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Abstract: In this paper, we establish a structural inequality of the co-subLaplacian A in a class of
., Xon. Whenl < p <4
withn =1land1 <p <3+ % with n > 2, we apply the structural inequality to obtain the local

the semi-simple Lie group endowed with the horizontal vector fields Xj, ..

horizontal W2?2-regularity of weak solutions to p-Laplacian equation in the semi-simple Lie group.
Compared to Euclidean spaces R?" with 1 > 2, the range of this p obtained is already optimal.
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1. Introduction
In this research article, we consider the compact, connected, semi-simple Lie group
LG endowed with the horizontal vector fields X1, X5, ..., X5,; see Section 2 for details. We

2n
denote by Ag v = Y XivX;XjvX;v the co-subLaplacian of a function v. For any function
ij=1
v € C*, we establish a structural inequality of Ay v (see Lemma 3 below), that is,

1
DoV 30l? — g0 20.50 — 3 [|D30l? — (0] Vol
< (n = 1)[|D§o*| Vo — [D§oVy o).
Here, for any functionv € C 1, we notate Vv = (X190, X20, ..., X2,0) as the horizontal

gradient of v, and
D(Z]z) _ (XZX]U + X]Xl’0>
2 1<i,j<2n

as the symmetrization of V3 Vyv = (X;Xjv)1<;j<on, and Nov = Y2 X;X;v as the 2-
subLaplacian. Here, see [1,2] for the definitions. Based on this structural inequality, we aim
to obtain the local horizontal W22-regularity of weak solutions to the p-Laplacian equation
in the semi-simple Lie group.

Let 1 < p < co. For a given domain () C LG, we define that the functions u : ) — R
are p-harmonic functions in Q if u € W;{’,p1 oc (Q) are weak solutions to the degenerate
p-Laplacian equation

2n
Aqppu(x) = Y XF(|Vyu[P2Xu) =0 Vx€Q, 1)
i=1
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that is,
2n
/Q Z |VyulP~2XuX;odx =0 Vo € C(Q),

where X7 is the formal adjoint of X;, and W oc (Q) is the first-order p-th integrable local
horlzontal Sobolev space defined in Sectlon 2 From [3], for left-invariant vector fields, it
holds true that X7 = —X;,i =1,2,...,2n. Then, Equation (1) becomes

2n
Agpu(x) = = Y X;(|Vyu[P 2 Xu) =0 Vx € Q. ()
i=1

In the ordinary case p = 2, we habitually refer to the 2-harmonic functions in the semi-
simple Lie group as harmonic functions, and Hormander [4] proved their C*-regularity. In
the non-ordinary case p # 2, if the horizontal gradient Vyu of the p-harmonic function
u in the semi-simple Lie group has the boundary 0 < B! < |Vyu| < B, Domokos—
Manfredi [5] proved u € C*. But we cannot expect the C*-regularity for u if the assumption
is not satisfied. For general p-harmonic functions in the semi-simple Lie group, Domokos—
Manfredi [3] established the C%!-regularity with 1 < p < co and the C1*-regularity with
2<p<oo.

We denote by W. H loc -regularity the local horizontal W2?-regularity, and also call it
the local second-order horizontal Sobolev regularity. Here, for any given domain Q C G,
we define that the function v : 3 — R belongs to W7zi,210c (Q)) if the function v belongs

1,2
to W?-[ loc

We notate

(Q) and its second-order horizontal derivative V4 Vv belongs to L% _(Q).

Ko =1+ [Vyelie(q) + leVreli=() ®)
for any function ¢ € C§°(Q). Here, we denote by Vzv = (Ryv, Ryv, ..., Ryv) the vertical
gradient of a function v. In this paper, we will prove the following local horizontal W22-
regularity of p-harmonic functions u in the semi-simple Lie group.

Theorem 1. Any p-harmonic function u in a domain Q) C LG belongs to W. 7—[ 1 oc (Q) for

1<p<4 withn=1,

and ,
1<p<3+ﬁ withn > 2. 4)

In addition, when 1 < p < 2, for any function ¢ € C§°(Q)), we have

5 1
/QZ|VHVW|2dx<CK </ v u|2”dx)2(/ v ul”“dx)z- ®)
— Q H H ;
o spt(o) spt(0)

when 2 < p < co and p satisfies (4), for any o € C§°(Q), we have

1 1

1 1
/96|VHVHu|2dx chQ(/ |VHu|P+2dx> (/ |VHu|P2dx>
Q spt(e) spt(e)

1
2
X (/Q Q6|Vﬂu|4_pdx> , (6)

where K, is notated in (3), c = c(n, p) > 0, and the support of ¢ is notated as spt(o).

When 1 < p < oo, for p-harmonic functions in Euclidean spaces R", we refer
to [6-10] for their C%! and C!*-regularities. When 1 < p < 3+ 2, their local hori-
zontal W22-regularity was proved by Manfredi-Weitsman [11], and Dong et al. [1] also
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gave a new proof. For p-harmonic functions in Heisenberg group H", grounding on the
work of [12-16], Zhong [17] established their Cofl-regularity with 1 < p < co and CH*-
regularity with 2 < p < co. Mukherjee—Zhong [18] increased the range of pto 1 < p < oo.
Domokos-Manfredi [13] established their local horizontal W2 2-regulari’ty Liu et al. [2]
improved the range of p, thatis, 1 < p <4 withn =1and 1 < p < 3+ 15 withn > 2.
Citti-Mukherjee [19] extended Zhong’s method to Héormander vector fields of step two and
established C%! and Cl#-regularities with 1 < p < co. In addition, Muhkerjee-Sire [20]
established Cl*-regularity for inhomogeneous quasi-linear equations on the Heisenberg
group H" with 2 < p < oo, and Yu [21] increased the range of p to 2 — ﬁ < p < oo
For further research on the second-order Sobolev regularity, Domokos—Manfredi [13,22]
first established the Cordes condition and applied it to obtain the H sz . -regularity in

the Heisenberg group H' for \F L<p< 5+‘[ , Fazio et al. [23] established the sz oc”
regularity in the Grusin plane for p near 2, and Domokos-Manfredi ([5], Theorem 4 1)
obtained a main 1nequal1ty for studying the W X 1 o regularlty on more general vector fields

when 2 < p < =7 Recently, Yu [24,25] established the W H 1 oc “Tegularity on SU(3) with

1<p<jand W)Z(z1 oc “Tegularity on the first-order Grusin plane with 1 < p < 4. For
further study on the quasilinear equations, Yu. G. Reshetnyak proved that the mappings
with the bounded distortion are continuous, open and discrete [26]. The key point of this
proof is based on a deep connection between the mappings with the bounded distortion
and the solutions of quasilinear equations of the elliptic type and non-linear potential
theory. Further development of quasi-conformal analysis and related functional classes
on Carnot groups and more general metric spaces, see [27-30], initiated the study of the
relationship between the mappings with bounded distortion and solutions of subelliptic
equations in the geometry of vector fields, satisfying the Hérmander condition; see [31] for
an example.

The proof of Theorem 1 depends on the study of the regularized equation of Equation (2).
Let u be the weak solution to Equation (2). For any given smooth domain U € () and any
positive constant e € (0,1], we consider the regularized equation

2n 5
Y Xil(e+[Vuo) T Xp] =0 Vxel; v—ueW/u. @)
i=1

We notate u® € W;Zp (U) as weak solutions to Equation (7). The existence, uniqueness
and smoothness of solutions were studied in [3,5]. Domokos-Manfredi [3] proved that
their horizontal gradients {V;u},c 1) have the unifrom L (U)-regularity in ¢ € (0, 1].

In addition, it is given in [3] that as & — 0, u® — u in CO(U) (see Proposition 1).

By studying Equation (7), we establish the following theorem, which gives that
ut € Wy ZIOC(U) uniformly in ¢ € (0,1]. From this, by letting ¢ — 0, we can apply
the same method as ([2], Section 5) to infer Theorem 1.

Theorem 2. When p satisfies the condition (4), weak solutions {u} ¢ 1) to Equation (7) have the

uniform WH loc (U)-regularity in e € (0,1]. In addition, in the case 1 < p < 2, for any function
0 € C5°(U), we have

/ 0%| Vg Vyuf|?dx
u

1 1
< CKQ(/ (e+ |V7{us|2)22pdx> : (/ (e+ vﬂuqz)”z”dx) e
spt(e) spt(e)

in the case that 2 < p < oo and p satisfies (4), for any function ¢ € C§°(U), we have
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[ &IV P
2\ 2\
. _
< cKyp (/ (e+ |V7.[u£|2)’]2dx> (/ (e+ |V7.[u£|2)pzdx)
spt(e) spt(e)

1
- 2

< (f eftet 1) F ) o)

where K, is notated in (3), c = c(n, p) > 0, and the support of ¢ is notated as spt(o).

Before we specify the idea of the proof, we denote by
X; Xv—X: X0 X;, X;lv
By := VHVHU—DSv:(l ! S ) = ([ d ]] )
2 1<i,j<2n 2 1<i,j<2n

the difference between V4 Vv and D%v. Noting that B = (bi,j)lgi,an is an anti-symmetric
matrix (b;; = —bj;), we have |Vy V39|? = |D3v|? + |Bu|?. Thus, we can obtain the estimate
of |V Vyu| by estimating |D3uf|? and |Buf|.

The proof of Theorem 2 relies on some prior estimates and some Cacciopoli-type
inequalities of u* built up by Domokos-Manfredi [3] (see Lemma 1). To be specific, we
divide the proof into the case 1 < p < 2 and the case2 < p < co. When1 < p < 2, we
deduce (8) from Lemma 1 directly. When 2 < p < oo and p satisfies (4), we use some
ideas from [1] to establish a structural inequality (see Lemma 3). Applying the structural
inequality to break down the horizontal Hessian matrix, we obtain a decomposition in-
equality for DZuf (see Lemma 4). Applying some priori estimates and some Cacciopoli-type
inequalities in Lemma 1, we obtain the estimate of |Buf|? (see Lemma 7) and estimates
of all decomposition terms (see Lemmas 5 and 6). Finally, based on the decomposition
inequality (18), combining all estimates, we obtain (9). The proof is shown in Section 5.

Consequently, our new results improve the range of p in [23] (p near 2 for the Grusin
plane), Ref. [13] (@ <p< % for the Heisenberg group H') and ([5], Theorem 4.1)
2<p< Vz%l). Compared to Euclidean spaces R?" with n > 2, the range of this p
obtained is already optimal. Our method can also be applied to more general vector fields
to generalize and improve some known results in the literature.

2. Preliminaries

We consider a special class of semi-simple Lie group LG, which was first proposed
by Domokos-Manfredi [3]. The semi-simple Lie group LG is connected and compact. We
notate £G as its Lie algebra. The inner product on LG satisfies the properties

<ng*1,ng*1) =(X,Y), VgelLG, and X,Y € LG,

and
([X,Y],Z2) = =(Y,[X,Z]), VXY, ZeLG.

Let LS be the maximal torus of LG. We notate LS as its Lie algebra. Owing to the
fact that LS is a maximal commutative subalgebra of LG, we call it Cartan subalgebra. We
denote by R the set of all roots, where we say that R € LS is a root if R # 0 with the root
space LGR # {0}. Here, LGr = {Z € LG : [S,Z] =i(R,S)Z, VS € LS}.

According to ([3], Section 5), we can define the orthogonal complement of LS de-
noted by H, and we can choose its orthonormal basis satisfying Property 1. We notate
By = {X1,Xy,..., X0, } as the orthonormal basis of H.

Property 1.
(i) V1 <k <n, IR, € RT s.t. span{Xpp_1, Xok } = Hg,.
(ii) [Xok—1, Xo] = —Ri,  [Xo, Re] = = [ Rel|*Xok-1,  [Res Xox—1] = || Ri[[*Xox
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(iii) [ X;, Xm| € H when (I,m) # (2k —1,2k).
(iv) {[Xok—1,S], [Xok, S]} C Mg, when S € LS.

Based on the properties of By, a basis of LS can be selected, thatis, {Ry,Ry,..., Ry}.
For any function v, we denote by

Vyv = (X719, X0, ..., X0,0), Vgv=(R1v,Ryv,...,Ry0)

the horizontal and vertical gradients. Here, the homogeneous dimension of LG is 21 + 2v;
see ([3], Section 5) for the definitions of the horizontal and vertical gradients. Moreover,
from Property 1, we draw the conclusion

(0 SN0y k)
[Xi, Xj] =), Aj Xi+ Y 0,/ Ri, [Xi,Rj] = ) 9,7 X (10)
k=1 =1 k=1

(k) o) (k)
Here, )‘z‘,j , 91.,]. and l9i,j

Given a domain () C LG, we notate W;_zp (Q)) as the horizontal Sobolev space for
1 < p < oo. We define that a function v belongs to W;{’p (Q)) if it belongs to L7 (Q2) and its
horizontal gradient Vv belongs to LP(Q)). Here, we define the norm of v as

are constants.

1/p
2lly1 0y = (1ol ey + 1V a0l )

Moreover, we notate Wl;ip (Q), R) as the k-order horizontal Sobolev space for any k > 2.
For any function v, we say v € WZP(Q, R)if Vyv € W;{[l’p(()), and define its norm in a
similar method. For any index k > 1and 1 < p < oo, we notate W;;p loc () as the collection
of all functions v : () — R satisfying v € Wf(’p (U) for all U € Q). We notate WZ?O(Q) as the

closure of C§°(Q)) in W;_Zp (Q)) endowed with the | - ||Wk,p( o horm.
W

Let1 < p < oo and u be a p-harmonic function in Q. In the rest of this section, for
any ¢ € (0,1] and any smooth domain U € (), we list several priori uniform estimates for
u® established by Domokos-Manfredi [3], where u® € W;{’p (U) is the weak solution to the
regularized Equation (7).

According to ([3], Theorem 5.1), we have the following uniform estimate for Vyu®
and convergence.

Proposition 1 ([3], Theorem 5.1). Forany 0 < e < 1,ifu® € W;floc (U) is the weak solution
to Equation (7) with 1 < p < oo, then its horizontal gradient V3 u® has the uniform LS (U)-

regularity in ¢ € [0,1), and for any Carnot—Carathéodory ball B, C U, the following holds:

1
4
Vsl < ) (£, (e (T )E) ay

r

where we notate u® = u for e = 0. In addition, u® — u in C°(U).

Here, we notate f,, pdx = |M]| -l M Pdx as the average of integrable function § over
the measurable set M. According to ([5], Theorem 1.1), we obtain the following corollary
from Proposition 1 in a direct method.

Corollary 1. When1 < p < oo, for any € > 0, the weak solution u® € Wyl{’p loc (U) to Equation (7)
has the C* (U)-regularity.
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Based on ([3], Section 5), we can obtain the same conclusion as [3] (Corollary 4.1) in
almost the same method. Here, we omit the proof.

Lemma 1. If any function ¢ € Ci°(U) satisfies 0 < ¢ < 1, then there are the following conclu-
sions:

(i)  Forany B > 0, the inequality holds:
[ P+ Vo) 2| e PPV Vs P
<c [ IVuoPle+ Vo) 7 |Vut PP+ 2ax (12)
+c(/3+1)2/ug2(e+|vHu€|2)%|vRu€|2ﬁdx.
(ii)  Forany B > 0, the inequality holds:
[, @3+ Vo ) 2 V0, T Py
< c(/3+1)4/ug2(s+ |Vt 2) ' 48|V it 2dlx (13)

Fe(B+ 1)21<Q/ ( )(s + V) 5By,

spt(e

(iii) For any B > 1, the inequality holds:
-2
[ e+ V) T | Ve PR3y P

2
< B+ 0¥ Vualih

) /UQZ(€+ V3 P |V Vo P, (14)
(iv) Forany B > 1, the inequality holds:
-2
[ e+ Vo) 7 P9y Vg Pt

<c(p+1)K, [ NGRS (15)

Here, K, is notated in (3), all of the above c = c(p) are positive constants, and the support of
0 is notated as spt (o).

The following result is directly derived from (14) and (15).

Lemma 2. Ifany B > 1 and any function ¢ € Ci°(U) satisfies 0 < ¢ < 1, then the following
holds:

[ e Vo) 7 Ve PPV 5 Vg Pt

< cﬂ(ﬁ+1)12+451<5“/ NCE: V306 2) 5 Pdx. (16)
sptlQ

Here, K, is notated in (3), ¢ = c(p) > 0, and the support of ¢ is notated as spt(0).

3. A Decomposition Inequality for Dju®

Firstly, we introduce the structural inequality of Ay.v. Here, we define Ay v =

2n
Y. XjvX;X;vX;v as the co-subLaplacian of a function v. Its proof is placed at the end of
ij=1
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this section. Applying the idea for proving ([1], Lemma 2.1), we establish the following
structural inequality. For simplicity, the co-subLaplacian A\ v of v € C* is written as

Nt = (Vo) TV VyoVyo = (Vyo) D3oVyo.

Lemma 3. The following holds for any function v € C*(U),

1
|D§oV0]* = Ngvlgeev — E[ID%UI2 — (80)?]| Vo
< (n—1)[|D3v|?|Vyo|* — |D3oVyo|?] Vx € U. (17)

Proof. We fix any point ¥ € U. Apparently, the inequality (17) holds for Vv(%) = 0.
Below, we consider the case Vyv(%) # 0. We can divide both sides of the inequality (17)
by |V4v(x)|?. Therefore, we only need to consider the case |Vv(%)| = 1.

At the point ¥, noting that D3v is a symmetric matrix, we can derive its eigenvalues
{Z;}#", C R and obtain an orthogonal matrix A € O(2n) (A~! = AT) such that

ATD%UA = diag{glr 52/ sy €2n}~
Thus,

2n 2n
|Dgv|* = |[ATDj0Al* = Y (2;)* and Agv =) (.
i=1 i=1

Notating ATV v = 21221 uie; =: ji, we obtain
Moot = (V0) T D30V v = (ATV40) T (ATDZ0A) (ATV o) = Z@Z pi)?

and
2n

|DGoVyol® = [(ATDgoA) (ATVy0) 2 = 3 (6)* (i)

i=1

Based on ([1], Lemma 2.2) with { := (C1,C2,---,Con) and ji, we deduce

1
‘|D(2)UVHZ)|2 — AgvA) eV — 7[\D(2]v|2 — (on)z]

2n 2n 2n 2n
= | L@~ (L) Zg ) };1@02 ~ (L&)
2n 2n
< (n- 1)[;(&‘)2 - ;(@)2(%)2]

= (n = 1)[|D§o*|Vyol* — |DFoVyol?].
O

Now, we use the structural inequality to obtain the following decomposition inequality
for DZuf, which is a pointwise estimate.

Lemma 4. Let u® € W;f loc (U) with 1 < p < oo be the weak solution to Equation (7), then

20+ 2(p—2) + (2 20) (p~ 2] DR

< [2;1 +2(p—-2)+(p— 2)2} (ID3uf)? — (Aouf)?] Vx € UL (18)
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Here, note that (4) implies
2n+2(p—2)+(2-2n)(p—2)* =2(p = D[(1 —n)(p —2) +n] >0,

and thus the coefficient in (18) is positive. This ensures that the decomposition inequality
(18) is valuable.

Proof. Owing to the C®°(U)-regularity of u*, Equation (7) gives
(p — 2)Ageoti® + (e 4+ |Vyuf|?)Agu =0 Vx € U. (19)

We fix any point ¥ € U. Itis easy to prove that the inequality (18) holds for Vu*(x) = 0
since we can deduce Aguf(x) = 0 from (19) in a direct method. Below, we consider the case
Vuué(x) # 0. Letting v = u¢ in Lemma 3 and multiplying both sides by 2(p — 2)?, then
from (19), at X, we infer

2(p — 2)%|Dgu Vyut > +2(p — 2) (Bou®)?[| Va1 + ]
— (p = 2)*[|Dgu[? — (Aou®)?]| V|
< (p—2)*(2n = 2)[|D§uP|Vyu® | — [Dgu Vygul[?).
We divide both sides of the above inequality by |V ué(%)|?, then, at %,

|D3ufV4uf|? Agu
2(p -2l VL oy 2) LD (9o

< (p —2*[|Dgu|* — (Aou)?] + (p — 2)*(2n — 2)| Dju? (20)
We apply (19) again, and then apply Holder’s inequality to derive, at %,

| Djus Vygut 2 |Aoeott®? - (Aquf)?

(p - 20T > (p - 2P TR > (SO (o]
This and (20) imply
Aguf \? 12
420~ )22 ) Vw4
< (p—2)?[|Dgu* — (Mou)?] + (p —2)*(2n — 2)| Djuc . (21)

Noting that 2n +2(p —2) =2(p — 1) +2(n — 1) > 0, from (21), we obtain
(2 +2(p — 2)](A0u")? < (p = 2)[|D§uc|? — (8ou)?] + (p — 2)*(2n — 2)| Dfue .

Subtracting  ([2n 4 2(p — 2)](Aouf)? — [2n+2(p — 2) — (2n — 2)(p — 2)?] | DFu‘|?)
from both sides of the above inequality, we obtain

(21 +2(p —2) + (2 — 2m)(p — 2% | Dfu
< [2n+2(p—2) + (p = 2| [ID§ue ? — (Bou)?],
that is, (18) is valid. O

4. Estimates of All Decomposition Terms and the Estimate of | Mu?|?

Firstly, we give the estimate of the right term in (18).
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Lemma 5. For any function v € C*(U) and any function ¢ € C°(U), the following holds:

[ €liDBoP - (o)l

Sc/UQ6|VHv|zdx+C/UQ6|VHU||VHVRv\dx
+c [ 0PIVl +[oll Vool Vi Tnoldx,  @2)
where ¢ = ¢(n) > 0.

Proof. Recall that

X; X;v + X;X;0 21
D(Z)U = <l]]1) and A(ﬂ) = Z XiXiU.
2 1<i,j<2n i=1

Then,
[I1Dg vlz (Dov)?]

XiXjo + X;Xiv 21 2
= Z XiXiU
,] 1 i=1

1
- Z [4[(XiX]-v)2 + (X;X;0)? + 2X;X0X; X;0] — XiX;vX; X0

i,j=1
1 1
= — Z X X Z) XleZ)X]X v+ - 2 X X; ZJ) XIXIZJX]X]Z)}
,] 1 ,] 1
1 2n
+ = Z X X ’()X X U — XIXI’UX]X]Z)]
1] 1

1 2n 1 2n

- Z [(XiXjv)* — XiX;vX;Xjv] + = Z [(XiXjoX;jXjv — X; XjvX;Xjv].  (23)
1] 1 1] 1

Firstly, we estimate the integral term [}, 0° (Xl-va)de. We apply integration by parts
to obtain

/uQé(Xinv)zdx
= _/LIQ6XjUXiXinUdX —6/1.1 Q5XiQvaX,~vadx
= —/ugéX]-inXinvdx—/UQ6X]-UX,-[X1-,X]']7)dx—6/1195XiQvaXiX]-vdx
_ /u O X 0X; X X;odx — 6 /u 05 X;0X;0 X, X;vdx
- /u oO X[ X;, X X;odx — /u O X0X;[X;, X;Jodx
= /ngéXijinXivdx—l—6/u QSXjQXjUXiXivdx—6/L[QSXiQvaXinvdx

- /u oO X0 X, Xj] X;odx — /U P XXX, X;Jodx. (24)

Secondly, we estimate the integral term [}, QéXl-X]-vXinvdx. We apply integration by
parts to obtain
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/u 0®X; XjvX;X;vdx
= [ XXX Xiodx —6 [ 0 XioX;oX;Xiodx
= */LIQ6XjUXinvadx - /UQ(’X]-U[XI-,X]-]Xivdx—6/UQ5X1»QX]»UX]-XZ-vdx
= [ e X;XjoXXodx — [ 0*XjolX;, X;|X;odx
+6 /u QSXjQXjUXin’UdX -6 /u QSXiQX]-Z)Xinvdx. (25)
Thirdly, we control the term [X;, X;] X;. By (10), we have

|[Xi, Xj]Xiv| < e(n,v) (VR V0| + |V Vyol)
< c(n,v)(IVy Vyol +|VyVro| + |Vyo| + | Vro|). (26)

Finally, combining (23)-(26), we conclude that (22) holds by |V zv| < ¢(n,v)|Vy4Vyo|. O

As regards the integral term [, 00|V uf|| V3 Vg uf|dx in (22), we establish the follow-
ing upper bound by applying some Caccoippoli-type inequalities established in Lemma 1.

Lemma 6. Let u® € W;{’p loc be the weak solution to Equation (7). When 2 < p < 4, the following
holds for any function ¢ € C°(U):

/LI96|VH”€HVHVR”€|dx
1
p 4
< oK, (/ (e + |vHu£|2)‘§2dx)
spt(e)

1 1
X (/Spt(g)(s+ ]VHue|z)pZde) ) </u 0%(e + |VHu€2)42pdx) 2, (27)

where K, is notated in (3), c = c(n, p) > 0, and the support of ¢ is notated as spt(o).
Proof. By (12) in Lemma 1 with 8 = 0 and ¢ replaced by 03, we derive
/u 0% (e + |VHus\2)pTJ|VHVRu£]2dx <cK, /UQ4(E + |VHu£|2)%4|VRu£|2dx
—l—c/uQ6(s+ \Vﬂuﬂz)%dx. (28)
Applying Holder’s inequality, and then letting f = 1 in Lemma 2, we derive

[ oot IVau) = |Vruax
u

1
2 2

< (f et er 19y s (Vnfan ) ([ oo V) 2

1 1
<K, (/ (e+ |vHu€|2)”¥2dx) ’ (/ e+ |vHu£|2)”zzdx> g (29)
spt(o) u
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Combining (28) and (29), and then applying Holder’s inequality, we derive

[ &8+ VD)7 |V, Vo Pt

1 1
2 - 2
< cKS </ (e+ |V7.lu5|2)p§2dx> </ ot (e + |VHuE|2)pzzdx> . (30)
spt(e) u
By Holder’s inequality, we have

[, IV 1V Vriclax < [ (e + Vo) V3 V| d

1
s(Aﬂﬂyuvymm%ﬂvHvaﬁmvz(@g%&%vﬂwﬁffm>. 31)

Combining (30) and (31), we conclude that (27) holds.
O

Finally, we bound the integral term involving |Mv|? as below.
Lemma 7. For any function v € C®(U) and any function ¢ € C§°(U), the following holds:
[ IMoldx <c | o*Vyol|VaVroldx +c [ 0P IVuelVaol|Vaoldx
+C/UQ6|VHU|2dx. (32)

Proof. Recall that

2 [Xl', X]]U
Mv = VyVyv—Djo = .
2 1<ij<2n

Then, from (10), we have

M2_12n X: X:10)2
MoP = 1 3 (1%, %10
ij=1

13 (& oo\ > >
4 2 2/\1‘,]' Xk+29i,]~ Ry | <c(n,0)[|[Vyo|” + [Vrol|T].
ij=1 \k=1 =1

Thus,
/ 0% Muo|?dx < c(n,v)/ 0®|Vro|?dx + c(n,v)/ 0%V 0|?dx. (33)
u u u
We estimate the integral of |V v|?. By Property 1, we note that

Rp = —[Xi, Xiol, k1,k2€{1,2,...,2n}.

Then, we have

1% 1%
[ o 1Vrolar = Y. [ o (Reo)Pdx == Y [ oflXu, XioJoRpvd.
u k=1"U k=1"U
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Since [Xj1, Xk2| = X1 X2 — Xko Xy1, by integration by parts, we have

/96[Xk1,Xk2]kavdx:/ Q6Xk1Xk20Rkvdx—/ 0° X Xjq vRvdx
u u u
:—/ Q6Xk20Xk1Rkvdx—6/ Q5Xk1Qszkavdx
u u
—l—/ QéXkleszkvdx—l—6/ 0° X0 X vRvdx.
u u

Combining the above two equations, we have

| &°1VRoPdx <c(n,0) [ ofV20l| 5 Troldx
+c(n,) | 10P IVnel Yyl Vroldx. 4

Combining (33) and (34), we conclude that (32) holds.
O

5. Proof of Theorem 2

Now, the proof of Theorem 2 is shown in this section.

Proof of Theorem 2. We prove (8) and (9) in turn. When 1 < p <2, by (13) with g = Z_Tp
in Lemma 1, we have

/u 02|V Vyuf|?dx < ¢ /u 0*|Vrut?dx + cK, /u(s+ |V uf|?)dx. (35)

Applying Holder’s inequality and the fact that |V u®| < c(n,v)|Vy Vyu|, and then
letting B = 1 in Lemma 2, we derive

2 €12
\Y d
./UQ\ RrU‘[“dx

= [ e+ Vyu ) e+ Vo P) 5 [ Vru P
e N\ : :
< ([ e 1V e ) (e V) Vi)
spt(e) u

2 3 2\ 12
chQ</ (£+|V;qu€]2)2pdx> (/ (€+|Vyiu€]2)p;dx) . (36)
spt(e) spt(e)

Finally, we combine (35) and (36), and then apply Holder’s inequality to conclude (8).
When 2 < p < 4, note that (4) implies

2n+2(p—2)+ (2—2n)(p—2)2 =2(p—1)[(1—n)(p—2)+mn]>0.

Recall that
|V Vgt | = |D3uf > + | Muf|?.

From this, by Lemmas 4, 5 and 7, and the fact |Vzu®| < c(n,v)|VyVyut|, when
2 < p <4 and p satisfies (4), we have

/UQ6|VHVH”€|261X Sc/uQé|VHu€|2dx+c/ug6|VHu€||VHVRu€|dx

+c [ 0PIV nel + 1ol Vo] V3 Ve,
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where ¢ = ¢(n, p) > 0. From this, we apply Young's inequality to derive

/UQ6|VHVHL£€|2dx SC/LIQ6|VHu£|2dx+C/LIQ6|VHu€||VHVRuE|dx

+C/UQ4[|VHQ|2+QZ]|VH”£|2dx- (37)
We use Lemma 6 to estimate the term [}, 0|V uf||Vy Vg uf|dx in (37), then
[, €1V a T Pax <c [ o |VauPax+c [ 0¥l Tnel + o) Vrun Ptx
+ cK, </ (e+ Vﬂue|2)p§2dx)1
spt(e)

1
_ s _
y (/Spt(g)(e+|v;[u8|z)p22dx> (/UQ6(8+VHL£S|2)42pdx>

From this, noting that

2

4-p

Vs < (e + Va2 (e + |V ) 5,

and
(e + Vo) = (e + [Vaut?) 5 (e + |Vt 2) T,

then we apply Holder’s inequality to conclude (9). O

6. Conclusions

In this paper, on the semi-simple Lie group endowed with the horizontal vector fields
X1, ..., Xon, we establish a structural inequality of the co-subLaplacian A\ «, that is,

1
D30V 30]? — Ag0 g0 — 5[1D30P — (80| Vol
< (n—1)[|D3oP| Vol — D30V o).

This structural inequality is stronger and more precise than the Cordes condition
first established by Domokos-Manfredi [13,22]. When 1 < p < 4 withn = 1 and
1 < p < 3+ 15 withn > 2, we apply the structural inequality to obtain the local
horizontal W2?2-regularity of weak solutions u to the p-Laplacian equation in the semi-
simple Lie group, thatis, V4 Vyu € leo .- This regularity result improves the range of p

in [23] (p near 2 for the Grus$in plane), Ref. [13] (@ <p< % for the Heisenberg
group H') and [5] (Theorem 4.1) (2 < p < %). Compared to Euclidean spaces R%" with
n > 2, the range of this p obtained is already optimal. Our method can also be applied to
more general vector fields.

In summary, these results established in this paper are original. We are convinced that
our results will be broadly applicable to study the regularity for p-Laplacian-type equations
and other fields of applied sciences.
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