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Abstract: In this paper, we consider the M/G/1 stochastic clearing queueing model in a three-phase
environment, which is described by integro-partial differential equations (IPDEs). Our first result
is semigroup well-posedness for the dynamic system. Utilizing a Cyj—semigroup theory, we prove
that the system has a unique positive time-dependent solution (TDS) that satisfies the probability
condition. As our second result, we prove that the TDS of the system strongly converges to its steady-
state solution (SSS) if the service rates of the servers are constants. For this asymptotic behavior, we
analyze the spectrum of the system operator associated with the system. Additionally, the stability of
the semigroup generated by the system operator is also discussed.
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1. Introduction

A stochastic clearing system receives and accumulates random inputs at random time
intervals until certain predetermined criteria are met; then, some or all of these inputs are
immediately cleared. This type of system has many practical applications in manufacturing,
healthcare industries, tourism, transportation, etc. The stochastic clearing systems have a
wide range of applications in queuing systems, see, e.g., [1-5].

In this paper, we investigate the M/G/1 stochastic clearing queueing model in a
three-phase environment. The system is described as follows:

*  There are three phases in this system, phase 1 and phase 3 are working phases, and
phase 2 is a deterministic time phase without service.

e  The Poisson arrival rate is A; (j = 1,2,3) in phase j, the service times in phase
i (i =1,3) follow a general distribution and the system residing in phase i follows an
exponential distribution with parameter 6;.

e After phase 1, the system will enter phase 2, and if a new customer arrives during
phase 2, the customer enters the system with a probability p or leaves the system with
probability 1 — p, the customers in phase 2 do not receive service, and they experience
a fixed duration d.

*  After phase 2, the system will enter phase 3. Once phase 3 is complete, the current
customer is forced to leave the system without receiving service, and then the system
enters phase 1 and restarts a new service cycle.

e uj(-) (j = 1,3) is the service rate in phase j and satisfies y;(-) > 0, fooo pi(x)dx = oo.

e N, :=e NP (Aypd) (r!)~! (r > 0) denotes the probability of r customers arriving in
phase 2.

Additionally, we assume that

ero(t) = PTOb{

the server being idle at time t and no
customer being present in phasej,j =1,3 [’
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Va(t) = Prob{ the system in phase 2 and there are n (n > 0) }/

customers in the system at time ¢

there are n (n > 1) customers in the system at time ¢
pjn(x,t)dx = Probs inphasej (j = 1,3) and the service time
used for providing services to customers is x

Then, the system can be described by the following IPDEs:

d N N

Q;’?(t) = —(M +61)Qu0(t) +/0 p1l1(x,t)y1(x)dx—|—93’;1/0 pan(x, t)dx
+03Q3,0(t)

d )

%??@ = —(A3+63)Qs0(t) + NoVo(t) +/O pa1(x, t)uz(x)dx,

ch(l)t(t) = —Vo(t) + 6:1Qu0(t), )

dV,(t)
dt

Opj1(x,t) +0xpji(x,t) = —[A; +0; + ui(x)]pja(x,t), j=1,3,
0tPjn (X, t) + 0xpjn(x,t) = —[A; +0; + pj(X)|pju(x,t) + Ajpjn-1(x,t), n > 2,

= Vy(t)+ 6 / pia(x, )dx, n > 1,
JO

with the following boundary and initial conditions:

p11(0,8) = MQuo(t) + /Ooo p12(x, t)pr (x)dx,

p1,2(0,1) = /O‘oo P11 (x, )pr(x)dx, n > 2,

p31(0,1) = A3Qs0(t) + N1 Vo(t) + NoVa(t) + /Ooo P32 (x, t)us(x)dx, )

n [e o]
Pan(08) = Y NV + [ o (v s (), 22
k=0

Vi(0) = up, >0, 1 >0;Qj1(0) =up; >0,p;u(x,0) = uj,(x) >0, n > 1.

Here, (x,t) € [0,00) X [0,00), U1 +Un3 + L5 ton + Ljm1,3 Lot I ujn(x)dx = 1.
In [6], some steady-state indices for system (1) and (2) such as the steady-state queue
length and the steady-state sojourn time distribution of customers were developed under
the following hypothesis:
o lim; 0 Qj,O(t> = Qj,O/ ] =13,
o limy oo Vi(t) =V, 1 >0,
e lim e p]-,n(-,t) = pj,n(-), ji=13n>1,
which means the following hypotheses from the perspective of PDEs, see, e.g., [7,8]:

Hypothesis 1 (H1). System (1) and (2) admit a nonnegative TDS.
Hypothesis 2 (H2). The TDS converges to its SSS.

In this paper, we show that the above hypotheses (H1) and (H2) are satisfied, and we
discuss the stability of the corresponding semigroup of system (1) and (2). The difficulty in
the well-posedness and asymptotic behavior is that the system is composed of an infinite
number of IPDEs, with integral boundary conditions. However, the system (1) and (2) we
consider in our work are problems in an L!—based nonreflexive Banach space, and proving
semigroups in this space is not easy. Hence, we provide the asymptotic behavior of system (1)



Mathematics 2024, 12, 805

30f26

and (2) when the service rates y1 () and p3(+) are constants, which simplifies many calculation
processes. If we consider system (1) and (2) only in phase 2 and phase 3, then system (1) and (2)
become the M/G/1 queueing model with optional deterministic server vacations, see, e.g., [9,10].
In [9], they proved that hypotheses (H1) and (H2) hold true for the optional deterministic server
vacations queueing model. According to [11], it can be seen that if the reliable retrial queueing
model (see, e.g., [12], p. 9), is extended to the case of the retrial queueing model with server
breakdowns (see, e.g., [13]), the steady-state assumption of this server breakdowns queueing
model does not hold true. Therefore, it is necessary to investigate whether the hypotheses (H1)
and (H2) of system (1) and (2) are valid.

In this paper, first of all, we transform system (1) and (2) into a Cauchy problem
in a Banach space. Second, by using the semigroup theory, we verify that the system
operator of system (1) and (2) generates a positive Cy—semigroup of contractions in the
space, which is isometric under certain conditions. Thus, we show that the system has a
unique positive TDS that satisfies the probability condition, which means (H1) holds under
certain conditions.

To answer (H2), that is, to obtain the asymptotic properties of the TDS of system (1)
and (2), we need to calculate the spectrum of the system operator, see, e.g., [7,11,14-17].
When the service rates p1(-) and p3(+) are constants, the M/G/1 stochastic clearing queue-
ing model in a three-phase environment is called the M/M/1 stochastic clearing queueing
model in a three-phase environment. In this case, by studying the spectral distribution
of a system operator on the imaginary axis, we show that zero is a point spectrum of the
operator and its adjoint operator with geometric multiplicity one, and other points on
the imaginary axis are not spectrums of the operator. Hence, we obtain that the TDS of
system (1) and (2) strongly converges to its non-zero SSS. This implies (H2) holds under
strong convergence.

Furthermore, we consider the spectrum-determined growth condition (SDGC), as well
as the stability of the semigroup corresponding to system (1) and (2). We obtain that the
SDGC is equal to zero, and the semigroup is not asymptotically stable.

The organization of this paper is as follows. In Section 2, we write system (1) and
(2) as a Cauchy problem in a Banach space and present the well-posedness. Based on the
spectrum analysis, Section 3 is devoted to the asymptotic behavior of the TDS of Equations
(1) and (2). The stability of the corresponding semigroup of system (1) and (2) is further
investigated in Section 4, which leads to the SDGC. Section 5 concludes the paper.

2. Well-Posedness of the System

We consider system (1) and (2) in the following state Banach space

V= (Ql,OI Q3,0/ VO/ Vl/ VZ/ ot ) € ll/ P] = (Pj,l/ P]',2/ c ')/
X =< (V,p1,p3)| Pin € L0,00), [(V, p1, p3)ll = Lj=13 Q)0
+ Xnzo Val + Xz X [1pjnll [0,00) < &

In the following, we define the system operator and its domain. We define the operator
A and its domain by

—(AM1+61)Q10 +63Q30 _dpia _dpsy
—(A3 +63)Q30 + NoVo _ d?ff,z B d%g
_ d d
A(V/ Pl/ PS) = VO ’ dpfg, , - dp;cﬁ ’

- T Tdx Tdx

dpin .
% € L0, ), pjn are absolutely continuous

D(A) = { (V.p1,p3)| functions and p1(0) = [;°T11Vdx + [;° T1op1(x)dx, (-
P3(0) = fooo 1“3,1de + fooo r3,2p3(x)dx +TIV
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wherej=1,3; n > 1, and

Ae™™ 0 --- 0 Aze™ O
r][]: 0 o --- , r3’1: 0 0 o --- ,
0 y](x) 0 0 0 0 N1 N(] 0 0
0 0 y](x) 0 0 0 N2 N1 N() 0
liz2=10 o 0 wlx) »IT=100 N N, Ny N

Define the operators U and E and their domains by

0 —n1(x)p11(x) —13(x)p3(x)
0| [Apri(x) —mi(x)pra(x) A3p3i(x) —13(x)p3a(x)
UWV,pups) = | o | Mpra(x) — m(@)pis) |7 | Aspsa(x) — pa(x)psa(a) | |-
Jo pia(x)m (gg)dx + 030 Jo pan(x)dx
Jo p31(x)puz(x)dx 0 0
0
E(V,PL PS) = 01 fooo plrl(x)dx ’ O ’ 0 ’

01 [y pra(x)dx

D(U)=X, D(E)=X,

where 77;(-) = Aj +0; + p;j(-), j = 1,3. Then, system (1) and (2) can be written as a Cauchy
problem in X:

AV 1D P _ 4 1y EYVE), pr( 1), pa( 1), e (0,09),

dt 3)
(V(0), p1(+,0), p3(+,0)) = (uz,u1(-), uz(-)),
up = (U1, a3, U20,u2,1, ), i (1) = (w1 (-), uja (), ++), j=1,3.

Now, we study the well-posedness of system (3). Firstly, we prove that the operator
A + U + E generates a positive Cy-semigroup e(A+tU+E)! of contractions on X. Secondly,
we show that A + U + E is a conservative operator, from which we obtain that e(ATUFE)t
is an isometric semigroup on X. Hence, we present the well-posedness of system (3).

Theorem 1. If A,0; > 0and 0 < J; = sup,c(g ) #j(x) < oo, j = 1,3, then A+ U+ E
generates a positive Co-semigroup e!ATUTEN of contractions on X.

Proof. The proof will be finished by four steps.
Step 1. If v > M = max{7;, 73} and 73 > Np, then (7] — A) ! exists and is bounded.
For any (w,y1,y3) € X, we consider (yI — A)(V,p1,p3) = (w,y1,y3) for unknown
(V.p1,p3), where w = (210,230, w0, w1, ), ¥j = (Yj1,Yj2,Yj3, )] = 1,3. This is
equivalent to

(Y +A1+601)Q10 = z10 +63Q30, (4a)
(7 +A34+63)Q30 = z30 + No Vo, (4b)
(v +1D)Vo = wo + 61Q10, (4¢)

(y+DO)Vy=w,, n>1, (4d)



Mathematics 2024, 12, 805 50f 26

dp];x(x) = —pjn(x) +yin(x), j=13n>1, (4e)
p1,1(0) = A1Qu0 + /Ooo p12(x)pa (x)dx (4f)
p1a(0) = [ praa @@z, 022 4g)
p3,1(0) = A3Qs,0 + N1Vo + No Vi + /oo p32(x)uz(x)dx, (4h)
p3n(0 Z NV k+/ P31 (X)ps(x)dx, n>2. (4i)
Solve system (4e) to obtain
pin(x) = ape” " e 7" /Ox yia(T)e"dr, n>1, (5a)
p3n(x) = bpe” 7 7" /: yan(T)e M dt, n>1, (5b)

where a,, = p1,,(0), by = p3.,(0). Combining the boundary conditions system (4f)—(4i) with
system (5a) and (5b), we obtain that a,, and b, satisfy

a —ﬂz/o i (x)e de—)\lQloJr/ pa(x / yi2(1)e" drdx, (6a)

(o] (o] X
an—anﬂ/o yl(x)eﬂxdx:/o yl(x)e”x/o Yip+1(T)e" dtdx, n>2, (6b)

by —bZ/O Ha(x)e Tdx —A3Q30+N1V0+N0V1+/ a(x / ya2(T)e drdx, (60)

[} n [} X
b, — bn+1/ uz(x)e” "dx = Z NV, _k —l—/ m(x)e‘”/ Yan+1(T)e" dTdx, n > 2. (6d)

0 = 0 0

If we define
1 *D(j 0 ce ay bl
Ci = 0 1 —aj | G=|2|b=|b| j=13 7)
where a; = fo y] ~"dx, then system (6a)—(7) can be written as

MQio+ o ;tl Je Wf ylz (t)e""dtdx
Joo i (x)e™ ™ [y a(T)er drdx

fooolll e ¥ fo y1,4(T)eTdTdx ’ (8a)

A3Q30+Zk o NV1o k+f0 y3 *x”‘ Jo y32(T)e " dTdx
- Zk o NikVa k+f0 pua(x)e™ " [Fys33(T)e T drdx
C3b = Zkf() NkV3 k+f0 “1/13 6—736 fox y3,4(T)€7Tdex . (8b)
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The inverse of C; can be directly calculated as

.2 .3

1 o; oc]. oc]-

1 0 1 j tX]Z
G =lo 0 1 & ,j=13 9)

By Equations (8a)—(9), it is easy to see that

o ) m—1 e X
a1 =AQ10+ Z (/0 yl(x)e7xdx) /0 yl(x)e*”‘/o Y1imt1(T)e" drdx,  (10a)
m=1

o o m—1 e x
= X ([Tm@eras) [T [ dns, wz2, o

m=1

o 00 m—1
b1 =A3Q30+ Z (/O ,’M3(x)e"7xdx)
m=1

(10c)
<Z NV k+/ ps(x / Y3my1(T)e" dex)
0o o0 m—1
- z( e
m=1 0
m+n—1 (10d)
Z NeVign—1- k"’/ ,u3 / y3m+n( )87 dtdx n>2.
For any v > 0, from system (10a)-(10d) and the Fubini theorem, it is easy to calcu-
late that o e m
la1] < M[Qiol + ) <Hl> 1Y m+111 11 [0,00) (11a)
m=1 i
[e°] ﬁ m
ol < 3 (B2) Wamsnlloomy 122 (11)
m=1 Y

IS ﬁ m—1 m ) ﬁ m
1] < A3]Qs0l + ) <73> Y NelViil + ) (;) [1y3,m+11 £1]0,00)- (11c)
m=1 k=0 m=1

S\ ! H3
|bﬂ| < Z < ,)/) Z Nk|Vm+n 1- k| + Z ( 7) Hy?),ern”Ll[O,oo)fn > 2. (11d)

m=1 k=0 m=1

Thus, by using system (5a) and (5b) and inequalities system (11a)-(11d), we compute
for all v > 0 that
dx)

Y- Ipialow = ([

n=1 J0O
© /1 1

<y (7|an| T 7|y1,n||mo,oo>)

X
ane_7x+e_7x/o yia(T)e’tdT

1 [ee)
< = l)\1|Q1,0| +) <V1> 1y1,m+11 110,00 ]
,Y m=1
1 o0 o0 ﬁl m
=2 22 ) vmenllpoe) + = Z Y11l £170,00)
Yi=2m=1\"7 =
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)\ (o)
< 2Quol+ =——= Y Iyl (12a)
Y Y oo |
[} 00 X
) 1P3,nllL1j0,00) = (/ ’bne—W+e_7"/0 Y3 (1)t dT dx)
n=1

> /1 1
S —|b + - 0 )
L (311 S sallg
)\ o] & m—1 m o0 &
3lQz0l + ) Y Nl Vil + ) Y [1y3,m+1 1 L1]0,00)
k=0 m=1

— \ mM—1m+n—1
) Y NelVinwot il

4= 3
+ Z (VB) ||y3m+nHL1[ooo + — Z Hy?’”HLlooc
m=1\"7T Y =
Y 13l 000 (12b)

Y IVl + ——
,)/7]/1371:1

A3
< Qa0+ ——=
Y YK 3 n=0
When ¢ > 0, through simple calculations from system (4a)—(4d), we can conclude that
(13a)

7

1010 < (v +1) (7 + A3 +63)|z10] +03(7 +1)|z30] + 83Np|wo|
T (Y +D)(r+A1+01)(7 + A3 +63) — 0163 Np
10s0] < 01 Nolz1,0| + (¥ + 1) (v + A1 +61)|z30] + No(r + M4 +91)|w0\ (13b)
’ (Y +1)(y + A1 +01) (7 + Az +63) — 0:63Np
(’)/+/\3+93)‘Zl,0‘+9193|Z3/0|+(’Y+)\1+91)(’Y+/\3+93)|W0‘ (130)
(Y + D) (r+A1+01) (7 + A3 +63) — 0163Np ’
n>1. (13d)

Vol <
1
Vil = ——|wn|,
| Vil Tt 1 ||
Hence, for all v > M = max{Ji,7i3} and 7i; > N, using the inequalities system

o0
— Z ||y1,7’l||L1[0,oo)
1 n=1

(12a)—(13d), we conclude that
1V, p1,p3) | < [Quol +|Qs0l + [Vol + Y [Val + —1Qu0l +
n=1

0
Z ||y3,7’1 ||L1 [0,00)
3 n=1

[e9)

A3 1 1
+220Qs0 + —— Y [Vl + ——
y Qo0 v—ﬂango‘"' v -
< (r M)y + 1) (7 + A3+ 03)[z1,0) + 63(7 + 1)[23,0] + 3Nowo|]
Yy +1)(y + A1+ 01) (7 + Az + 63) — 0103 No]
(7 +A3)[01No|z1,0 + (v + 1) (v + A1 +61)|z30] + No(y + Ay + 601) [wol]

Yy +1)(y + A1+ 01) (7 + Az + 63) — 0163N]
(v =Hy +1)[01 (v + Az + 603)|z10] + 01603]z30] + (v + A1+ 61) (7 + Az + 63) [wo]]
Yy +1)( +)\1 +61) (7 + Az + 63) — 6163N]

_ﬁf, ; Hy3,nHLl[O,oo)

ZIwnH ). E 1Yjnll L1 (0,00
j= 137 .u] n=1

+

o

Y- P‘3+1
+ +
(v +1) (7 —75) Zl onl

1 1 1
< —|z10l + =|z3,0] + = |wol +
Y Y Y

= Z ||yl,n||L1[0,oo) + ’)’
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1
< gl @)l (14)

In the third inequality of the above equation, the following inequalities are utilized

0< (XEDO A +6)(7+ A5 +65) — 61 (7 +2A3) (i3 — No) —0n6spi5 _ 1 (15a)
Yy + 1) (7 + A1 +601) (v + Az + 63) — 6163N] 9
1 A 0 A 03) — 016371
0 DO H+M+0)(y+As+05) — 010575 1 (15b)
Y[y +1)(y + A1 +61) (7 + A3 +603) —0163No] — «
< 1
Yy + 1) (7 + A1 +601) (v + Az +63) — 6163N]
X{(y+ D) (r+ A1 +601) (v +A3+63) (15¢)

_ 1
—6103No — (i3 — No) (v + A1+ 61) (v + Az 4+ 63) } < 3

Therefore, for any v > M = max{7;, 73} and 7i; > Nj, the inequality system (14)
implies that
1
r-M
Step 2. D(A) is dense in X. Since (V, p1,p3) € X, foranye > 0,3 K € N, if n > K,
then

(7I=A)"1:X = D(4), [(vI-A)7 <

(€] (e
Y Wal<e Y Ipinllppe <& =153
n=K+1 n=K+1

Due to the set

Y1 = {(V, P1,p3)

V =(Qu0, Q30 Vo, V1, -+, Vk,0,--+),Qj0, Vu ER,0<n <K, }
pi = (Pinspiar - pjk O o) pjm € L1[0,00), 1 < n < K K € Ny

being dense in X, by the corollary 2.30 of [18], we know that the set

pj = (Pj,lrpj,Zr v ’pj,KO’O’ .. ')/pj,n S CSO[O, 00), 3 Cjn such that

Y2 == (V/P1/p3)
pin(x) =0,x € [0,¢u], j=1,3, n=1,2,--- Ko, Ko € Ny

V= (Ql,OI Q3,0/ VO/ Vl/ T IVKOI 0/ e )/ Qj,O/ Vn € ]RIO S n S KO/ }

is dense in Y;. Hence, to prove the denseness of D(A), it is necessary to prove Y, C D(A).

Actually, if Y, C D(A), then Y, C D(A) = D(A). Then, using Y2 = Y, = Y = X and
D(A) C X, we know that D(A) C X = X. Therefore, D(A) = X.
To this aim, we take (V, p1, p3) € Ya. Then, for any x € [0,2s], we have

pin(x)=0,j=13n=12--- K
where 0 < 2s <min{c1,1,¢12, "+, €1k, €3,1,632, "+ ,C3k, }- If we define (V', f1, f3) by

V/ = (Q/1,0/ Qé/()/ Vér V]// ttt /V[/<0/0/ e ) = (Ql,OI Q3,0/ VO/ Vl/ Tty VKOIOI Tt )/
fi(x) = (fin(x), fj2(x), -+, i, (x),0,- ) = (pja(x), pj2(x), -+, ik, (x),0, ),

f1,1(0) = A1Q10 + /Ooo p12(x)p1(x)dx,
f1n(0) = /Ooo p1u+1(X)p1(x)dx, f1k,(0) =0,

f31(0) = A3Q30 + N1 Vo + No V4 +/O p32(x)ps(x)dx,
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fo(0 ZNkVn et [ s (a0, foi(0 ZNkVKO o (16)

wherej=1,3,2<n<Kyp—1,and

s x f',n(o) (1 - §>2 X< [O’S]'
b = LU=V A 252 xe
[ 32— 25 m( Dix in(x) v € [25,09)

forany n =1,2,- -+, Ky, then, it is not difficult to prove that (V’, f1, f3) € D(A). Therefore,

V)= Vol = 5 3 [ 1) — il
1311 1
" (17)
:ZZV]” ZZ|h]n|30—>Oass—>O
j=13n= j=13n=

Thatis, Y, C D(A). Hence, we have D(A) = X.

Therefore, using Step 1, Step 2 and the Hille-Yosida theorem (see, e.g., [14], Thm 1.68),
we obtain that the operator A generates a Co—semigroup.

Step 3. The operators U and E are linear bounded. According to definitions of U and
E, for any (V, p1, p3) € X, through simple calculations, it can be concluded that

U@ ppl < X% [T+ 6+ gl
j=13n=1

< max{2A + 01 + 111,243 + 03 + 13 | (V, p1, p3) ||, (18a)

IEV.pup)l < T 6% [ Il T [ w0l

=13 n=1 =13 (18b)

< max{6y + 71,03 + 13} (V, p1, p3) |-

The inequalities system (18a) and (18b) mean that U and E are bounded. Obviously, U
and E are linear operators. Therefore, the proof of this step is complete.

Thus, by the perturbation theorem of a strongly continuous semigroup (see, e.g., [14],
Thm 1.80), we deduce that the operator A + U + E generates a Co—semigroup e(A+U+E)t,

Step 4. The operator A + U + E is dispersive. For any (V, p1,p3) € X, we define
(B, By, B3) by

_ ([QuolT [Qs0]" VoIt W]t (@) )
B_( Qo " Qo " Vo " Vi >’B]_< pia(®) " pia() )’]_1’3’

where

0 - 0, Vi, Vu>0,
[Q] 0]+ = Q]’O Q]’O g [Vi’l]+ = " " n= Or 1121 e
’ 0/ Q],O S 0/ 0/ V}’l S 0/

o] = {pj SN T
0, pj,n(x) <0
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By simple calculations (for the detailed calculations see the Equation (2.12) of [19]), it
can be concluded that

/°° dpjn(x) [pjn(x)]"
0 dx pj,n(x)

Therefore, for any )\]-, 0]- >0,j =1,3and 0 < Ny < 1, using the boundary conditions
system (4f)—(4i), it is computed that

dx = —[p;n(0)]", j=13n=12--

((A+U+E)(V,p1,p3), (B, By, Bs))

© © S +
—(A1+61)Qu,0 +63Q30 + / p1a(x)p(x)dx + 63 Y / p3,n(x)dx] [Qu,0]
0 n=1 0

. +
+ |:—()L3 +63)Qs0 + NoVo + /0 Ps/l(x)m(x)dx} [QQ?(])

+(=Vo +61Q1,0) Vol + i |:_Vn + 61 /:O P1,n(x)dx} V]
n=1 b

VO Vi

+ Z/ [ dpl” (/\1+91+V1(x))p1’"(x)} Wrdx

+2/ Mp1n-1( [m;fn)ﬁdx

+Z/ [ d’”” (A3+93+V3(x))p3’”(x)} de

ot [m;(n)ﬁdx

Vol ™ s °°
+ o0
+03 ([QQllOi - 1) [Q30] " + ( Quol” 1) /0 [p1,1(x)] " p (x)dx

([%30(]) 0-1) Vol ( [Qé’f} 1) /()“[pm(xwg(x) »
+91;_1( \;,T ‘1> /(;w[m,n(xwdxgo. 19)

The inequality system (19) shows that the operator A + U + E is dispersive.
Hence, by the above discussions and the Phillips theorem (see, e.g., [14] Thm 1.77, we
see that the result of this Theorem holds true. [

Next, we consider the isometry of the semigroup e(A+tU+E)!_ Clearly, the dual space
X*of X1is

= Q1o Qo Vo, Vi) € ZM/P; = (Pf,lrpf,zr‘ =),
X = (V' pip) rz,n € L[0,00), |(V*, pi, p3) -
= sup{|Q}ol, sup,~ [Viil, 6P,y 1P l1[0ee) | < 00

If we define

V =(Q10 Q30 Vo, V1,--+) €1',Qj0 >0,V >0,n >0, }
Xy =qWV,p1,p3) €X = J . ,
" {( pi-pa) ‘ pi = (Pj1 P2 ), 0 < pju € L'[0,00), j=1,3;n>1
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then, by Theorem 1, we have e(A*U+E)X, < X .. For any (V,p1,p3) € D(A)NX,,

we choose
1 1 1
(V5 p1,p3) = (V. p1, p3) | <<> <> ())

Then, it is easy to show that (V*, p}, p5) € X* and

((V,p1,p3), (V*, p1,p3))

= <Q1,0 + Q0+ YVt Y ) /Ooo pj,,,(x)dx> 1V, p1, p3)||

n=0 j=13n=1
=1V, prp3) % (20)

This means that (V*, p3, p3) € Q(V, p1, p3), where

Q(V,p1.p3) = {(V¥, pi,p3) € X*| (V. p1,p3), (V5. 05, p3)) = (V. prpa)lI* }.

In addition, for any (V, p1,p3) € D(A) and (V*, p},p3) € Q(V,p1,p3), using the
boundary conditions system (4f)-(4i) and Y,y N, = 1, we have

(A(V,p1,p3), (V' p1,p3))

= [—()\1+91)Q1,0+93Q3,0+/ p1,1(x)pr (x)dx + 603 2/ Ps,n(x)dx]
0 = o

x[[(V, p1, p3)ll

|0+ 00030+ Nk + [ paa (Ipaa)eta] 1V, )

H Vot BV prp)ll + X5 | Vit 60 [ pra (el 17, prpo)
n=1

+Z A P a6yt i ()1 )t

£ 3 [T A @IV ol + 3 [ Aapsaa IV )l
n=2 n=2

+ Z e =2 Gt 6s5 (51 1 )t

B {_MQLO * /o P11 (x)p (x)dx — A3Qs0 + NoVo + /Ooo p31(x) p3(x)dx
_ ’/;]Vn + n;l <P1,n(0) — /0 yl(x)pl,n(x)>dx
+nz_l(i73,n(0) —/0 V3(X)P3,n(x)>dx

I(V,p1,p3)ll = 0. (21)

system (21) means that A + U + E is a conservative operator with respect to the set Q(-).
By Theorem 3.6.1 of [20] (p. 155), we have the following Theorem 2.

Theorem 2. If Aj, 6; > 0,0 <i; < oo, j = 1,3 and the initial value (V(0), p1(-,0),p3(-,0)) of
the system (3) satisfies (V(0), p1(+,0), p3(-,0)) € D(A?), then

e ATEFE(V(0), pa(-,0), p3(- 0) | = (V(0), p1(-,0), p3(-, 0))[l, ¢ € [0,00).
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Now, using Theorems 1 and 2, we obtain the main result in this section.

Theorem 3. If Aj, 0; > 0,0 < Ji; < oo, j = 1,3 and the initial value (V(0), p1(-,0), p3(-,0))

of the system (3) satisfies (V(0), p1(+,0), p3(-,0)) € D(A?), then the system (3) admits a unique
positive TDS (V(t), p1(-,t), p3(+, t)), which satisfies

IV (), p1( 1), pa(- D))l =1, VE € [0, 00).

Proof. Itis not difficult to see that (V(0), p1(-,0), p3(+,0)) € D(A?) N X.. Theorem 1 and
Theorem 1.81 of [14] mean that system (3) admits a unique positive TDS (V(t), p1(-, ), p3(-, 1)),
which can be described by

V(1) pr(, 1), pa(-, 1)) = e 4DV (0), pa(-,0), p3(,0)), £ € [0,00).

Due to Theorem 2, it is easy to see that

IV (E), pr( ), pa(, )| = [[(V(0), pr(-,0), p3(-,0))[| =1, £ € [0,00).
This shows that the physics reflected by (V'(-), p1(-,-), p3(-,-)) is reasonable. []

Theorem 3 means that (H1) holds under some conditions.

3. Asymptotic Behavior of the TDS of the System

When the service rates yi1(-) = p1 and p3(-) = us are constants, the M/G/1 stochastic
clearing queueing model in a three-phase environment is called the M/M/1 stochastic
clearing queueing model in a three-phase environment. In this section, we discuss the
strong convergence of the TDS of system (3) in the above special case. For this aim, first
of all, we determine the adjoint operator (A + U + E)* of the system operator A + U + E.
Then, we find the spectrum of (A + U + E)* on the imaginary axis. Hence, we provide
the spectrum of A + U + E on the imaginary axis by using the relationship between the
spectrum of the operator and its adjoint operator. Finally, we derive that zero is a point
spectrum of A+ U + E and (A + U + E)*, and the geometric multiplicity of zero is one.
Therefore, we obtain that the TDS of system (3) strongly converges to its SSS. That is, (H2)
holds true under strong convergence.

The following Theorem 4 is the main result of this section.

Theorem 4. If A, 0;,u; > 0and Aj < 0; + p;,j = 1,3, then the TDS of the system (3) strongly
converges to its SSS; that is

Hm [[(V(#), p1(,£),p3(-, 1) = (V7 p1(), p3 (), (2, ua (), ua () (V, pr(), pa () = O,

t—ro0

where (V, p1(+), p3(+)) and (V*, pi(-), p3(-)) are the eigenvectors in Lemmas 3 and 4, respectively.
To prove the above Theorem 4, first we prove the following four lemmas.
Lemma 1. The adjoint operator (A + U + E)* of (A + U + E) is given by

(A+U+E)"(V*,p1,p3) = (L+]+G+H)(V*,p1,p3), (V' pi,p3) € D(L),
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where the operators L, |, G, H and its domain are defined by

L(V*, pi, p3)
—(M+61)Q7+ 601V J . ] )
03Q71 — (A3 +63)Q3 ? =1 ) pia(x) ix —113)p31(x)
_ NoQ30 — Vo x—m)pia(x) &) p3a(x)
i , % —m Pf,g(x) ’ d% — 13 p§,3(x) ’

_VZ*

dp?
Z;/” exist and p]’-k,n(oo) =ua,j=13n>1 },

D(L) = {(v*,pi, p3)

0\ (Mpi(¥)\ [Asps,(x)

J(V*5,pi,p3) = 0] | Mpis(x) | [Asp3s(x) | |,
)\ *
A;Z}"lggi 0 0
[P v (0 o
Y Neps (0 #1pia(0) 3p31(0)

o |, [P0 |, [ rapsa)

G(V*, pi,p3) = Yieo NkPé,kHE ) u1p;5(0) H3p33(0)
O ” ’

[e°] *
Yie—0 NkP3 10

0 11Qi o+ 01 VY 03070 + 13Q3,
0 0V 03Q1
H(V*pi,p3) =110

’ V5 ’ 03Q7 ’

D(]) =X*, D(G)=X*, D(H)=X%

here, j = Aj + 0; + p;, and a is a positive constant irrelevant of j and n.

Proof. Forevery (V,p1,p3) € D(A)and (V*, p3, p3) € D(L), using the boundary conditions
system (4f)—(4i) and integration by parts, we have

(A+UA+E)(V,p1p3), (V' p1,p3))

—(A1+61)Q10+63 ) /0 p3n(x)dx +03Q30 + p1 /0 Pl,l(x)dx] Qi
n=1
+ {—()\3 +03)Q30 + NoVo + 3 /O Pa,l(x)dx] Q30

Yot 005 + X[ Vaor [ puaan] v

n=1

©[ d X N
A [—pldlx() — (A + 6+ Vl)Pl,l(x)} pi1(x)dx

+ i /°° {_dpld’;(x) — (M 401+ p1)pra(x) + Alpl,nl(x)} P} p(x)dx

# T s o] i

2 e dpsa(x .
+ 22/0 {— p?;’lx( ) (A3 + 63+ p3)p3,u(x) +7\1P3,n1(x)} P35, (x)dx
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(M +01)Q10Q10 +03Q10 X [ pan(¥)dx +0:030Q0
n=1
+11 QT,O/O p1,1(x)dx — (A3 +63)Q30Q30 + NoVoQ3 0

+,’M3Q§’O /0 P31 (x)dx+ 91Q1,0V0* - Z VnV,;F + 6, Z V;/O plfn(x)dx
k n=0 n=1

+A1Q10p11(0) + 41 ) PT,n(O)/O P11 (x)dx

n=1

d
+2/ p1a(x [ Pin(x) — (M + 01+ p1)p1 ,(x) [dx

+M ; /0 P1n(X) P71 i1 (¥)dx + A3Q30p31(0) + Vo k; Nip3(0)

1 L NVap3en(0) s X pia(©) [ paaea ()i

n=1

dp?)n( )

— (A3 463+ #3)P§,n(x)] dx

+Z/ pan(x l

0 1 [ PP ()
= (V. pr,pa), (L+ ]+ G+ H)(V', pi, p3)). @)

system (22) means that this Lemma holds true. [

Lemma 2. IfA;,0;,u; > 0, j = 1,3, then all points in the set

sup{ 1 su {/\1(91+H1)\(7+1)(’Y+/\3+93)|
|(“Y+1)(7+)\1+91)(7+/\3+93)—9193N0\ p |ot] ’
A[(Y+1) (r+A3+63)| A361No(f3+p3) A301No 6165(1— No)\7+/\3+93\
Roy ’ |o3] 7 Roz los|—u3
Aspiab (1=No)|v+As+03] A163(61+p1)[v+1] A6s|7+1] 6:165(1-No)
Ro3 (o3| —p3) ’ [o1] 7 Roy 7 os[-ps 7
?\3(934-113)\(’Y+1)(’Y+/\1+91)| /\2\(7+1)(7+)\1+91)\ Azi36163(1—Np)
A:={yeC o] Ros ’ S)‘3173(\¢73| H3) 7
A301Np(B1+#1) Aq1A361Ng /\3N0(93+V3)\7+?\1+91| AZNgly+A1+61 |
o1 Ry Roz ’
63(1— No)\(7+/\1+91)(7+)\3+93)\ /\3H3(1 No)\(7+/\1+91)(7+)\3+93)\
los|—p3 Ros(los|—p3)
63 Aspiz b1tm A 11
\7+1H¢73\ #3’ [y +1Ro3(Jo3|—p3)’  |oa] * Rov” Joy[—py” Roy (Jor[—p1)’

O+p3 Az 63 Aspis } 4 ‘ 4
lo3] 7 Roz” Jo3]—p3” Raz([o3[—p3) <1 éR(T] >0, |U]| > W

4

belong to the resolvent set p((A + U + E)*). In particular, iR\ {0} C p((A+U+E)*),i> = —1.
Hence, iR\ {0} C p(A + U + E), where 0; = v + Aj + 0; + 1j,0 < No < 1, and Ry is the real

part of 7.
Proof. For every (w*,y;,vy3) € X*, we consider
(I =L =G)(V* p1,p3) = (J + H)(w", y1,3),
where w* = (27, 230, w5, Wi, -+ ), Yj = (V;1,Yj Yj5 - +), ] =1,3. Thatis,
(v + M +61)Q1p = 01Vy +A1p74(0), (23a)

(v +A3+03)Q50 = 03Q7 0 + Aspz1(0), (23b)
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(7+1)Vs = NoQip + ,:il Nep3(0), (230)

(r+ 1)y = ,i NP (0), n> 1, (234)

W = (7 + A+ 01+ p1)pia(x) —mzip — O1w] — My, (%), (23e)

LW = (v + M+ 01+ p)pi(x) — 01w — papl 1 (0) = Ay pq (x), n>2, (230)
dP%;(X) = (7 +A3+05+u3)p3q(x) — 03219 — H3z30 — Asyzp(x), (23g)

%,;(x) = (7 + A3+ 03+ Ha)p3 (x) — 03255 — pap3 ,1(0) — Asy3 01 (x), n > 2, (23h)
pia(0) =p3u(0) =a, n>1 (23i)

Solve the Equations (23e)—(23h) to obtain
X
p11(x) = p11(0)e”* — 6‘7“‘/0 (1210 + b10] + Ayqp(T)]e” " T dT (24a)

X
Pin(x) = pi,(0)e”* — em/o (0105, + H1p7,5—1(0) + A1yq yypq (T)]e” 7 TdT, n > 2, (24b)
"X
p31(x) = p31(0)e™* —e%* /0 (0321 o + 3230 + A3y (T)]e” PTdT (24¢)

X
P3n(x) = p3,,(0)e”* — ¥ / 0327 o + p3p3 ,1(0) + A3y3 11 (T)]e" P TdT, n > 2, (24d)

where 0j = v + Aj +6; + pj, j = 1,3. Through multiplying e”?1* and e~ %" to two sides of
system (24a)— (24d) respectlvely, then taking a limit for these new equations when x — oo,
and using boundary condition system (23i) and Ry + A; +6; +p; = Ro; > 0, j = 1,3,

we have 0 -
Pia(0) = Bziy + D+ 4y [ yia(oe ey, (250)
’ (% W 0 0 /

* _ ]’ll * 01 * o * —01x

P1n(0) = —=p1,1(0) + —wy, + Ay Yip (x)e”Mdx, n > 2, (25b)
% (4] 0
. 0 o

p31(0) = *221 ot &23,0 + A3 /0 Y3a(x)e” dx, (25¢)
5,(0) = 93 B3 s A ~O iy, > 25d
p3.(0) = — 10+ Psn 1(0) + A3 y3n+1( x)e X, n=2. (25d)

Repeatedly using system (25a)—(25d), it is not difficult to find that

1" n 1 " n+1—k n i n—k .co
P1a(0) = <;) Z( ) wi+ A Y (—) / Vi ppr (e dx,  (26a)
1 =1\ 0

lulkl

n n k n n—k
* _ (B3 * b3 (V?)) * <V3) /oo * —03x
0)=(= — — A — dx. 26b
P3,(0) (03 ) ot =), oy ) B0 k; S o, Y3k (x)e” " dx (26b)

H3 k=
Thus, for Ro; > 0, j = 1,3, by Equations (24a)-(24d) and system (26a) and (26b), we
obtain the following expressions of pj , (x) and pj3 , (x) without boundary conditions

Pia) = e [ lnzip+0if + Auyip(v)le 7 dr

U1 _« 6 e % _
a—zlo + —wj + Aqe 1"/ yu(r)e NTdr, (27a)
1 01 X
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(e}
Pat) = e [0+ gt 1 (0) Ay (D] e
]’l 97 * 01X i * -0 T
= —p1,-1(0) + —w;, + Age Yinp(T)e 1T
01 (%1 x !
1" n+1—k n—1 1 n—k .co
x wi + M <> / ¥ x)e ¥ dx
( ) 1,0 Vlk 1((71) k kzZl o ) .‘/1,k+1()
[ee]
+A1e‘71x/ Yins1(T)e Mt n > 2, (27b)
X
o
Pial) = [loazig + pazig + Aayia(Tle T
H3 _« 03 3X © o« —03T
0—2304— —21 o+ Aze” y3,(T)e dr, (27¢)
3 x
Pinx) = [ 10570+ Hap3 1(0) + Mgy (D) TdT
— 18 (0)—&—9—32* +A 3‘73" Sy (T)e”%%dt
T o P3n—1 1,0 3 Y3n+1
_ & * 93 H3 / —03%
()5 B o n B () e
+/\3€‘73x/x y;nﬂ(r)e*”ﬂdr, n>2. (27d)

Hence , when |oj| > p; and Roj > 0, j = 1,3, from system (27a)—(27d), we conclude
that the following inequalities hold true

O | M
| |+ o
,00) |01|| i Ry [0,00)
91_"]’{1 /\1 * k%
< e 2
_sup{ o )l (282)

n 1" n+1-k
SupHpT,nHL“[O,oo) Ssul:){(|gl) ‘ 10|+ Z( ) ‘w;ﬂ

n>2 n>2 H1 k=1

n— n—k /\1
9?01 Z ( ) Hﬁ,kﬂ”Lw[o,oo) =+ %HyinH”Lw[om)}

91 )\1]11 } * Lk %

< 7 7 7 7 28b
<sop [ o 5901 (260)

63 *

[0,09) o] 1710 )
934—“1/!3 )\3 % L%

< s

_sup{ o Ros [ (@™, y1,y3) I, (28¢)

93

k
su 70,00 <su — — ] |z
b IP3al=poss @E{(|ag|> " s 21<|‘73) ol
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/\3 — ‘M3 nok * )\3 *
+§Ra Z Tos] Y3 k411l Lof0,00) + %70,3||]/3,n+1||L°°[0,oo)

03 A3U3 } . e
<su p w*, Y7, . (28d)
p{ los| — 3" (Ros) (o3| — u3) 1(@*, y1,93)l

On the other hand, if [o;| > p; and Ro; > 0, j = 1,3, then, by Equations (23a)-(23d),
through simple but tedious calculatlons we obtain

M(y+1)(y + Az +63)

Qio - C(r+D(r+ M +91)(’Y+)\3+93)—9193N0p11( )
A301Np .
+ 0
GRS R N ey P g
01 (v + Az + 63) -
29
R o ey Py oy v v DR L)
W T Dt 0)() At 05) — 61058V
(Y+1)(y+ A +61) (7 + A3 +03) — 616N ">
6103
N, 29b
+<v+1><v+A1+el><v+Ag+93>—9193NoZ P30 (29)
v A103Ng (0)
0 (7+1)(7+/\1+91)(7+/\3+93)—9193N0p11

N A3No(y + A1 +67)
(Y+1)(y + A1 +601) (7 + Az +63) —016:Np

(v + M +0)(y + A3+ 63) ©
0 29¢
(7+1)(7+A1+91)(7+A3+93)_91931\,0]; 3x(0),  (29)

P§,1 (0)

1 o

vy = —
! T+

Nkp;,k+n (O) (29d)

Then, by system (29a)-(29d) and system (26a) and (26b), it is not difficult to see that
Qi"o, Q;/O and V,;, n > 0 satisfy the following inequalities

1
* <
Qo Ty +1)(y + AL+ 01) (7 + Az +63) — 0163Np|
y A0 +u) (Y + 1) (v + Az +03)| AF|(v 4+ 1) (v + Az +63)]
sup , ’
o] oy
A301No(03 + p3) A361Np 0105(1 — No)|y + Az + 03]
|o3] " Rog o3| — ’
/\3]’1391(1_N0)|7+)\3+93|} ¥ % %
w 7 7 7 (30a)
(Ro3)(los| — us) 1w viv3)l
. 1 A163(6¢ +V1)|7+1|
< Ssu
Q3o Ty +1)(y + AL+ 01) (7 + Az +63) — 0163Np| { |o |
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A6y + 1] A3(05 + p3)| (v + 1) (v + A1 +61)| 6165(1 — No)
Roy 7 |os] " o3l = ua
A3 (v + 1) (v + A1 +61)| Azpzb165(1 — Np)
’ w*/ *r 3 7 30b
%0_3 %0,3“0,3‘ _,VS) ||( LA yS)” ( )
1

%A <
Vol =< [(v + 1) (v + A1 +01) (7 + A3 +63) — 0103Np|

< su A301No(61 + 1) A1A301Ng
P || " Ry

A3No (05 + uz) |y + A1 + 61| AZNoly + Aq 461

|U3| ’ %0’3 !
63(1 — No) (7 + A1 +61) (7 + A3 +65))|
|os| — p3 ’
s N+ )y o Yy e
w, Y1, ’ 30c
Ry (03] — 13) 1@, y1,v3) |l (300)
63 A3]/I3

sup VY| < sup{ )}II(W*,yi‘,y’ﬁ)ll- (30d)

n>1

|y +1l[o3] — p3” |y +1[Ro3(|oz| — u3

Therefore, when |o;| > p; and Ro; > 0, j = 1,3, from the inequalities system (28a)~(28d)
and system (30a)—(30d), it can be computed that

(V" p1, p3) |1« = sup{|Q7 ol, 1Q30l, sup [V |, sup (|1 kll o [0,00), SUP P3| o0 [0,00) }
k>0 k>1 k>1

1
< su
- p{ [(7 + 1) (v + A1 +61) (7 + Az + 03) — 0103 No|

“ su A0+ p) (v + 1) (y + Az +603)| AZ[(v+1) (7 + Az +63)] A361Np
P |o1 ] ’ Ry " Roy 7

A301No(03 4+ p3) 6103(1 — No) |y + Az +63] Azpzbi(1 — No)|y + Az + 63
|oa] ’ o3| — p3 ’ Ros(|os| — p3)
MO3(01 + 1)y + 1 Af0s]y +1] A3(63 + p3)| (7 + 1) (7 + A1+ 67)]
|| " Ry |o3]
AZ[(y+1)(y+ A1 +61)| 6163(1— No) A3pz8103(1 — No) A30;No(61 + 1)
Ros "ozl —uz T Roz(loz| —pz) 7 ||
MA301Ny AsNo(05 + p3)|y + A1 + 61 ASNo|y + Ay + 64
§R0’1 ! |0'3| ! %0’3 !
63(1 — No)|(7 + A1 +61) (v + A3+ 63)|
o3| — p3
Aspz(1— No)|(y 4+ A1+ 601) (v + Az + 63)| }
Roz(|oz| — p3) ’
03 Aspis bi+m M 6
[y + Uloa| — p3” |y +1Roz(loz| —p3)” |or| " Roy” |or]| —pr”

7

4

Apg 03 +usz Az 63 A3p3 } v
7 7 7 7 w, 7 . 31
Ror(on — ) [oa] * Ros' Joal — s’ Ro(los] — i) 1@ ¥l G
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The inequality system (31) means that if v € A, then the operator [I — (yI — L —
G)"Y(J 4+ H)]™! exists and is bounded. Now, we consider (yI — L — G)(V*,p},p}) =
(w*,y%,v3), (w*,yi,y5) € X*. Then, itis not difficult to show that the operator (y] — L — G)~*
also exists and is bounded. By the relationship

(V= (L+G+]+H)] ' ={(y[-L-G)[I~(y]-L-G) '+ H)]}

(32)

=[I=(I=L=G) I+ H)] (v -L=C)",

we obtain that if ¢ € A, then the operator (y] — L — G — ] — H)~! also exists and is

bounded. Therefore, all points in the set A belong to the resolvent set p(L + ] + G + H).
Additionally, if we take v = ib, i?=-1,bcR\ {0} , then, for any Aj,0j,uj >0,

j=1,3and 0 < Ny < 1, through simple but tedious calculations, we obtain the following

inequalities:

A A
|ib+/\j+9;+yj| — U - \/bz+<Aj+f)]3+ﬂj)2_yj <1 (33a)
i/ = % <1
|ib+)tj+0j+}lj|—}l]' \/b2+(/\j+9j+]/‘j)2_ﬂj ’ (33b)
9]'+]lj _ 9j+}lj <1
|ib+)t]'+9]'+,uj\ \/b2+()‘j+9j+.uj)2 ! (33¢)

|(ib 4 1) (ib + Ay + 01) (ib + A3 + 63) — 6163Np|*> — A3|(ib + 1) (ib + A3 + 63)|?
= 0O + B 20101 + 62 + (A3 + 63)% + 1] + b*{2A161 + 62 + (A3 + 63)?
+(2A1601 4+ 62) (A3 + 03)* +2(Ay + 61 + A3 + 603 +1)6163Np
+2A1 (A3 + 603)[01 (A3 + 03) — 0103Np] + [01 (A5 + 03) — 0163 Np)* > 0

A|(ib+1)(ib + Az + 63)]
= . . <
|(ib+1)(ib + A1 + 01) (ib + A3 + 63) — 6103Ny|

A1(61 + p) (6 + 1) (ib + A5 + 65)|
= — - ; : <1, (33d
|(lb—|—1)(lb—|—)&1+91)(lb—|—)\3+93)—9193N0||lb+)&1+91+]/l1| ( )

1

A2|(ib+1)(ib + A3 + 63)|

: : : <1, 33e

6+ 1) + A1 & 00) (& A + 83) — B105No] (M1 & 01 1) (33¢)
A361 Ny <1

|(ib =+ 1)(ib + A+ 91)(ib + Az + 93) — 9193N0|

=
A301No(63 + p3)

- - - - <1, 33f
|(Zb+1)(lb+/\1—0—91)(1174-)&34-93)—9193N0||Zb+/\3+93+]/13| (331)
B _ A30No <1, (3%

|(ib +1)(ib + A1 + 61)(ib + A3 + 63) — 0103No| (A3 + 63 + p3)
A301No(61 + p1) <1 (33h)

|(ib4+1)(ib + Ay + 61) (ib + A3 + 03) — 6105 Np||ib + A1 + 01 + uq| ’
A1A301 N,

1/43V11NQ (331)

, , . , <1,
|(ib+1)(ib + Ay + 61)(ib + Az + 63) — 6103 Np||ib + A1 + 61 + 1|
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Gl(l—No)’ib+)\3+93| <1
|(ib 4+ 1)(ib + Ay + 61) (ib + A3 + 63) — 6165 Ny |
=
0103(1 — No)|ib + A5 + 65
|(ib+1)(ib+)\1+91)(ib+}\3+93)—9193N0|(|ib+)t3+93+#3| —#3)
<1, (33)
Aspzb1 (1 — No)|ib + Az + 03] (Az + 03 + p3) (|ib + Az + 03 + ps| — y3) <1 (33K)
[(ib+1)(ib + A1 + 61) (ib + A3 + 03) — 6103 Np| !
MOsib + 1] o
[+ 1)(ib - A1 1 01) (@b + A3 + 63) — 0:165No]
A63(01 + 1) |ib + 1|
= — - - <1, 331
|(lb+1)(lb+)\1 +91)(Zb+/\3+93) —9193N0|(/\1 +91+H1) ( )
A2|(ib+1)(ib+ A 0
- - 1|(l .+ )b+ A3 +65)] <1, (33m)
[(ib+1)(ib+ Ay + 601) (ib + A3+ 03) — 6103Np| (A1 + 61 + p1)
A3(03 + p3)|(ib +1)(ib + Ay + 61)| <1 (33n)
|(ib4+1)(ib + Ay + 61) (ib + A3 + 03) — 6105 Np||ib + A3 + 03 + us| ’
2 . 1 .
‘ ‘ A3|(zb‘+ Y(ib+ A+ 61)] <1 (330)
|(ib+1)(ib + Ay + 61) (ib + A3 + 63) — 0103 No| (A3 + 63 + p3)
6,62(1 — N,
: : : 1051 =No) <1, (33p)
|(lb+1)(lb+)\1+91)(Zb+}\3+93)—9193N0|(|1b+)t3+93+]13| —#3)
A3p30163(1 — No) (A3 + 03 + p3) (|ib + A3 + 603 + pa| — p3) <1 (339)
|(ib 4+ 1) (ib + A1 + 61) (ib + A3 + 03) — 6165 Ny | !
A3No(63 + p3)|ib + Aq + 61| <1 (331)
|(ib+1)(ib+)\1+91)(ib—|—/\3+93)—9193N0Hl'b+)\3+93+}13| !
/\%N0|ib+)L1 + 64 <1 (335)
|(ib—|—1)(ib—|—)\1+91)(ib+/\3+93)—9193N0‘()\3—|—93+}13) !
93(1—N0)‘(ib+)\1+91)(ib+)\3+93)| <1 (33t)
|(ib+1)(ib + Ay + 61)(ib + A3z + 03) — 6103No|(|ib + Az + 03 + 3| — u3) ’
Agpz(1 — No)|(ib + Ay +601)(ib + A3 +603) (A3 + 03 + u3) (|ib 4+ Az + 63 + 3| — p3)| <1 (33u)

[(ib+1)(ib + A1 + 601) (ib + A3 + 63) — 6103 Np|

The inequalities system (33a)—(33u) imply that iR \ {0} C p((A+ U + E)*). Then, by
the relationship between the spectrum (A + U + E) and 0((A + U + E)*), we obtain that

iR\ {0} C p(A+U+E). O
Let (A + U + E) denote the point spectrum of A + U + E.

Lemma 3. If A;,0;,u;, > Qand A; < 0;+u;, i = 1,3, then 0 € 0,(A + U + E), and the
jr Vjr Hj j it M P

geometric multiplicity of zero is one.

Proof. We consider (A + U + E)(V, p1, p3) = 0, which is equivalent to

(A1+61)Q10=103 ) /0 p3n(x)dx +03Q30 + Vl/o p11(x)dx,
n=1

(34a)
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(A3 +63)Qs0 = NoVo + }43/0 p3a(x)dx, (34b)
Vo=01Qio Va =01 [ pra(x)dx, n=1, (340)
dpj1(x) .
L = =N 0 ppa(x), =13, (34d)
dpjn(x) .
’d'; = —(Aj+ 0+ u)pin(X) + Ajpjn-a(x), n>2; j=1,3, (34e)
p1,1(0) = A1 Q10 + 1 /0 p12(x)dx, (34f)
p1,1(0) = /0 pLas1(x)dx, n>2, (34g)
P3,1(0) = A3Q30 + N1Vo + NoV1 + pi3 /0 p3p(x)dx, (34h)
n ()
p3n(0) = Y Ny i Vi + 3 /0 Pans1(x)dx, n>2. (34i)
k=0 :
Solving Equations (34d) and (34e), we obtain
e o (Ajx)nE .
pin(x) =e (A/+9;+u;)xk_zl mpﬁk(o)l i=13n>1 (35)

In the following, by introducing the probability generating functions (PGFs), see,
e.g., [6], we show that 0 € 0,(A + U + E). For any conplex number z such that |z| < 1, we
define the PGFs by

V(z) =

[7e

Vuz", pi(x,z) =) pia(x)2", j=1,3.
n=1

n=0

Then, Theorem 3 means that V(z) and pj(x, z) are well-posed. From Equations (34b)—(34e),
it is easy to compute that

V(z) = Vo+ Y Vaz" = 0:Qu0+ 61 Y /0 p1n(x)2"dx, (362)
n=1

n=1

O Y1 Pju(x)z" o o
——— == A+ 0+t u)pin(x)Z" + A ), pin—1(x)Z"

n
= pilxz) = p;(0,z)e” IHITE, =3,

From the boundary conditions system (34f) and (34g) and system (36b), we have

p1(0,2) = p11(0)z + Y p1,4(0)2"
n=2

=2zMQ10+ Pll/o p12(x)zdx+p ) /0 p1ns1(x)z"dx
n=2

ﬂl /OO
=2zA1019 + 0,z) — dx.
zA1U1,0 26+ A (1—2) m]i’l( z) — ) p1,1(x)dx

That is,

_ H1 _ 2 B «
<Z 01+ A1 (1—2) +y1>p1(o'z) =2z"MQ10 2}41/0 p1(x)dx. (37)
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By Equations (34b) and (34c), (34h)—(34i), and (36b) and
i ann _ i e*/\zpd (AZPdZ)n _ ef/\zpd(l*Z),
n=0 n=0 n!

we compute that

(o)

p3(0,z) = p31(0)z + Z p3n(0)z" = zA3Q30 +zN1Vy +zNoVy + yg,/o p32(x)zdx
n=2

[ee] n [ee]
+) Ny Vi + p3 / P3,n+1(x)dx] z"
n=2 | k=0 0
=—[03+A3(1 —z + V(z)e t2pd(1-2) 4 1 0,2).
[ 3 3( )]Q?),O ( ) 2[93 +/\3(1 —Z) +]43] P3( )

This is equivalent to

<Z CETRIITR > p3(0,2) = —2[83 + A3(1 — 2)|Qs0 + 2V (2)e 21012 (38)

It is not difficult to show that if )Lj < 9]' + Wi, j =1,3, then

/\j+9j+]/l]' — \/(/\]-JrG]-erj)z *4}\]-"1/!]-

21

<1,

O<’)’]'2:

s . . . _ Hi
and 7 is the unique solution of the function z = [ (e

and (38), we obtain

. Hence, using system (37)

o v —Aapd(1—73)
_ L/ X)dx _ Vina)e , 39
Q1,0 vl pia(x)dx,  Qsp B3+ Aa(1 = 73) (39)
In addition, from system (37) and (38), it is easy to obtain that
A z(z — A z(z — 01 +M(1—2z)+
p(0,2) = 1910 (m M) _ 1Q1;[6(+A73[—12) +1( = Jtml 400
2T R A ri—
—z[03 +A3(1 —z + 2V (z)et2pd(1-2)

Z p— ¢
03+A3(1—z2)+u3

Taking z on both sides of system (40a) and (40b) tends towards the limit of one, and it
can be obtained that
A1Q10(1 = 71) (61 + 1)

p1(0,1) = 6, , (41a)
—6 + V(1)) (63 +
pa(0,1) = 50 93( s 1) (41b)
Then, using system (36b), (41a), and (39), we obtain
A N - - MQuo(1— 1)
— [01+A1(1—2)+pm]x g, — 21=L00 7~ 11)
HZ;/O p1n(x)dx l1_r>r} ; p1(0,2)e dx 5, , (42a)
Z/ p3,n(x)dleim/ p3(0,z)e 103+ A3(1=2)Fpslx g
=170 z—1.J0
(42b)

_ —03Q30 +601Q10 + MQuo(1—71)
63
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Therefore, using system (34c), (39), (42a), and (42b) and by simple calculations, it can
be obtained that

Quo+Qs0+ ) Vut ), /0 pra(x)dx+ ) /0 p3n(x)dx
n=0 n=1 n=1"

(1+61)6103 + 67 + A1 (1 — 1) (64 + 63)

= 805 Q1,0 (43)

system (43) means that 0 € 0,(A + U + E). Additionally, from system (34a)—(34c) and
system (34f)—(35), it is not difficult to show that the geometric multiplicity of zero is one. [

Lemmad4. IfA;,0;,u; >0, j=1,3, then0 € 0p((A+ U+ E)*), and the geometric multiplicity
of zero is one.

Proof. We consider (A + U + E)*(V*, pj, p5) = 0; thatis,

— (M +61)Q7 0 +61Vy + A1p71(0) =0, (44a)
03Q10 — (A3 +63)Q30 + A3p31(0) =0, (44b)
NoQio — V5 + ), Nkp3x(0) =0, (44¢)
k=1
Vi + Y Nipipen(0) =0, n>1, (44d)
k=0

dpi, () \ . . .

ldic — (M +01+p1)p1a(x) + ApTa(x) + 61V + Q1o =0, (44e)
dpi,, (%) \ ) . .

16';; — (M + 01+ u1)pi,(x) + AMpl e (0) + 01V +papi ,1(0) =0, n > 2, (44f)

dp3 (x) . . . .
?;v; — (A3 + 05+ p3)p31(x) +Azp3,(x) +603Q7 9 + 13Q30 =0, (44g)

dp3 (%)

T~ M0+ u3)p3 (%) + A3p3 40 (¥) +03Q70 + Ha(x)p3,-1(0) =0, n > 2. (44h)
It is not difficult to see that

4 [ [
(V" pi,p3) = <<> () ()) e D((A+U+E)")

is a positive eigenvalue of the system of Equations (44a)-(44h). Moreover, by system
(44a)—(44h), it is not difficult to calculate that

)\1 (/\3 + 93) )\3911\]0

Qo = 7600 +65) —Nobi6s " O 76700 + 05) — Mg 1 (0
- (A + 91‘)9(1/8:239)3)— Nob163 ko_il Nip3(0),
(45a)
Qo = (A1 + 91)(A3f393) — Nob163 pLa(0) + (A + 91;\(325;\14_—;30)1)_ No65 p31(0)
" (A1 + 91)(A39f3(93) — Nob163 ki Niep3x(0),

(45b)
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A163No ; A3(A1 4 61)Np .
0 ()L1+91)(/\3—|—03)_N09163p1,1( ) (A1+91)(/\3+93)—N09193p3’1( )
(A1 +61) (A3 + 63) = «
+ N 0),
(A1 +61)(As + 63) — Nob163 k:Z1 kP3(0)
(45¢)
Vi =) Npspiq(0), n>1, (45d)
k=0
* 1 dpis,l(x) % % N
pia(x) = T (A1 401+ p1)pi () + 01V +m Q1| (45e)

p;,n-&-l (x) = - /\73

— (M 461+ p1)p1,(x) + 61V 4 papr,1(0)|, > 2, (456)

f gy 1 [dP§,1(x)

p3a(x) = | A (A3 + 03+ p3)p31(x) +03Q7 9 + ﬂaQﬁ,o} / (45g)

> 2. (45h)

— (A3 + 03+ p3)p3 . (x) +63Q1 o + pap3 ,,—1(0)

1 [dp3,(x)
dx

Equations (45a)—(45h) mean that the geometric multiplicity of zero is one. [

Proof of Theorem 4. Theorem 3 means that A 4+ U + E generates a uniformly bounded
Co—semigroup on the Banach space X. Moreover, by Lemmas 2, 3, and 4 it is easy to see
that 0)(A+ U+ E)NiR = 0,((A+U+E)*)NiR = {0}, {y € C | v =ib,b # 0,b €
R} C p(A+U+E),and 0 € 0p((A+ U+ E)*), and the geometric multiplicity of zero
is one. Therefore, by theorem 1.96 of [14], we obtain that the TDS of system (3) strongly
converges to its SSS; that is

Lim [(V(£), 1 (), p3(,8)) = (V7 p1 (), p3 (), (u2 w1 (), us () (V, pa (), p3 (1)) = 0,

where (V, p1(-), p3(+)) and (V*, p7(-), p3(-)) are the eigenvectors corresponding to the zero
in Lemmas 3 and 4, respectively. O

4. Stability of the Semigroup

In this section, when the service rates y1(-) and p3(-) are constants, based on the
preceding discussion, we study the stability of the Cy-semigroup e generated by A :=
A + U + E, from which we derive that the SDGC holds true.

Theorem 5. The SDGC holds for the semigroup e, and wy(A) = s(A) = 0, where wy(A) =
{w | there exists an M such that ||et|| < Me®!} is the growth bound of the Co—semigroup
et and s(A) = {Ry | v € o(A)} is the spectral bound of A. Furthermore, e is not
asymptotically stable.

Proof. Obviously, X is a Banach lattice, and the semigroup e is positive on the Banach
lattice X by Theorem 1. For (V, p1,p3), (w,y1,y3) € X4, where w = (219,230, Wo, W1, -+ ),
yi = (Y1 Yj2 Y3+ ),j = 1,3,itis easy to obtain that
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1V, p1,p3) + (W, y1,y3)l|+

(o) & 0
=[Q10+z10| +1Q30 + 230l + Y [Va +wal + ) 2/0 |Pjn (%) + yjn(x)|dx
n=0

j=13n=1
=Qio+ Q0+ )Vt Y, Y, / pjn(x)dx
n=0 j=13n=1"0

[e3) ol e}
+z10+2z30+ Y Wat Y Y / Yjn(x)dx

n=0 j=13n=1"0
=1V, prp3)ll+ + 1w, y1, y3) [+,

where X is introduced in Section 2, and || - ||+ is the norm on X . This shows that X is an

AL-space. By Lemmas 2 and 3, we see that 0 € ¢(A),and 0(A) C {7y € C | Ry <0} U{0}.
Then, we have s(A) € 0(A) and s(A) = 0 according to corollary 12.9 of [21] (p. 188). Thus,
using Theorem 12.17 of [21] (p. 193) to obtain the SDGC holds, and wy(A) = s(A) = 0.
This implies that e! is not exponentially stable, see, e.g., [22] (Thm VI.1.14, p. 357). That is,
there are no constants K > 0 and € > 0 such that

eAt]| < Ke™®, Vi>o0.

Furthermore, since e is uniformly bounded (Thm 1), Lemmas 2 and 3 show that
o(A)NiR C 0p(A), and the asymptotic stability then follows from Theorem 3.26 of [23]
(p. 130) . This is different from the recent result [11]. O

5. Conclusions

In this paper, we investigate the well-posedness and asymptotic behavior of the
M/G/1 stochastic clearing queueing model in a three-phase environment. In the natural
state space L!, it is not easy to prove semigroup property. Based on semigroup theory
and spectrum analysis on the imaginary axis, we show that this queueing model admits
a unique positive TDS. When the service rates of servers are constants, we prove that the
TDS of the queueing model is strongly convergent to its nonzero SSS. However, we did not
answer whether the general situation holds true, and the solution exponentially converges
to its SSS. Moreover, exponential convergence of the TDS of Equations (1) and (2) depends
on the growth bound and essential growth bound of the corresponding semigroup, see,
e.g., [7,15-17,24]. For this aim, we need to know the spectrum of the system operator on
the left half of the complex plane. This is work to complete in the future.

Additionally, we show that the SDGC is equal to zero, and the semigroup generated by
the system operator is not asymptotically stable. However, we did not study the compact-
ness, reducibility, and ergodicity of the corresponding semigroup of the system. There have
been many studies on these asymptotic behavior of semigroups, such as corresponding
queueing models, reliable models, and population models, see, e.g., [11,14,16,17,24]. These
are also future research topics.
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