of the edge e∗. The probability
of selecting a node i∗ of e∗ is inversely proportional to its capacity, i.e., the lower its capacity,
the larger the probability (step 5). To ensure the feasibility of the solution, the last removed
element is reinserted after the while loop (step 8).

Algorithm 2 BR-B(I)
1: S← V
2: edges_list↑ ← sort_increase(edges_list)
3: while feasible(S) do
4: e∗ ← Geom_selects_edge(edges_list↑)
5: i∗ ← random_select_node(e∗)
6: S← S \ {i∗}
7: end while
8: S← S ∪ {i∗}
9: return S

Similar to the BR-F heuristic, the bias randomized backward heuristic also plays a
central role in our solution methodology, offering a destructive counterpart to the construc-
tive nature of BR-F. The computational complexity is O(n2), attributable to the algorithm’s
need to evaluate each node and edge in the process. Both algorithms operate with a loop
that continues until a feasible solution is found. This setup implies that, when fewer nodes
are needed, the constructive strategy arrives at a solution quicker than its destructive
counterpart. In some real-life applications, such as logistics or transportation, a solution
with a small fraction of the number of facilities opened usually satisfies the total demand.
However, in other applications, such as telecommunications or smart cities with the IoT,
the required number of open facilities is usually very large to meet the capacity require-
ments. This is why we propose two different constructive methods considering the different
types of instances to be solved. Notice that, in the first type of applications, a construction
method would perform a low number of iterations, but in instances of the second type of
applications, it would perform a large number of iterations, and it seems more appropriate
to apply a destructive method there. Our BR-F and BR-B heuristics complement each other
and together offer a robust solution for any situation.

Algorithm 3 illustrates the pseudocode of our TS for the CDP. The algorithm receives
the constructed solution S and the maximum number of iterations without improvement,
itmax, as inputs. Let S′ be the best solution, which initially is S′ = S (step 1). From
step 3 to 13, the method sequentially drops the oldest selected element u in S (steps 5 and 6),
and adds the element u∗ with the maximum–minimum distance from u∗ to S \ u (step 7).
Ties with respect to the max–min value are broken with the element which maximizes
the sum of the distances to the elements in S \ u (step 8). If the new solution S = (S \
u) ∪ u∗ improves the best solution identified so far, S′, then it is updated (steps 9 to 12).
The algorithm ends after itmax iterations without improvement and returns the best solution
it found (step 14).

The TS improvement operates with an O(n log n) complexity per iteration, account-
ing for the management of the tabu list and neighborhood explorations. Consequently,
the overall complexity of the probabilisitic tabu search (PTS) algorithm can be succinctly
described as O(n2 + itmax · n log n), achieving a balance between the initial solution for-
mulation and an efficient TS, where itmax represents the iterations without improvement.
As mentioned, the construction can be either the BR-F method, described in Algorithm 1,
or the BR-B method, described in Algorithm 2. The method requires three input parameters:
the instance I, the parameter δ obtained from the construction phase, and itmax from the
TS algorithm.



Mathematics 2024, 12, 909 11 of 22

4.2.2. Extending the PTS to a Simheuristic Approach

In this section, we extend the PTS using the simheuristic framework [12], introducing
simulation techniques to evaluate the performance of promising solutions in a stochastic
environment. As documented in the stochastic literature, good deterministic solutions
improve the chances of finding better stochastic solutions. In this vein, we adapt the
PTS algorithm to the simheuristic framework, considering its ability to achieve very good
outcomes (see Section 5).

Algorithm 3 Probabilistic Tabu Search, PTS(S, itmax)

1: S′ ← S
2: noImprovement← 0
3: while noImprovement < itmax do
4: noImprovement← noImprovement ++

5: u← select_oldest_node(S)
6: S← Drop(S, u)
7: u∗ ← select_best_node(V \ S)
8: S← Add(S, u∗)
9: if f (S) > f (S′) then

10: S′ ← S
11: noImprovement← 0
12: end if
13: end while
14: return S′

In Section 3, we described two stochastic variants for the CDP: the stochastic model
with a soft constraint (SCDP-SC), and the stochastic model with random capacities and a
probabilistic constraint (SCDP-PC). The first model, with soft constraints (Equation (4)),
penalizes the objective function value by selecting more than the required elements (e.g.,
a 25% of extra facilities are randomly opened) in scenarios where the soft constraint is
not satisfied. In such cases, the penalized objective function value is computed as the
minimum distance between all pairs of selected sites. Note that this value is significantly
worse (lower) than the original objective function value of the solution. The recourse action
of selecting extra elements is a raw strategy but is very effective, as it ensures that a robust
solution can be found for different stochastic scenarios. Algorithm 4 illustrates the main
steps of our simheuristic approach for the SCDP-SC, which we call SimTS-SC.

Algorithm 4 takes the maximum number of iterations itmax without improvement
and the maximum time tmax as inputs, and consists of three main phases. Table 2 summa-
rizes the parameters and symbols used in this method. In the initial phase, the algorithm
generates a feasible solution that is improved with the TS algorithm (step 1). This initial
solution S∗ is the best solution known so far. Then, a fast simulation is performed to
obtain the average value of the objective function (minimum distance) of the simulations
performed over that solution, denoted as s f (S∗), i.e., the stochastic objective function eval-
uation (step 2). The pool of best stochastic solutions sP is initialized with the best solution
S∗ (step 3). In the second phase, a while loop is executed to generate new solutions (step 5).
They are obtained by applying the PTS algorithm to the instance with expected values.
Then, only a short number of simulations runs are conducted on the promising solutions
(steps 6 and 7) to evaluate the quality of each of these solutions in a stochastic environment.
In each iteration, if the new promising solution shows a higher stochastic objective function
value than the current best solution, it is updated and inserted into the set of best stochastic
solutions sP (step 10). Finally, in the third phase, an extended simulation experiment is
conducted on the best stochastic solutions found (steps 14–19), which provides a more
accurate estimate of the expected objective function value. Furthermore, this intensive
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simulation also provides relevant statistics to analyze the reliability of each solution in sP ,
and the best one is returned by the algorithm (step 20).

Algorithm 4 SimTS-SC(I, δ, tmax, itmax)

1: S∗ ← PTS(I, δ, itmax)

2: (S∗, s f (S∗))← Simulation(S∗, short)
3: sP ← add(S∗)
4: while time ≤ tmax do
5: S← PTS(I, δ, itmax)

6: if f (S) > f (S∗) then
7: (S, s f (S))← Simulation(S, short)
8: if s f (S) > s f (S∗) then
9: S∗ ← S

10: sP ← add(S∗)
11: end if
12: end if
13: end while
14: for S ∈ sP do
15: (S, s f (S))← Simulation(S, long)
16: if s f (S) > s f (S∗) then
17: S∗ ← S
18: end if
19: end for
20: return S∗

Table 2. Symbols and Definitions.

Symbol Definition

S solution
S∗ best solution
sP set of stochastic solutions

s f (S) stochastic objective function value of solution S, i.e., average of the objective
function value in different scenarios

ν(S) estimation of the reliability level, i.e., the estimated probability that the solution S
is still feasible once a scenario takes place

The SimTS-SC algorithm, incorporating the PTS, exhibits a computational complexity
of O(n2 + itmax · n log n). The inclusion of short-term simulations adds a complexity of
O(shortsim · n) due to the evaluation of each node being included in the solution, resulting
in an overall complexity of O(n2 + itmax · n log n + shortsim · n). In the second stochastic
model SCDP-PC—see Equation (3)—the objective function remains unchanged with varia-
tions in the expected capacity values across different scenarios. However, the stochastic
nature of the model arises from the probabilistic constraint, which assesses the probabil-
ity of the solution satisfying the capacity constraint. The simheuristic algorithm for the
SCDP-PC, denoted as SimTS-PC, follows the main steps outlined in Algorithm 4. However,
it differs in two aspects related to construction and evaluation, which are adapted to ac-
commodate the stochastic nature of the problem. When constructing a solution using the
PTS algorithm, the iterative process of adding elements to the solution (opening facilities)
terminates when the probabilistic constraint is satisfied. Additionally, instead of evaluating
the objective function s f (S), which remains constant in this model, the simulation process
provides an estimation of the reliability level, denoted as ν(S), associated with the current
solution S (steps 2, 7, and 15 in Algorithm 4). As explained before, the reliability level
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of a solution S represents the probability that the solution S is feasible when a scenario
occurs. Figure 2 presents a multi-dimensional comparison between two methodologies:
PTS and SimTS. The chart assesses each methodology across six distinct performance
metrics: optimality, speed, flexibility, uncertainty, scalability, and reliability. Each axis
corresponds to one of these metrics, extending outward from the center where the lowest
value is located, and higher values are depicted further from the center. The performance
of SimTS is depicted by the green line, whereas the performance of PTS is illustrated by the
black line.

Figure 2. Comparison between PTS and SimTS

SimTS demonstrates a superior performance in handling uncertainty and ensuring
reliability, thanks to the simulations integrated into the algorithm. These simulations also
result in significant computational times. Consequently, there is a relative decrease in
speed and optimality under the deterministic conditions compared to the PTS algorithm.
Therefore, in terms of scalability, SimTS may face challenges with larger instances where
PTS excels. Nonetheless, SimTS exhibits greater flexibility, allowing it to effectively manage
more dynamic and variable environments.

5. Computational Experiments

In this section, we first evaluate the performance of our simheuristic algorithm
SimTS-PC when solving the stochastic model with a probability constraint (SCDP-PC).
Then, we assess the performance of our simheuristic algorithm SimTS-SC when solving
the stochastic model with soft constraints (SCDP-SC). For each of these experiments, we
performed the following steps: (i) compare the solving method for the deterministic model
(PTS) with our simheuristic algorithm, where the solution obtained with the PTS method
and evaluated in a stochastic scenario is referred to as PTS-S; and (ii) evaluate the reliability
of the solutions obtained with the simheuristic under various configurations. The methods
were tested using the classical benchmarks in discrete diversity optimization proposed by
Martí et al. [31], namely the following:

• The GKD benchmark, which is a data set built using Euclidean distances. The nodes’
coordinates are generated considering a uniform probability distribution between
0 and 10. This data set was proposed in Glover et al. [59]. Two subsets are considered:
the first one is called GKD-b and has instances with 50 and 150 nodes; the second one is
called GKD-c and has instances with 500 nodes.

• The MDG benchmark, which is a data set with real numbers randomly selected be-
tween 0 and 1000 from a uniform probability distribution. This data set was introduced
by Duarte and Martí [21]. These instances have 500 nodes.

The instances above were originally proposed to solve the maximum diversity problem
(i.e., they did not consider facility capacities), and Martí et al. [31] adapted them to include



Mathematics 2024, 12, 909 14 of 22

the CDP characteristics. These authors computed the aggregated demand, B, with the
expression B = m · ∑i∈V ci, which was m = 0.2 in their experiments. To further adapt
them to the stochastic context, the capacity of each facility was modeled as a random
variable, C̃i, following a log-normal probability distribution. The location parameter, µ, is
computed using the deterministic capacity value of the facility. As commonly applied in
stochastic optimization, we opt for the log-normal distribution due to its flexible probability
density function that can adapt to fit many non-negative random variables (demands in
our case). Notice, however, that our methodology will be the same if any other probability
distribution was employed instead. Then, we consider the log-normal distribution with
two parameters, location (µ) and scale (σ), according to:

µ = ln(E(C̃i)) (7)

For experimentation purposes, we have considered three different levels of variance: low,
medium, and high. The level of variance has been modeled using the scale factor (σ) of
the log-normal distribution. The values σ = 0.1, σ = 0.15, and σ = 0.2 have been used for
low, medium, and high variance, respectively. This allows us to analyze the robustness
of the solutions provided by the simheuristic as the uncertainty increases. Notice that
the deterministic instances correspond to stochastic instances with σ = 0. To generate a
random value, the function displayed in Listing 1 has been employed.

Listing 1. Function to generate random values with specified variance.

1 def random_value(capacity, var):
2 # Deterministic capacity of the node
3 mu = np.log(capacity)
4 # Variance defined: (0.1, 0.15 or 0.2)
5 sigma = var
6 return np.random.lognormal(mu, sigma)

All the algorithms have been implemented in Python 3.8 (the benchmark instances
and the source code of the proposed SBTS algorithm can be accessed at: https://github.
com/juanfran143/stochastic_CDP, accessed on 5 March 2024) and executed on an Intel(R)
Xeon(R) CPU @ 2.20 GHz with 4 GB of RAM. We set the maximum execution time to 60 s for
small and medium instances (less than 500 nodes) and 180 s for instances with 500 nodes.

5.1. Numerical Experiments and Results for the SCDP-PC

Table 3 shows the results obtained for the SCDP-PC model. In this first experiment
we compare the solving method PTS described in Section 4.2.1 for the deterministic model
with the simheuristic SimTS-PC described in Section 4.2.2. PTS-S refers to the solution
obtained with the solving method PTS evaluated in a stochastic scenario. For each method,
we report the objective function value (distance, dist) of the solution, and the percentage of
scenarios for which the solution is feasible (reliability, denoted by the symbol ν). In other
words, we report the evaluation of the best solution returned by the algorithm on a standard
simulation process: the minimum pairwise distance in the solution and the relative number
of scenarios in which the solution verifies the demand constraint. Notice that this model
does not apply any penalty cost when the solution does not reach the minimum capacity
constraint. As depicted in Table 3, the simheuristic algorithm SimTS-PC surpasses the
deterministic version PTS-S in terms of reliability. Using a conservative threshold of 0.9 for
the required reliability level, it becomes evident that the simheuristic consistently meets this
criterion, with solutions being feasible in over 90% of scenarios. In contrast, the PTS does not
guarantee the minimum required reliability level even in those cases in which the variance
level is small (σ = 0.10), providing an average reliability of 0.61. These results confirm the
superiority of a simheuristic with respect to a standard heuristic when it comes to solving
a stochastic problem. This is to be expected since the simheuristic guides the search for

https://github.com/juanfran143/stochastic_CDP
https://github.com/juanfran143/stochastic_CDP
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the solution based on simulations. Notice that, in nearly 40% of cases, the deterministic
solutions are infeasible, rendering this method unsuitable for the stochastic problem.

Table 3. Performance of our algorithm for the SCDP-PC problem (3) with different variances.

Instance

σ = 0.1 σ = 0.15 σ = 0.2

PTS-S PTS-S SimTS-PC PTS-S SimTS-PC PTS-S SimTS-PC

dist ν dist ν ν-Gap ν dist ν ν-Gap ν dist ν ν-Gap

GKD−b_11_n50_b02_m5 147.20 0.58 142.90 1.00 −41.90% 0.52 142.90 0.97 −46.80% 0.48 142.90 0.89 −46.20%
GKD−b_12_n50_b02_m5 178.10 0.86 166.30 1.00 −13.35% 0.73 168.80 1.00 −26.95% 0.65 165.80 1.00 −34.94%
GKD−b_13_n50_b02_m5 96.10 0.63 85.80 1.00 −37.00% 0.55 85.80 1.00 −44.70% 0.50 85.80 0.99 −49.09%
GKD−b_14_n50_b02_m5 84.60 0.75 81.20 1.00 −25.10% 0.63 81.20 0.99 −36.68% 0.56 80.60 0.99 −43.68%
GKD−b_15_n50_b02_m5 154.90 0.72 149.50 1.00 −27.31% 0.63 147.20 1.00 −36.57% 0.56 147.20 0.99 −43.03%
GKD−b_16_n50_b02_m15 77.70 0.97 77.60 0.98 −0.20% 0.88 75.80 0.99 −11.25% 0.78 73.10 0.83 −5.66%
GKD−b_17_n50_b02_m15 41.80 0.52 36.50 0.99 −47.73% 0.49 35.30 0.93 −47.36% 0.46 30.20 1.00 −53.70%
GKD−b_18_n50_b02_m15 108.50 0.82 103.40 1.00 −17.70% 0.70 103.40 1.00 −30.36% 0.62 101.20 0.99 −37.83%
GKD−b_19_n50_b02_m15 119.10 0.96 111.70 1.00 −3.70% 0.86 113.60 1.00 −13.65% 0.76 113.60 0.96 −21.06%
GKD−b_20_n50_b02_m15 115.30 0.51 111.70 1.00 −48.50% 0.48 106.00 0.99 −52.21% 0.45 106.00 0.99 −54.65%
GKD−b_41_n150_b02_m15 161.60 0.59 156.20 1.00 −41.20% 0.49 154.50 0.99 −50.50% 0.44 154.40 1.00 −55.67%
GKD−b_42_n150_b02_m15 84.00 0.57 82.40 1.00 −43.00% 0.48 78.80 1.00 −52.26% 0.42 78.50 0.98 −56.73%
GKD−b_43_n150_b02_m15 62.00 0.49 57.70 1.00 −51.05% 0.43 58.70 0.99 −56.70% 0.39 56.40 0.99 −60.69%
GKD−b_44_n150_b02_m15 100.90 0.75 98.30 1.00 −25.00% 0.58 98.30 0.98 −40.94% 0.50 97.30 1.00 −50.15%
GKD−b_45_n150_b02_m15 104.40 0.82 101.60 1.00 −18.12% 0.67 102.80 0.99 −32.15% 0.58 101.90 0.98 −41.16%
GKD−b_46_n150_b02_m45 123.80 0.43 115.60 1.00 −57.00% 0.39 119.40 0.98 −60.55% 0.34 114.70 1.00 −65.73%
GKD−b_47_n150_b02_m45 162.80 0.67 157.00 1.00 −33.17% 0.53 154.90 0.99 −46.32% 0.44 154.00 1.00 −55.61%
GKD−b_48_n150_b02_m45 98.50 0.53 97.90 1.00 −47.10% 0.46 97.40 1.00 −53.97% 0.40 91.10 0.99 −60.02%
GKD−b_49_n150_b02_m45 166.30 0.61 160.60 1.00 −39.50% 0.50 159.40 0.99 −49.85% 0.43 157.50 0.99 −56.29%
GKD−b_50_n150_b02_m45 110.10 0.49 106.50 1.00 −50.90% 0.43 104.40 0.98 −56.09% 0.39 103.90 0.99 −61.03%
MDG-b_01_n500_b02_m50 50.90 0.42 40.20 0.99 −57.65% 0.33 35.90 0.99 −66.90% 0.26 37.70 1.00 −73.77%
MDG-b_02_n500_b02_m50 47.40 0.57 36.80 1.00 −42.90% 0.40 41.60 0.99 −59.35% 0.28 35.80 0.98 −71.25%
MDG-b_03_n500_b02_m50 45.80 0.56 43.40 1.00 −43.63% 0.41 38.90 1.00 −58.89% 0.29 37.30 1.00 −70.88%
MDG-b_04_n500_b02_m50 51.00 0.45 34.00 1.00 −54.97% 0.34 39.10 1.00 −65.83% 0.25 35.20 0.99 −75.15%
MDG-b_05_n500_b02_m50 47.50 0.52 42.50 0.99 −47.52% 0.40 39.10 0.99 −60.06% 0.30 32.30 0.99 −69.98%
MDG-b_06_n500_b02_m50 46.90 0.54 35.90 0.99 −45.30% 0.41 35.90 1.00 −58.76% 0.29 39.80 1.00 −71.17%
MDG-b_07_n500_b02_m50 44.90 0.71 37.80 0.99 −28.20% 0.53 39.20 1.00 −46.80% 0.40 36.50 0.98 −59.72%
MDG-b_08_n500_b02_m50 46.40 0.40 40.50 1.00 −59.82% 0.31 38.30 1.00 −69.10% 0.23 39.00 0.97 −76.13%
MDG-b_09_n500_b02_m50 49.50 0.62 45.10 0.99 −37.26% 0.45 42.20 0.97 −53.29% 0.32 37.10 0.99 −67.17%
MDG-b_10_n500_b02_m50 50.20 0.69 41.20 1.00 −31.40% 0.52 41.20 0.99 −47.58% 0.37 37.80 1.00 −62.65%
GKD-c_01_n500_b02_m50 9.10 0.61 8.70 1.00 −38.98% 0.45 8.60 0.97 −53.77% 0.32 8.60 0.97 −67.05%
GKD-c_02_n500_b02_m50 9.30 0.47 9.00 1.00 −53.31% 0.34 9.00 0.99 −65.93% 0.26 8.90 1.00 −74.37%
GKD-c_03_n500_b02_m50 9.20 0.52 8.90 1.00 −48.35% 0.39 8.90 0.99 −60.49% 0.30 8.80 0.97 −69.02%
GKD-c_04_n500_b02_m50 8.90 0.64 8.60 1.00 −35.80% 0.46 8.50 0.96 −51.57% 0.35 8.70 0.99 −65.06%
GKD-c_05_n500_b02_m50 9.00 0.57 8.90 1.00 −43.34% 0.43 8.80 0.99 −56.31% 0.29 8.60 1.00 −71.11%
GKD-c_06_n500_b02_m50 8.90 0.71 8.80 1.00 −28.56% 0.51 8.60 1.00 −48.94% 0.38 8.60 0.99 −61.56%
GKD-c_07_n500_b02_m50 9.00 0.52 8.70 1.00 −48.15% 0.40 8.70 0.99 −59.96% 0.30 8.60 0.99 −69.69%
GKD-c_08_n500_b02_m50 9.30 0.54 9.10 1.00 −45.69% 0.41 8.80 1.00 −58.68% 0.32 8.90 0.98 −67.99%
GKD-c_09_n500_b02_m50 9.10 0.61 8.90 0.99 −38.43% 0.44 8.90 1.00 −55.67% 0.31 8.50 1.00 −68.94%
GKD-c_10_n500_b02_m50 9.10 0.78 8.50 1.00 −22.42% 0.60 8.70 1.00 −40.28% 0.44 8.80 1.00 −55.70%

Average 71.72 0.61 67.15 0.99 −38.01% 0.49 66.68 0.98 −49.6% 0.41 65.29 0.98 −58.03%

Table 4 provides a summary of Table 3 categorized by type and instance size. We
observe that the performance of the simheuristic algorithm remains consistent as the size
of the instances increases, despite the increase in variance. However, in the case of PTS, we
notice that the reliability decreases as the size of the instance increases. From Tables 3 and 4,
it is evident that SimTS-PC exhibits a more stable behavior when faced with variations in
the size of the instance compared to PTS. In the following experiment, we investigate the
performance of both algorithms under varying input conditions.

Table 4. Comparison of PTS-S and SimTS-PC categorized by type and instance size.

Size of the Instance (n) σ = 0.1 σ = 0.15 σ = 0.2
ν PTS-S ν SimTS-PC ν-GAP ν PTS-S ν SimTS-PC ν-GAP ν PTS-S ν SimTS-PC ν-GAP

GKD n = 50 0.73 1.00 −26.25% 0.65 0.99 −34.65% 0.58 0.96 −38.98%
GKD n = 150 0.60 1.00 −40.60% 0.50 0.99 −49.93% 0.43 0.99 −56.31%
MDG n = 500 0.60 1.00 −40.30% 0.44 0.99 −55.16% 0.33 0.99 −67.05%
GKD n = 500 0.55 1.00 −44.87% 0.41 0.99 −58.66% 0.30 0.99 −69.79%

Yet another experiment is conducted to evaluate the effectiveness of the simheuris-
tic under various configurations. To achieve this, we extend the instances by increasing
the total required capacity, B, thereby compelling the algorithm to select more facilities.
Figure 3 illustrates the reliability levels obtained with both the simheuristic and deter-
ministic algorithms for different percentages of selected facilities (ranging from 20% to
80%). It is evident that the simheuristic algorithm, SimTS-PC, consistently achieves the
minimum required reliability of 0.90 on average across all scenarios, outperforming the
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deterministic algorithm PTS, which exhibits reliability levels well below 0.9 (highlighted in
red in the diagrams). These results underscore the importance of considering stochasticity
during the search process, as failure to do so can significantly impact the robustness of the
final solution.

Figure 3. Reliability box-plot comparing SimTS-PC with PTS-S.

5.2. Numerical Experiments and Results for the SCDP-SC

Table 5 presents the results for the SCDP-SC model, which aims to maximize the
objective function. Similar to the previous table, the first column identifies the instance,
while the subsequent columns display the obtained solutions for the three different vari-
ance levels tested. Each block includes the best deterministic solution evaluated under
deterministic conditions with average values in the coefficient constraints (PTS), along with
the associated expected cost evaluated under a stochastic scenario (PTS-S). Additionally,
the table reports the reliability level associated with the stochastic solution. Each violation
of the minimum capacity level incurs a penalty in the solution, as described in Section 3.
The results in this table affirm the superiority of the simheuristic over its deterministic
counterpart. Specifically, the objective function value (distance, dist) of the PTS heuristic
evaluated in the deterministic problem is 71.86. However, when evaluated in the stochastic
problem, it decreases to 47.25 due to its feasibility in only 62% of the cases on average,
as indicated in the reliability column (ν). In the remaining cases, the solution is penalized by
opening additional facilities. On the contrary, the SimTS-SC achieves an average objective
value of 61.64, attributable to its high reliability of 86% on average. Similar results are
observed for the other variance levels.

Table 6 presents a summary of the objective function values categorized by type and
instance size. Notice that, on average, the SimTS-SC algorithm outperforms the solutions
obtained with PTS, exhibiting higher reliability, as observed in Table 5. Moreover, SimTS-SC
demonstrates a superior performance in the Euclidean set of instances (GKD), contrasting
with the MDG dataset, which features randomly generated distances.
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Table 5. Performance of our algorithm for the SCDP-SC problem (4) with different variances.

Instance

σ = 0.1 σ = 0.15 σ = 0.2

PTS PTS-S SimTS-SC PTS-S SimTS-SC PTS-S SimTS-SC

dist dist ν dist ν dist-Gap dist ν dist ν dist-Gap dist ν dist ν dist-Gap

GKD-b_11_n50_b02_m5 147.2 84.27 0.57 136.84 0.95 −38.41% 74.73 0.50 139.18 0.97 −46.24% 70.22 0.47 130.61 0.91 −46.31%
GKD-b_12_n50_b02_m5 178.1 155.14 0.86 165.63 1.00 −6.33% 131.10 0.73 159.15 0.96 −17.14% 116.56 0.65 140.67 0.86 −17.62%
GKD-b_13_n50_b02_m5 96.1 60.68 0.63 89.99 0.98 −32.57% 54.04 0.56 82.15 0.89 −33.85% 49.36 0.51 74.63 0.85 −34.22%
GKD-b_14_n50_b02_m5 84.6 65.61 0.77 81.12 1.00 −19.12% 56.24 0.66 79.25 0.98 −32.26% 49.89 0.59 73.65 0.91 −29.04%
GKD-b_15_n50_b02_m5 154.9 113.81 0.73 146.06 0.95 −22.08% 97.78 0.63 137.36 0.93 −26.53% 86.52 0.55 117.76 0.80 −28.81%
GKD-b_16_n50_b02_m15 77.7 73.17 0.94 75.50 0.97 −3.09% 64.35 0.82 70.15 0.90 −3.79% 57.19 0.73 59.44 0.77 −8.28%
GKD-b_17_n50_b02_m15 41.8 22.10 0.53 34.78 0.95 −36.47% 20.51 0.49 34.06 0.97 −28.54% 19.04 0.45 26.65 0.73 −39.79%
GKD-b_18_n50_b02_m15 108.5 68.98 0.63 102.05 0.99 −32.40% 61.16 0.56 95.73 0.93 −33.13% 56.13 0.51 83.94 0.81 −36.11%
GKD-b_19_n50_b02_m15 119.1 116.03 0.97 114.80 0.96 1.07% 103.07 0.86 103.62 0.87 −0.03% 91.86 0.77 91.89 0.89 −0.53%
GKD-b_20_n50_b02_m15 115.3 59.78 0.51 111.48 1.00 −46.37% 55.38 0.48 107.46 0.96 −48.69% 51.69 0.44 100.75 0.90 −48.46%
GKD-b_41_n150_b02_m15 162.3 135.68 0.83 153.12 0.98 −11.39% 109.54 0.67 138.41 0.89 −24.23% 89.00 0.54 117.46 0.75 −20.86%
GKD-b_42_n150_b02_m15 84.3 45.36 0.53 73.22 0.98 −38.05% 40.29 0.47 67.06 0.89 −39.83% 34.52 0.40 57.38 0.76 −39.93%
GKD-b_43_n150_b02_m15 62 42.36 0.68 41.69 0.73 1.61% 34.46 0.55 34.59 0.61 2.13% 29.06 0.46 28.46 0.50 −0.37%
GKD-b_44_n150_b02_m15 101.6 62.15 0.60 92.66 0.94 −32.93% 51.84 0.50 79.40 0.80 −32.63% 45.29 0.44 67.22 0.68 −34.70%
GKD-b_45_n150_b02_m15 105.1 72.80 0.68 88.81 0.93 −18.03% 59.31 0.56 74.28 0.78 −22.06% 49.70 0.47 63.77 0.67 −20.16%
GKD-b_46_n150_b02_m45 123.8 52.65 0.42 107.57 0.92 −51.06% 48.38 0.38 101.49 0.91 −53.04% 42.09 0.33 89.63 0.80 −52.33%
GKD-b_47_n150_b02_m45 162.8 93.89 0.57 137.76 0.96 −31.85% 79.46 0.48 121.54 0.85 −33.21% 67.28 0.41 100.74 0.70 −34.62%
GKD-b_48_n150_b02_m45 99 46.58 0.46 70.59 0.72 −34.02% 40.62 0.40 64.75 0.73 −35.79% 35.31 0.35 54.99 0.62 −37.27%
GKD-b_49_n150_b02_m45 166.3 109.10 0.65 150.47 0.98 −27.50% 88.62 0.52 134.64 0.88 −34.13% 75.63 0.45 114.81 0.75 −34.18%
GKD-b_50_n150_b02_m45 110.1 54.90 0.49 91.56 0.97 −40.04% 46.38 0.41 80.82 0.86 −39.30% 42.49 0.38 69.99 0.74 −42.62%
MDG-b_01_n500_b02_m50 56.9 25.38 0.45 25.01 0.76 1.45% 19.24 0.34 25.14 0.55 −14.88% 15.59 0.29 18.32 0.40 −23.50%
MDG-b_02_n500_b02_m50 46.3 33.51 0.69 29.33 0.71 14.24% 25.23 0.52 21.58 0.50 12.77% 18.29 0.38 16.22 0.37 16.90%
MDG-b_03_n500_b02_m50 47.5 16.58 0.32 30.81 0.71 −46.19% 13.40 0.26 23.21 0.55 −43.50% 10.04 0.20 17.77 0.42 −42.26%
MDG-b_04_n500_b02_m50 46.7 21.94 0.44 37.08 0.78 −40.85% 15.56 0.31 23.89 0.47 −43.83% 12.09 0.24 21.52 0.46 −34.88%
MDG-b_05_n500_b02_m50 47.5 41.46 0.83 30.77 0.78 34.74% 30.70 0.62 22.37 0.57 32.67% 23.17 0.47 17.46 0.46 37.23%
MDG-b_06_n500_b02_m50 45.2 25.26 0.52 36.58 0.84 −30.95% 18.57 0.38 25.97 0.60 −28.73% 13.80 0.29 19.36 0.45 −28.51%
MDG-b_07_n500_b02_m50 44.9 26.81 0.55 32.72 0.77 −18.05% 20.30 0.42 23.57 0.56 −9.78% 15.34 0.32 17.00 0.40 −13.88%
MDG-b_08_n500_b02_m50 50.1 28.45 0.53 38.06 0.88 −25.25% 20.12 0.38 28.23 0.65 −30.24% 14.75 0.28 21.14 0.49 −28.74%
MDG-b_09_n500_b02_m50 50.7 34.89 0.66 39.75 0.80 −12.21% 25.50 0.48 26.04 0.60 −4.07% 18.28 0.35 19.05 0.44 −2.08%
MDG-b_10_n500_b02_m50 47 29.48 0.60 29.52 0.67 −0.15% 21.26 0.43 20.59 0.47 9.44% 16.14 0.33 14.75 0.34 3.24%
GKD-c_01_n500_b02_m50 9.1 7.09 0.62 7.42 0.82 −4.35% 5.04 0.44 5.39 0.61 −9.30% 3.65 0.32 4.02 0.46 −6.52%
GKD-c_02_n500_b02_m50 9.2 7.97 0.69 6.91 0.77 15.37% 5.78 0.50 5.16 0.57 17.81% 4.40 0.39 3.74 0.42 11.98%
GKD-c_03_n500_b02_m50 9.2 7.88 0.69 6.95 0.78 13.31% 5.83 0.51 5.04 0.58 −1.85% 4.25 0.37 4.33 0.42 15.64%
GKD-c_04_n500_b02_m50 9 4.74 0.39 6.88 0.76 −31.12% 3.55 0.30 5.10 0.49 −26.76% 2.68 0.22 3.66 0.35 −30.49%
GKD-c_05_n500_b02_m50 9 7.27 0.62 7.23 0.70 0.44% 5.02 0.44 5.27 0.52 0.33% 3.60 0.32 3.58 0.34 −4.61%
GKD-c_06_n500_b02_m50 9 7.45 0.66 6.80 0.76 9.55% 5.45 0.48 4.75 0.54 −6.09% 3.92 0.35 4.17 0.40 14.74%
GKD-c_07_n500_b02_m50 9 6.90 0.60 6.76 0.76 2.08% 5.07 0.45 6.22 0.62 −10.86% 3.67 0.32 4.12 0.47 −18.48%
GKD-c_08_n500_b02_m50 9.3 7.33 0.62 7.02 0.79 4.40% 5.22 0.45 6.17 0.69 −13.72% 3.70 0.32 4.29 0.49 −15.38%
GKD-c_09_n500_b02_m50 9 5.86 0.49 7.01 0.79 −16.49% 4.28 0.36 5.34 0.60 −18.89% 3.12 0.27 3.85 0.44 −19.89%
GKD-c_10_n500_b02_m50 9.1 8.61 0.78 7.24 0.80 18.80% 6.60 0.60 5.39 0.59 24.71% 4.87 0.44 3.90 0.43 22.46%

Average 71.86 47.25 0.62 61.64 0.86 −15.76% 39.47 0.50 54.99 0.72 −18.83% 33.85 0.41 47.17 0.60 −18.68%
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Table 6. Comparison of PTS-S and SimTS-SC categorized by type and instance size.

Size of the Instance (n) σ = 0.1 σ = 0.15 σ = 0.2
dist PTS-S dist SimTS-SC dist-GAP dist PTS-S dist SimTS-SC dist-GAP dist PTS-S dist SimTS-SC dist-GAP

GKD n = 50 81.96 105.83 −23.58% 71.84 100.81 −27.02% 64.85 90.00 −28.92%
GKD n = 150 71.55 100.75 −28.33% 59.89 89.70 −31.21% 51.04 76.45 −31.70%
MDG n = 500 7.11 7.02 1.20% 5.18 5.38 −4.46% 3.79 3.97 −3.06%
GKD n = 500 28.38 32.96 −12.32% 20.99 24.06 −12.02% 15.75 18.26 −11.65%

As in the previous stochastic model, we evaluated our simheuristic for different de-
mand levels, varying the aggregated demand from 0.2 to 0.80. Figure 4 illustrates the
objective function value of both the deterministic and simheuristic algorithms. Across
all the demand levels tested, the solution provided by our simheuristic consistently out-
performs the simulated deterministic solutions (PTS-S). Overall, the results demonstrate
that the solutions provided by our simheuristic significantly outperform the deterministic
solutions when considered in a realistic scenario under uncertainty (PTS-S). It is evident
that near-optimal solutions for the deterministic version of the problem may fall short in
the stochastic version.

Carrying out a cross-analysis between both stochastic approaches, we can observe that
the PTS-S algorithm provides solutions with higher reliabilities but lower objective function
(OF) values than the PTS-S algorithm, which strives to maximize the OF values, leading to
solutions with lower reliabilities. Note that the two models are complementary, and the
decision-maker will choose between them based on their specific needs and requirements.

Finally, some statistical analyses have allowed us to ascertain the significance of the
observed differences between both approaches. Given the non-parametric nature of our
data, we employed the Wilcoxon signed-rank test, a robust non-parametric statistical
hypothesis test, to compare pairs of dependent samples. The statistical analysis focused on
assessing the performance of our SimTS algorithm against the PTS in both models of the
problems (SC (3) and PC (4)) under varying levels of stochastic variance (σ values of 0.1, 0.15,
and 0.2). For each variance level, we computed p-values to evaluate the null hypothesis
that there is no difference in the median performance metrics between our simheuristic
approach and the benchmarks. The open type values, like 0.2 representing 20% of nodes,
indicate the fraction of nodes activated which have a feasible solution for each case. All
p-values were significantly below the threshold of α = 0.01, leading us to reject the null
hypothesis in each case. This indicates that the differences in performance metrics between
our SimTS algorithm and PTS are statistically significant, with our approach demonstrating
a superior solution quality and reliability under stochastic conditions (Table 7).

Figure 4. Cont.
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Figure 4. Objective function value (minimum distance) box-plot comparing SimTS-SC with PTS-S.

Table 7. Wilcoxon test results comparing SimTS and PTS for each type of problem and variance level.

Model of the Problem Open Type Variance
Results

Statistic p-Value

SC (3)

0.2
0.1 0 1.82× 10−12

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

0.3
0.1 40 1.58× 10−8

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

0.6
0.1 0 1.82× 10−12

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

0.7
0.1 1 3.64× 10−12

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

PC (4)

0.2
0.1 1036.5 0.00513

0.15 182 5.31× 10−12

0.2 80 1.41× 10−6

0.3
0.1 165 6.75× 10−4

0.15 159 4.79× 10−4

0.2 166 7.14× 10−4

0.6
0.1 0 1.82× 10−12

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

0.7
0.1 7 3.46× 10−11

0.15 0 1.82× 10−12

0.2 0 1.82× 10−12

6. Conclusions and Future Work

This paper analyzes two stochastic versions of the capacitated dispersion problem,
in which a set of facilities is selected to provide a given service while maximizing their
dispersion. In the first version, the aggregated capacity of the selected facilities must exceed
the stochastic aggregated demand with a user-defined probability. Hence, the solutions
need to be reliable to satisfy this probabilistic constraint. In the second version of the
problem, the capacity requirement is modeled with a soft constraint, meaning that, when
the aggregated capacity of the selected facilities does not cover the aggregated random
demand, the solution is repaired and a penalty cost is added to the objective function to
account for this failure.

In order to solve both versions of the stochastic CDPs, a simheuristic algorithm is
proposed. In particular, its forward strategy starts with an empty solution and adds
one ‘promising’ facility at a time until the aggregated capacity reaches a certain level;
on the other hand, its backward strategy starts with all network facilities selected and
removes one of them at each iteration until the minimum aggregate capacity is reached.
The proposed simheuristic also benefits from a biased-randomization strategy, which
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can be seen as a special (and enhanced) version of a basic GRASP. The resulting hybrid
metaheuristic performs remarkably well, as shown in the computational experiments.
Specifically, our extensive experimentation demonstrates that our simheuristic algorithm is
able to provide high-quality solutions to this NP-hard and stochastic optimization problem
in short computational times compared with a competitive deterministic algorithm.

Several future directions can be considered at this point. Among them are the follow-
ing: (i) modifying the current models to also consider non-stochastic uncertainty and then
extending our approach into a fuzzy simheuristic one; (ii) employing stochastic program-
ming methods, such as the sample average approximation, to highlight the advantages and
drawbacks of simheuristic algorithms when compared with other simulation–optimization
approaches; and (iii) extending this research to multi-objective optimization formulations.
This work is an interdisciplinary piece of research, involving mathematics, computer sci-
ence, and management science. The problem we address has direct applications in facility
location problems but extends to a wide variety of real-life applications covering many
fields, including biology and quantum computing, among others [7].
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16. Ağca, S.; Eksioglu, B.; Ghosh, J.B. Lagrangian solution of maximum dispersion problems. Nav. Res. Logist. 2000, 47, 97–114. [CrossRef]
17. Chandra, B.; Halldórsson, M.M. Approximation Algorithms for Dispersion Problems. J. Algorithms 2001, 38, 438–465. [CrossRef]
18. Silva, G.C.; Ochi, L.S.; Martins, S.L. Experimental comparison of greedy randomized adaptive search procedures for the maximum

diversity problem. In Lecture Notes in Computer Science (Including Subseries Lecture Notes in Artificial Intelligence and Lecture Notes in
Bioinformatics); Springer: Berlin/Heidelberg, Germany, 2004; Volume 3059, pp. 498–512.

19. Aringhieri, R.; Cordone, R. Better and Faster Solutions for the Maximum Diversity Problem; Technical Report April; Université degli
Studi di Milano, Polo Didattico e di Ricerca di Crema: Milano, Italy, 2006.

20. Katayama, K.; Narihisa, H. An Evolutionary Approach for the Maximum Diversity Problem. In Recent Advances in Memetic
Algorithms; Springer: Berlin/Heidelberg, Germany, 2006; pp. 31–47.

21. Duarte, A.; Martí, R. Tabu search and GRASP for the maximum diversity problem. Eur. J. Oper. Res. 2007, 178, 71–84. [CrossRef]
22. Palubeckis, G. Iterated tabu search for the maximum diversity problem. Appl. Math. Comput. 2007, 189, 371–383. [CrossRef]
23. Wang, J.; Zhou, Y.; Cai, Y.; Yin, J. Learnable tabu search guided by estimation of distribution for maximum diversity problems.

Soft Comput. 2012, 16, 711–728. [CrossRef]
24. Zhou, Y.; Hao, J.K.; Duval, B. Opposition-based memetic search for the maximum diversity problem. IEEE Trans. Evol. Comput.

2017, 21, 731–745. [CrossRef]
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