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Abstract: This article analyzes the symmetry of two-dimensional stationary gas dynamics equations in
Lagrangian coordinates, including the search for equivalence transformations, the group classification
of equations, the derivation of group foliations, and the construction of conservation laws. The con-
sideration of equations in Lagrangian coordinates significantly simplifies the procedure for obtaining
conservation laws, which are derived using the Noether theorem. The final part of the work is devoted
to group foliations of the gas dynamics equations, including for the nonstationary isentropic case. The
group foliations approach is usually employed for equations that admit infinite-dimensional groups of
transformations (which is exactly the case for the gas dynamics equations in Lagrangian coordinates)
and may make it possible to simplify their further analysis. The results obtained in this regard generalize
previously known results for the two-dimensional shallow water equations in Lagrangian coordinates.

Keywords: Lie symmetry; conservation law; gas dynamics; stationary equations; Lagrangian
coordinates; group foliation
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1. Introduction

Analyses of physical phenomena in continuum mechanics can be carried out using
two different descriptions: Eulerian and Lagrangian. Usually, in hydrodynamics, the
Eulerian description is employed, where the system describes the motion of the fluid at
fixed points; the velocity, density, and other properties of the fluid particles are considered
functions of time and fixed spatial coordinates. In contrast, in the Lagrangian description,
particles are identified by the positions they occupy at some initial time. Lagrangian
variables are rarely used to solve hydrodynamic problems. The reason for this is the more
complicated appearance of continuum equations in Lagrangian form compared to their
Eulerian counterparts. However, the application of Lagrangian variables is preferable for
some types of problems [1-3].

The present paper is devoted to the analysis of the two-dimensional stationary (steady-
state) gas dynamics equations. The model of stationary flows describes a wide class of
real gas flows and therefore is systematically used to solve specific problems [4-8]. Typical
examples of such problems are the outflow of a gas jet through a small hole from an infinite
reservoir or a uniform translational motion of a body in an unbounded gas resting at
infinity in a coordinate system moving with the body.

In addition to the stationarity assumption, it is often possible to simplify the model by
considering potential or isentropic flows. For example, the Prandtl-Meyer waves [9], as
well as their generalizations [10], are widely known for supersonic potential flows. Non-
isentropic flows with separable state equations are invariant with respect to a family of the
Munk-Prim transformations involving a smooth scalar function of the space variables that
is constant along each individual streamline [11,12]. Although the inverse transformation
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might be problematic to obtain, the Munk-Prim transformations are known in the literature
as a substitution principle [13]. The presence of the Munk-Prim transformations can be
explained by the fact that the equations admit a specific infinite-dimensional group of
transformations [4].

Transformations that simplify the forms of equations, reduce their order, and allow one to
find conservation laws and exact solutions can be found by the group analysis method [14,15].
Symmetry analysis usually includes determining admitted Lie algebras of equations, their
equivalence transformations, and group classifications; studying optimal systems of subalge-
bras and deriving their exact (invariant and partially invariant) solutions; finding conservation
laws; and constructing automorphic and resolving systems (group foliations).

This article is devoted to the group analysis of stationary two-dimensional gas dynam-
ics equations in Lagrangian coordinates. In contrast to the nonstationary case, stationary
solutions in Lagrangian coordinates are determined by an overdetermined system of equa-
tions. In general, overdetermination results in a smaller number of determining equations,
which can expand the set of symmetries compared to a determined system. In particular,
for the stationary gas dynamics equations, we have obtained more arbitrary functions in
symmetries than for the nonstationary case [16]. The use of Lagrangian coordinates and the
found symmetries make it possible to apply the Noether theorem to derive conservation
laws. This is due to the fact that equations in Lagrange coordinates, unlike equations in
Euler coordinates, are of second order, and a Lagrangian can be found for them. Classifying
Lie algebras containing arbitrary functions is a difficult task. One approach to such an
analysis is group foliation [14], which is also presented in this article.

The paper is organized as follows. In the next section, the two-dimensional stationary
gas dynamics equations in Eulerian and Lagrangian coordinates are presented. In Section 3,
for the equations in Lagrangian coordinates, groups of equivalence transformations are
found, and the results of group classification with respect to the entropy as an arbitrary
element are presented. Conservation laws for stationary gas dynamics equations, derived
using the Noether theorem, are given in Section 4. Section 5 is devoted to group foliations
of the two-dimensional gas dynamics equations. Both the stationary nonisentropic case
and the case of nonstationary isentropic flows are considered. The results are summarized
in Section 6.

2. Stationary Equations of Gas Dynamics
2.1. Eulerian Coordinates

Consider the two-dimensional stationary gas dynamics equations of a polytropic gas
p(uty 4 vuy) 4+ px =0,
p(uvyx 4 vvy) +py =0,

1)
upy +vpy + p(ux +vy) =0,

uSy + 08, =0,

where x and y are Eulerian coordinates, u and v are the components of the two-dimensional
velocity vector, p is the density, p = Sp” is the pressure, the polytropic exponent is

R
y=1+—>1,
Cy

where R is the gas constant, and ¢, is the dimensionless specific heat capacity at constant
volume. The function S is given by the formula [4]

S = Re(g_g‘))/cl’,

where S is the entropy and S is a constant.
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In general, we assume the flows are nonisentropic, i.e., the entropy S can depend on
the coordinates x and y. The standard two-dimensional shallow water equations [4,17] are
a particular case of (1) for ¥y =2 and S = const.

The admitted Lie algebra of (1) consists of the following generators.

0 0 ) 0 0 0 0 d
Xi =42 XzI@, X3:x$+y®, X4=y£—x@+v£—u%,

d d ] ]
X = g(uau + i 2p$ + 27885)’
where g is an arbitrary function depending on the Bernoulli integral and the entropy

u? + 02 %
¢ g( 2ty 'S>'

This result was obtained by a group of researchers under the leadership of L.V. Ovsian-
nikov as part of the work on the SUBMODELS program [18]. As is known [4], the presence
of the generator X in the Lie algebra admitted by (1) provides a group interpretation for
the existence of Munk-Prim transformations for these equations.

2.2. Lagrangian Coordinates

Relations between Eulerian coordinates (f, x,y) and Lagrangian coordinates (£, &, 7)
can be specified up to an equivalence transformation, which is determined from the conser-
vation law of mass [19]

p= fo
P15P27 — P17 P2

where pg = po(&,7) > 0 is the function of integration.

Here, we stay focused on the simplest case of mass Lagrangian coordinates when the
equivalence transformation is chosen in such a way that py = 1 and & and 7} are some
specific functions of the new variables ¢ and 7 (see details, for example, in [16]). Further,
the mass Lagrangian coordinates are simply called the Lagrangian coordinates, and the
symbol ~is omitted for brevity.

Thus, here, the Lagrangian coordinates are introduced as

p1(t, &m) = ult, o1(t, ¢, ), 92(t,5,m)), eu(t,&n) =v(t, @1(t, 1), @2(t, 1)), (2)

p(tig1(t, &), pa(tEm) = T (6, S (L E ), 92(t,Em) = So(En),
where | = @192 — @14 ¢P2¢-

In Lagrangian coordinates, Equation (1) are brought to the form

J @11 + Soz @2y — Son @2z + Y] S0 (@2 (917 P2ze — P2y Prce) 3)
+@oe (P1eP20y — Pryy Poc) + 2026 P27 P12y — (912927 + P14 P22) P257) = O,

] @2ut — Soz @1y + Son @1z + vSol (@14 (92g 162 — 1y P2ze) )
+@16(P2 P15y — PreP2py) + 20191y P2ey — (P12P27 + P1yP22) P124) = O

To derive conditions defining stationary solutions in Lagrangian coordinates, consider
the functions f¢(t, x,y) and f'(t,¢,7), which are related as follows:

i em) = (it En), et E1)).
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Differentiating the latter with respect to ¢, ¢, and #, one obtains

ft = f{ + fxp1e + fyoan

fo=Feoe + fipe,  fy = fiory + fy oy

®)

The derivatives of the function f with respect to the Eulerian coordinates x and y are
expressed from the second and third equations of (5).

fo =T feooy — fyo2e),  fo =T ' (—frory + frone)-

Substituting into the first Equation (5), one obtains the derivative with respect to time
in Eulerian coordinates

fi=fl—oufi — ouf;.

For stationary solutions, one should add to Equations (3) and (4) the constraints
ur =0, v =0, ot = 0, 5t =0, (6)
where the pairs (f¢, f') are the following:

(1, ¢11), (v, 92t), (0,J7 Y, (S,So).

Thus, the stationary solutions of the gas dynamics of Equation (1) in Eulerian coordi-
nates correspond to the solutions of (3) and (4) along with the equations

Q1 + (2 Pry — P2y Pue) P1e] '+ (@17 P12 — Pre@rey) 2] L =0, ()

Pt + (P2 @ty — P2y o) 1]+ (@ryP2uc — PrePory) 2] L =0, 8)

((24’264’25;7 — Q21 9268) P17 + Pryn D3z — (129257 + 29189 92) P2z + P12 P2y + ) 4’2@7) Pt

+ 4’%17 P2:92e¢ + (29169 P2z — 2016 P2ey — PrecP2y) P2t + T P2) P1y

+ (fﬁgfpzqq = 1Py P2c T 4)1@7) P2t = J(P1e @2ty + Prec P2y — PryP2z) =0, (9)

Soy(P1:92¢ — P192t) — Soz (@11 92y — P15P2) = O, (10)

which are constraints (6) written in Lagrangian coordinates.

In order to correctly find the admitted Lie algebra and the equivalence group of
the system, the total derivatives of (10), D¢, D¢, and D, with respect to the Lagrangian
variables t, ¢, and # are considered as well. After differentiation, these equations are quite
cumbersome and therefore are not presented here.

3. Group Analysis of the Stationary Gas Dynamics Equations
3.1. Equivalence Transformations

The initial stage of the symmetry analysis of Equations (3), (4), and (7)—(10) is to
search for equivalence transformations that divide equations into classes [14]. The class of
Equations (3), (4), and (7)-(10) is parameterized by the arbitrary element S = Sy(¢, 7).
Equivalence transformations preserve the structure of equations but allow arbitrary ele-
ments to be changed.

Finding a group of equivalence transformations for a system of equations is similar to
finding an admitted Lie algebra with the different generator prolongations formulas [14,20].
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Calculations show that the equivalence group for Equations (3), (4), and (7)—(10) corre-
sponds to the generators

d 8
X = <vf1>tgfz¢é, X5 =Fi(S)5 xszw 152 - e

(11)

4’0@ a #)07] a g

Remark 1. Equivalence transformations (11) can be obtained in two different ways. The first,
the classical approach, which treats the entropy S as an arbitrary element of Equations (3), (4),
and (7)—(10), derives equivalence transformations in the standard way: using the prolongation
formulas [14,20], constructing determining equations, and solving them.

Because the entropy is only a function of t, ¢, and 1 (the entropy does not depend on ¢ and
@2), another approach is possible. Consider S(t,&, 1), ¢1(t,&, 1), and ¢a(t, &, 1) as the set of the
dependent variables of System (3), (4), and (7)—(10) and find the admitted Lie group of System
(3), (4), and (7)—(10). This admitted Lie group allows for the entropy to be changed but leaves the
structure of the equations unchangeable. The latter means that the transformations of the found Lie
group belong to the equivalence group.

Calculations show that both approaches lead to the same result (11). It should be noted that the
second way is much simpler from a practical point of view, as it allows the use of simpler generator
prolongation formulas.

3.2. Admitted Lie Algebras

Constructing the determining equations for the system consisting of Equations (3) and (4)
with the differential constraints (7)—(10) and solving them, one derives the admitted Lie

algebras for nonisentropic and isentropic cases.
In the case of isentropic flows (Syp = const), the admitted Lie algebra is

d d d d
Xl—(’Yfl)fffzﬁag X2 =5, X3 = (v *1)(¢18(P1+¢2@)+27§%/
0 0 0
(Pza(P (Plﬁr X5 = E, X = E
0 0
Xl,b[) = ¢0§% - 1/)017 %/

/ 12)

where (¢, 77) is an arbitrary differentiable function of its arguments.

The generators X3, X5, and X4 correspond to the shift transformations along the f,
x, and y axes. The generator X4 corresponds to the rotation transformation, X; and X3
define the inhomogeneous scaling of the space, and the generator Xy, corresponds to the
relabeling transformation.

In the nonisentropic case (Sp # const), one obtains

Xy = fplﬁ + (Pz% + 1 (50173% - 505%),
Xa = S350 + tpz(som% - 505%),
X3 = 402% - 901%/ Xy = ﬁl X5 = aa@, Xk =F%,
Xp, = Fz( ~ 29551502 +¢3(soﬂa¢ sog%)),

Xyo = o (50773 - 505@),

(13)
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where F;(Sp) (i = 1,2) are arbitrary functions and the functions ¢;(¢,7), (i = 0,1,2,3)
satisfy the equations

Soy¥oz — Sozoy = 0, (v —1)(Soy¥1e — Soz1y) = 27,

SoS
(7 = 1)(Soytpaz — Sogay) = (7 — 1) gl — 1,

Soytaz — Sogthsy = 2| v +1— VSOSZOW +2y—.
Sty SogF2

The generators Xy, of (12) and (13) correspond to relabeling transformations. In the
recent paper [21], a group foliation [14] of the two-dimensional shallow water equations in
Lagrangian coordinates has been constructed with respect to a relabeling generator of the
form Xy, . As it turned out, the group foliation in this case has some specific properties. To
derive more general results, in Section 5, group foliations of the gas dynamics equations for
relabeling generators as well as for the generator X; of (13) are considered.

4. Conservation Laws of the Stationary Gas Dynamics Equations

As is known [3,16,22], Equations (3) and (4) are the Euler-Lagrange equations for
the Lagrangian

2 2
1t P L
= - S
L > P S
for which one can find conservation laws by means of the Noether theorem [23,24].
Assume that the generator

d
X:ng_kxéi_k 777 grm 40P —

ag 3902

satisfies the invariance condition
XL+ L(Dix' + Dex® + Dyx") = D¢B' + DgB¢ + Dy BY

for some differentiable functions B! = B!, B¢ = B2, and B" = B3, where D;, D¢, and Dy, are
operators of total differentiation with respect to the Lagrangian coordinates.

Then, according to the Noether theorem, the system of the corresponding Euler—
Lagrange equations possess a local conservation law of the form

DiT! + D¢ T¢ + D, T" =0,
where the conserved quantities T! = T', T¢ = T?, and T" = T are given by the formulas

, . ; oL ;
T = x'L + (7% — X]q)] 7}( + Z D;, - D, ({%% — qu,;;)(ski — B
l

s=1 fiy - is

Here, % is the variational derivative with respect to f, and, for the sake of brevity,

gol o denotes the derivative of the function ¢, with respect to x;, ..., x;,, where x; = ¢,
Xy = gf and x3 = 7.

To find conservation laws, it is necessary to consider a linear combination of all
generators of the Lie algebra admitted by the system. To simplify the linear combination, it
is convenient to introduce the functions 3 and 1123, satisfying the following equations:

3 =—(7r— D)2 + 23, 1 =227 = 1)(¢23/ (7 — 1) — ¢2) + Y123,
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S0So
SoyW¥ase — P23ySoz = — (v + 1)71717 +(r+2),

0On
v(2y —1) SoSoyy _ ,4v* + -2
S — Sor = 4 -2 .
opP123¢ — P1234S0¢ Y -1 S%W -1

Using the Noether theorem and taking into account the latter relations, one obtains
the following set of conservation laws.

(1) The conservation law of energy:

1775 B
N ],y — 10' Tg = =] "So(Pup2y — P2 p1y),

Tg = _% ((P%t + (P%t)

T = =] 7So(—p1:92¢ + 92:91¢);

(2) The angular momentum:

TS = 9192 — o1, TJ = J7So(pr91y + @292y), Ts = =] "So(@1917 + P22¢);

(3) The momentum along axis x:
T$=gu T =] S0y,  Ti=—]"Sopx
(4) The momentum along axis y:

T, =gn, T} =—]"Sogr;,  Th=]"Sopuc;

The physical interpretation of the remaining three conservation laws is not that clear,
and they are listed below without specifying their names.

®)
2 _
Tf = 2y - 1)t<</)i + 95 + mll 750) + (v = D(p191: + 9202
+ (v = 1)¢123 (@1e(Soz @1y — Soypie) + @2:(Soz 2y — SoyP2z))
S
—4y(2y - 1)570((P1t§9177 + @21 92y),
07
-1 2y 41—
T/ = %%235017 (4’% + g3 — ﬁ]l 750)
+T7750(2(2y = V(11927 — @2 91y) + (v — 191927 — ¢1492)),
1-— 29S
T} = ( 5 7l/J1z350g + (27 - 1);]0) (9% + 93)
l
+ T "P123S0z S0 — 2(27 — 1) "V So (@11 92z — P rz)
] 7S ( 2 7*]So )
+ ~1 - —4 2y —1));
71 (7T V9102 = 91z — 47 E(20 1)
(6)

1
TS = —Ef(ﬁl’i + ¢3;) + P23(@1(Socpry — Soy@ie) + @2t (Soz P2y — Soy@az))
JI=1Sot
y-1"'

5
+(r+ 1)%(%%” + @arg2y) —
Ul
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1 2971778, _
Ty = 5 ¥2350y (Gﬂ%t + 93— =1 ) IS0t (911927 — P2t 1),
1 +1)S 297178 _
i = 2<1P2350¢ VAL S ) °> <¢%t + g3 — W_lo) + 17 TSot(@upag — 9291
W Y
)
T7€ = o (@1:(Soz @1y — Soy¢rz) + @2t (Soz @2y — Soyp2z)),
1 29J177S, 1 29J177S,
T; = IP0§50;7 (?%t + 95 — =1 ) T; = —5%505 PT + 93 — -1 )

It is important to note that, although the same Lagrangian and equations are consid-
ered here as in [16], the set of conservation laws is different, as the admitted Lie algebra for
stationary gas equations does not coincide with the Lie algebra studied in [16].

5. Group Foliations for the Two-Dimensional Gas Dynamics Equations in
Lagrangian Coordinates

Here, group foliations for two-dimensional gas dynamics equations are considered.
Group foliations [14] are carried out with respect to some generator X of an admitted Lie
algebra and allow one to split the original system of equations into two: automorphic and
resolving systems. An automorphic system is a set of dependencies between differential
invariants of an admitted Lie algebra, and a resolving system is obtained as a set of
conditions for the compatibility of the automorphic system and the original system of
equations. The automorphic system always admits the generator X, and any of its solutions
is translated into any of its other solutions by the action of the corresponding group
transformation. Therefore, for X, it is advisable to choose a generator of the most general
form possible (for example, including arbitrary functions). The set of Lie algebra generators
admitted by the resolving system is isomorphic to the Lie algebra of the original system,
with the exception of the generator X. This allows one to reduce the resolving system on
subgroups and find invariant solutions to the resolving system, which can sometimes be
easier than solving the original system of equations. If it is possible to find solutions to
the resolving system, then with the help of these solutions, one can specify the form of
the automorphic system. If one also manages to find at least a particular solution of such
an automorphic system, then this is equivalent to finding the entire set of its solutions,
since they are all connected by the action of the transformation group corresponding to the
generator X. Moreover, the construction of invariant solutions using the group foliation
approach can provide wider classes of invariant solutions than the standard approach,
as has been shown by example in [25].

The construction of automorphic and resolving systems is often quite labor-intensive
work (see, e.g., [26]). Although this is primarily a step towards obtaining invariant solutions
of the original system, in some cases, the construction of group foliations is of independent
theoretical interest. For example, in recent work [21], a group foliation has been constructed
for the two-dimensional shallow water equations in Lagrangian coordinates. As a result,
it turned out that the resolving system is isomorphic to the system of the shallow water
equations in Eulerian coordinates.

Next, we study group foliations of gas dynamics equations in some special cases. To
begin with, we focus on group foliations with respect to relabeling generators. As was
already mentioned, a similar problem was considered recently for two-dimensional shallow
water equations [21]. As one would expect, for nonstationary equations of isentropic flows,
similar results are derived, generalizing those presented in [21]. On the contrary, for non-
isentropic flows, the given entropy function Sy appears among the differential invariants of
the relabeling generator, and the group foliation structure is somewhat different.
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Then, to illustrate the application of the approach, we dwell on the construction of
a group foliation for one of the generators admitted by the stationary equations in the
nonisentropic case. As an example, we consider the generator X; of Algebra (13). This
generator defines uniform stretches in the x—y plane combined with relabeling. Here,
the construction of the foliation allows one to reduce the consideration of a fairly wide
class of corresponding solutions to the consideration of an automorphic system. Recall
that, knowing any of its particular solutions, the entire set of its solutions can be derived
by simple uniform scalings of the dependent variables in combination with relabeling
transformations. It is also important that the ‘finite” part of the generator X; does not
include derivatives of the entropy function Sg, which simplifies the finding of its differential
invariants and subsequent calculations. Even taking these simplifications into account,
as one sees in the sequel, the corresponding resolving system is quite difficult to analyze.

In the process of constructing foliations, the main steps of the algorithm are briefly
described. However, as a detailed discussion of the underlying theory is beyond the scope
of this treatment, interested readers are referred to [14,25,27,28].

5.1. The Relabeling Symmetry Xy,

We start with group foliations for Equations (3) and (4) with respect to the relabel-
ing generator

d d
Xy = o (507786 - 805817)'
where the function (&, ) satisfies the relation
Sopoz — Soztpoy = 0.

5.1.1. Isentropic Flows, Nonstationary Case

First, assume Sy = const. To find a universal invariant, one consequently applies the
generator and its first prolongation to some function F of 11 variables

(t/ gl 1, 91, P2, P1t, (Plg/ (Plr]/ P2t, (P2§/ (PZU)

and splits the result with respect to ¢y and its derivatives. The resulting system of equations is

F:=0, F,=0,
P1yFpie + @21Fpe =0, @1¢Fpy, + @2eFp,, =0,
4)151:4’1@ + (P2§F¢2§ - (P117F4’1;7 - 902171:({22;7 =0.

From the latter system, one can derive the universal invariant

E(t,x,y,x:,yt,]),

which depends on six invariant arguments.

To construct an automorphic system, one must define the relationships between three
(according to the number of independent variables) zero-order invariants and the remaining
first-order differential invariants, as follows.

]_1 =W(tx,y), xe = U(t, x,y), ye=V(txy).

The resolving system is derived as compatibility conditions of the automorphic system
and Equations (3) and (4) and has the following form:

U; + UUy + VU, + 7SgWT 2 Wy =0,

Vi + UVy + VV, +7SgW 2W, = 0,
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Wi + (UW)y 4 (VW), = 0.

This generalizes the result obtained in [21].

5.1.2. Nonisentropic Flows (Sg # const), Stationary Case

Here, we consider the nonisentropic case along with the constraints (7)—(10).
In the case that Sy # const, the universal invariant is found from the system
SozFy — SoyFz =0,
(Sop P12 — Soz#17)SozFgrz + (Son @1z — Soz91y)Soy Fe,
+(F¢zcsoé + F<P21750'7)(50779"2€ - 5069"217) =0,
(Soyy @26 — Sozy P21)Epa, + (Sony #1 = Sozy 917)Fpr, + (Sozy P22 — Sozz92y) Feg
+(Sozy 12 — Soge 1y) Fpye = 0.

There are nine independent differential invariants, and the universal invariant de-
pending on them is of the form

F(t, S0, %, v, xt, Y1, ], 1, J2),

where

J1 =1 Y(Soz@ay — Soy9az) = Sox, T2 =] ' (Soy®1z — SozP1y) = Soy-

Thus, the automorphic system is

JP=Wtxy), x=Ultxy), yp=V(Lyy),
So=Z(t,x,y), J1=A(t,x,y), Jo = B(t, x,y).

The resolving system is derived in the similar way as in the previous case:

Uu=0 V=0, Z,—A=0, A, =B,
Zi+UA+BV =0, Wi+ (UW)x+ (VW), =0,
U(At 4+ UAx + VA,) + V(B; + UBx + VB,) + A(UUy + VU,) + B(UVy + VV,) = 0.

5.2. Symmetry X1, Nonisentropic Case

Consider a group foliation of Equations (3), (4), and (7)—(10) with respect to the
generator

0 0 0 0
X1 = Q1o+ 25— + 1 ( Soyaz — Sozae )
L= P50, 7 P09, 4]1( Orog % 817)
where
(v = 1)(Sop 1 — Socry) = 2

One can apply the generator and its first prolongation to a function of 11 arguments
and split the resulting equations with respect to ¢; and its derivatives. This leads to the
system for the universal invariant F.

4’1F¢1 + ¢2F¢2 =0, Squé — SOE;FU =0,

(250574’117 - 4’15(7 + 1)5017)1:4’1; + (2'74’2775% - (1’25(7 + 1)5077)1:4’2@_"
+ SO?]((Plthou + §02tP§02t + 901'7F<P1;7 + 902771:9027)('7 - 1) =0,
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Soz (Soz 1y — SoyP1z) Forz + Soy (Soz @1y — Son@1¢) Fy,

— (SozFgye + SoyFgn, ) (Soyaz — Sozp2y) =0,

(Soze Py — Sozy912) Fore + (Sozy 1y — Soyn P16) For, + (Soze 92y — Soy #2¢) Fooe +

+ (Sozy 92y — Sony 92¢) Fgay = 0.
One thus obtains the solution

F= F(t S §02 th ZZt/](P /]1/]2)/

where

Ti =T Y (Soz @2y — Son®2e) 91 = @150, Jo =] ' (Soy®1z — SozP1y) @2 = @250y
Thus, the automorphic system is

2
Jo17 T — W(t,So,q) =0,

¢1 — @1U(t,S0,9) =0, @2 — @1V (t,S0,9) =0,

h=A(t,S0,q),  J2= B(t 50,9),
where g = @2/ 1.

In contrast to the previous cases, the resolving system turns out to be quite cumber-
some and consists of 10 equations:

qUA+BV =0,

Ar=0, By =

0, Vi=0, W; =0,
WB — ySo(BWs, + qWy)

—q((qU —~ V)V, — UV)W" =0,

2AUW
(qU — V)WA; + (A+B)WV, + A((qU — V)W, +2UW) + y—1
(A+11S9)W =0,

_l’_
(qUs + UV +x1gU?) ) + (qU — V)VWB, = 0,

(U; + (V — qU)Uy + U*)WT + ySo(qW,

— AWs,)
A(q(qu — V) (WU, — UW,) — W

q{(qu — V)(VB; +q(AU); + AU(1 — Bg,)) + U(A + B)((V; + Ag,)qU + gAUs, + BVSO)}AWq

{q((qu — V)VB? — (A + B)BV?) — qU((A + B)(gAUs, + BVs,) + 12 AU) A,
+(9((29U — V) A+ gBU)V, + * (qU — V)UA,
—((qu = v)(quAs, + VBs, — ¢*Uy) — qU(qU +x3V) ) ) AB,

- ((A +B)(q2(AU), + qABUs, + B2V, ) + (A — K3B)qllA> v,

+A[q(Ug(A+ B)As, — A((qU — V)Bs, + koqU) ) Uy

+qU(A — k,B)UAg, + (119U + V) AUBg, — 1, (qBUs, A + B*Vs, + un)u] }

where, for brevity, we have denoted

0/

r+1 2y 1-3y
= 1:7 = — —2:7'
K1 = Py Kp = K1 + P K3 K1 P

Here, one assumes that ¢ ;W # 0.
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Our analysis shows that these 10 equations are functionally independent. Notice also that
the first equation of the resolving system (namely, gUA + BV = 0) corresponds to the condition
D{(S) = 0, where Dy is the total derivative with respect to time in Eulerian coordinates.

6. Conclusions

Symmetries, conservation laws, and group foliations of the two-dimensional stationary
gas dynamics equations in mass Lagrangian coordinates were considered in this paper.
The system of equations in Lagrangian coordinates was supplemented with conditions
(in Eulerian coordinates) for the independence of density, velocity, and entropy from time.
As a result of the group classification of the equations, two cases were distinguished:
the isentropic and nonisentropic cases. The classification showed that the admitted Lie
algebras for the stationary case differ from the Lie algebras obtained recently in [16] for
nonstationary equations. Due to this, using the Noether theorem, one can obtain new
conservation laws specific to the stationary equations.

The last section was devoted to the group foliations of the gas dynamics equations
with respect to relabeling the generators Xy, and the generator X;, which correspond
to a combination of relabeling transformations and uniform stretching in the x—y plane.
The resulting foliations generalize and complement previously known results for the
two-dimensional shallow water equations in Lagrangian coordinates [21]. Recall that
group foliation allows one to move from the original system of equations to two systems:
automorphic and resolving systems. An automorphic system relates differential invariants,
whereas a resolving system is obtained as a set of compatibility conditions for the original
and automorphic systems. Often, the automorphic and resolving systems have a simpler
form than the original system, which is suitable further analysis.

Calculations showed, similarly to [21], that for isentropic flows, the resolving system
for nonstationary gas dynamics equations in mass Lagrangian coordinates with respect to
the relabeling generator are isomorphic to the system of gas dynamics equations in Eulerian
coordinates. For nonisentropic flows, such isomorphism no longer takes place, and the
resolving system has a more complex form. The resolving system for the generator X;
turned out to be of an even more complex structure. A compatibility analysis of the
derived resolving systems and the search for invariant solutions based on the certain
group foliations are beyond the scope of the present study and may become a subject for
future research.

Author Contributions: The authors equally contributed in the following domains: conceiving
and designing the analysis; collecting the data; contributing data or analysis tools; performing the
analysis; and writing the manuscript. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was supported financially by the Russian Science Foundation (project code
23-11-00027). E.IK. acknowledges the Suranaree University of Technology (SUT), Thailand, and the
Thailand Science Research and Innovation (TSRI) for a Full-time Doctoral Researcher Fellowship.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The authors thank Yu. N. Grigoriev and V. A. Dorodnitsyn for valuable discussions.

Conflicts of Interest: The authors declare no conflicts of interest.

1. Abrashkin, A.A.; Yakubovich, E.I. Vortex Dynamics in the Lagrangian Description; Fizmatlit: Moscow, Russia, 2006. (In Russian)

2. Bennett, A. Lagrangian Fluid Dynamics; Cambridge Monographs on Mechanics; Cambridge University Press: Cambridge, UK, 2006.

3. Webb, G. Magnetohydrodynamics and Fluid Dynamics: Action Principles and Conservation Laws; Lecture Notes in Physics; Springer:
Berlin/Heidelberg, Germany, 2018; Volume 946.

4. Opvsiannikov, L.V. Lectures on Basis of the Gas Dynamics, 2nd ed.; Institute of Computer Studies: Moscow-Izhevsk , Russia, 2003.

5. Chernyi, G.G. Gas Dynamics; Nauka: Moscow, Russia, 1988. (In Russian)

6.  Birkhoff, G.D. Hydrodynamics. Study in Logic, Fact, and Similitude; Princeton University Press: Princeton, NJ, USA, 1960.



Mathematics 2024, 12, 879 13 of 13

*®

10.

11.

12.
13.

14.

15.
16.

17.
18.
19.
20.

21.

22.

23.

24.

25.

26.

27.
28.

Chorin, A.].; Marsden, J. A Mathematical Introduction to Fluid Mechanics; Springer: New York, NY, USA, 2000.

Marsden, J.; Ratiu, T. Introduction to Mechanics and Symmetry; Springer: New York, NY, USA, 1994.

Meyer, R.E. On waves of finite amplitude in ducts I. Wave fronts. II. Waves of moderate amplitude. Q. J. Mech. Appl. Math. 1953,
5,257-291. [CrossRef]

Meleshko, S.V.; Shapeev, V.P. An application of the differential constraints method for the two-dimensional equations of gas
dynamics. J. Appl. Math. Mech. 1999, 63, 885-891. [CrossRef]

Munk, M.; Prim, R. On the Multiplicity of Steady Gas Flows Having the Same Streamline Pattern. Proc. Natl. Acad. Sci. USA 1947,
33, 137-141. [CrossRef] [PubMed]

Prim, R.C. A note on the substitution principle for steady gas flows. J. Appl. Phys. 1949, 20, 448-450. [CrossRef]

Oliveri, F. On Substitution Principles in Ideal Magneto-Gasdynamics by Means of Lie Group Analysis. Nonlinear Dyn. 2005,
42,217-231. [CrossRef]

Ovsiannikov, L.V. Group Analysis of Differential Equations; Nauka: Moscow, Russia, 1978; English translation, Ames, W.F., Ed.,
Published by Academic Press, New York, NY, USA, 1982.

Olver, PJ. Applications of Lie Groups to Differential Equations; Springer: New York, NY, USA, 1986.

Kaptsov, E.I; Meleshko, S.V. Conservation laws of the two-dimensional gas dynamics equations. Int. J. Non-Linear Mech. 2019,
112, 126-132. [CrossRef]

Whitham, G.B. Linear and Nonlinear Waves; Wiley: New York, NY, USA, 1974.

Ovsiannikov, L.V. Program SUBMODELS. Gas dynamics. |. Appl. Math. Mech. 1994, 58, 30-55.

Sedov, L.I. Continuum Mechanics, 5th ed.; Nauka: Moscow, Russia, 1994; Volume 1. (In Russian)

Meleshko, S.V. Methods for Constructing Exact Solutions of Partial Differential Equations; Mathematical and Analytical Techniques
with Applications to Engineering; Springer: New York, NY, USA, 2005.

Dorodnitsyn, V.A.; Kaptsov, E.I; Meleshko, S. Lie group symmetry analysis and invariant difference schemes of the two-
dimensional shallow water equations in Lagrangian coordinates. Commun. Nonlinear Sci. Numer. Simul. 2023, 119, 107119.
[CrossRef]

Webb, G.M.; Anco, S.C. Conservation laws in magnetohydrodynamics and fluid dynamics: Lagrangian approach. AIP Conf. Proc.
2019, 2153, 020024. [CrossRef]

Noether, E. Invariante Variationsprobleme. Transp. Theory Statist. Phys. 1971, 1, 183-207, arXiv:physics/0503066. Nachr.
d. Koniglichen Gesellschaft der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse Heft 2, Gottingen, 1918,
pp. 235-257.

Bessel-Hagen, E. Uber die Erhaltungssatze der Elektrodynamik. Math. Ann. 1921, 84, 258-276. [CrossRef]

Golovin, S.V. Group Stratification and Exact Solutions of the Equation of Transonic Gas Motions. J. Appl. Mech. Tech. Phys. 2003,
44, 344-354.:1023429106284. [CrossRef]

Golovin, S.V. Group Foliation of Euler Equations in Nonstationary Rotationally Symmetrical Case. Proc. Inst. Math. Nas Ukr.
2004, 50, 110-117.

Ovsyannikov, L. Group foliation of the boundary layer equations. Sib. Otd. Nauk. Contin. Dyn. 1969, 1, 24-36. (In Russian)
Golovin, S.V. Applications of the differential invariants of infinite dimensional groups in hydrodynamics. Commun. Nonlinear Sci.
Numer. Simul. 2004, 9, 35-51. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1093/qjmam/5.3.257
http://dx.doi.org/10.1016/S0021-8928(00)00006-X
http://dx.doi.org/10.1073/pnas.33.5.137
http://www.ncbi.nlm.nih.gov/pubmed/16578259
http://dx.doi.org/10.1063/1.1698406
http://dx.doi.org/10.1007/s11071-005-3584-3
http://dx.doi.org/10.1016/j.ijnonlinmec.2019.03.004
http://dx.doi.org/10.1016/j.cnsns.2023.107119
http://dx.doi.org/10.1063/1.5125089
http://dx.doi.org/10.1007/BF01459410
http://dx.doi.org/10.1023/A:1023429106284
http://dx.doi.org/10.1016/S1007-5704(03)00013-3

	Introduction
	Stationary Equations of Gas Dynamics
	Eulerian Coordinates
	Lagrangian Coordinates

	Group Analysis of the Stationary Gas Dynamics Equations
	Equivalence Transformations
	Admitted Lie Algebras

	Conservation Laws of the Stationary Gas Dynamics Equations
	Group Foliations for the Two-Dimensional Gas Dynamics Equations in Lagrangian Coordinates
	The Relabeling Symmetry X0
	Isentropic Flows, Nonstationary Case
	Nonisentropic Flows (S0 =const), Stationary Case

	Symmetry X1, Nonisentropic Case

	Conclusions
	References

