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Abstract: The nonlinear dynamics of charged cavitation bubbles are investigated theoretically and
analytically in this study through the Rayleigh–Plesset model in dielectric liquids. The physical and
mathematical situations consist of two models: the first one is noninteracting charged cavitation
bubbles (like single cavitation bubble) and the second one is interacting charged cavitation bubbles.
The proposed models are formulated and solved analytically based on the Plesset–Zwick technique.
The study examines the behaviour of charged cavitation bubble growth processes under the influence
of the polytropic exponent, the number of bubbles N, and the distance between the bubbles. From
our analysis, it is observed that the radius of charged cavitation bubbles increases with increases in
the distance between the bubbles, dimensionless phase transition criteria, and thermal diffusivity,
and is inversely proportional to the polytropic exponent and the number of bubbles N. Additionally,
it is evident that the growth process of charged cavitation bubbles is enhanced significantly when
the number of bubbles is reduced. The electric charges and polytropic exponent weakens the
growth process of charged bubbles in dielectric liquids. The obtained results are compared with
experimental and theoretical previous works to validate the given solutions of the presented models
of noninteraction and interparticle interaction of charged cavitation bubbles.

Keywords: charged bubbles; interparticle interaction; growth process; analytical solution; Plesset–Zwick
technique

MSC: 76M35; 35Q31; 35Q05; 76M20

1. Introduction

Cavitation bubbles dynamics is a basic scientific subject with many fascinating and
intricate dynamical properties that are of general interest [1]. More than a hundred years
ago, many scientists and researchers began studying cavitation bubble dynamics and their
potential uses in an attempt to reduce damage to ship propellers. Since then, bubbles have
attracted enormous scientific and technological interest [2,3]. Many significant applica-
tions arise from cavitation bubble dynamics, which exhibit volumetric oscillations because
of pressure imbalances. Different dynamic pressure imbalances give rise to bubbles of
different cavitations, which exhibit numerous volumetric oscillations that have a wide
range of use in many important applications. Certain acoustic and induced-laser cavitation
bubbles [4–6], for instance, are used for medication and gene delivery [7,8], therapeutic bio-
logical systems [9–12], ultrasonic cleaning [13], sonoluminescence [14], inkjet printing [15],
and bubble propulsion [16]. The efforts of researchers [1–15] help the researchers to under-
stand and develop the bubble dynamics and its application, so these results enhance the
scientific fields.
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The cavitation bubbles are usually millimetre- or micrometre-sized oscillating bubbles.
Air weapon bubbles and submerged blast bubbles, which can be metre-size-varying bub-
bles, are essential elements used in underwater implosion and geophysical studies [16,17].
Moreover, oscillating bubbles that range in size from millimetres to metres, known as
hydraulic bubbles, trapped air bubbles, and heat-generated steam bubbles, can play a
significant role in the operation of engines, reactors, and turbines [18,19]. Many research
projects and applications are still being conducted on the use of bubble dynamics in discov-
eries and different applications for bubbles of different sizes.

Science started looking at bubble dynamics theoretically in the early 20th century.
The Rayleigh–Plesset equation was derived, which is a classical equation that provides
an accurate description of the oscillation of bubbles in incompressible fluids [20]. The
Rayleigh–Plesset equation did not take into account energy lost due to acoustic frequencies,
such as pressure waves resulting from the collapse of a bubble, as it relied on incompressible
fluids. As a result, this equation becomes inappropriate when the collapse in the bubble
radius or the energy lost is important and cannot be neglected. Weakly compressible bubble
models were established, taking into account the weak compressibility of the fluid outside
the bubble. The most widely used of them was the Keller–Mikis model [21], which was
developed using the incompressible Bernoulli equation and the wave equation. Based on
perturbation theory, Prosperetti and Lezzi [22,23] proposed a new model for describing
behaviour dynamics that took the fluid’s compressibility into account. Subsequently, many
different models [24–26] were presented that made a significant contribution to theoretical
studies of bubble dynamics in compressible fluids.

It is notable that, because bubbles have multiple oscillation cycles, boundaries, and
scales, their dynamics are complex and present significant challenges for theoretical, numer-
ical, and experimental research, regardless of whether the bubbles originate from natural
or artificial sources. Understanding the physics of bubbles under various conditions and
the basis for deciphering and comprehending a wide range of bubble dynamics and be-
haviour phenomena, as well as how they can be used in diverse industrial and biological
applications, depend heavily on theoretical research. Recently, bubble dynamics [27] were
investigated theoretically under consideration of the effect of magnetic field and liquid elec-
trical conductivity where the authors [27] obtained the analytical results of the behaviour
of single bubble dynamics in a generalized Newtonian fluid, especially how the impact
of magnetic field weakens the gas bubble growth. Additionally, the development and
application of analytical and numerical methods to study bubble dynamics in mathematical
models has garnered increased attention in the last few years [28–33].

To the best of our knowledge, the mathematical models of bubbles used in all prior
research on how frequencies affect the behaviour of multibubbles were considered, demon-
strating that these bubbles are not charged. However, it has been shown that when exposed
to acoustic forces, air and gas bubbles in liquids are electrostatically charged. A long-
standing issue is the charging deposition on bubbles at bubble–liquid interfaces [34,35].
Experimental evidence has confirmed that the phenomena is related to the movement of
ionic charge from the liquid onto the surface of the bubble. The dynamics of driven charged
bubbles remain poorly understood, although charged bubbles have numerous potential
uses in the creation of electro-aerosol sprays, which are made of highly charged particles,
wastewater treatment [36], biological medicine [37], and the production of food [38].

Additionally, significant progress was made when the modified Rayleigh–Plesset
equation for an acoustically single-frequency generated gas bubble was used, taking into
account the existence of charge Q on the bubble’s surface. When a charged bubble is
present, its effective surface tension is lowered, which causes the bubble to enlarge in
radius and then rapidly collapse to a minimal radius. Furthermore, it was observed that
the charge raises the maximum achievable bubble radius and accelerates the occurrence of
the period-doubling-bifurcations route to chaos [39].

The goal of this work is to present the theoretical and analytical study of nonlinear
dynamics of charged bubbles. The study investigates the noninteracting and interacting
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charged cavitation bubbles in dielectric liquids where the proposed models are solved
analytically based on the Plesset–Zwick method. The validation and verification of the
proposed models are discussed in the text. A graphic representation of the results is
estimated by Mathematica software (ver.13.1). The comparison between the current model
with available published results are revealed in this study.

2. Model

This investigation highlights the significance of nonlinear Rayleigh–Plesset differential
equations in comprehending complexity and intricate phenomena and treatment processes
across different applied sciences. It is found that several mathematical and physical
approaches are discussed to investigate nonlinear Rayleigh–Plesset differential equations,
including numerical solutions, linearization methods, quadrature solutions, asymptotic
analysis, and analytical solutions, which are investigated in our study. The analytical study
of nonlinear dynamics of charged cavitation bubbles is introduced in dielectric liquids. For
that, the physical problem is analysed in Figure 1, where the charged cavitation bubbles are
in the dielectric liquid. This is supposing that the translational motion of charged bubbles
and gravity force are neglected. The current physical situation has two models: the first
model is to study the noninteracting, charged cavitation bubbles and the second one is
in the case of interacting, charged cavitation bubbles. The proposed model is formulated,
solved, and discussed in further sections.

Mathematics 2024, 12, x FOR PEER REVIEW 3 of 19 
 

 

charge raises the maximum achievable bubble radius and accelerates the occurrence of the 

period-doubling-bifurcations route to chaos [39]. 

The goal of this work is to present the theoretical and analytical study of nonlinear 

dynamics of charged bubbles. The study investigates the noninteracting and interacting 

charged cavitation bubbles in dielectric liquids where the proposed models are solved 

analytically based on the Plesset–Zwick method. The validation and verification of the 

proposed models are discussed in the text. A graphic representation of the results is esti-

mated by Mathematica software (ver.13.1). The comparison between the current model 

with available published results are revealed in this study. 

2. Model 

This investigation highlights the significance of nonlinear Rayleigh–Plesset differen-

tial equations in comprehending complexity and intricate phenomena and treatment pro-

cesses across different applied sciences. It is found that several mathematical and physical 

approaches are discussed to investigate nonlinear Rayleigh–Plesset differential equations, 

including numerical solutions, linearization methods, quadrature solutions, asymptotic 

analysis, and analytical solutions, which are investigated in our study. The analytical 

study of nonlinear dynamics of charged cavitation bubbles is introduced in dielectric liq-

uids. For that, the physical problem is analysed in Figure 1, where the charged cavitation 

bubbles are in the dielectric liquid. This is supposing that the translational motion of 

charged bubbles and gravity force are neglected. The current physical situation has two 

models: the first model is to study the noninteracting, charged cavitation bubbles and the 

second one is in the case of interacting, charged cavitation bubbles. The proposed model 

is formulated, solved, and discussed in further sections.  

 

Figure 1. Sketch charged multibubbles dynamics; (+) and (−) are the positive and negative of elec-

tric charges. External pressures are defined in the text. 

2.1. Noninteraction-Charged Cavitation Bubble 

In our approach, the mechanism of charged cavitation microbubble dynamics occurs 

in a viscous mixture of vapour and superheated, incompressible Newtonian fluid between 

a two-phase flow (namely, an extended charged-Rayleigh–Plesset model) [39,40] can be 

expressed as: 

Figure 1. Sketch charged multibubbles dynamics; (+) and (−) are the positive and negative of electric
charges. External pressures are defined in the text.

2.1. Noninteraction-Charged Cavitation Bubble

In our approach, the mechanism of charged cavitation microbubble dynamics occurs
in a viscous mixture of vapour and superheated, incompressible Newtonian fluid between
a two-phase flow (namely, an extended charged-Rayleigh–Plesset model) [39,40] can be
expressed as:

ρ(R
..
R +

3
2

.
R2) =

(
Pk + Pη + Pσ + PQ + (Pv − P0)

)
. (1)
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Here, Pk is the pressure due to polytropic effects, which can be expressed in charged
liquid as:

Pk =

(
Pv − P0 +

2σ

R0
− Q2

8πεR4
0

)(
R0

R

)3κ

and κ =

{
1

4
3 or 5

3
(2)

Moreover, Pσ and Pη refer to the acting pressures because of the forces of the surface
tension and viscous effects, respectively, which can be read as:

Pσ =
2
R

σ. (3)

and

Pη = 4

.
R
R

η, (4)

where σ is the surface tension. η is the viscosity dynamic.
In our study, PQ is the charged pressure in the permittivity of the dielectric space-filling

liquid ε in the system of dielectric liquid, which is defined as:

PQ =
Q2

8πεR4 (5)

Here, Q is the electric charge. ε = 85 ε0; ε0 refers to initial permittivity.
Combining Equations (1)–(5), the charged-Rayleigh–Plesset model in dielectric liquid

for charged single cavitation bubble becomes:

ρ(R
..
R +

3
2

.
R2) =

((
Pv − P0 +

2σ

R0
− Q2

8πεR4
0

)(
R0

R

)3κ

− 2
R

σ − 4

.
ρR
R

η +
Q2

8πεR4 + (Pv − P0)

)
. (6)

The pressure of the charged bubbles [8] Pg(t) can be expressed as:

Pg(t) =
(

Pv − P0 +
2σ

R0

)(
R0

R

)3κ

. (7)

From Equations (6)–(8), Equation (6) becomes:

R
..
R +

3
2

.
R2 =

1
ρ

(
Pg(t)− P0

)
− Q2

8πρεR4
0

(
R0

R

)3κ

− 4

.
R
R

η − 2
ρR

σ +
Q2

8πρεR4 +
1
ρ

Pv. (8)

The pressure difference [41] (Pg(t)− P0) can be stated as:

Pg(t)− P0 = Z1(TR(t)− Ts), (9)

where Z1 defines a constant, which will be calculated below. Tb and Ts are the instantaneous
temperature of the gas surrounding the charged bubble and the saturation temperature, respectively.

Combing Equations (8) and (9), Equation (8) becomes:

R
..
R +

3
2

.
R2 =

1
ρ
Z1(Tb(t)− Ts)−

Q2

8πρεR4
0

(
R0

R

)3κ

− 4

.
R
R

η − 2
ρR

σ +
Q2

8πρεR4 +
1
ρ

Pv. (10)

The approach can be solved by taking the initial and boundary conditions into account,
which can be expressed as:

R(t0) = R0,
.
R(t0) =

.
R0,

..
R(t0) = 0, TR(t0) = T0, (11)

R(tm) = Rm,
.
R(tm) =

.
Rm,

..
R(tm) = 0, (12)
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where 0 and m represent, respectively, the initial and maximum values. Applying the
condition (9) into (10), the Z1 becomes:

Z1 =
Z2

T0 − T∞
; (13)

Z2 =
3
2

.
ρR2

0 + 4

.
ρR0
R0

η +
2

R0
σ − Pv.

Combining Equations (10) and (12), Equation (10) takes this form:

R
..
R +

3
2

.
R2 =

1
ρ

(
∆T∗

B
∆T0

+ 1
)
Z2 −

Q2

8πρεR4
0

(
R0

R

)3κ

− 4

.
R
R

η − 2
ρR

σ +
Q2

8πρεR4 +
1
ρ

Pv. (14)

Here R
..
R + 3

2

.
R2 = 1

2R2
.
R

d
dt

(
R3

.
R

2
)

, ∆T0 = T0 − T∞; is the initial value of over-

temperature and ∆T∗
T is the solution of temperature equation (i.e., [42–44]), which stated as:

∆T∗
B = TR − T0 = −

( al
π

) 1
2
∫ t

0

((∫ t

0
R4(x2)dx2

)−1/2
(

R2(x1)

(
∂T
∂r

)
r=R(x)

))
dx1, (15)

where al is the diffusion coefficient.
The temperature gradient ∂T

∂r can be evaluated via the equilibrium of gas diffusion at
the microbubble wall [43] as follows:(

∂T
∂r

)
r=RS

=
4
3

π
d
dt (ρgR3)

al A
; A = 4πR2. (16)

Here A is the surface area of bubble. ∂T
∂r is the concentration gradient at the surface

of bubble. T defines the temperature of the given medium. To complete the solution,
Equation (16) is transformed to a dimensionless equation, via which aids these transforma-
tions as:

Ψ =

(
R
R0

)3
, ν =

Ω
R4

0

∫ t

0
R4(x2)dx2, Ω =

√
2R

ρLR3
0

.,
ds
dt

=
1
3

ΩR0Ψ
2
3 Ψ′,

d2R
dt2 =

1
3

Ω2R0Ψ
(

ΨΨ
′′
+

2
3

Ψ́2
)

. (17)

On the other hand, we can convert ∆T∗
B and

(
∂T
∂r

)
r=S

in dimensionless forms.

∆T∗
B = − ρvR0

3al
(Ωal

π )
1
2
∫ ν

0

(
(ν − ξ)−

1
2 Ψ́(ξ)

)
dξ

( ∂T
∂r )r=S =

S0ρg
3al

ΩΨ
2
3 Ψ́

. (18)

With help via Equations (17) and (18), Equation (13) can be put in a dimensionless
equation as:

1

6Ψ́′
d

dν

(
Ψ

7
3 Ψ́2

)
= 1

ρΩ2R2
0
Z2 −Z3

∫ ν
0

(
(ν − ξ)−

1
2 Ψ

′(ξ)
)

dξ − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3

)3κ

− 4
3

4
ΩR2

0
Ψ

1
3 Ψ

′
η − 2

ρΩ2R2
0

1

Ψ
1
3

σ+

Q2

8πρεΩ2R2
0

1

Ψ
1
3
+ 1

ρΩ2R2
0

Pv

(19)

where Z3 =
(

Ωal
9π

) 1
2 ρv LZ2

ρΩ2∆T0R0kl
.

When the charged microbubble dynamics are a complete growth, the inertial forces are
neglected and the boundary conditions in Equation (11) are verified. Mathematically, these
mean R(tm) = Rm,

.
R(tm) =

.
Rm,

..
R(tm) = 0 and 1

6Ψ́
d

dν

(
Ψ

7
3 Ψ́2

)
→ 0 . Then, Equation (19)

reduces to:
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∫ ν

0

(
(ν − ξ)−

1
2 Ψ

′(ξ)
)

dξ =
1
Z3

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

 1

Ψ
1
3
m

3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv

 (20)

To complete the solution of Equation (20), we use these assumptions: ξ = ξ1ν, and
β(ν) = γν

1
2 ; γ denotes a constant, we obtain:

γ =
2

Z3π

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

 1

Ψ
1
3
m

3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv

. (21)

Then β(ν) becomes:

β(ν) =
2

Z3π

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv

ν
1
2 (22)

Applying Equation (22) into R = R0Ψ
1
3 , the charged microbubble radius becomes:

R = R0

 2
Z3π

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv

1/3

ν
1
6 (23)

To introduce ν versus time t, Equation (23) is utilized into Equation (17), the result is
defined as:

ν
1
6 =

(
Ω
3

t
) 1

2

 2
πL2

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv

2/3

(24)

The charged noninteracting microbubble radius can be calculated as:

R =

 2
Z3π

 1
ρΩ2R2

0
Z2 −

Q2

8πρεΩ2R2
0

 1

Ψ
1
3
m

3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ +
Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+
1

ρΩ2R2
0

Pv




1/3(
2

Z3π

) 2
3
(

Ω
3

) 1
2

t
1
2 (25)

From Equation (25), the charged noninteracting microbubble radius becomes:

R =

[
2

Z3π

[
1

ρΩ2R2
0
Z2 −

Q2

8πρεΩ2R2
0
(ϕ0)

κ

− 4
3ΩR2

0
ϕ

−1
3

0 Ψ
′
mη − 2

ρΩ2R2
0

ϕ
1
3
0 σ +

Q2

8πρεΩ2R2
0

ϕ
1
3
0 +

1
ρΩ2R2

0
Pv

]]1/3
Ω2ρR0
Z3

(
12al

3

) 1
2

Jat
1
2 (26)

Here, the Jacob number (Ja =
ρCp∆T0

ρv L ), thermal diffusivity (al =
kl

ρCp
), and the initial

void fraction can be defined as the ratio between the initial of the charged bubbles and the

maximum volume of charged bubbles, which takes this form: ϕ0 =
(

R0
Rm

)3
. It is noted that

the charged cavitation bubbles are generated, and appear when this constraint (0 < ϕ0 < 1)
is satisfied.

2.2. Charged Cavitation Multibubble

In this section, the pressure due to the interparticle interaction of the cavitation of
multibubbles and the model of the charged cavitation of multibubble is derived, then the
pressure utilized in the spherical charged bubbles, respective to the volume modification,
can be used to find the incompressible dielectric fluid and continuity with the equations of
Euler [45] as follows:

∂v
∂t

+ v
∂v
∂r

= −1
ρ
∇P, (27a)

∂v
∂r

+
2
r

v = 0, (27b)
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where v(r, t) is the fluid velocity, P(r, t) is the pressure in the dielectric fluids, and r
is the distance from the center of the charged bubble. ∇P is the gradient function of
the pressure P.

Subsequently, Equation (27b) is integrated with respect to r, on the surface of charged
bubble, where supposing v(r, t) = dR

dt and R(r → ∞, t) = 0, then:

v =
1
r2 (R2 dR

dt
). (28)

In the following, using Equation (28) into Equation (27a), and supposing (r → ∞, t = 0),
hence, integrating the results, t, we obtain:

P =
ρ

r
d
dt

(
R2 dR

dt

)
+ O(

1
r4 )

∼=
ρ

r
d
dt

(
R2 dS

dt

)
. (29)

Noting that, the term O( 1
r4 ) is omitted because of the high order of ( 1

r4 ), and the
pressure charged fluid in Equation (27a) is the pressure caused by each charged bubble.
In this approach, the subscripts i and j are used for the individual effects of each charged
bubble (i.e., the interaction between i- and j- charged bubbles). Thus, the interparticle
pressure is obtained as follows:

Pint =
2

∑
J=1,J ̸=i

Pj = ρl

N

∑
J=1,J ̸=i

1
rj

d
dt

(
R2

j

(dRj

dt

))
. (30)

It is supposed that the charged bubbles’ centres remain unconverted and unaltered.
For completing the calculations, interparticle interactions can occur between two charged
bubbles, i.e., identical charged bubbles with the same distance and conditions:

Ri = R and H = ∑N
J=2,

(
1

r1,j

)−1

, for i, j = 1, 2, . . . , N and i ̸= j.

On the other hand, due to the charged bubbles having the same dynamics, H defines
the distance between the centers of the charged bubbles: N is the number of charged
bubbles. Consequently, we obtained:

Pint →
ρ

H
(N − 1)

d
dt

(
R2 dR

dt

)
, N = 1, 2, 3, . . . . (31)

Again, H and N are the distance between each pair of charged cavitation bubbles and
the number of charged cavitation bubble, respectively.

Combining Equations (8) and (31), the charged-Rayleigh–Plesset model in dielectric
liquid, considering interparticle interaction of the cavitation bubbles, becomes:

R
..
R +

3
2

.
R2 =

1
ρ

((
Pv − P0 +

2σ

R0
− Q2

8πεR4
0

)(
R0
R

)3κ

− 2
R

σ − 4

.
ρR
R

η +
Q2

8πεR4 + (Pv − P0)−
ρ

H
(N − 1)

d
dt

(
R2 dR

dt

))
(32)

Again, applying this relation d
dt

(
R2 dR

dt

)
= R2

..
R + 2R

.
R2 and the pressure Pg(t) into

Equation (32), the charged multibubbles under the effect of interparticle interactions be-
tween bubbles becomes:

d
dt

(
R2 dR

dt

)
=

1
ρ

(
Pg(t)− P0

)
− Q2

8πρεR4
0

(
R0

R

)3κ

− 4

.
R
R

η − 2
ρR

σ +
Q2

8πρεR4 +
1
ρ

Pv −
1
H
(N − 1)

(
R2

..
R + 2R

.
R2
)

(33)

Applying the conditions in Equation (11) into Equation (33), the nonlinear differential
equation of charged multibubbles becomes:
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1

2R2
.
R

d
dt

(
R3

.
R

2
)
=

1
ρ

(
∆T∗

B
∆T0

+ 1
)
ZZ2 −

Q2

8πρεR4
0

(
R0
R

)3κ

− 4

.
R
R

η − 2
ρR

σ +
Q2

8πρεR4 +
1
ρ

Pv −
1
H
(N − 1)

(
R2

..
R + 2R

.
R2
)

(34)

Here, ZZ1 = Z2
T0−T∞

; ZZ2 = 3
2

.
ρR2

0 + 4
.

ρR0
R0

η + 2
R0

σ − Pv + 2ρ
H (N − 1)R0

.
R2

0,
∆T0 = T0 − T∞, and ∆T∗

T were defined in a previous section in (15).
By applying the relation between Equations (17) and (18) into Equation (34), Equation (34)

applied to charged multibubbles can be put in a dimensionless equation as:

1

6Ψ́′
d

dν

(
Ψ

7
3 Ψ́2

)
= 1

ρΩ2R2
0
ZZ2 −ZZ3

∫ ν
0

(
(ν − ξ)−

1
2 Ψ

′(ξ)
)

dξ − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3

)3κ

− 4
3ΩR2

0
Ψ

1
3 Ψ

′
η − 2

ρΩ2R2
0

1

Ψ
1
3

σ+

Q2

8πρεΩ2R2
0

1

Ψ
1
3
+ 1

ρΩ2R2
0

Pv − 1
H (N − 1)

((
1
3 Ψ

8
3 Ψ

′′
+ 2

9 Ψ
5
3 Ψ́2

)
+ 2

9 R0Ψ
5
3 Ψ́2

) (35)

where ZZ3 =
(

Ωal
9π

) 1
2 ρv LZZ2

ρΩ2∆T0R0kl
.

In the case where charged microbubble dynamics undergo complete growth, the
inertial forces are neglected and the boundary conditions in Equation (11) are satisfied,
mathematically, then R(tm) = Rm,

.
R(tm) =

.
Rm,

..
R(tm) = 0, and 1

6Ψ́
d

dν

(
Ψ

7
3 Ψ́2

)
→ 0 . Then,

Equation (35) converts to:

∫ ν
0

(
(ν − ξ)−

1
2 Ψ

′(ξ)
)

dξ = 1
ZZ3

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ + Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+

1
ρΩ2R2

0
Pv − 1

H (N − 1)
((

Ψ
8
3
mΨ

′′
m + 2

9 Ψ
5
3
mΨ́2

m

)
+ 2

9 R0Ψ
5
3
mΨ́2

m

)] (36)

In order to complete the solution (36), we use these assumptions: ξ = ξ1ν, and
β(ν) = γν

1
2 ; γ denotes a constant, and the result is:

γ = 2
ZZ3π

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ + Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+ 1
ρΩ2R2

0
Pv−

1
H (N − 1)

((
Ψ

8
3
mΨ

′′
m + 2

9 Ψ
5
3
mΨ́2

m

)
+ 2

9 R0Ψ
5
3
mΨ́2

m

)] (37)

and β(ν) becomes:

β(ν) = 2
ZZ3π

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ + Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+ 1
ρΩ2R2

0
Pv−

1
H (N − 1)

((
Ψ

8
3
mΨ

′′
m + 2

9 Ψ
5
3
mΨ́2

m

)
+ 2

9 R0Ψ
5
3
mΨ́2

m

)]
ν

1
2

(38)

Applying Equation (38) into R = R0Ψ
1
3 , the charged multibubble radius becomes:

R = R0

[
2

ZZ3π

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ + Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+ 1
ρΩ2R2

0
Pv

− 1
H (N − 1)

((
Ψ

8
3
mΨ

′′
m + 2

9 Ψ
5
3
mΨ́2

m

)
+ 2

9 R0Ψ
5
3
mΨ́2

m

)]]1/3
ν

1
6

(39)

To introduce ν versus time t, applying Equation (39) into Equation (17), we obtain:
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ν
1
6 =

(
Ω
3 t
) 1

2
[

2
πZZ3

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0

(
1

Ψ
1
3
m

)3κ

− 4
3ΩR2

0
Ψ

1
3
mΨ

′
mη − 2

ρΩ2R2
0

1

Ψ
1
3
m

σ + Q2

8πρεΩ2R2
0

1

Ψ
1
3
m

+ 1
ρΩ2R2

0
Pv−

1
H (N − 1)

((
Ψ

8
3
mΨ

′′
m + 2

9 Ψ
5
3
mΨ́2

m

)
+ 2

9 R0Ψ
5
3
mΨ́2

m

)]]2/3
(40)

After making some simple calculations based on the Jacob number, initial void fraction,
and thermal diffusivity, the charged interacting-bubble radius becomes:

R =
[

2
ZZ3π

[
1

ρΩ2R2
0
ZZ2 − Q2

8πρεΩ2R2
0
(ϕ0)

κ − 4
3ΩR2

0
ϕ

−1
3

0 Ψ
′
mη − 2

ρΩ2R2
0
ϕ

1
3
0 σ + Q2

8πρεΩ2R2
0
ϕ

1
3
0 + 1

ρΩ2R2
0

Pv

− 1
H (N − 1)

((
ϕ

−8
3

0 Ψ
′′
m + 2

9ϕ
−5
3

0 Ψ́2
m

)
+ 2

9 R0ϕ
−5
3

0 Ψ́2
m

)]]1/3 Ω2ρR0
Z3

(
12al

3

) 1
2 Jat

1
2

(41)

3. Validation and Verification Model

To find evidence for the current mathematical approaches of the charged cavitation
bubbles, we begin with Equation (32) for charged cavitation multibubbles in dielectric
fluids, considering the impact of the interparticle interaction of charged bubbles, where we
use Equation (6) for a single charged cavitation bubble as the distance between the charged
bubbles H (or rij) approaches infinity (means mathematically H → ∞ or rij → ∞ ) and is
verified by:

lim
H→∞

(N − 1)
H

d
dt

(
R2 dR

dt

)
→ 0 ,

for N > 1, and N is the number of charged bubbles.
Additionally, Equation (6) reduces to the results of the dynamics of a single charged

bubble during the growth process in [41], from the method based on Plesset–Zwick trans-
formation [43].

On the other hand, the current results of the noninteracting- and interacting charged
cavitation bubbles are introduced in a dielectric liquid with the previous available studies
in different fluids, such as experimental data [30], Forster and Zuber model [31], Moham-
madein et al. models [32,44], and the Plesset–Zwick model [43], as shown in Table 1. Table 2
shows the models and solutions which were utilized in the present study. Moreover, the
obtained results hold greater significance in comprehending the intricate behaviour of
charged bubbles in the different industrial and technological domains.

Table 1. Characterization of the current models of charged cavitation bubbles and previous
studies [31,32,43,44] during the growth process.

Model Mathematical Formula Solution Description

Current Model (6)

R
..
R + 3

2

.
R2 =

1
ρ ((Pv − P0 +

2σ
R0

− Q2

8πεR4
0
)(

R0
R )3κ

− 2
R σ − 4

.
ρR
R η + Q2

8πεR4 + (Pv − P0))

R =
[

2
Z3π

[
1

ρΩ2 R2
0
Z2 − Q2

8πρεΩ2 R2
0
(ϕ0)

κ

− 4
3ΩR2

0
ϕ

−1
3

0 Ψ
′
mη − 2

ρΩ2 R2
0

ϕ
1
3

0 σ

+ Q2

8πρεΩ2 R2
0

ϕ
1
3

0 + 1
ρΩ2 R2

0
Pv

]]1/3 Ω2ρR0
Z3

(
12al

3 )
1
2 Jat

1
2

No n-interaction of charged
cavitation bubbles in

dielectric liquids

Current Model (31)

R
..
R + 3

2

.
R2 =

1
ρ ((Pv − P0 +

2σ
R0

− Q2

8πεR4
0
)(

R0
R )3κ

− 2
R σ − 4

.
ρR
R η + Q2

8πεR4 + (Pv − P0)

− ρ
H (N − 1) d

dt (R2 dR
dt ))

R(t) =
[

2
ZZ3π

[
1

ρΩ2 R2
0
ZZ2 − Q2

8πρεΩ2 R2
0
(ϕ0)

κ

− 4
3ΩR2

0
ϕ

−1
3

0 Ψ
′
mη − 2

ρΩ2 R2
0

ϕ
1
3

0 σ

+ Q2

8πρεΩ2 R2
0

ϕ
1
3

0 + 1
ρΩ2 R2

0
Pv − 1

H (N − 1)

((ϕ
−8
3

0 Ψm + 2
9 ϕ

−5
3

0 Ψ́
2
m) +

2
9 R0ϕ

−5
3

0 Ψ́
2
m)
]]1/3

Ω2ρR0
Z3

(
12al

3 )

1
2

Jat
1
2

Cavitation multibubble in
dielectric liquids



Mathematics 2024, 12, 569 10 of 18

Table 1. Cont.

Model Mathematical Formula Solution Description

Forster and Zuber model [31]
R

..
R + 3

2

.
R2 =

1
ρ ((Pv − P0)− 2

R σ − 4
.

ρR
R η)

R(t) = Ja(P al t)
1
2

Single cavitation bubble in
Newtonian fluid

Mohammadein et al. model [44] R
..
R + 3

2

.
R2 = ∆P − 2σ(t)

ρR − 4
.
R
R η R(t) =

3ρR0 R2
0+8εηρR2

0
.
R0+4σ(1−ϕ

1
3

0 )

3ρR0 R2
0−2bR0∆P0+8εη

.
R0+4σ

Ja(
12al

π t)
1
2

Single cavitation bubble in
Newtonian fluid

Plesset and Zwick model [43] R
..
R + 3

2

.
R2 =

P(R)−P0
ρ R(t) = Ja(

12al
π t)

1
2

Single cavitation bubble in
Newtonian fluid

Mohammadein et al. model [32] R
..
R + 3

2

.
R2 = ∆P − 2σ(t)

ρR R(t) =
3ρR2

0+4B2ρg R0(1−ϕ
1
3

0 )

3ρR2
0−2b2∆P0+4B2ρg R0

(
12al

π t)
1
2

Single cavitation bubble in
Newtonian fluid

4. Results and Analysis

In this study, the mathematical approaches are formulated and described based on the
Rayleigh–Plesset model of charged bubble dynamics in dielectric fluid. The solution of the
charged bubble model gives us the analytical solutions and behaviour of noninteracting
and interacting charged bubbles. The obtained solutions reveal the main role of physical
configuration on the behaviour dynamics of charged cavitation bubbles under the effect
of an electric field. To calculate this, the different values of physical configurations (e.g.,
in refs. [27,42]) are found by: ρl = 1000 kg.m−1, ρg = 1.308 kg.m−1, R0 = 0.001 m,

Rm = 0.005 m,
.
R0 = 0.1 m.s−1, η = 0.077Pas, σ = 0.05 N.m−1, CPI = 4179 J(kg.K)−1,

L = 533, 000 J.kg−1, and kl = 0.6786 W.m−1.K−1, ∆T0 = 1.5 K. The results of the present
study on the nonlinear dynamics of charged cavitation bubbles under the effect of an electric
field are shown in Figures 2–9, in dielectric liquids where the obtained figures illustrate
the influence of the physical parameters as electric charges and polytropic exponents
on the growth process of noninteracting and interacting charged cavitation bubbles in
dielectric liquids. All graphical representations of the given results are important, not only
in explaining the physical configuration of the present model but also in verifying the
given solutions. Obtaining this motivation, the given solution in the model’s approaches
is displayed graphically. All graphical representations of the results are estimated by the
symbolic software program (Mathematica software version @13.1), which will be utilized
to plot the graphs.

4.1. Effect of Electric Charges and Polytropic Exponent on Charged Cavitation Multibubble Growth

Figure 2 reveals the impact of electric charge Q on growing cavitation bubbles in
the dielectric field where the activity of charged cavitation bubbles is increasing with the
decrease in electric charge. From that, we obtain the influence of electric charge weakens
the growth process of charged cavitation bubbles. On the other hand, Figure 2 shows the
comparison between the behaviour of noninteracting and interparticle interaction between
charged cavitation bubbles where the growth of noninteracting charged bubbles (N = 1)
is higher than in the case of interacting charged bubbles (N > 1). The role of polytropic
exponent k on the growth process is shown in Figure 3, where the growth process decreases
with the increase in polytropic exponents in dielectric liquids.
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4.2. Effect of the Number of Charged Bubbles and Charged Bubble–Bubble on Charged Cavitation
Multibubble Growth in Dielectric Liquids

Figures 4 and 5 depict the main role of the parameter of the number of cavitation
bubbles “N” and the distance between the charged bubbles “H” in our approach, where
the increase in the number of bubbles N on the nonlinear cavitation dynamics reduces
the behaviour of the growth process. However, the increase in the distance between the
charged bubbles on the behaviour of cavitation dynamics significantly enhances the growth
process. Figure 6, illustrate the relation between the cavitation radius R and the parameters
of the charged field and number of bubbles, respectively, during the growth process at
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one instant (t = 1.0 s), where it is found that the radii of charged bubbles are inversely
proportional to the charged field and the number of bubbles.
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Figure 6. The relation between the cavitation radius R and the parameters charged field and number
of multibubbles, respectively, on the growth process at one instant (t = 1.0 s).

Figure 7 reveals the results of the single and interparticle interaction of charged
cavitation bubbles in a dielectric liquid with the previous available studies in different
fluids (as Newtonian liquids (nondielectric liquids), nanofluids) such as experimental
data [30], the Forster and Zuber model [31], Mohammadein et al. models [32,44], and the
Plesset–Zwick model [43]. These results are the comparison between them. It is found that,
firstly, the obtained results agree with the published works in [30–32,43,44]; secondly, the
activity of the charged bubbles in the dielectric liquids is significantly lower than in the
other published works [30–32,43,44] due to the effects of electric charges.

Ultimately, we recommend using these results when formulating the physicality and
modelling of charged bubbles and their applications. It is found that the results obtained
give good agreement when compared with experimental and theoretical previous works,
and will help the academic community understand the intricate behaviour of charged
bubbles in their different industrial and technological applications.
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4.3. Effect of the Dimensionless Phase Transition Criteria and Thermal Conductivity on Charged
Cavitation Multibubble Growth in Dielectric Liquids

It is notable that dimensionless phase transition criteria (namely, Jacob number
Ja =

ρCp∆T0
ρv L ) is very important in the study the charged bubbles in dielectric liquids.

Moreover, the dimensionless phase transition criteria are depended on the value of super-
heating liquid ∆T0. So, Ja can be calculated in Table 3 It is noted that the dimensionless
phase transition criteria are increasing when the superheating liquid ∆T0 increase. As
following Figure 8, it is noted that the growth process of charged bubbles as a function
of time and void fraction is proportional to the dimensionless phase transition criteria Ja.
From the results of Table 3 and Figure 8, we obtain the dimensionless phase transition
criteria is a dominant of the growth layers of charged bubbles under effect of interparticle
interaction of charged bubbles in dielectric liquids. Figure 9 shows the growth process
of charged bubbles’ dynamics versus time and initial void fraction with different values
of thermal diffusivity. We find that the layers of growth of a charged cavitation bubble is
proportional to the thermal conductivity kl . Consequently, an increase in the dimensionless
phase transition criterion and thermal conductivity enhances the growth process of charged
multiple cavitation bubbles in dielectric liquids.
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4.4. Estimation the Proposed Different Pressures during the Growth Behaviour of Charged
Cavitation Multibubbles in Dielectric Liquids

In this subsection, the proposed different pressures are estimated during the growth
behaviour of charged cavitation multibubbles in dielectric liquids. Table 3 illustrates the
effect of the growth process on the different pressures such as pressure due to polytropic
effects Pk, pressure due to the surface tension Pσ, pressure due to viscous forces Pη , and
charged pressure PQ by permeability, which were stated in Equations (2)–(5), respectively.

Table 2. Numerical calculations of various pressures for nonlinear bubble dynamics in
dielectric fields.

Pk Pσ PQ

t Single Charged
Bubble N = 1

Charged
Multibubbles

N = 2

Single Charged
Bubble N = 1

Charged
Multibubbles

N = 2

Single Charged
Bubble N = 1

Charged
Multibubbles

N = 2

0.1 −3.51 × 1015 −1.61 × 1016 30.91 110.78 1.08 × 1018 1.792 × 1020

0.2 −1.24 × 1015 −5.72 × 1016 21.85 78.33 2.71 × 1017 4.48 × 1019

0.3 −6.77 × 1014 −3.11 × 1016 17.84 63.95 1.21 × 1017 1.99 × 1019

0.4 −4.39 × 1014 −2.02 × 1016 15.45 55.39 6.79 × 1016 1.12 × 1019

0.5 −3.14 × 1014 −1.44 × 1016 13.82 49.54 4.35 × 1016 7.16 × 1018

0.6 −2.39 × 1014 −1.11 × 1016 12.62 45.23 3.02 × 1016 4.97 × 1018

0.7 −1.89 × 1014 −8.73 × 1015 11.68 41.87 2.21 × 1016 3.65 × 1018

0.8 −1.55 × 1014 −7.15 × 1015 10.93 39.16 1.69 × 1016 2.81 × 1018
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Table 3. a: Calculations of dimensionless phase transition criteria, Ja based on superheating liquids
∆T0. b: calculations of thermal diffusivity, al based on thermal conductivity kl .

a

∆T0 [K] 1.0 1.5 2.0

Dimensionless phase transition criteria, Ja 12.47 18.71 24.95

b

kl [J/(s m K) 0.613 0.713 0.813

Thermal diffusivity, al
[
m2/s

]
1.397 × 10−7 1.624 × 10−7 1.852 × 10−7

5. Conclusions

The nonlinear dynamics models of charged cavitation bubbles and their results for the
growth process in dielectric liquids are formulated and solved analytically based on the
Plesset–Zwick method. We conclude that:

• The impact of electric charge on growing charged cavitation bubbles reduces the
growth process.

• The behaviour of the noninteracting charged cavitation bubbles is higher than in the
case of interacting charged cavitation bubbles in dielectric liquids.

• The polytropic exponent weakens the growth process of charged bubbles in
dielectric liquids.

• An increase in the dimensionless phase transition criterion and thermal diffusivity
enhances the growth process of charged multiple cavitation bubbles in dielectric
liquids during the growth process.

• The obtained results of noninteracting and interacting charged cavitation bubbles
models in dielectric liquids agree with the published works [30–32,43,44] for different
types of the fluids.

The obtained findings would be significant in understanding the complex behaviour
of charged cavitation bubbles in practical applications, especially when considering the
charged surface tension. Moreover, the current results should be taken into consideration
at organization of interacting charged cavitation bubbles and their applications.
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Nomenclature

Nomenclature
Parameter Description Unit
P Pressure N.m−2

Q Charge pC
σ Surface tension of liquid surrounding the bubble N.m−1

η Viscosity tension of liquid surrounding the bubble Pa.s
T Temperature K
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ε Permittivity −
κ Polytropic coefficient −
∆T0 = T0 − T∞ Initial temperature difference K
∆T∗

B = Tb-T0 The temperature difference defined by Equation (15) K
al Thermal diffusivity of the liquid m2.s−1

k Thermal conductivity W.m−1.K−1

ρ Density Kg.m−3

ρl Density of the liquid surrounding the bubble Kg.m−2

Ψ Dimensionless volume variable defined by Equation (17) −
Z1,Z2,Z3 Constants are defined in Equations (12) and (19) −
ZZ1,ZZ2,ZZ3 Constants are defined in Equations (34) and (35) −
R Charged bubble radius m
.
R Instantaneous bubble wall velocity m.s−1
..
R Instantaneous bubble wall acceleration m.s−2

N Number of bubbles −
H Distance between the bubbles −
ϕ0 Initial void fraction defined by Equation (26) −
Ja Jacob number given by Equation (26) −
∇ Del operator
Subscripts
b Boundary
s Saturation
l Liquid
g Gas
0 Initial
m maximum
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