. mathematics

Article

Compactness of Commutators for Riesz Potential on Generalized

Morrey Spaces

Nurzhan Bokayev 17, Dauren Matin >**(, Talgat Akhazhanov >

check for
updates

Citation: Bokayev, N.; Matin, D.;
Akhazhanov, T.; Adilkhanov, A.
Compactness of Commutators for
Riesz Potential on Generalized
Morrey Spaces. Mathematics 2024, 12,
304. https://doi.org/10.3390/
math12020304

Academic Editor: Arsen Palestini

Received: 6 December 2023
Revised: 13 January 2024
Accepted: 15 January 2024
Published: 17 January 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Aidos Adilkhanov !

Department of Fundamental Mathematics, Faculty of Mechanics and Mathematics, L.N. Gumilyov Eurasian
National University, Astana 010000, Kazakhstan; bokayev2011@yandex.ru (N.B.); adilkhanov_kz@mail.ru (A.A.)
Higher Mathematics Department, Faculty of Mechanics and Mathematics, L.N. Gumilyov Eurasian National
University, Astana 010000, Kazakhstan; talgat_a2008@mail.ru

*  Correspondence: d.matin@mail kz; Tel.: +7-777-36-999-66

These authors contributed equally to this work.

Abstract: In this payer, we give the sufficient conditions for the compactness of sets in generalized
Morrey spaces M;f(' . This result is an analogue of the well-known Fréchet-Kolmogorov theorem on
the compactness of a set in Lebesgue spaces L,, p > 0. As an application, we prove the compactness
of the commutator of the Riesz potential [b, [;] in generalized Morrey spaces, where b € VMO
(VMO(R™) denote the BMO-closure of Ci°(R")). We prove auxiliary statements regarding the
connection between the norm of average functions and the norm of the difference of functions in the

generalized Morrey spaces. Such results are also of independent interest.
Keywords: commutator; Riesz potential;, compactness; generalized Morrey space; VMO

MSC: 42B20; 42B25

1. Introduction
Morrey spaces M;,‘, named after C. Morrey, were introduced by him in 1938 in [1] and
defined as follows: For1 < p <oco,n>1,0<A<n, f € M; if f € Léﬁ’c and

1 lagy = W lgpamy = s9p (7M1l o) < o

xeR",r>0

where B(x,r) is a ball with center at the point x and of radius r > 0.

For A = 0 and A = n, the Morrey spaces M) (R") and Mj;(R") coincide (with equality
of norms) with the spaces L,(R") and L (R"), respectively.

Later, the Morrey spaces were found to have many important applications to the
Navier-Stokes equations (see [2,3]), the Shrodinger equations (see [4,5]) and the potential
analysis (see [6,7]).

Generalized Morrey spaces M;}(‘) were first considered by T. Mizuhara [8], E. Nakai [9]
and V.S. Guliyev [10].

Let1 < p < o0 and let w be a measurable non-negative function on (0, ) that is not

equivalent to zero. The generalized Morrey space MZ}(') = M;)(‘) (R™) is defined as the set
of all functions f € L;,“(R”) with || f ||Mw<,) < oo, where
P

(@) 11, 3oy )-

Ifll ey = sup
My xeR1, 150

The space M;,U(') coincides with the Morrey space M?, if w(r) =r=*, where 0 < A < b
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By Q) we denote the set of all non-negative, measurable on (0, 00) functions, not
equivalent to 0 and such that for some t > 0,

[w(m)r 7 Lo <00 W) (t00) < 00

The space M;U(‘) is non-trivial if and only if w € Qpeo [11,12].
The Riesz potential I, of order a(0 < a < n) is defined by

() =R/n Ty

For the function b € L;,.(R"), let M}, denote the multiplication operator M, f = bf,
where f is a measurable function. Then, the commutator for the Riesz potential I, and the
operator Mj is defined by

b, L] (f) (x) = My(I(f(x))) — La(Myf)(x) = / [b(x) —b(y)]f(y) day.

A S

The function b € Lo (R") is said to belong to the space BMO(R") if
bl = sup L /|b(x) — bg|dx < oo,
ocrn Q] 5

where Q is a ball in R" and by = H@ J b(y)dy.
RTI
By VMO(R"), we denote the BMO-closure of the space C§°(R"), where C§°(R") is the

set of all functions from C*®(R") with compact support.

The boundedness of the Riesz potential on the Morrey spaces was investigated by S.
Spanne, J. Peetre [13] and D. Adams. [14]. T. Mizuhara [8], E. Nakai [9] and V.S. Guliyev [10]
generalized the results of D. Adams and obtained sufficient conditions for the boundedness
of I, on the generalized Morrey spaces. Boundedness of the commutator for the Riesz
potential on the Morrey spaces and on the generalized Morrey spaces was considered
in [15,16], respectively. The compactness of the commutator for the Riesz potential on the
Morrey spaces and on the Morrey spaces with non-doubling measures was considered
in [17,18], respectively. The pre-compactness of sets on the Morrey spaces and on variable
exponent Morrey spaces was considered in [17,19,20]. The compactness of the commutator
for the Riesz potential [b, I] on the Morrey-type spaces was also considered in [21,22].

The boundedness and compactness of integral operators and their commutators
on various function spaces play an important role in harmonic analysis, in potential
theory and PDE [23,24] and in some important physical properties and physical struc-
tures [25,26]. Moreover, the interest in the compactness of operator [b, T], where T is the
classical Calderén-Zygmund singular integral operator, in complex analysis is from the
connection between the commutators and the Hankel-type operators. The compactness
of [b, T] attracted attention among researchers in PDEs. For example, with the aid of the
compactness of [b, T], one easily derives a Fredholm alternative for equations with VMO
coefficients in all L, spaces for 1 < p < oo (see [27]). Hence, it is possible that the compact-
ness of [b, I,] on generalized Morrey spaces will be applied to discuss some local problems
of PDEs with VMO coefficients (see also [28]).

The main goal of this paper is to find the conditions for the pre-compactness of sets
on generalized Morrey spaces and to find sufficient conditions for the compactness of
the commutator of the Riesz potential [b, I,| on the generalized Morrey spaces M;f(') (R™),
namely, to find conditions for parameters p,q, « and functions w; and w, ensuring the
compactness of operators [b, I;] from M;’l(') to My’ 2(),

This paper is organized as follows: In Section 2, we present results on the pre-
compactness of a set in generalized Morrey spaces. To do this, we will establish some
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auxiliary lemmas. In Section 3, we give sufficient conditions for the compactness of the

commutator for the Riesz potential [b, I,] on the generalized Morrey space M;)(') (R™). We
will also recall some theorems and establish some auxiliary lemmas. Finally, we draw
conclusions in Section 4.

We make some conventions on notation. Throughout this paper, we always use C to
denote a positive constant that is independent of the main parameters involved but whose
value may differ from line to line. Constants with subscripts, such as Cp, are dependent on
the subscript p. We denote f < gif f < Cg. By C(R), we denote the set of all continuous
bounded functions on R with the uniform norm, by x , we denote the characteristic function
of the set A C R" and by “A we denote the complement of A.

2. On the Pre-Compactness of a Set in Generalized Morrey Spaces

In this section, we give sufficient conditions for the pre-compactness of sets in general-
ized Morrey spaces.

Theorem 1. Let 1 < p < coand w € Qpeo. Suppose that the set S C M;’(') satisfies the
following conditions:

sup || f|ju() < oo, ey

fes 4
li . —f(- oy =0, 2
u%ii?s)”f( ) = fO o @)
lim su . wy = 0. 3
Foseo feg HfX B(O,T)HMV() ( )

i o )
Then S is a pre-compact set in M, .

For the Morrey space M?,‘, an analogue of Theorem 1 was proved in [17,19]. If A = 0,
it coincides with the well-known Fréchet-Kolmogorov theorem (see [29]). Theorem 1 is
formulated in terms of the difference of a function (see condition (2)). The conditions for
the pre-compactness of sets in the global and local Morrey-type spaces were given in terms
of the average functions

(M, f)(x) = MB( / S 5 M,

in [30-32]. Here, | A | is the Lebesgue measure of the set A C R".
To prove Theorem 1, we will need the following auxiliary statements.

Lemmal. Let1 < p < coand w € Opeo. Then, forall f € MZ)(') andr > 0

IMrf = fll oty < sup [IFC-+u) = O gt 4)
M = s "

Proof. Letz € R" and p > 0. Using the Holder inequality, we have
HMVf_fHLp(B(Z,p)) =

1

p v

1
= / |B(x’r)B(£) fly)dy — f(x)| dx

B(z,p)
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N
| [ e [ V0 - s dx
)

B(z,p B(x,r)

1 P
<\ | ey | V) sy |x
(zp) B(xr)

Next, using the change of variables y = x 4 u and the Fubini theorem, we obtain

=

1S = Alyioeon < | [ | oy [ 196+ = Fe P |
B(0,r)

B(zp)

==

- IB(é,r)l / / [f(x+u) = f(x)[Pdx |du
zp

B(0,r) \B(z,p)
1
p

1
= B (/ A0 = PO
B(0,r

Hence,

IMrf = fll ooy = sup  w(O)IMrf = flIL, (B(zp))
4 zeR?, p>0

<=

1
< sup w _ cu) = F(P du
ZGR”,];:)>O (P) |B(0, r)|B(0/,r) ”f( ) f( )”LP(B(Z’P))

==

1

< | —— . _ £()\I|IP
B |B(O’r)|3<o/r> zelg’l’l,livow(p)Hf (1) = FOL, 3z

— |B(S,r)| / (-4 u) —f(.)||§/1$0du
B(0,r)
= u;;gr)llf(- 1) = FOlpyuor-

Lemma 1is proved. [

Lemma 2. Let1 < p < oo, w € Qpeo. Then, forall f € MZ)(‘) andr >0

IMe £yt = 11 ®)
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Proof. Using the change of variables y = x + u, the Holder inequality and the Fubini
theorem, we obtain

Py
1
IMrfllL, (B(zp)) = / 1B, / fy)dy| dx
B(zp) B(x,r)
1
P
1
P
: / 1B(x,7)] /\f(y)\ dy | dx
B(zp) B(x,r)
1
P
1
- P
/ |B(O,7)] /|f(x+u)\ du |dx
B(zp) B(0,7)
1
P
1
- P
1B(0,7)] / /|f(x+u)\ dx | du
B(O,r) B(z,p)
1 iz
- P
|B(O, )| / / |f (0)|Pdo |du
B(O,I’) B(Z+u,p)
1
P
_ 1 »
- m / HfHLp(B(eru,p))d”
B(0,r)
Therefore,
HMerM;f(-) = Zeﬂi},ll:;>0(w(p)HMerLp(B(z,p)))
P
L P
S an, / w(p)Hf” z+u du
S |B(0fr)|B(0’r)( Ly )
1 » 5
- [ swp @@l o )
|B(O’mzz(o,r) <Z€R",I;>o Pl Bz +up)

P

p
1
= | 1B, /( sup w(p)HfIIL,,(B(x,p))> it | = I fll g
B(0,r)

xeR", p>0

Lemma 2 is proved. O

Lemma 3. Let 1 < p < oo, w € Oypeo. Then, there exists ro > 0 and for any 0 < r < rq there is
C1 > 0, depending only on r,n, p, w, such that

(1) forany f € M;,U(')
1M flleen < CllFllyeo g (®)
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(2) forany 6 > 0

sup M-+ 1) = MyFC)ln €1 sup [FC+10) = FOl o ©)
u€B(0,9) u€B(0,6) r

Proof. (1) Since the function w € )y« is not equivalent to 0, then there exists 7y > 0 such

that sup w(p) > 0. Let0 < r < ry. Using the Holder inequality, for any x € R", we have
ro<p<oo

(M f ()] € ———[If I, Bxn)
|B
Hence,

M, f(x)]w(p) < —

= (@O, 851 )

(our™)?

where v,, is the volume of the unit ball in R”, and

M f(x)] sup w(p) < —— ( sup w(p)HfHLP(B(x,r)))
r<p<oo (Unrﬂ)p r<p<oo

1 1
<— ( sup w(p)”f'Lp(B(x,p))) < — (SUP w(p)|f||Lp(B(x,p))>'
(vpr™)p \r<p<e (vpr™) P \p>0

Therefore, for any x € R”

M F(0)] < Col g ®)

-1

where C = (( sup w(p))(vnr”)% < 09, since w € Npeo.
r<p<oo

(2) For any x1, x5 € B(0,r), by Holder’s inequality, we have

/fdy—/f

Xli’ er

[(Mrf)(x1) = (M f)(x2)]

= (v,r") 7! /f(z+x1)dz— / f(z+x7)dz
(0,r) B(0,r)

<) [ If+x) - fa 4 )iz
B(0,r)

= (var™") / |f(s+x1 —x2) — f(s)|ds
B(xp,r)
< (0r") P f(+ 31— x2) — FONL, B

Therefore, similar to the first part of the proof, we obtain

|(M;f)(x1) = (Mi f)(x2)]| < Gl (- 421 = x2) = FOl -

p

Hence,
sup [(Mrf)(x1) = (Mrf)(x2)|

x1,%2€R", |x1—x7| <6

<G sup 1f(+x1 = x2) = Ol 0

x1,%2€ R, |x1—x2| <6 P
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=C sup [If(+1) = FO)|, o0
u€B(0,0) P

Lemma 3 is proved. O
Lemmad4. Let1 < p < oo, w € Opeo. Then, there exists C; > 0, depending only on n, p, w, such

that for any r,R > 0 and for any f,g € ng(')
1M:f = Miglly o) < Qo1+ R7)[Mrf = Mrgllc 55,77

+ sup [[f(-+u) = fOll oo+ sup [I8C+u) =80, w0
ueB(0,r) P ueB(0,r) P

() + HgXCB(O,R)

+ , -
FXenony M M2

Proof. Indeed,
My f — MrgHM;v(J

wl) = L+ Ip.
P

< [ = M0 |+ | 0 = Mo

First, we will estimate I;. By using B(x,p) N B(0,R) C B(0,R), B(x,p) " B(0,R) C B(x,p),
forany p > 0, R > 0, we have
Ly = sup (w(p)HMVf_MVgHLp(B(x,p)ﬂB(O,R)))

x€R", p>0
S su w Mr - Mr x
xeRn,Olzpd( (0)[I M f &L, (s ,p)ﬂB(O,R)))
+ sup (w()IMef — Mgl (aeprsoR))

xeR", 1<p<o0

1 1
< IMrf = Migll ez my) - (i‘;&w(")(v”w + 131;500w<p>(vn1<">v>

<=

1 n
< |IMrf = Migllcgomy) - on | sup w(p)p? + sup w(p)R7 |.
0<p<1 1<p<oo

Therefore,
(P)) X

1 n
h < [Mef = Mgl 0 ( sup w(p)p? + sup w
0<p<1 1<p<eo

o SUPp<p<1 w(p)p? SUP1<p<oo w(p) RS
SUP) <1 W(P)PY +SUP; oo W(P)  SUP(pq W(P)PP +SUP; <)oo W(p)

<G (1 + RE) | My f — Mrg”c(B(o,R))'

where
1 n
C, =) ( sup w(p)p? + sup w(p)) < o0,

0<p<1 1<p<oo

since, by w € ono.
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For estimate I, using Lemma 1, we have

L= H M, f — M,g)x

CB 0,R) M;’ﬁ

< e = gy g+ 10 = 8 0 + V8 = 9%

()
My

< IMf =l + | F = ey

< sup [If(-+u) = fO)ll o) + sup IIg( +1) =80
ueB(0,7) V ueB(0,r) r

+fo e T ng

¢B(0,R) ¢B(0,R)

M;’” )
From estimates of I; and I, we obtain the inequality of Lemma 4.
Lemma 4 is proved. O

Lemma5. Let1 < p < oo, w € Opeo. Then, for any r,R > 0 and for any f,g € M;"(')

If = 8l < C2(1 +Rﬁ) 1 = Mgl @)

+2 sup Hf(~+u)—f(~)|| )42 sup [lg(-+u) =), w0 ©)
ueB(0,r) ueB(0,r) p
+HchBOR e +ngcBOR e

where Cy > 0 is the same as in Lemma 4.

Proof. It is sufficient to note that
Hf—glle < |IM:f = fll,, o (O + 1M f = Migl|, o +\|Mrg—g|\M<>

and use Lemmas 1 and 4. O

Proof of Theorem 1. Let S C MZ](') and let conditions (1)-(3) hold.

Step 1. First, we show that the set S, = {M,f : f € S} is a strongly pre-compact set
in C(B(0,R)) .

Let 0 < r < rp, where rg is defined in Lemma 3 and R > 0 is fixed. Due to inequality
(6) and condition (1), it follows that

sup M a5 < SUpIIMflln) < Crsupllf ] < o
fes fes fes 4
In addition, due to inequality (7) and condition (2), it follows that

sup [|Mif(-+u) = Mif()llcapry < sup [IMef(-+u) = Mrf()llcre)
ueB(0,6) ueB(0,6)

<Cr osup [If(-+u) = O w0
u€B(0,6) b
Therefore, by using condition (2), we have

lim sup||M, (- +u) = Mef ()l 3o ry) = O
u=0 feg

As such, we obtained that the set S, is uniformly bounded and equicontinuous in
C(B(0,R)).
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Therefore, by the Ascoli-Arzela theorem, the set S, is pre-compact in C(B(0, R)), then
the set S, is totally bounded in C(B(0, R)). Hence, for any & > 0, there exists f1, ..., f € S
(depending on ¢, and R) such that { M, f1, M, f2, ..., My fi } is a finite e-net in S, with respect
to norm of C(B (0 R)). Therefore, for any f € S, thereis 1 < j < m such that

1M f = M fil| e gamy) < &
Hence,

]mm | M- f — Mrf]HC BOR) <&

Step 2. Let us show that the set S is a relative compact set in M ) Let {4)1, . ¢m} be
an arbitrary finite subset of S. By inequality (9) for any f € Sand any j = 1, ..., m we have

1f = gill o < C20+ R)||M:f = Mgy gy

+2 sup [If(-+u) = fOll ey +2 sup [|gj(+ 1) = g ()] mor
ueB(0,r) ueB(0,r)

+HfXCB(O’R> M;v(‘) + ”qonCB(O,R)

0
My

< C(1+RP)

|Mef = Megi|| o,

+4sup sup [g(-+u) —g()| o JFZSUPHngB OR)H

w(-)’
8€S ueB(0,r) My g€Ss Mr'

1 n n
where C; is the same as in Lemma 4, C; = v, | sup w(p)p? +R? sup w(p) |.
0<p<1 1<p<o0
Hence, for any f € S:

+4sup sup [[g(-+u) = g()ll,

)+ 25up||@xen o) | o (10)
8€S ueB(0,r) 4 g€s ( )MP()

Let ¢ > 0. First, using condition (3) we find R(¢) > 0 such that

6

€
SuPHchB(o R(e)) ‘
Next, using condition (2), we find r(¢) such that
€

sup sup|[g(- +u) =g(),w) < 35-
ueB(0,r(e)) g€S My 12

Finally, by the pre-compactness of the set S,y in C(B(0, R(¢))), there exist m(e) € N
and fi,e, - fu(e),e € S,such that forany f € S
€
[ g S—
C(B(O,R(¢))) 3C,(1+RP)

i Mo = Mo S

Therefore, setting ¢; = fi¢,j = 1,...,m(e), by inequality (10), for any f € S we obtain

]_1r/ru,n lf— f] <3+3+§

Then, we have that ¢; = fj., j=1,.., m(e) is a finite e-net in S in the norm of M;,U(').
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Therefore, the set S is a pre-compact set in M;f('). Theorem 1 is proved. O

3. Compactness of the Commutator for the Riesz Potential on Generalized
Morrey Spaces

The main goal of this section is to find sufficient conditions for the compactness of the

commutator [b, I] from M;"l(') to M;UZ(').
The Riesz potential I, of order a(0 < a < n) is defined by

I f(x) :R/n M{(;/ﬁq_ady.

The boundedness of I, on Morrey spaces was investigated in [13,14].

The sufficient conditions for the boundedness of I, from ngl(‘) to M;UZ(‘) were ob-
tained by T. Mizuhara [8], E. Nakai [9], and V.S. Guliyev [10].

The following theorems give sufficient conditions for the boundedness of the Riesz
potential and its commutator in generalized Morrey spaces.
Theorem 2 ([10]). Let1 < p < g < ooand a = n(% - %) . Moreover, let functions wy € O o,
Wy € Q0 satisfy the condition

_n_q

le_l(r)r 9 < wz_l(t)t_% (11)

Ll(t,oo)
uniformly in t € (0, 00). Then, the operator I, is bounded from M;,Ul(') to MZUZ(').

Theorem 3 ([16]). Let 1 < p < g < 00,0 <a < 2 L = 4 b e BMO(R") and
w1 (-), wa(-) satisfy the following condition

ess inf wq(s)dt

/ln (e + i) t<s<°: Swy(r). (12)

r

Then, the operator [b, 1] is bounded from M;’l(') to M;"Z(').

Theorem 4. Let1 < p <g<oo,0<a<n(l— %), % = % — % b e VMO(R") and functions

n’

w1 € Qp o, Wp € Oy 0 satisfy conditions (11) and (12). Then, the commutator [b, 1] is a compact
operator from M,," o M;UZ(‘).

To prove Theorem 4, we need the following auxiliary statements.

Lemma6. Letn € N,1 < p <g<oo,0<a< n(l—%),ﬁ > 0,%:%—%. Then, there is

Cs > 0, depending only on n, p,q, a, such that for some f € L,(B(0, B)) satisfying the condition
suppf C B(0,B), and for some y > 2B,t € R", v > 0

[Gefrtaom]l gy < 7" Onintr, DAL 50 (13)

Proof. Let f € L,(B(t,r)). By definition of the operator I, we have

= H (Lf)xs )

La(B(tr))



Mathematics 2024, 12, 304

11 of 16

nzxy
|

[ L/
B(t,r)NB(0,7)
q q
< / /|fy)n_ady dx
0,8)

B(tr)BO) BOS) vl

—Y
(

Since B < ¥ for x € °B(0,7),y € B(0, B), we have

x|, [x]

_ %]
p=75+5 -B=

¥ =yl = [x| =yl = [x] = TR

(14)

By (n —a)q —n > 0, we have

1
q

n—« dx
1<l f M | 1fw)ldy

B(0,7) B(0,8)

1
q

00 _1
< on-a (/ p(nﬂé)ﬂ+”1dp) (WaB") Pl 50
v

a—n(1-1

7) £z, B0,8))- (15)

Since B < § for x € °B(0,7),y € B(0, ), by (14) [x —y| > 1.
Therefore,

= CeY

q

rseepl [ax | [ Irldy
B(tr) B(0,8)

1 1
< 2" (0,1 (0a") P |1l (b0 )

= Gy " fll, o8- (16)
Inequalities (15) and (16) imply inequality (13), where C5 = max{Ce,C4} O
Lemma?7 Letn e N1 <p<g<oo,0<a<mn 1_l>,l 1

1= %,B > 0. Then, there is
C7 > 0 depending only on n, p,q, a such that for some f € L,(B(0,B)), b € Loo(R") satisfying
the condition supp b C B(0, B), and for some v > 2B, t € R", r > 0

A Tan e B e e G A L POV PP R
Proof. Lety > B, supp b C B(0,B), for x € °B(0,y),b(x) = 0. Then

|, 1 fx

B(0,7)

Ly(B(tr))

q
dx

N L 0@ - b)fW),,
B(t,r)N°B(0,7)

x—y[""
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q
b(y)f(y)
=

B(t,r)N°B(0,y

==

q

) I R Y CLCTPR Y

Beniesom pop * Y

9\ 1

< —_— nye
— C/ / |x_y|n—ady dx ||b||Log(R )
B(t,r)n°B(0,v) {B(0,8)

Finally, by proof of Lemma 6, we obtain estimate (17). [

Proof of Theorem 4. Let us prove that for [b, I,] f, conditions (1)—(3) of Theorem 1 are satisfied.
)

Let F be an arbitrary bounded set in M;jl . Due to the density, it is sufficient to prove
the statement of the theorem under the condition b € C{°(R"); i.e., under this condition,
theset G = {[b, I]f : f € F} is pre-compact in M;UZ(').

Let

||fHMw1(-) <D, for f e F.
p

By Theorem 3, we have

10, 1| extr < s -Sup ]yt < Cs D < oo,
q feF p

This implies condition (1) of Theorem 1.

Now let us prove that condition (3) of Theorem 1 holds for [b, I,]. On the other hand,
suppose that suppb C {x : |x| < B}. Forany 0 < ¢ < 1, we take v > B+ 1 such that
(v — B)~("=®)+1/4 < ¢ Below, we show that for every t € R" and r > 0,

1o, Ll foxg i, lygeaty < Co - D&,

hence
=0.

lim H ([0 L] ),

y—oo M;Uz(')

By Lemma 7, we have

| (1) )xep0) | ot = 5P {2 (M1, el F)xemm I, 55

q xe(R") ‘L‘”(O'oo)

< Csy*™" sup

in{y,rH) bl o .
s o (F) (min{y,1}) Hw,w)” iy 11, 0.89)

Forr < t < 7, we have (min{'y,r})s =11, Using condition w, € ()50, We obtain
[w2(r)r? L0, < oo
For v < t < r, we have (min{'y,r})% = 'yg. Using condition wp € ()00, We obtain

02 (r) 77 | t,00) = 1T 02(7) [ (t,00) < 00



Mathematics 2024, 12, 304 13 of 16

713320” ([, Ia] f) X<B(0,7) HM;”2<'> =0.

Consequently, we have the required condition (3) of Theorem 1.
Now, let us prove that condition (2) of Theorem 1 holds for the set [b, I, where f € F.
That is, we will show that for all ¢ > 0 and for all f € F, the inequality

I, Lf) (- +2)] = [, T f Ol jae) < Cro - &,

q

is satisfied for sufficiently small |z|.
Let € be an arbitrary number such that 0 < e < % For |z| € R", we have

b, L] f (x +2) — [b, L] f(x) = / blx+2) —bW)If(y) ;.

|x —y|*=«
eyl > L
1 1
i |/ R C R I
X=y|>F
[b(y) —b()If () , [b(y) — b(x+2)]f(y)

+| /z |x —y[n—« dy | /lz |x +z —y|r—« dy
x—y|<F —y|<T

=h+th+]—]s
Due to b € C§°(R"), we have
b(x) = b(x +2)| < [Vf(x)]-[z] < Culz].

Then,
|11l < Cualz| L (] £]) (%)

By Theorem 2,
||]1||M372<-> < C11|Z|||Itx(f>||M;Uz(') < CanHIfllM;q(» < CuDlz|.
For J,, we have that
(b(x +2) = b(y)) < 2[|blle < Cro.

Therefore,

2] < Ci2lz] / | )

Wdy < Copelu (| f1) (x).

jr—y| >
Again, based on Theorem 2, we obtain

1721l ear < Craellacl ) ymrr < Crallfll s < Crz-D-2.

Now, consider J3. Since b € C§°, we have |b(x) — b(y)| < Ciz|x —y|.
Then, for |J3|, we have

fy)

3] < Ci3 / Wd]/
e-y|< k2l
< Crze 7] / |xf(yy|)n_adl/

[z|
|x7y|§?
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2|

§C13'?

Le(1f1) (x)-
Therefore, by Theorem 2

13l ot < C13’871|Z|||1a(f)|\M;uZ<A> = C13‘€71\2|||f||Mr;1<»> < e 2.
Similarly, using the estimate
[b(x +2) = b(y)| < Cualx +2z—yl,

we obtain

[Ja| < Caa / e +z =y 7" b(y) |dy < Cra(e™ 2] + |2l) Il fI(x + 2).

lx—y|<e 1[z]

Therefore,

all orr < Caa- (€7 2zl + 2D NN oy < Cra- D~ (e7 2] + J2]).
q 4

Here, the constants do not depend on z and e.
Taking |z| small enough, we finally obtain

1T, LlF)C-+ 20 = 1B Tl O jeacs

< Wl + 1l year #1311 gatr + sl ot < G- D -,

that is, the set [b, I,](f), f € F also satisfies condition (2) of Theorem 1. Then, according to

Theorem 1, the set [b, I,](f), f € F is compact in M;UZ('). Theorem 4 is proved.
O

Remark 1. When proving Theorem 4, we used the method from [19], taking into account the
specifics of the generalized Morrey space.

4. Conclusions

In this paper we have obtained the sufficient conditions for the compactness of sets
in generalized Morrey spaces . Moreover, we have obtained the sufficient conditions for
the compactness of the commutator [b, I, ] for the Riesz potential operator on generalized

Morrey spaces M;U(‘) (R™). More precisely, we prove thatif b € VMO(R"), then [b, ] is a
compact operator from M," “ to M;UZ(').
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