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Abstract: In this paper, we studied a class of semilinear pseudo-parabolic equations of the
Kirchhoff type involving the fractional
u + M([u]f)(—A)u + (=A)°ur = |ulP~?ulnlul,
u(x,0) = ugp(x), inQ,
u(x,t) =0, ondQ) x (0, T),
semi-norm of u, (—A)* is the fractional Laplacian, s € (0,1),2A < p < 2f =2N/(N —2s),Q € RN
is a bounded domain with N > 2s, and u is the initial function. To start with, we combined the

Laplacian  with
inQx(0,T),

logarithmic nonlinearity:

, where [u]; is the Gagliardo

potential well theory and Galerkin method to prove the existence of global solutions. Finally, we
introduced the concavity method and some special inequalities to discuss the blowup and asymptotic
properties of the above problem and obtained the upper and lower bounds on the blowup at the
sublevel and initial level.

Keywords: parabolic; Kirchhoff type; logarithmic; Galerkin method; potential wells

MSC: 35R11; 35K92; 47G20

1. Introduction

We deal with the following fractional Kirchhoff-type semilinear pseudo-parabolic
problem involving logarithmic nonlinearity:

ur + M([u)?)Lxu + Lgur = f(u), inQx (0,T),
u(x,0) = up(x), inQ), (1)
u(x,t) =0, ondQ x (0,T),
where f(u) = |u|P~2uln|u| and the Kirchhoff function M(t) = t*~1 with t € R} and
Aell, %) for 2f = 2N /(N — 2s). For convenience, we set the functions:
T(xy) = lo(x) — o) PK(xy),
T (x,y) = (p(x) — (1) (9(x) — ¢(y))K(x,y).

As a non-local integration operator, £k satisfies:

Zxe(x) =2 lim

T (x,y)dy,
e—0+ JRN\D,, (x) (xy)dy

ol = ([ 1)~ n)PRCx—yyavay)
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for Vo € CP(RN), where Dy, (x) refers to a sphere in RN with x € RY as the center and
w > 0 as the radius. The function K : RN\ {0} — R satisfies: K(x) > m|x|~(N+2) for
Vx € RN\{0}, where m is a positive number and s € (0,1), so that KoK € L'(RN)
when Ky(x) = min{|x|2,1}. Usually, we set K(x) = |x|~N*25) to meet the above condi-
tions. Ergo, it can be inferred that Zxu = (—A)%u for Vu € C°(RN). For more-relevant
details about the fractional Laplacian and fractional Sobolev space, we can refer to the
literature [1,2].

In recent years, research on the problem of parabolic equations with the fractional
Laplacian and Kirchhoff term has been a hot topic. In [3], the prototype of the Kirchhoff
termcan be traced back to 1883:

%u Py E (L ou(x),, \o%u
RN RN W TN L
Bythedescriptionoft h 2L Jo ' ox ox

which described the physical phenomenon of elastic string vibration. As a result, more and
more scholars are attempting to introduce the Kirchhoff model into the study of parabolic
equations, obtaining many interesting results and more-complex changes. In [4], the authors
put forward the following Kirchhoff-type problems with a non-local integral operator:

—M(||u||%)Lxu = Af(x,u) + |ul* 2u; )

here, 2, is equal to 2] in this article. (2) imposes a special constraint on f when proving the
existence of non-negative solutions, while considered an auxiliary problem with

[ M(t), if0<t<t,
Malt) = { 0, if t > to.

Application and research on the Kirchhoff term can be found in [4-12], where we note
that, in each of these papers, the authors gave the following restrictions to the Kirchhoff
function:

(Mg)M : RO+ — R is a continuous and non-decreasing function.
(My)M(t) > a, wherea > 0, for Vt € R].

We let M(t) = a+bt*~1 (t > 1) meet the conditions My and M;, where a > 0 and
b > 0. Specifically, in this article, weseta =0,b =1,and A € [1, %)

In [13], since Sattinger introduced the theory of potential wells in the construction of
the global existence of the solution for hyperbolic equations, a growing number of authors
have introduced the theory of potential wells in the study of various properties of solutions
of parabolic equations; see [5-8,14]. On the other hand, Levine established the concavity
method in [15,16]. In [5], Pan and Zhang opened up a way of investigating the nature
of Kirchhoff-type parabolic problems containing the fractional p-Laplacian when they
investigated the existence of global solutions at sublevel (.7 (1) < d) and critical energy
level (#(ug) = d) for (3), combining, for the first time, the theory of the potential wells
and the Galerkin method:

e+ [l P (= A)5u = |u)12u, 3)

where p < g < NP/(N —sp) withl < p < N/sand1 <A < N/(N —sp). In[9], Yang
and Tian took a deeper look at (3) by letting p and g satisfy 2 < pA < g < Np/(N — sp)
with1 <A < N/(N —sp). They obtained the blowup properties and asymptotic behavior
of the weak solutions at the sublevel and critical energy level by means of the potential
well theory, the concavity method, and some inequality tricks. In [10], Zhang and Xiang
investigated the burstiness of non-negative solutions at sublevel (7 (uy) < d), critical
(A (ug) = d), and supercritical (7 (19) > 0) in p = 2, in addition to obtaining the
corresponding upper and lower bounds on the blowup at different energy levels. We can
also see [11,12,17,18] for more details on the application of these two methods.
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In [19], Ding and Zhou made p = 2 and replaced the polynomial term at the right of
Equation (3) with the logarithmic nonlinear term:

up + M([u)3) Lxu = [u|T2uln |ul; (4)

at this point, the Kirchhoff term M(t) = a + bt*~!(a > 0,b > 0) was taken. In order to
analyze the effect of the logarithmic terms on (4), the logarithmic fractional-order Sobolev
spaces were introduced, and some inequality tricks were cleverly used to analyze the
problem in depth and to obtain the global existence, invariance of the region, blowup, and
asymptotic behavior. In [20], the authors also considered (4), with the difference that the
Kirchhoff function is an unknown function, and they used differential inequality techniques
to overcome these difficulties to obtain upper and lower bounds for the blowup.
For the problem:
ur — ANup — Au = uP,

the authors studied the initial-boundary-value problem with subcritical level . (1) < d
for Z(up) < 0and Z(ugy) > 0, critical level 7 (uy) = d with Z(uy) > 0, and high initial
energy . (up) > d and also introduced invariants for three sets B, G, and Gy. Moreover, to
learn more about the nature of solutions and the definition of the sets, we can refer to [21].
In [22], Chen and Tian introduced a logarithmic term on the above model to obtain the
following semilinear pseudo-parabolic equation:

ur — Auy — Au = uf Injul;

for the above model, the authors utilized a modified potential well theory and the definition
of the logarithmic Sobolev space to obtain quite different results from parabolic equations
containing polynomial nonlinear terms. The details with logarithmic Sobolev spaces can be
found in [7,8,12,19,23-25].

Inspired by the above work, we added a fractional-order nonlinear dissipative term
(—A)°u; to (4) and let M(t) = t*~1, different from the Kirchhoff function considered in [19].
In the subsequent proofs, we introduce the correlation function #,(u), as well as the new
set of potential wells ¥, and a tighter control of the logarithmic terms. In this article, we
considered the problem (1). In Section 2, we give the definition and related properties of
the logarithmic fractional Sobolev space. In Section 3, we give the modified potential well
theory and some necessary Lemmas. In Section 4, we construct an approximate solution to
the problem (1) using the Galerkin method. In Section 5, we focus on proving the existence
of global solutions when 7% (uy) = d for 2 (ug) > 0 or 0 < J#(ug) < d for Z(uy) = 0.
In Section 6, we prove the finite-time blowup at subcritical (#(19) < d) and critical
(A (ug) = d) energy levels and derive the corresponding upper and lower bounds. At the
same time, we obtain the asymptotic behaviors of the global solutions. In Section 7, we
give an example to illustrate our results. In Section 8, we provide a conclusion of the entire
article.

2. Preliminaries

In the following, we first give some necessary definitions about fractional Sobolev
spaces and related properties, and we can refer to [26,27] for more details.
Now, we introduce some definitions. We define L7 (Q2) to be the usual Lebesgue space

for v > 1 with the norm:
1/
ull, = ulvdx ;
Jully = ( i)

in particular, when 7y = 2, we define the inner-product in the following form:

(u,v) :/qudx.
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In the following, let 0 < s < 1 and define the fractional critical exponent 2} by

_{ N i< N,

N —2s’
oo, if2s > N.

Put Q = RN\ O, where © = ¢(Q) x ¢(Q) € R?N and ¢(Q) = RN\ Q. We considered
the fractional Sobolev space ¥ satisfying the Lebesgue measurable functions u from RN to
R,ie.,

/ T4 (x,y)dxdy < oo.
Q

The space Y is prescribed the norm:

1/2
[ulle = <|u||L2(Q —l—// T"(x,y dxdy) )

We considered the closed linear subspace:
Yo={uec¥:ulx)=0 ae. in 0Q},

its norm being defined as

1
2
lulle, = [ 7*nasay) " ®)
The function space Y denotes that
24
Yo =CP(Q) .

For all u, v € ¥, we define
(u,v)y, / T (x,y)dxdy.

From now on, we will only consider the general case where K(x — y) = |x — y|~(N+25),

and more relevant details can be found in [27].

Lemma 1. (i) There exists 0 = o(N,v,s) > 0, where v € [1,2}], such that, for arbitrary
(S To,

||v||LV < 0/ T (x,y)dxdy < — / T (x,y)dxdy.

(ii) There exists o = 0(N,s, B, Q)) > 0 such that, for arbltmry v e Yy,
/. T (x,y)dxdy < ||o||% < 5’/ T (x,y)dxdy.
Q Q

(iii) For any bounded sequence (v;); in Yo, there exists v € LY(RN), with v = 0 a.e. in 9Q), such
that, up to a subsequence, still denoted by (v]-) jr

vj — v stronglyin L"(Q) as j — o,
foranyv € [1,2%).

Definition 1 ([28]). (Maximal existence time) T for which u is a weak solution of Equation (1) and
satisfies the following two conditions is called the maximal existence time:

(1) Ifu(t) exists for Vt € [0, +00), thenT = +oo.
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(2)  Let ty € (0,+00) and u(t) exist for 0 < t < to, but be non-existent at ty, so that T = t.

3. The Potential Well

In the following, we will give some notations and Lemmas. First of all, we define

Lo 1 1, .
%”(u):ﬁHuHYO—;/Q|u|7’ln|u\dx+?\|u||p, ©)
and
2(u) = |l — [ Jul?n |uldx. )

A definition of potential well as followsin Equation (1) is defined as follows:
Y = {u(x) e ¥9|2(u) >0, #(u) <d} U{0};
the external set O is indicated as
O = {u(x) € ¥Yo|Z(u) <0, #(u) <d},
where

d = inf ,
nf (u) ®)

denotes the depth of the potential well and the Nehari manifold is indicated as
I ={ue¥|Zu)=0, us#0}.
Moreover, the positive set and negative set are represented as

I ={uec¥y|2u) >0},
I_={uec¥y|Zu) <0}.
Obviously, from (6) and (7), we have

1 1 1 1
«%”(M)I;«@(u)+(ﬁfg)llullxzﬁ+pl\ull’£- )

Moreover, for Vi € [0, 00), we set

Zu(u) =l — [ [ul?n fuldx,

e (1 __ (10)
5(r,e) = (Ef+s)p+e—2A,

where 2A < p + ¢ < 27 and E; is the optimal embedding constant for embedding ¥y into
LPYE e,
[[ullp1e

E.= sup .
ue¥\{0} 2]l

We impose a new series of potential wells such that
¥, = {u(x) € Yo(O)|Z,(u) >0, 7#(u) <d(1)} U{0},

O, = {u(x) € ¥o(Q)|Z:(u) <0, #(u) <d(1)},

where

4(1) = inf #(u),
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and
I ={uec¥Yy|Z(u)=0,u+#0}
Specifically, we can substitute (10) for (9):
_1 NN TN S T
H(u) = p%(u)Jr(zA p)||“”‘1/0+ szu”p' (11)

Definition 2. u = u(t) is named a weak solution of the problem (1), if u(t) € L*®(0, c0; ¥¢) with
ur € L%(0,00; L2(Q))) and it satisfies the following equation

/Q upvdx + (u, vy, + (1, v)y, = /Q lu|P~2uln |u|vdx,

where

(v, = M) [ 74, y)ddy,

(us,v)y, = //Q T (x,y)dxdy,

forany v € ¥,.

Lemma 2. Let € be a positive number; we can obtain
1 €
Ins < 25 Vs € [1, +c0).

Proof. Let g(s) = Ins — éss for all s > 1. Clearly, g attains its maximum value at s, = et
thus, g(s) < g(s«) =0foralls >1. O

Lemma 3. Let u € ¥o\{0}, and consider a function l:@ — 7 (@u) for Vo > 0:

(1) lim (@) =0, lim /(@)= —co.

©—0t (Dl~1>+oo
(2)  Function I(@) is strictly monotonically increasing on (0, @*), strictly monotonically decreas-
ing on (@*, 00) for unique @*, and max!(@) = I(@*).
(3) P(@wu) > 0forw e (0,0%), P(wu) <0 forw € (@*,00),and Z(@*u) = 0.

Proof. (1) By the description of .7 (u) in (6), we have
@ oy @P @’ p @ b
@) = 3 llullg, — " /Q |7 In [u]dx — " Ina@|full, + FHMHV

Obviously, (1) holds.
(2) By simple calculations, we have

I'(@) = a72)‘1(||u||\2{(‘] —cop*m/o ulP In |u|dx — @P 2 lnk||u|£).
Seto(@) = @' ~?*'(@), then we have
o' (@) = —@P~2A1 ((p —2A) In@||ulll + (p — 2A) /Q lul? In |u|dx + ||u||§);

therefore, by taking

—|lul|h = (p—2A PIn|u|d
o = exp{ IHIE = (P =20 Jp P njuldx]
(r =22 [[ullp
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thus o' (@) > 0 for @ € (0,@1), o'(@) < 0 for @ € (@1, +) and o'(@1) = 0. We
can notice that 0(0) = ||u|]121,/}) > 0and wl_l)ril 0(@) = —o0, 50 0(@*) = 0 for a unique

@* € (0, +00) yields I'(@*) = @**~1o(@*) = 0; it is shown that (2) holds.
(3) By the description of &2 (u), we can obtain @!’ (@) = I(@u); thus, (3) holds.
O

Lemma 4. Ifu € Yy and for e > 0, it satisfies 2A < p + & < 2%, then:

(1) If0 < ||lully, < (1), then 2, (u) > 0. Pre-eminently, if 0 < |ju|¢, < 6(1,¢), then
P(u) > 0.

(2) If Z(u) <O, then ||u|y, > 6(1,€). Pre-eminently, if 2 (u) < 0, then ||u||y, > 6(1,¢

(3) If Zi(u) =0, then ||u|ly, > (1, €) or |[u|ly, = O holds. Pre-eminently, ||u||ly, > &( ,s)
|u|lw, = 0 when 2 (u) =

Proof. (1) 0 < |jully, < d(s€), (10) and Lemma 2 gives

p+£
+ + +e—2A
/ ulP In |uldx < *HMHZQ < &= ||MH el < uflullg,
implying &,(u) > 0. Pre-eminently, #(u) > 0, where 1 = 1.
(2) ByLemma?2and Z,(u) <0
21 p p+e P+€ _ p+£ p+e 2)
lull¥, |u| In fuldx < *llu\|p+g < = Hull ol

thus, ||ully, > (1, €). If we put 1 = 1, we can conclude that ||u|y, > 6(1,¢).
(3) Z(u) =0when |ju|y, = 0. In contrast, if Z,(u) = 0and ||u|y, # 0, we can obtain

+ EL™ +e—2A
€ £—
dulR = [ Jul? el < 5 < ) g,
ie, ||ully, > d(1,€). If we put: =1, (3) is valid.
O
Lemma 5. Forall 1 > 0 and for e > 0 satisfying 2A < p +¢& < 2%,
RV SRS )
W) = (55 =)0 we),
and it is description as follows:
d() = inf{H (u)|u € Yo, [[ully, # 0, Z:(u) = 0}.
Proof. Fix: > 0. #,(u) = 0and ||u||y, # 0 with u € ¥y, then
21 p pre o Ep+€ p+€ 21
lull, :/ |l In [uldx < 7”“Hp+s = = o[ g™
Hence,
tee | _1__
[ullyy = () 77t = 61 €)-

EPTe
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Therefore, by Lemma 4(3),

(W) =2 2(0)+ (g5 = 5wl + 3l
1 L
> (57— 5 Il
> (57— 58 0e).

Thus, d(1) = inf{(u)|u € Yo, ||u|l¥, # 0, Z,(u) = 0}, as claimed. If welet: =1,
we can deduce that

d=d(1) = (21A - é)ézA(l,s). (12)
O

Lemma 6. If u € ¥y, d(1) follows these propertieS'

(1) d(t) > k(1)6*} (1, €), where k(1) = ﬂ -5 0<e< 5.

(2)  There exists a unique 7w € (1,400), such that d(rt) =0,and d(1) > 0, where 1 € (1, ).

(3) When 1 € (0,1], d(¢) is monotonically increasing and monotonically decreasing, where
€ (1, ) with a maximum at 1 = 1.

Proof. (1) Letu € .7; the definition of .7 (u) and Lemma 4(3) give

%W%«——ﬂnu w+;w%

> k(s )||“||‘If0
> k(1)6* (1, €).

) Set
1(8) =[||u||§,¢)fer’—”/ |ul? In [u]dx — 0P~} n 0] ]|},
@)

then
W) = —or-2A-1 [(p —2A)1r19||u||5 +(p—2A) / |ul? In |u|dx + ||u||§};
Q

let 1/ (6) = 0; we can obtain

o oy ZIlE = (=20 fo [uPInfulax)
P (p— 27)Jul[} /
p P

thus #'(#) > 0 on (0,6*), W'(#) < 0 on (6*,+c0). We can clearly see that
h(0) = t||u||\2FA0 > 0, as well as elim h(f) = —co for all u € ¥ satisfy ||u||y, # 0; by
—r+00

the definition of £,(u), we have

P,(0u) = 0% h(6);
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®)

therefore, there exists a unique 6; € [0, +o0) such that Z,(6,u) = 0, which implies
61u € #,. By the expression d(¢), one obtains

i) < 00
= o (Sl = 2 [ el — 2 el )

— —o0(f — +00);

hence,
lim d(1) <0

1—+00

In addition, due to d = d( ) > 0by (12) and d(1) being continuous about ¢, so letting

d'(1) = 0, we have 1 = ﬁ’ which implies that d(1) is increasing when 1 € (0, ﬁ]
and decreasing when 1 € (p+5' +o00). Since 7 <1, we have d( -) >d(1) > 0,and

we have that d(¢) is decreasing in [1, +0), Wthh leads to the ex1stence of a unique
7 € [1,+00) suchthatd( ) = Oandd( ) > 0when: € [1, 7).
For arbitrary 0 < // < / < lorl </ </ < mand arbitrary u E S, there exist

v € .% and a constant {(/, /") > 0 such that J#(v) < 2 (u) — (/") holds. Clearly,
for the above u, we can define the same 6 (1) that appears in the proof of Lemma 6(2)
to be satisfied, such that 2,(6; (1)u) = 0 and 0;(:") = 1. Let (61 ) = 52 (61u), then

d 1 _
0, P00 = g 11— OlO1ullF, + L(612)] = 674 (1 = 0)ul|F,

Taking v = 01(:")u, then v € In M0 </ < /" <1, then

L d
Hw) = @) = 9(1) = o) = [ (9(00))d

6

1
_ 1— N0 1ul2 do
/W)< 087 |l den

> (1= e () (- 6())

If1 </ </ <, then

H () = 7 (v) = (1) — (61 (1))

> (=)o ) 0u) — 1)

Thus, (3) holds.
O

Lemma?7. Let 0 < 7 (u) < d foru € ¥oand 11 <1 < 15 be two roots of d(1) = 5 (u). Then,
the sign of 2,(u) remains unchanged for 11 < 1 < 1.

Proof. If the sign of #,(u) changes in (11,12), 7 (u) > 0 implies ||u||y, # 0, according to
Z,(u) being continuous about ¢, and we can pick an ¢, € (11, 12) such that I, (1) = 0. Thus,
(u) > d(1,), which forms a contradiction with 52 (1) = d(11) = d(1n) < d(w). O

Lemma8. Let 1 € (0, £;) and u € Y. Assuming 7 (u) < d(1), then:

(1)
(2)

If Z,(u) > 0, then ||u||\1,0 < kgg where k(1) = S —
If“””\{fo > kl),thengz( u) <

i
ik
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3) If 2i(u) =0, then |u||3) < 8
Proof. For0 < < %:
1
A (u) = (ﬁ—*)llull ZIIMHZ+ Zi(u) <d(1)
then [|ul|3 < £4.
The proofs of (2) and (3) closely resemble the proof of (1). O
Lemma 9. Assume 7 (u) < d withu € ¥o. Then, & (u) > 0 if and only if
20~ 527
lullg, <67 (1,¢). (13)
Proof. If (13) holds, from
21
/ |V In [u]dx < *||u||§i§ = = || I el = NlullFh,
P(u) > 0is valid.
In contrast, 2 (u) > 0 and
1 P g P=2A o
%(u)—pg’(u) ZIIMH sd="550 (Le),
yield
p— 2A p 2A 22
T Il < Bt 1,0,
O

4. Galerkin Method

In the following that, we prove that there is an approximate solution to (1) by the
Galerkin method. For the Galerkin solution, we refer to [5,29,30].
Put {a)] °, as a column of a base function in L*(Q)). Firstly, we define m(t,x) :

[0,T] x RN —>Rand a(t,x) [0, T] x RN — RN by

om0 = [ ] ZK lej<t>wj<y>|[wi<x> — i) K (x — y)dxdy,

; A-1
(// | ZK] Jwj(x ZK] y)[*K(x —y)dxdy) ,

j=1

where k = (x1,%p,- -+ , k) and m(t, h) and 17, (¢, k) are continuous about ¢ and k; we consider
the ordinary differential equation.

{ V' + m(t, V)17n(t, V) + Un(t/ V/) = fn(V>r
V(0) = Ax(0),

where A, (0); = [ un(0)widx, gu (V)i = [ ¢(V)wjdx.
Multiplying the above equation by V to obtam

V'V 4+m(t, Vg, (t, V)V +5,(t, VYV = £,(V)V,
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where
" - A—1
m(t, Ve, VIV =| [ 1L Vitwj(x) = 1 Vit () PK(x - y)dxdy]
j=1 j=1
1L Vi)~ - Vi)
Q = j=1
évxt)wz(x) - 2 Vit (y) | K(x — y)dxdy > 0,
Va(t, V')V = // |]; V/()w;(x) - ]; Vi(w;(y)|
évxt)wi(x) - jzlvxt)wz () | K(x — y)dxdy,
thus
V'V +a(t, V)V < £(V)V,
LR+ 22 vIV < W)V < SRRV,
and combining this with Gronwall’s Lemma yields |V (t)| < C,(T) for t € [0, T].
Let
to=0, |V(t)—V(0)| <2Cu(T),
9= omax (V) mls V) V)]
and
h = min{T, 2Gu(T) 1,

for which there exists a local solution when |t — to| < h. Letting t; = h as an initial
value, one obtains the existence of the local solution to the ordinary differential equation in
[f1,t2], t2 =ty +h,..., then we divide [0, T] into [0, #1],..., [ty_1,tn], where t; = t; 1+ h,
i=1,...,n—1,t, = T; thus, there is a local solution on the interval [t;_1, t;]. So, b € C*[0, T]
as a solution to the above ordinary differential equation. By the definitions of m(t, V) and
1n(t, V), we construct the following approximate solution u,(x, t) of the problem (1):

n
un(x,t) = Y bjp(Hwi(x), n=12,..., (14)
j=1

satisfying

(unt, wj) + <1/ln,(,d]'>11f0 + (upt, wj)lyo = (|un|P*2un In |un|,w]-), (15)
where

A-1

ey =| [ 7 sy [ 75 ypy,

and

(tnt, wj)y, = //Q Tt (x, y)dxdy.
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uy(0) €W,  u,(0 Z(f]nw] —uye ¥y as n— oo. (16)

Since V € C'[0, T, then u,, € C1(]0, T]; ¥o). Multiplying (15) by V'iu(t) and adding j
from 1 to n, we obtain

A—1
J it | [ asay]| [ iy + [ )anay
:/Q|un|p_2unumln|un|dx,

ie.,

/ |unt\2dx+ 2/\dt {/ T (x, y)dxdy] —i—// Tt (x,y)dxdy

17)
= G5 ol 1 = ),
then integrating (17) about ¢ yields
t 2 t 2
) e Bt [ ot gl 8= [ a4
1 1
= ﬁlh«ln(o)\l\?0 5 /Q |1 (0) [P In 14, (0) dx + Pllun(o)llﬁ;
since u,(0) € W, we can obtain
t
/0 Fur (Dt + (1 (1) = H(un(0)) <d, 0<t<T, (18)

where the description of f,(t) can be seen in Theorem 4; we will not emphasize this in the
sequel.

Next, we show that u,(t) € ¥ holds for n large enough. If the conclusion is incorrect,
there exists a tg € (0, T] such that u,(ty) € oY, i.e., 7 (un(ty)) = d and u,(ty) € ¥o\{0} or
P (un(ty)) = 0. Obviously, 5 (u,(tg)) = d contradicts (18). In fact, 7 (u,(tp)) > d from
the description of d in (8) in the even of u,(ty) € .#, which denies the truth of (18). So, we
have u,(t) € ¥ for large enoughn and t € [0, T].

uy(t) € ¥; thus, Z(u,(t)) > 0. Furthermore, by (18) and the definition of .7’ (1) in (9),
for large enough nand all f € [0, T},

t t
P—Z/\ A 1
L Mt + [ e et + P on (017, + - an ()15 <

which yields
t
/ une (1) |3t < d, Vte[0,T], (19)
ZApd
||u”< )H 2/\/ vt € [O,T], (20)

Jun (£) || < p vt €[0,T], (21)
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for arbitrary T > 0. By a straightforward calculation,
b
I 617206 ()]

:/Q1

= _p_
(172 (8) (1)1 | e+ (02100 (0) I (1)
2

where
O ={xe Q] |u(x,t)| <1}, Qr={xe€ Q] |u(x,t)|>1}.
Since 1
inf sP lins = s”fllns| == ,
s€(0,1) s=e P1 (P - 1)8

we deduce that

Jo

Taking ¢ =

1

P
-1 =
(p—l)e)p |Q)] := Dy, Vte|[0,00).

()7 28 I 1) <

(2:-p)(p—1)

; into Lemma 2, by Lemma 1(i) and (20), we have

)
_ -1 * 2;‘
1720 i (01| < € [ a0 B < Cllun ()1
* 2Apd | 2%
< CCillun (1[5, < ca, B,
where C; = % in Lemma 1(i). Thus, from the above proof, it follows that
2 27 ¢

[ @ 2@ (0l ar < Do+ caEDE =D @

Next, we prove u,(t) € L*(0,00; %), unt € L2(0,00; L2(Q))).
Combining (19) and (20) with (22), there exists u(t) € L*(0,00;%) with

uy € L2(0,00,L2(Q)), |ulP~2uln|u| € L(0, oo;L%(Q)) and a subsequence of {u,} ;,
still denoted by {u,}; ;, such that

Uy = uin L*(0, 00; ¥y), (23)
Ut — Uy in L*(0,00; L*(Q0)), (24)
-2 * -2 . [« E
[t [P %uy In juy| — |u|P"“ulnfu| in L°(0,00; LP-1(Q))); (25)
by (23), (24) and Lemma 1(iii),
Uy — uin L2(0,00; LF (Q))), (26)

which implies |uy [P ~2u, In |u,| — |[u|P~2uln |u| a.e. in Q x (0, ).
By (23)-(25), letting w; = v € ¥g and n — o0 in (15),

(11,0) + (1,00, + (1, 0), = (|l Zuln |u] o).

Indeed, as indicated by (23) and (24), we have u,(x,0) — u(x,0) in L?(Q), then for the
union with (16), u(x,0) = ug(x) € ¥o.
Finally, we prove the energy level inequality:

/Ot Fur (Dt + (1) < (). 27)
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By (22), (25), and Holder’s inequality, we obtain
’/ \un|pln|un|dx—/ ()P In [ue]dx
Q Q
= ’/ [t |P I 14| — ittty |P=2 100 1ty | 4 ity |10 |P 2 00 1ty | — || I ue|
0
-2 p—2 p—2 (28)
< (n — )ty |tn [P In Jug|dx| + | [ w(|un|P%un In up| — [u|P~"nln |u|)dx
Q Q

p—=1
<DV |uy— u||p + ‘/Q u(\un|rf*2unln|un| — \u|P*2nln|u\)dx

— 0asn — oco.

By (18), (23), (24), (26), and (28), the construction of the approximate solution in (14) and (16),
and the definition of 77 (u) in (6), we deduce that

t 1 n 1 p
) Fn0)t gl el

< 1iﬂi£f/of “untH%dt—{—li}lggf/ot ||um||%l,0dt+1iﬂglf||un|\%l%o + ;hgigfnunllﬁ
< unrgigolf(/o't [t |3t + /Ot 14t 13 8 + [0 |7, + plzlunllib

= liminf(E(u,) +;'/(') |u,1\”1n|un\dx+./; llumllﬁdfﬁ/; [ttt dt)

= Jim (Eua(0)) 4 [ fusl? In )

1
—w +—/ P In |uldx,
(1) + 1 [ ¥ Infula

which implies that (27) holds.

5. Existence of Global Solutions

In the following, we consider the global existence solutions of the problem (1).
Theorem 1. Suppose that uy € Yo, 7 (uy) =d, P(ug) > 00r0 < #(ug) < d, P(uy) =0.
Then, the problem (1) has a global solution u(t) € L®(0,c0;¥o) such that u; € L?(0,00; L>(Q))
and u(t) € Y, where

¥Y=YUo¥ = {1/{ € ‘I’0|<@(u0) >0, jf(uo) < d}
Proof. Let 6, =1 — %, Ugm (x) = Opuup(x), m = 2,3,.... Consider the initial condition

u(x,0) = ug,(x) and the corresponding equation:

u(x,t) = ugm(x), in Q) (29)

up + M([u)?) Leu + Ly = [u|P2ulnju|, inQxRT,
u(x,t) =0, in 9 x R§.

If up = 0, the problem (1) has a global solution u(t) = 0, so we mainly consider 1y € ¥\ {0}
in the following proofs. Now, we prove 2 (ug,,) > 0; in fact,

Sz(u()m):9,%1)‘||u0\|\2{(‘)—951/0|uo|pln|uo|dx—9§11r19m/0|u0|pdx
> 03 uoll3} — 0 | Juol? In ol (30)

—2A
— 62 (o)1) — 6, /Q o] In [11p|dx);
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we note that there are two aspects: (1) [, [uo|” In [ug|dx > 0and (2) [ [ug|? In |ug|dx < 0:
(1) If [ |uo|? In|ug|dx > 0, by & (ug) > 0or P(ug) = 0, we have

luoll%y > | uol? n uolax,
and from (30), we obtain
P (uon) > O3 (noll¥h — 05" | fuol” InJuoldx) > o. (3D)
(2) If [, Jug|P In |ug|dx < 0, from (30), we obtain
P (uom) > 63 |uo||F, > 0. (32)

Thus, we obtain & (ug,,) > 0. By the calculation,

d _ _ _
& Omu) = 21 |u|Z — 6l 1/ [P In |ue|dx — 65 10, u|}
Ao, 0 )

_ 1
o

1

m

O lul1F, — 951/ |l I [u]dx — 6}, In By 2] },) (33)
Q

Therefore, combining (31)—(33), we obtain

A Omitg) = == P (Btig) > 0;

d
doy, 7 (om) = 25~ O

d@m

this means that ¢ (u,,) is strictly monotonically increasing with 6,,. So, we have
H(Ugm) = H(Omug) < (1) < d.

In Section 4, we proved that the problem (29) admits a global solution u,,(t) € L*(0, c0; ¥y)
with uyy € L2(0,00; L2(Q)) and uy, (t) € ¥ for 0 < t < oo, satisfying

(tmt, 0) + (tm, V) wy + (Umt, )y, = (|1t [P~ 2t In |1t |, 0), Vo € Y. (34)

Combining (18) with (9), we deduce that

t t —2A 1 1
/0 ||umt||%dt+/0 [ttt ||, At + p2/\p |3, + ;Humn? + E@(um(t)) <d. (35

Since Z(um(t)) > 0, from (35), we have

t
/O it |12t < d,

2Apd
p—2A
lumllp < p?d;

o | <

thus, by a similar discussion as in Section 4, there exists 1 and a subsequence of {u,;, };’n":l,
still denoted by {uy, }7_,, such that

Uy = 1 in L°(0,00; ¥y),

Umt — Ut in LZ(O, 00, L2(Q)),
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P

[t [P~ 210 I |1t | = [P~ 2010 1] in L°(0, 00; L7T(Q))).
Making m — oo in (34),
(ut,0) + (u,0)y, + (ur,0)y, = (|ulP2uln|ul,0), Yo e ¥y, t>0.

Making m — o0 in 1, (0) = 1y, (x), we can obtain u(0) = up(x) € ¥o. Therefore, u(x,t) is
a global solution of the problem (1). Moreover,

t
|| fu(dt () < (o).
Then, the subsequent proof is in common with Section 4. [

6. Blowup and Decay of Solutions

In the following, we discuss the blowup and asymptotic stability of the solutions to
the problem (1). For this purpose, we provide some preliminary Lemmas.

Lemma 10 ([15]). Suppose that 0 < T < oo and the function G(t) € C?[0, T) with G(t) > 0
satisfies
G(HG" () - (1+)(G(1)* =0,

for some constants & > 0. If G(0) > 0and G'(0) > 0, then

T <

< 00,

and G(t) — +coast — T.

Lemma 11. Taking 5 (uy) < d and the sets .9_ and .7 as both invariant for u(t), we have:

(1) Ifup € S_, thenu(t) € #_ forvt € [0,T).
(2) Ifug € S, thenu(t) € I4 forvt € [0,T).

Proof. (1) We begin by considering . (uy) < d. Conversely, if u(t) ¢ .#_, by the
description of the energy inequality in (27),

H(u(t)) < #(ug) < d; (36)

thus, 2(u(ty)) = 0 and 2(u(t)) < 0forty € (0,T) with t € (0,ty) hold. By
Lemma 4(2), we have ||u(to)|¢, > 6(1,&) > 0, so u(tp) € .#. We can deduce
S (u(ty)) > d from (8), which contradicts (36).

Next, we consider 7 (ug) = d. Conversely, if u(t) ¢ .7_, since 2 (ug) < 0, there
exists t1 such that Z(u(t;)) = 0and £ (u(t)) < 0fort € [0,t;). From (2) of Lemma 4,
we have |lully, > d(1,&) > 0for t € [0,t)); this means that u(t;) # 0, and we can
obtain u(t;) € .#; by the description of d in (8), we can obtain

A (u(h)) > d. (37)

In contrast, from (ut, u) + (ug, u)y, = —(u(t)) > 0fort € [0,t1) and u(t)[pn = 0,
we can obtain u; # 0 and fot ! fu; (£)dt > 0. From the energy inequality, we obtain

Hulin)) < )~ [ fultyie <,

which conflicts with (37).
(2) This is similar to the proof of (1) and will not be repeated.
O
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Lemma 12. Ifu € Yo and & (u) < 0, then there exists a k. € (0,1), such that 2 (k.u) = 0.

Proof. Set
x(k) = k”*Z)‘/ |ulP In |u|dx + kP~2A 1nk||u\|§,
Q

then we have

P (ku) = k|| — /Q [euelP In [kuefdx = K2 ([|u|| 7, — x(K));

since p > 2A, klir& x(k) = 0holds and there exists a k € (0,1), such that &2 (ku) > 0 and
—

P(u) < 0when k = 1, the final conclusion can be drawn. [

Lemma 13. Assume u € Yo with 2(u) < 0; thus,
P(u) < p(H(u) —d).

Proof. Set

A(k) = pA (ku) — P (ku).
By calculation,

_ P (p—24)

kP
A(k) = == Ml F + = llullp,
2A p

in view of Lemma 4(2), we have

N (k) = K (p = 22)[ul [ + kP~ ull)
> KM (p =24 ||ul§;
> KA (p —210)6% (1,¢) > 0,

which implies that A is strictly monotonically increasing; thus, A(1) > A(k) for Yk € (0,1).
By Lemma 12, letting k = k. € (0,1) and £ (k.u) = 0, then

A1) = pA(u) — P(u) > Aky) = pA(kiu) — P (keu) = pH(kiu) > pd;
this completes the proof. [

Lemma 14. Assume u € ¥ is a (weak) solution of the problem (1), then (us, u)w, < |||y, ||11t||¥,-

Proof. Let v = u in Definition 2:
(up, u)y, = //Q T (x,y)dxdy;

from the definition’sequivalent norm on ¥y in (5),

1
2
ullg, = <//Q 9”(x,y)dxdy> ,
%
ey = ([, 7 nasay)
Set a function:

v(k) =k? //Q T (x,y)dxdy + 2k //Q TN (x,y)dxdy + //Q T (x,y)dxdy.
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Then, for any k, we have

k) = //Q(Iu(x) —u(y)|k + |us(x) — us (y)|)*K(x — y)dxdy > 0.

Hence,
2
( / / yutf“(x,y)dxdy) < / / TH(x,y)dxdy / / T (%, y)dxdy,
Q Q Q
ie.,
(g, u)y, < |lulw, |l |w,-
0

Lemma 15. If u € Yo and ¢ and sc > 0 are two constants, thus

fu(t)dt +0(t + ») fu, (t)dt 4+ 0 (1) 4 (u, up) g, dt + O(t 4 32) | .
(4 P)(f sucoco) = ([ ]

Proof. In view of Lemma 14 and the Cauchy inequality,

1 1
t t t 2 t 2
[ e < [ oot < ( [tz )” ([ 1l3)”, @)
t t t 2 % t 2 %
[y < [l < ([ ulfege) ([, )" 69

t 1 1
)= ([ el pate) = ([ fulfan),

1 1
v / e ), o / Il )t

Let

Then,

([ Attt +8(+ 02 [ fultrit+6)
i

= (Wi(t) + u3(t) + 0(t+ 2)?) (Vi () + V3 (t) + 9) (40)
= (V3 () + pa (D3 (E) + Ot + 30)v3 (t) + pi (D3 (t) + p3(t)va(t)
+ (¢ + 2203 (t) + Op5 (t) + Op3(t) + 9% (t + 0)%

by (38) and (39),
t
([ ) + (gt + 00+ )
_ (/Ot(u,ut)dt)Z + (/Ot(u, )y dt)? + 02 (t+ 5)2 +2 /Ot“" et /ot(u’ HTodt
+28(t+0) /Ot(u, up)dt +20(t + ) /Ot(u,ut)\fodt

< (i () + 15 ()3 () + 2v1 () () va () (£) + 28t + s2)vy (£)pa (£)
4+ 20(t 4 s)va (D) pa(t) + 92 (t + )2

(41)
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Combining (40) with (41),

(/tfu l’ dt + l9(f %)2) /tfut(t)di’ + 19) — (/Ot(u,ut) + (u, Mt)lyodt + l9(i’ +
£+ Ha ()VE(8) + Ot + 5)?v3 (t) + Bpi (1) + Bp3(t)

> 8(t+ )2 (1) + pi (H)v3 (¢
— Qua(B)pa (B)va(£)pa(t) +20(t + se)va () () + 28(t + se)va(t) pa(t))
= (VB(t + ) () = VOua()? + (VB(t + 52)a(t) = VO (1))?
+ (m(t)va(t) = pa (D (1) > 0,

which ends of proof. [

Corollary 1. Let u € ¥y, then

</Otfu(f)dt> </Otfut(t)dt> > (/Ot(u,ut) + (u,ut)%dt)z'

Proof. Specifically, we make ¢ = 0 in Lemma 15, then the conclusion holds.

Theorem 2. Let uy € ¥y, satisfying 7 (ug) < d and P (ug) < 0, then the solution u(x, t) of the

problem (1) blows up in finite time, i.e., there exists T > 0 such that

lim / Fu(t)dt = +oo.

Proof. By contradiction, if T = oo, we set

£ = /Otfu(t)clt+(T—t)fu(0).

By the description of weak solutions and making v = u in Definition 2, we obtain

/utudx—l—M // TH xydxdy+// T (x,y)dxdy = /|u|7" Y In |u|dx;
Q

we can deduce from the above equation that

d -
Fpfu(t) = —2(|[uliF, - /Q ulP~tuln |uldx) = —22(u).

Therefore,

A'(t) = fu(t) — fu(0) = Z/Ot(u,ut) + (1, up)w,, dt

and
AT () = 2((w ) + (1) y,) = —22(u).

By Lemma 13, Lemma 15, and the description of energy inequality in (27),
A (t) = =22(u) > 2pd —2pH(u)

A2 2p(d~ #(0)) +2p [ fu (D)

(42)



Mathematics 2024, 12, 5

20 of 28

thus, by Corollary 1,
A" (046 - B0 5290 - A 0)) AW +2p [ fu )t [ fult)

t
— Zp(/o (u, ue) + (u, ur) Odt)
>2p(d — 5 (up))A(t) > 0.
Therefore, we have

(A-bu))”:M(A(t)A”(t)—(bH)( 07) <0, b="7250 @

Lemma 10 and (43) imply that there exists a T > 0 such that

lim A~P(t) =0 and lim A(t) = +oo,
t—T t—=T

which contradicts T = co. [

Theorem 3. Under the assumptions of Theorem 2, the blowup upper bound is

4(p —1)fu(0)
pld— 2 (u))(p —2)*

Proof. Set

= [ Fultdt 4 (T = fu(0) + 80 + 51,

where ¢ and » > 0 are two constants.
Obviously, (1) < 0 from Lemma 36, and (42) implies that f, () is strictly monotoni-
cally increasing, so

B'(t) = fu(t) — fu(0) 4+ 28(t + 5) > 0,

ie.,
B(t) > B(0) = T£,(0) + 052
From ; 1t g 1
| G = 5 [ ulBat = 5l ~ ol
and 1
e = 5 [ Sl = 31l = ol
we have

—2/ Uug, U dt+2/ U, U dt+2l9(t+%)

Combining Lemma 13 with (27),

"

B (t) =2(u, us) + 2(u, ut)y, + 20
=—-22(u)+ 20
> 2pd — 2p i (u) + 209

t
> —2p (ug) + 2p /0 Fur (£)dt + 2pd + 20,
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With the above calculations,

B"(H)B() — £ (B'(1)?

> <—2p%(u0) +2p /tfut(t)dt +2pd + 219> B(t)
2

2p(/t(ut, dt+/ ey dt+l9(t+%))

2p</ Fulb)dt + 9(t+ ») )(/ Fur(t dt+19>

>2pB(t)<—%(u0)+/Ofut(t)dt+d+p>—2pB (/ Fur(t dt+19)

— 2pB(1) (—j‘f(uo) +d— ”;119),

which is non-negative if we let ¢ be sufficiently small and satisfy
P
< —(d — .
0<?¥< ; 1(d I (up))

By Lemma 10, we can obtain

FO)  _ ful0) x
"SGR -2

(44)

taking s large enough and satisfying

fu(0)
”n >
(p—2)0
By calculating (44), we can obtain
05
T < ;
= (p—2)8x— £u(0)
let
7(x, ) = 05
SR ZES A
then

| C 4p -1 (0)
T< o, ™) = S ) (p— 27

where x = ¢sr and

— fu(0) (r—Dx
= > 552 Sy )

O

Theorem 4. Under the assumptions of Theorem 2, the blowup lower bound is

ee(fu(0))' ¢
2(6-1)C "’
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where
_ /\ (0—1)(p+e)
C (C) 0)(p+e) (es) 2A—(1-0)(p+e) ,
OA(p +¢)
=577 .
2A (1 9)(}9 + 8)
Here,
E: Sup — ||u||g+e 9’
uewy [l llullf
and 228 )
o= s P78 (0,20 42— 40/2F — p).
2 -2)(p+e) 7
Proof. As shown in [19],as 6 € (0,1), C is well-defined, and & > 1. Set
fu(t) = ull5+ [,
satisfying
fu(T) = o0. (45)
It follows that
fu (£) = 2(ug, u) +2(ur, u)y, = 22 (u).
We know that Z(19) < 0, and by Lemma 11, we have & (u) < 0, so that
lullZ < /Q\u|7’1n|u|dx. (46)

Specifically, we chose ¢ € (0,2A +2 —46/2 — p) in Lemma 2, and combining the
interpolation inequality with (46),

1 + + +
Sl I aldx <l < Sl 0
1= )(p+e) +e)
Z*C(Ilullm) 2 |5
elg ’ —0)( 2) #7)
pre) | 0(pt
<< |u|Pln\u|> * 1l e
— (0=1)(p+e) + P+ +
< Clee) A1 (79 g .
Since 0 < e <2A+2—4A/2f —p,2A < p < p+eand 6 = (2,(522;)6;2) € (0,1), we can
obtain (1—6)( )
—0)(pte
— <1
Therefore, (47) yields
lullpie < ClulB) < C(h(®), (48)
where
- OA(p +¢)
2A—(1—-0)(p+e)
and

z/\ (0—1)(p+e)

C = (6) 0)(p+e) (ee) 2A—(1-0)(p+e) .
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Thus,
ful () = —22(w) = =2 )3} +2 [ |ul’ In|uldx
2
p < pte
<2 [ fulfInfuldx < Zul} (49)

2 -
< ZCURn)

Next, we inform that f,,(f) > 0 forany t € [0, T). As a paradox, there exists a t; > 0
such that

f u(tl) =0,
which is a paradox with respect to (48). Then, we can deduce from (49) that

fil (1) <2¢ (50)

(fu(t))® e

Integrating (50) from O to ¢,

(Fu0)'E = (Fu(0)' ¢ < 2 (2~ 1)Ct, (51)

ee

from (45) and letting t — T in (51),

O
Theorem 5. Let uy € Yy, satisfying 7 (1) = d and P (ug) < 0, then the solution u(x, t) of the

problem (1) blows up in finite time, i.e., there exists T > 0 such that

t

tlgr%/o Fu(t)dt = +oo.

Proof. We deduce that 2(u(t)) < 0 for t > 0 from Lemma 11; thus,
(1,0) + (1, 00) 5, = — 2 (u(t)) > 0,

which yields f,,(0) > 0 for t > 0; there exists a t; > 0 such that we let t; be a new initial
time and satisfy

H(u(th)) < A () — /O“ Fu (Bt < d.

This is similar to Theorem 2. [

Theorem 6. Put uy € Yo, satisfying 7 (ug) < 0, and u(t) is a weak solution of the problem (1),
then the blowup upper bound is
fu(0)

p(p —2)7 (uo)
Proof. By the description of .7 (u) in (6) and 22 (u) in (7), set

= — = — 1 ZA_l/ P R
(1) = ~2p# ) = =20l = Il s+

2
_ p AP Poy2a
2 [l e — el = Tl
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Obviously,

fu (8) = 2(u, up) + 2(u, 1) w,

52
= 22(u) =2 [ Jul nuldx -2l > () )

By the description of weak solutions and making v = u; in Definition 2,

/ uzdx + M([u // THH(x,y dxdy+// TH (x,y)dxdy = / lu|P~2uuy In |u|dx,
Q

we can deduce from the above equation that

" 1
= = p _ p
Fu®) = = 1R+ 5 7 [ b e — 5

ie.,

LA (W) =~ (). 3)

By (53), we have
d
W) = =2p 2 (u) = 2p(fu (1)) = 0,

and u(0) = —2p.#(ug) > 0; therefore, u(t) > 0 for 0 > t > T. By Theorem 4, we have
fu(t) > 0fort € [0,T), according to Corollary 1,

Fup' (1) = 2p((u,up) + (1, u1)w,)* = g(fu ()% (54)
Combining (52) with (54), we can obtain
fubu' () = L1 (D,
ie.,
W) o pf(t) 55
" 25 0K (55)
and integration of (55) over (0, t) yields
po o w0
(fu()P/2 7 (fu(0))P/?
thereby having
O o) y
07 = G0 ©0
Now, we integrate (56) over (0, t), yielding
1 1 p—2 u(0)

G272 = ()0 D72 2 ()2

and letting ¢t — T in the above inequality,
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Next, we begin to compute the decay estimates for arbitrary solutions of the prob-
lem (1), and before proving this, we give some properties about the vacuum isolating
behavior of the solutions.

Lemma 16. Assume ug € Yo, 0 < § < d, and 11 and 1, with 0 < 11 < 15 are the two roots of
d(1) = q, where 1 € (11,17), then:

(1)  All solutions u of (1) with 7 (uo) = q belong to¥,, provided 2 (uy) > 0.
(2) Al solutions u of (1) with 7 (ug) = q belong to ©,, provided & (uy) < 0.

Proof. (1) Taking u(t) as an arbitrary solution to (1) satisfying .7 (o) = g, & (up) > 0 or
|luo|lw, = 0, T is the maximum existence time of u. If ||ug ||y, = 0, then uy(x) € ¥, for
all € (0, &%). If 2(up) > 0, from Lemma 5, the energy level inequality in (27), and
Lemma 7, we can deduce that &, (1p) > 0and 7 (ug) < d(1) are valid, which implies
ug € ¥, forallt € (11,12).

We prove that u(x,t) € ¥ for all ¢ € (11,12) with t € (0,T). As a paradox, there is
u(t) € ¥, fortg € (0,T)and 1y € (11,12). Thatis, 2, (u(t)) = 0either |Ju(ty)|/¥, # O
or  (u(ty)) = d(ip), which together with (27) give

/Otfut(O)dt + 7 (u) < H(ug) <d(t), 1€ (1,i2); (57)

thus, 7 (u(ty)) # d(1p). Meanwhile, 7 (u(ty)) > d(1) when 2, (u(tp)) = 0 and
|lu(to)|w, # 0, which contradicts (57).

(2) Similar to the proof of (1), assume that either & (1) < 0 or ||ug||¥, = 0. We prove
that u(x,t) € ¥o. As a paradox, there is some ty € (0,T), 19 € (i1,12), such that
u(t) € 0¥y, thatis &, (u(t)) = 0, and either ||u(to)||y, # 0 or 2 (u(ty)) = d(1).
Again, (57) shows that 77 (u(tg)) # d(i9). Otherwise, take ty € (0,T) as the initial
time satisfying &, (u(tg)) = 0, then &, (u(t)) < 0for0 < t < fg. By Lemma 4(2), we
have |[u(to)||¥, > 6(1,€) for 0 < t < tgand 2 (u(ty)) # d(io); this contradicts (57)
and proves the claim.

O

Theorem 7. Let ug € Yy, satisfying 7 (ug) < d and Z(ug) > 0; arbitrary global weak solutions
u of the problem (1) have the following decay estimate

30 xpd 2 (1 -, toe, A=1,
fult) < (1) = UU)GP{M(A ) ATt
201 - ) A =D () e+ (FO) AT, A>T,

[N

m .
ue¥o\{0} ||u3

where A, =

Proof. Take u(t) as a global weak solution of the problem (1). By 0 < J#(uy) < d,
P(ug) > 0, and Lemma 16, we deduce that u(t) € ¥, for all 1 € (11,12) and ¢ € [0, 00),
where 11 and 1, are two roots of d(1) = 5 (ug); Lemma 7 indicates that £,(u) > 0 for all
1€ (n,12) and &, (u) > 0for t € [0,00). Thus, (42) gives

Lhu0) 420~ w) |l = ~22, () <0 58)

from (58) we also obtain
d 24
Spfut) = =2(1 = u)lullg;. (59)

Now, we consider two situations: (1) A =1; (2) A > 1:
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1) IfA=1,
d
gpfu(t) < =201 —u) fu(t) +2(1 — u)[full3, (60)
then divide by f(t) on both sides of (60), and by the definition of A4,
d
arfut) _ ul3
—2(1—1n)+2(1—¢n
fu(t) ( 1) ( )f (t)
1
< — — 61
—2(1—n)+2(1—n) - e (61)
2N
1+ M (1 ll)l
ie.,
(6) < (ful0) xp] — 01— )t
fu S fu exp 1+ A 5
(2) If A > 1, by the definition of A1, we can obtain
1
£ull) < (1 D)l 62

Thus, (59) and (62) lead to

G Ou0) < 250 = )l + )

and a simple calculation yields

L
—A

£ult) < (200 =)= DT+ (o)

End of the proof.
O

Theorem 8. Let 1y € Yy, satisfying 7 (ug) = d and P (ug) > 0; any global weak solution u of
the problem (1) has the following decay estimate:

fult)exp{ (L —n)(t - 1) ], A=1,

u(t) < A (L) := o
e 20 =)A= D =)+ Fa) T, A,

lJullg,
m 5 -
ue¥o\{o} ||ul3

where A, =

Proof. Taking u(t) as a global weak solution of the problem (1) with JZ (1) = d, 2 (uy) >
0, by the definition of the energy inequality in (27) and Lemma 11, we obtain .7 (u) < d and
P(u) > 0for0 < t < oo. Immediately afterwards, by (ug, u) + (ug, u)y, = —2(u) <

and f,(f) > 0, we have fo fu; (£)dt monotonically increasing for all 0 < t < co. For any

t1 >0, let
t
e=d— [ fu(dis

It follows from (27) that 0 < J#7(u) < 0 < dand u(t) € ¥, holdon 11 < 1 < 1 and
0 <t < oo, where 11 and 1, are two roots of d(1) = p; thus, &, (u) > 0ont > t;.
The subsequent steps are similar to Theorem 7.
O
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7. Example

We take A = 1 in the Kirchhoff function M(t) = t*~1 of (1), which gives us the problem
below:
ur + (—=A)u+ (=A)u; = [u|P"2uln|u|, inQ x (0,T),
u(x,0) = up(x), inQ,
u(x,t) =0, ondQ) x (0, T).

From the main theorem of this article, it can be concluded that the global solution of the
problem exists and blows up in finite time.
In particular, let p = 2; the above problem becomes

ur+ (=A)u+ (—=A)°uy = uln|u|, inQ x(0,T),
u(x,0) = up(x), inQ,
u(x,t) =0, onoQ) x (0,T),

which was studied in [31]; the authors considered both blowup and decay solutions;
furthermore, they obtained relevant conclusions.

8. Conclusions

In this paper, we studied the suitability of solutions to a class of fractional-order
parabolic equations with Kirchhoff terms M(t) involving the fractional-order damping
(—A)*® and logarithmic source terms |u|1~2u In |u|. Firstly, the correlation functions .77 (u),
Z(u) and some necessary Lemmas were introduced; in addition, we introduced fractional
Sobolev spaces for logarithmic terms. Based on these, we combined the Galerkin method
and potential wells to prove the global existence of the solutions. Then, using some
inequality techniques and an improved concave function method to simultaneously select
a new auxiliary function, it was proven that the solution blows up in finite time, and the
upper and lower bounds on the blowup time were also obtained. Finally, the invariant
set at subcritical energy levels was obtained by combining ¢ (1), &?(u), and the potential
well ¥. Using the Galerkin method and Gronwall’s inequality, the asymptotic behavior of
the solution was proven.
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