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Abstract: This paper theoretically investigates the influence of homo- and hetero-junctions on the
propagation characteristics of radially propagated cylindrical surface acoustic waves in a piezoelectric
semiconductor semi-infinite medium. First, the basic equations of the piezoelectric semiconductor
semi-infinite medium are mathematically derived. Then, based on these basic equations and the
transfer matrix method, two equivalent mathematical models are established concerning the propa-
gation of radially propagated cylindrical surface acoustic waves in this piezoelectric semiconductor
semi-infinite medium. Based on the surface and interface effect theory, the homo- or hetero-junction
is theoretically treated as a two-dimensional electrically imperfect interface in the first mathematical
model. To legitimately confirm the interface characteristic lengths that appear in the electrically
imperfect interface conditions, the homo- or hetero-junction is equivalently treated as a functional
gradient thin layer in the second mathematical model. Finally, based on these two mathematical
models, the dispersion and attenuation curves of radially propagated cylindrical surface acoustic
waves are numerically calculated to discuss the influence of the homo- and hetero-junctions on the
dispersion and attenuation characteristics of radially propagated cylindrical surface acoustic waves.
The interface characteristic lengths are legitimately confirmed through the comparison of dispersion
and attenuation curves calculated using the two equivalent mathematical models. As piezoelectric
semiconductor energy harvesters usually work under elastic deformation, the establishment of math-
ematical models and the revelation of physical mechanisms are both fundamental to the analysis and
optimization of micro-scale surface acoustic wave resonators, energy harvesters, and acoustic wave
amplification based on the propagation of surface acoustic waves.

Keywords: piezoelectric semiconductor; homo-junctions; hetero-junctions; interface effect; surface
acoustic waves; dispersion relation

MSC: 74H15

1. Introduction

With the popularization of fifth-generation communication equipment and the real-
ization of the interconnection of everything, piezoelectric materials, such as aluminum
nitride (AlN), zinc oxide (ZnO), gallium nitride (GaN), and PZT, are being increasingly
used in bulk acoustic wave (BAW) or surface acoustic wave (SAW) resonators, including
film bulk acoustic resonators [1–4], solidly mounted resonators [5]. Some of these practical
applications are closely related to the propagation characteristics of SAW in piezoelectric
materials. As a result of different doping methods, some practical piezoelectric materials
have the semiconductor effect, which means that the mechanical displacement of BAW or
SAW in the piezoelectric materials can lead to the variation in electric potential and the
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migration and diffusion of hole and electron carriers, i.e., the piezoelectric semiconductors
(PSC). Due to the piezoelectric and semiconductor effects, PSC has been further used to
create devices for energy harvesting [6,7] and acoustic wave amplification [8].

During the propagation of BAW or SAW in the piezoelectric materials, when the wave-
length of SAW achieves the micro or nanometer scale, the propagation characteristic of
BAW or SAW at the surface of the solid medium differs from that in the interior, designated
the surface and interface effects. According to the work of Gurtin and Murdoch [9–11], the
surface and interface can be regarded as a material that differs from the interior. Surface or
interface governing equations and boundary conditions have been introduced for surface
or interface parameters, and surface or interface piezoelectric theories have been estab-
lished [12–20]. Some practical PSCs can be p-type or n-type, e.g., ZnO, while others can
only be n-type, e.g., GaN. When a p-type PSC and n-type PSC are bonded together, a homo-
or hetero-junction appears inevitably at the bonded interface, which are core components in
many semiconductor devices [21–24]. With a decrease in the physical dimensions of micro-
or nano-scale PSC materials, the influence of the homo- and hetero-junctions on the propa-
gation characteristics of SAW should be considered, i.e., the interface effect resulting from
the homo- or hetero-junction. Compared with the investigation of Rayleigh SAW [25,26],
Lamb SAW [27], shear-horizontal (SH) waves [28,29], and bulk waves [30,31] in the PSC,
discussion regarding the interface effect resulting from the homo- and hetero-junctions
on the propagation characteristics of radially propagated cylindrical SAW is relatively
lacking, which motivated the design of the current study. Compared with the BAW and
SAW investigated through the Cartesian coordinate system, radially propagated cylindrical
SAW is motivated by a point wave source, of which the wave motion energy concentrates
on a single point. The wavefronts of radially propagated cylindrical SAW are concentric
cylindrical surfaces, i.e., radially propagated from the wave source point to infinity. There-
fore, in the cylindrical-coordinate system, the mathematical models of radially propagated
cylindrical SAW in a PSC semi-infinite medium are established, formed by a micro-scale
geometrical thickness upper PSC covering layer, a lower PSC substrate, and a homo- or
hetero-junction that appears at the interface.

First, considering the coupling mechanical displacement, electric potential, and charge
carrier perturbation, the basic equations of the PSC semi-infinite medium are derived
mathematically in Section 2 in the cylindrical coordinate system. This includes the con-
stitutive and governing equations of the covering layer and the substrate and top surface
conditions of the covering layer. Then, in Section 3, based on the basic equations and the
transfer matrix method, two equivalent mathematical models are established concerning
the propagation of radially propagated cylindrical SAW in the PSC semi-infinite medium.
Based on the dispersion and attenuation curves of radially propagated cylindrical SAW
calculated from these two mathematical models, a numerical discussion is provided re-
garding the influence of the homo- and hetero-junctions on the dispersion and attenuation
characteristics of radially propagated cylindrical SAW in Section 4. The concluding remarks
are provided in Section 5.

2. Problem Description and Basic Equations

Consider a PSC semi-infinite medium that is transversely isotropic in the Orθz cylindrical-
coordinate system (Figure 1). The z-direction is the polarization direction of the PSC semi-
infinite medium. This medium is divided into two regions, including an upper n-type
PSC covering layer and a lower p-type PSC substrate; both are homogeneous and doped
by different methods, in which the carrier concentrations and types differ. Therefore, a
homo- or hetero-junction appears at the interface between the two PSC regions consisting
of two depleted layers, in which the steady hole and electron carrier concentrations are
inhomogeneous along the z− axis. The thickness of the upper n-type PSC covering layer h
is at the microscale. δU and δL are the geometrical thicknesses of these two depleted layers.
Theoretically, consider the propagation of radially propagated cylindrical SAW in this PSC
semi-infinite medium in the Orz plane from the original point to infinity. To investigate the



Mathematics 2024, 12, 145 3 of 32

propagation characteristics of radially propagated cylindrical SAW, the basic equations for the
upper n-type PSC covering layer and lower p-type PSC substrate are mathematically derived
in this section. To distinguish these two PSC regions in the latter formulation, the physical
parameters are indicated by the superscript “U” and “L,” respectively. If a physical quantity
does not have a superscript, it is appropriate for both PSC regions.
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With the consideration of the piezoelectric and semiconductor effects, the constitutive
equations for the upper n-type PSC covering layer and lower p-type PSC substrate are as
follows [30,31]:

σ = c : S− E·e, D = e : S + ε·E, Jc = qcµc·E + (−1)kqdc·∇c (1)

where σ (σL or σU) is the Cauchy stress tensor; D (DL or DU) is the electric displacement
vector; Jc (JpL or JnU) is the hole or electron carrier current density vector resulting from the
migration and diffusion of (hole or electron) carriers. For the lower p-type PSC substrate,
k = 1; while for the upper n-type PSC covering layer, k = 2. Additionally, c

(
cL or cU),

e
(
eL or eU), and ε

(
εL or εU) represent the elastic, piezoelectric and dielectric parameter

tensors, respectively; µc (µpL or µnU) and dc (dpL or dnU) are the (hole or electron) carrier
migration and diffusion parameter tensors, respectively; c (pL or nU) is the steady (hole
or electron) carrier concentration resulting from the doping, i.e., the doping concentration.
Moreover, c (pL or nU) is the (hole or electron) carrier concentration perturbation scalar;
q = 1.602× 10−19C is the carrier charge; ∇ = er∂/∂r + eθ∂/r∂θ + ez∂/∂z is the gradient
operator in the cylindrical coordinate system; er, eθ and ez are unit base vectors in the
cylindrical coordinate system, of which the untrivial differentiations are der/dθ = eθ and
deθ/dθ = −er; S

(
SL or SU

)
is the strain tensor; E

(
EL or EU) is the electric field vector. Un-

der the supposition of small deformations and the quasi-static electric field approximation,
the strain tensor S and electric field vector E are

S =
1
2

(
∇u + (∇u)T

)
, E = −∇φ (2)
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where u
(
uL or uU) is the mechanical displacement vector of cylindrical SAW; φ

(
φL or φU)

is the electric potential scalar of cylindrical SAW. Based on the axial-symmetry hypothesis,
the mechanical displacement, electric potential, and carrier concentration perturbation
of cylindrical SAW are functions of space coordinates r and z, and time coordinate t,
mathematically

u = ur(r, z, t)er + uθ(r, z, t)eθ + uz(r, z, t)ez, φ = φ(r, z, t), c = c(r, z, t) (3)

Inserting Equation (3) into Equation (2) leads to the strain components

Srr =
∂ur

∂r
, Srθ = Sθr =

1
2

(
∂uθ

∂r
− uθ

r

)
, Srz = Szr =

1
2

(
∂ur

∂z
+

∂uz

∂r

)
,

Sθθ =
ur

r
, Sθz = Szθ =

1
2

∂uθ

∂z
, Szz =

∂uz

∂z
(4)

and the electric field components

Er = −
∂φ

∂r
, Ez = −

∂φ

∂z
(5)

Inserting Equations (4) and (5) into Equation (1) leads to the Cauchy stress components

σrr = crrrr
∂ur

∂r
+ crrθθ

ur

r
+ crrzz

∂uz

∂z
+ ezrr

∂φ

∂z
,

σθθ = cθθrr
∂ur

∂r
+ cθθθθ

ur

r
+ cθθzz

∂uz

∂z
+ ezθθ

∂φ

∂z
,

σzz = czzrr
∂ur

∂r
+ czzrr

ur

r
+ czzzz

∂uz

∂z
+ ezzz

∂φ

∂z
,

σzr = σrz = czrzr

(
∂ur

∂z
+

∂uz

∂r

)
+ erzr

∂φ

∂r
,

σzθ = σθz = cθzθz
∂uθ

∂z
, σrθ = σθr = crθrθ

(
∂uθ

∂r
− uθ

r

)
(6)

the electric displacement components

Dr = erzr

(
∂ur

∂z
+

∂uz

∂r

)
− εrr

∂φ

∂r
, Dz = ezrr

∂ur

∂r
+ ezθθ

ur

r
+ ezzz

∂uz

∂z
− εzz

∂φ

∂z
(7)

the carrier’s current density components

Jc
r = −qcµc

rr
∂φ

∂r
+ (−1)kqdc

rr
∂c
∂r

, Jc
z = −qcµc

zz
∂φ

∂z
+ (−1)kqdc

zz
∂c
∂z

(8)

Considering the piezoelectric and semiconductor effects, the governing equations
of the upper n-type PSC covering layer and lower p-type PSC substrate comprise the
motion equation, Gauss’s law of electrostatics and the conservation equation of electric
charge [30,31]

∇·σ = ρ
∂2u
∂t2 ,∇·D = −(−1)kqc,∇·Jc = (−1)kq

∂c
∂t

(9)

where ρ
(
ρL or ρU) is the mass density. According to Equation (3), the Cauchy stress,

electric displacement, and hole and electron current densities are also functions of space
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coordinates r and z and time coordinate t mathematically. Therefore, inserting ∇ =
er∂/∂r + eθ∂/r∂θ + ez∂/∂z into Equation (9) leads to

∂σrr

∂r
+

σrr − σθθ

r
+

∂σzr

∂z
= ρ

∂2ur

∂t2 ,
∂σrθ

∂r
+ 2

σrθ

r
+

∂σzθ

∂z
= ρ

∂2uθ

∂t2 ,

∂σrz

∂r
+

σrz

r
+

∂σzz

∂z
= ρ

∂2uz

∂t2 ,
∂Dr

∂r
+

Dr

r
+

∂Dz

∂z
= −(−1)kqc,

∂Jc
r

∂r
+

Jc
r
r
+

∂Jc
z

∂z
= (−1)kq

∂c
∂t

(10)

Inserting Equations (6)–(8) into Equation (10) leads to[
crrrr

(
∂2

∂r2 +
∂

r∂r
− 1

r2

)
+ czrzr

∂2

∂z2

]
ur + (crrzz + czrzr)

∂2

∂z∂r
uz

+(erzr + ezrr)
∂2

∂z∂r
φ = ρ

∂2

∂t2 ur,

[
crθrθ

(
∂2

∂r2 +
∂

r∂r
− 1

r2

)
+ czθzθ

∂2

∂z2

]
uθ = ρ

∂2

∂t2 uθ ,

(czrzr + czzrr)

(
∂2

∂z∂r
+

∂

r∂z

)
ur +

[
czrzr

(
∂2

∂r2 +
∂

r∂r

)
+ czzzz

∂2

∂z2

]
uz,

(erzr + ezrr)

(
∂2

∂z∂r
+

∂

r∂z

)
ur +

[
erzr

(
∂2

∂r2 +
∂

r∂r

)
+ ezzz

∂2

∂z2

]
uz

−
[

εrr

(
∂2

∂r2 +
∂

r∂r

)
+ εzz

∂2

∂z2

]
φ = −(−1)kqc

−c
[

µc
rr

(
∂2

∂r2 +
∂

r∂r

)
+ µc

zz
∂2

∂z2

]
φ + (−1)k

[
dc

rr

(
∂2

∂r2 +
∂

r∂r

)
+ dc

zz
∂2

∂z2

]
c

= (−1)k ∂

∂t
c (11)

Based on Equation (11), the circumferential mechanical displacement component uθ is
decoupled with the radial and axial mechanical displacement components ur and uz, the
electric potential φ, and charge carrier concentration perturbation c. Therefore, there are
two independent radially propagated cylindrical SAW in this PSC semi-infinite medium,
i.e., the radially polarized cylindrical SAW related to ur, uz, φ, and c and the circumferential
polarized cylindrical SAW, i.e., torsional SAW [32–39], only related to uθ . As the circumfer-
ential polarized cylindrical SAW is decoupled with the piezoelectric and semiconductor
effects, only the radially polarized cylindrical SAW is discussed in this paper. Considering
the radially polarized cylindrical SAW theoretically propagates from the original point to
the infinite coordinate point, its wavefront tends to plane and degrades into Rayleigh-type
SAW at the infinite coordinate point.

Consider the top surface conditions to the electric potential, charge carrier concentra-
tion perturbation, Cauchy stress, electric displacement, and carrier current densities [25]:{

φU , nU , σU·n, DU·n
}∣∣∣

z=0+
=
{

φ0, 0, 0, D0·n
}∣∣∣

z=0−
(12)

where D0 is the air electric displacement vector:

D0 = ε0·E0 (13)
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ε0 is the air dielectric coefficient and E0 is the air electric field vector:

E0 = −∇φ0 (14)

φ0 is the air electric potential [25]:

(∇·∇)φ0 = 0 (15)

Inserting the surface normal vector n = ez and Equations (13)–(15) into Equation (12)
leads to {

φU , nU , σU
rz , σU

zz, DU
z

}∣∣∣
z=0+

=

{
φ0, 0, 0, 0,−ε0

zz
∂φ0

∂z

}∣∣∣∣
z=0−

(16)

3. Two Equivalent Mathematical Models

Based on the basic equations mathematically derived in Section 2, two mathematical
models are established concerning radially propagated cylindrical SAW in this PSC semi-
infinite medium through the transfer matrix method. First, the state vector functions of
radially propagated cylindrical SAW in the lower p-type PSC substrate and the upper n-type
PSC covering layer are mathematically derived. Then, the transfer matrix of the homo- or
hetero-junction is mathematically derived. Finally, combining the transfer matrix of the top
surface, the dispersion equation of radially propagated cylindrical SAW is mathematically
obtained, which is an equation concerning the radial wave number component and the
angular frequency of radially propagated cylindrical SAW. In the first mathematical model
established in Section 3.1, the homo- or hetero-junction is treated as a two-dimensional
(Orθ plane) electrically imperfect interface without mathematical geometrical thickness
but with physical dielectric and semiconductor characteristics. Due to the interface effect,
some wave motion quantities between the upper n-type PSC covering layer and the lower
p-type PSC substrate differ at the interface, including the electric displacement and carrier
current density. To describe the interface effect resulting from the homo- or hetero-junction,
the interface constitutive equations, and the electrically imperfect interface conditions
are introduced.

In the second mathematical model established in Section 3.2, the homo- or hetero-
junction is treated as a functional gradient thin layer. The steady hole and electron carrier
concentrations in the functional gradient thin layer are inhomogeneous, which are closely
related to the doping modes and concentrations in the upper PSC covering layer and lower
PSC substrate. Considering these two mathematical models are equivalent, the interface
characteristic lengths that appear in the electrically imperfect interface conditions can be
numerically confirmed through the comparison of dispersion and attenuation curves of
radially propagated cylindrical SAW calculated and plotted in the next section.

3.1. The First Mathematical Model

According to Equation (11), assume the mathematical expression of the mechanical dis-
placement, electric potential, and carrier concentration perturbation of radially propagated
cylindrical SAW in the lower p-type PSC substrate as{

uL
r , uL

z , φL, pL
}T

=
{

UL
r H1

(
kL

r r
)

, UL
z H0

(
kL

r r
)

, UL
φ H0

(
kL

r r
)

, UL
p H0

(
kL

r r
)}T

·exp
[
i
(
kL

z z−ωLt
)] 0 < r < ∞

h ≤ z < ∞
(17)

where kL
r is the radial wave number component; kL

z is the axial wavenumber component;
ωL is the angular frequency; UL

r , UL
z , UL

φ , and UL
p represent four undetermined SAW
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amplitudes; H0
(
kL

r r
)

and H1
(
kL

r r
)

are the zero- and first-order Bessel functions of the third
kind, respectively. Inserting Equation (17) into Equation (11) leads to

ML
11 ML

12 ML
13 0

ML
21 ML

22 ML
23 0

ML
31 ML

32 ML
33 ML

34
0 0 ML

43 ML
44




UL
r H1

(
kL

r r
)

UL
z H0

(
kL

r r
)

UL
φ H0

(
kL

r r
)

UL
p H0

(
kL

r r
)
 =


0
0
0
0

 (18)

where

ML
11 = −cL

rrrrkL2
r − cL

zrzrkL2
z + ρLωL2, ML

12 = ikL
z

(
cL

zrzr + cL
rrzz

) kL
r H′0

(
kL

r r
)

H0(kL
r r)

,

ML
13 = ikL

z

(
eL

rzr + eL
zrr

) kL
r H′0

(
kL

r r
)

H0(kL
r r)

, ML
21 = ikL

z

(
cL

zrzr + cL
zzrr

)( kL
r H′1

(
kL

r r
)

H1(kL
r r)

+
1
r

)
,

ML
22 = −kL2

r cL
zrzr − cL

zzzzkL2
z + ρLωL2, ML

23 = −eL
rzrkL2

r − eL
zzzkL2

z ,

ML
31 = ikL

z

(
eL

rzr + eL
zrr

)( kL
r H′1

(
kL

r r
)

H1(kL
r r)

+
1
r

)
, ML

32 = −eL
rzrkL2

r − eL
zzzkL2

z ,

ML
33 = εL

rrkL2
r + εL

zzkL2
z , ML

34 = −q, ML
43 = −pL

(
µ

pL
rr kL2

r + µ
pL
zz kL2

z

)
,

ML
44 = −

(
dpL

rr kL2
r + dpL

zz kL2
z

)
+ iωL (19)

The existence of the untrivial solution for Equation (18) requires that∣∣∣ML
ij

∣∣∣ = f
(

kL
r , kL

z , ωL
)
= 0 (20)

Given kL
r and ωL, f

(
kL

r , kL
z , ωL) is a polynomial of the fourth order concerning kL2

z . Thus,
there are four pairs of roots to kL

z , representing eight groups of radially propagated cylin-
drical SAW in the lower p-type PSC substrate. Considering the wave motion quantities of
radially propagated cylindrical SAW decay along the positive z-direction, the roots of kL

z
should have positive imaginary values; only four remained

{
uL

r , uL
z , φL, pL, σL

rz, σL
zz, DL

z , JpL
z

}T
=

4

∑
j=1

{
GL

rj, GL
zj, 1, GL

pj, LL
rzj, LL

zzj, LL
Dj, LL

pj

}T

·UL
φj H0

(
kL

r r
)
exp
[
i
(

kL
zjz−ωLt

)] Imag
(

kL
zj

)
> 0

0 < r < ∞
h ≤ z < ∞

(21)

where

GL
rj =

UL
rjH1

(
kL

r r
)

UL
φj H0(kL

r r)
=

ML
12

(
kL

zj

)
ML

23

(
kL

zj

)
−ML

13

(
kL

zj

)
ML

22

(
kL

zj

)
ML

11

(
kL

zj

)
ML

22

(
kL

zj

)
−ML

12

(
kL

zj

)
ML

21

(
kL

zj

) ,

GL
zj =

UL
zjH0

(
kL

r r
)

UL
φj H0(kL

r r)
=

ML
13

(
kL

zj

)
ML

21

(
kL

zj

)
−ML

11

(
kL

zj

)
ML

23

(
kL

zj

)
ML

11

(
kL

zj

)
ML

22

(
kL

zj

)
−ML

12

(
kL

zj

)
ML

21

(
kL

zj

) ,

GL
pj =

UL
pj H0

(
kL

r r
)

UL
φj H0(kL

r r)
= −

ML
43

(
kL

zj

)
ML

44

(
kL

zj

) ,
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LL
rzj = cL

zrzr

(
ikL

zjG
L
rj +

kL
r H′0

(
kL

r r
)

H0(kL
r r)

GL
zj

)
+ eL

rzr
kL

r H′0
(
kL

r r
)

H0(kL
r r)

,

LL
zzj = cL

zzrr

(
kL

r H′1
(
kL

r r
)

H1(kL
r r)

+
1
r

)
GL

rj + ikL
zjc
′L
zzzzGL

zj + ikL
zje

L
zzz,

LL
Dj = eL

zrr

(
kL

r H′1
(
kL

r r
)

H1(kL
r r)

+
1
r

)
GL

rj + ikL
zje

L
zzzGL

zj − ikL
zjε

L
zz,

LL
pj = −ikL

zjqpLµ
pL
zz − ikL

zjqdpL
zz GL

pj (22)

Therefore, define a state vector function in the lower p-type PSC substrate as

VL(r, z, t) =
{

uL
r , uL

z , φL, pL, σL
rz, σL

zz, DL
z , JpL

z

}T h ≤ z < ∞
0 < r < ∞

(23)

Inserting Equation (21) into Equation (23) leads to

VL(r, h+, t
)
= TL

{
UL

φ1exp
(

ikL
z1h
)

, UL
φ2exp

(
ikL

z2h
)

, UL
φ3exp

(
ikL

z3h
)

,

UL
φ4exp

(
ikL

z4h
)}T

H0
(
kL

r r
)
exp
(
−iωLt

)
0 < r < ∞ (24)

where TL is the transfer matrix of the lower p-type PSC substrate

TL =



GL
r1 GL

r2 GL
r3 GL

r4
GL

z1 GL
z2 GL

z3 GL
z4

1 1 1 1
GL

p1 GL
p2 GL

p3 GL
p4

LL
rz1 LL

rz2 LL
rz3 LL

rz4
LL

zz1 LL
zz2 LL

zz3 LL
zz4

LL
D1 LL

D2 LL
D3 LL

D4
LL

p1 LL
p2 LL

p3 LL
p4


(25)

Similarly, assume the mathematical expressions of the mechanical displacement, elec-
tric potential, and carrier concentration perturbation of radially propagated cylindrical
SAW in the upper n-type PSC covering layer as{

uU
r , uU

z , φU , nU
}T

=
{

UU
r (z)H1

(
kU

r r
)

, UU
z (z)H0

(
kU

r r
)

, UU
φ (z)H0

(
kU

r r
)

,

UU
n (z)H0

(
kU

r r
)}Texp

(
−iωUt

) 0 < r < ∞
0 ≤ z ≤ h

(26)

where

kU2
r H′′1

(
kU

r r
)

H1
(
kU

r r
) +

kU
r H′1

(
kU

r r
)

rH1
(
kU

r r
) − 1

r2 =
kU2

r H′′0
(
kU

r r
)

H0
(
kU

r r
) +

kU
r H′0

(
kU

r r
)

rH0
(
kU

r r
) = −kU2

r ,

kU
r H′1

(
kU

r r
)

H0
(
kU

r r
) +

H1
(
kU

r r
)

rH0
(
kU

r r
) = −

kU
r H′0

(
kU

r r
)

H1
(
kU

r r
) = kU

r (27)

Inserting Equation (26) into Equations (6)–(8) leads to

σU
rr =

(
cU

rrrr
kU

r H′1
(
kU

r r
)

H1
(
kU

r r
) + cU

rrθθ

1
r

)
uU

r + cU
rrzz

∂uU
z

∂z
+ eU

zrr
∂φU

∂z
,
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σU
θθ =

(
cU

θθrr
kU

r H′1
(
kU

r r
)

H1
(
kU

r r
) + cU

θθθθ

1
r

)
uU

r + cU
θθzz

∂uU
z

∂z
+ eU

zθθ

∂φU

∂z
,

σU
zz = cU

zzrrkU
r uU

r + cU
zzzz

∂uU
z

∂z
+ eU

zzz
∂φU

∂z
,

σU
zr = σU

rz = cU
zrzr

∂uU
r

∂z
− cU

zrzrkU
r uU

z + eU
rzr

kU
r H′0

(
kU

r r
)

H0
(
kU

r r
) φU ,

DU
r = eU

rzr
∂uU

r
∂z
− eU

rzrkU
r uU

z + εU
rrkU

r φU ,

DU
z = eU

zrr

(
kU

r H′1
(
kU

r r
)

H1
(
kU

r r
) +

1
r

)
uU

r + eU
zzz

∂uU
z

∂z
− εU

zz
∂φU

∂z
,

JcU
r = −qnUµnU

rr
kU

r H′0
(
kU

r r
)

H0
(
kU

r r
) φU + qdnU

rr
kU

r H′0
(
kU

r r
)

H0
(
kU

r r
) nU ,

JnU
z = −qnUµnU

zz
∂φU

∂z
+ qdnU

zz
∂nU

∂z
(28)

Inserting Equation (28) into Equation (10) leads to

−kU2
r cU

rrrruU
r + cU

rrzz
kU

r H′0
(
kU

r r
)

H0
(
kU

r r
) ∂uU

z
∂z

+ eU
zrr

kU
r H′0

(
kU

r r
)

H0
(
kU

r r
) ∂φU

∂z
+

∂σU
zr

∂z

= −ρUωU2uU
r ,

cU
zrzr

(
kU

r H′1
(
kU

r r
)

H1
(
kU

r r
) +

1
r

)
∂uU

r
∂z
− cU

zrzrkU2
r uU

z − eU
rzrkU2

r φU +
∂σU

zz
∂z

,

= −ρUωU2uU
z ,

eU
rzr

(
kU

r H′1
(
kU

r r
)

H1
(
kU

r r
) +

1
r

)
∂uU

r
∂z
− eU

rzrkU2
r uU

z + εU
rrkU2

r φU +
∂DU

z
∂z

= −qnU ,

qnUµnU
rr kU2

r φU − qdnU
rr kU2

r nU +
∂JnU

z
∂z

= −iωUqnU (29)

Combining Equations (28) and (29) leads to

∂VU(r,z,t)
∂z = WU−1HUVU(r, z, t)

0 < r < ∞
0 ≤ z ≤ h

(30)

where VU is the state vector function in the upper n-type PSC covering layer

VU(r, z, t) =
{

uU
r , uU

z , φU , nU , σU
rz , σU

zz, DU
z , JnU

z
}T 0 < r < ∞

0 ≤ z ≤ h
(31)
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and

WU =



cU
zrzr 0
0 cU

zzzz
0 eU

zzz
0 0

0 cU
rrzz

kU
r H′0(kU

r r)
H0(kU

r r)

cU
zrzr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

eU
rzr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

0 0

0 0 0 0 0 0
eU

zzz 0 0 0 0 0
−εU

zz 0 0 0 0 0
−qnUµnU

zz qdnU
zz 0 0 0 0

eU
zrr

kU
r H′0(kU

r r)
H0(kU

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(32)

HU =



0 −cU
zrzr

kU
r H′0(kU

r r)
H0(kU

r r)

−cU
zzrr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

−eU
zrr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

0 0
kU2

r cU
rrrr − ρUωU2 0

0 cU
zrzrkU2

r − ρUωU2

0 eU
rzrkU2

r
0 0

−eU
rzr

kU
r H′0(kU

r r)
H0(kU

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

eU
rzrkU2

r 0 0 0 0 0
−εU

rrkU2
r −q 0 0 0 0

−qnUµnU
rr kU2

r qdnU
rr kU2

r − iωUq 0 0 0 0


(33)

Therefore, define a transfer matrix function of the upper n-type PSC covering layer

TU(z)VU(r, 0+, t) = VU(r, z, t)
0 < r < ∞
0 ≤ z ≤ h

(34)

Inserting Equation (34) into Equation (30) leads to the linear differential equation concerning
the transfer matrix function of the upper n-type PSC covering layer

∂TU(z)
∂z = WU−1HUTU(z)

TU(0) = I
0 ≤ z ≤ h

(35)
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where I is a unit matrix. The solution of Equation (35) is

TU(z) = exp
(
zWU−1HU) = QU

exp
(
λU

1 z
)
· · · 0

...
. . .

...
0 . . . exp

(
λU

8 z
)
QU−1 0 ≤ z ≤ h (36)

where QU is the eigenvector matrix of the matrix WU−1HU ; λU is the eigenvalue of the
matrix WU−1HU . According to Equations (34) and (36), letting z = h leads to

TU(h)VU(r, 0+, t) = VU(r, h−, t) 0 < r < ∞ (37)

where TU(h) is the transfer matrix of the upper n-type PSC covering layer

TU(h) = exp
(

hWU−1HU
)
= QU

exp
(
λU

1 h
)
· · · 0

...
. . .

...
0 . . . exp

(
λU

8 h
)
QU−1 (38)

Inserting Equation (37) into Equation (16) leads to{
TU

81(h)u
U
r + TU

82(h)u
U
z + TU

83(h)φ
U

+TU
85(h)σ

U
rz + TU

86(h)σ
U
zz + TU

87(h)DU
z + TU

88(h)JnU
z
}∣∣

z=0+ = JnU
z
∣∣
z=h−

(39)

To distinguish the homo- or hetero-junction in the latter formulation, the physical
parameters of homo- or hetero-junction are indicated by the superscript “J.” Based on phe-
nomenological methods [9–11], consider the homo- or hetero-junction as a two-dimensional
(Orθ plane) electrically imperfect interface without mathematical, geometrical thickness
but with physical dielectric and semiconductor characteristics. Therefore, the mechanical
displacement and the Cauchy stress components between the upper n-type PSC covering
layer and the lower p-type PSC substrate are the same at the interface:{

uU , φU , σU
}T
∣∣∣∣
z=h−

=
{

uL, φL, σL
}T
∣∣∣∣
z=h+

(40)

While, the electric displacement and carrier current density components between the upper
n-type PSC covering layer and lower p-type PSC substrate differ at the interface

DU
∣∣∣
z=h−
·n− DL

∣∣∣
z=h+
·n = DJ ·∇J ,

JnU
∣∣∣
z=h−
·n = JnJ ·∇J , JpL

∣∣∣
z=h+
·n = JpJ ·∇J (41)

where ∇J = er∂/∂r + eθ∂/r∂θ is the two-dimensional gradient operator; DJ , JpJ , and JnJ

are the interface electric displacement, hole and electron carrier current density vectors,
respectively [30,31]:

DJ = eJ : SJ + εJ ·EJ , JpJ = qpJµpJ ·EJ − qdpJ ·∇pJ ,

JnJ = qnJµnJ ·EJ + qdnJ ·∇nJ (42)

eJ and εJ are the interface piezoelectric and dielectric parameter tensors, respectively.

eJ = f U
e eU + f L

e eL, εJ = f U
ε εU + f L

ε εL (43)
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f U
e , f L

e , f U
ε , and f L

ε are the interface characteristic lengths related to the interface piezo-
electric and dielectric parameters [13,14,16,20,31]; SJ is the interface strain tensor; EJ is the
interface electric field vector.

SJ =
1
2

(
∇JuJ + uJ∇J

)
, EJ = −∇JφJ (44)

where uJ is the interface mechanical displacement vector:

uU
∣∣∣
z=h−

= uL
∣∣∣
z=h+

= uJ (45)

φJ is the interface electric potential:

φU
∣∣∣
z=h−

= φL
∣∣∣
z=h+

= φJ (46)

pJ and nJ are the interface steady hole and electron carrier concentrations, of which the
explicit expressions are also given in the Appendix; µpJ and µnJ are the interface hole and
electron carrier migration constant tensors, respectively; dpJ and dnJ are the interface hole
and electron carrier diffusion constant tensors, respectively; pJ and nJ are the interface hole
or electron carrier concentration perturbation scalar, respectively:

µpJ = µpL, µnJ = µnU , dpJ = dpL, dnJ = dnU , pJ = f L
p pL, nJ = f U

n nU (47)

where f L
p and f U

n are the interface characteristic lengths related to the interface semicon-
ductor effect. Inserting the interface normal vector n = ez and Equations (42)–(47) into
Equations (40) and (41) leads to{

uU
r , uU

z , φU
}T
∣∣∣∣
z=h−

=
{

uL
r , uL

z , φL
}T
∣∣∣∣
z=h+

=
{

uJ
r , uJ

z, φJ
}T

,

{
σU

rz , σU
zz

}T
∣∣∣∣
z=h−

=
{

σL
rz, σL

zz

}T
∣∣∣∣
z=h+

, DU
z

∣∣∣
z=h−

− DL
z

∣∣∣
z=h+

= −
(

∂2

∂r2 +
∂

r∂r

)
εJ

rrφJ ,

JnU
z

∣∣∣
z=h−

= −
(

∂2

∂r2 +
∂

r∂r

)
qnJµnJ

rr φJ + qdnJ
rr

(
∂2

∂r2 +
∂

r∂r

)
nJ ,

JpL
z

∣∣∣
z=h+

= −
(

∂2

∂r2 +
∂

r∂r

)
qpJµ

pJ
rr φJ − qdpJ

rr

(
∂2

∂r2 +
∂

r∂r

)
pJ (48)

Inserting Equations (24), (37), and (39) into Equation (48) leads to

TUVU(r, 0+, t
)
= TJVL

(r, h+, t) 0 < r < ∞ (49)

where TU is the amendatory transfer matrix of the upper n-type PSC covering layer

TU
=



TU
11(h) TU

12(h) TU
13(h) TU

15(h) TU
16(h) TU

17(h)
TU

21(h) TU
22(h) TU

23(h) TU
25(h) TU

26(h) TU
27(h)

TU
31(h) TU

32(h) TU
33(h) TU

35(h) TU
36(h) TU

37(h)
TU

51(h) TU
52(h) TU

53(h) TU
55(h) TU

56(h) TU
57(h)

TU
61(h) TU

62(h) TU
63(h) TU

65(h) TU
66(h) TU

67(h)
TU

71(h) TU
72(h) TU

73(h) TU
75(h) TU

76(h) TU
77(h)


− 1

TU
38(h)k

U2
r qnUµnU

rr − TU
48(h)k

U2
r qdnU

rr f U
n − TU

88(h)
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·



TU
14(h)

TU
24(h)

TU
34(h)

TU
54(h)

TU
64(h)

TU
74(h)





TU
31(h)k

U2
r qnUµnU

rr − TU
41(h)k

U2
r qdnU

rr f U
n − TU

81(h)
TU

32(h)k
U2
r qnUµnU

rr − TU
42(h)k

U2
r qdnU

rr f U
n − TU

82(h)
TU

33(h)k
U2
r qnUµnU

rr − TU
43(h)k

U2
r qdnU

rr f U
n − TU

83(h)
TU

35(h)k
U2
r qnUµnU

rr − TU
45(h)k

U2
r qdnU

rr f U
n − TU

85(h)
TU

36(h)k
U2
r qnUµnU

rr − TU
46(h)k

U2
r qdnU

rr f U
n − TU

86(h)
TU

37(h)k
U2
r qnUµnU

rr − TU
47(h)k

U2
r qdnU

rr f U
n − TU

87(h)



T

(50)

VU
(r, 0+, t) is the amendatory state vector function in the upper n-type PSC covering layer

at the interface z = 0+

VU
(r, 0+, t) =

{
uU

r , uU
z , φU , σU

rz , σU
zz, DU

z
}T
∣∣∣
z=0+

0 < r < ∞ (51)

TJ is the transfer matrix of the homo- or hetero-junction

TJ =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 εJ

rrkL2
r 0 0 1


(52)

VL
(r, h+, t) is the amendatory state vector function in the lower p-type PSC substrate at the

interface z = h+

VL(r, h+, t
)
=
{

uL
r , uL

z , φL, σL
rz, σL

zz, DL
z

}T
∣∣∣∣
z=h+

= TL
{

UL
φ1exp

(
ikL

z1h
)

,

UL
φ2exp

(
ikL

z2h
)
, UL

φ3exp
(
ikL

z3h
)}T

H0
(
kL

r r
)
exp
(
−iωLt

)
0 < r < ∞ (53)

TL is the amendatory transfer matrix of the lower p-type PSC substrate

TL
=



GL
r1 + GL

r4 AL
1

GL
z1 + GL

z4 AL
1

1 + AL
1

LL
rz1 + LL

rz4 AL
1

LL
zz1 + LL

zz4 AL
1

LL
D1 + LL

D4 AL
1

GL
r2 + GL

r4 AL
2

GL
z2 + GL

z4 AL
2

1 + AL
2

LL
rz2 + LL

rz4 AL
2

LL
zz2 + LL

zz4 AL
2

LL
D2 + LL

D4 AL
2

GL
r3 + GL

r4 AL
3

GL
z3 + GL

z4 AL
3

1 + AL
3

LL
rz3 + LL

rz4 AL
3

LL
zz3 + LL

zz4 AL
3

LL
D3 + LL

D4 AL
3

 (54)

and

AL
1 = −

LL
p1 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p1

LL
p4 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p4

,

AL
2 = −

LL
p2 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p2

LL
p4 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p4

,

AL
3 = −

LL
p3 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p3

LL
p4 − kL2

r qpJµ
pJ
rr − qdpJ

rr kL2
r f L

p GL
p4

(55)

According to Equation (15), assume the mathematical expression of the air electric
potential as

φ0 = U0
φ H0

(
kU

r r
)
exp
[
i
(
k0

zz−ωUt
)] 0 < r < ∞
−∞ < z ≤ 0

(56)
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where U0
φ represents an undetermined amplitude. Inserting Equation (56) into Equation (15)

leads to
k0

z = ±ikU
r (57)

Considering the air electric potential decays along the negative z-direction, k0
z should have

a negative imaginary value

φ0 = U0
φ H0

(
kU

r r
)
exp
(
zkU

r
)
exp
(
−iωUt

) 0 < r < ∞
−∞ < z ≤ 0

(58)

Inserting Equation (51) and (56) into Equation (16) leads to

TU
0 VU

(r, 0+, t) = {0, 0, 0}T 0 < r < ∞ (59)

where the transfer matrix of the top surface

TU
0 =

0
0
0

0
0
0

0
0

−iωUε0
zzkU

r

1
0
0

0
1
0

0
0
1

 (60)

Inserting Equation (49) into Equation (59) leads to

TU
0 TU−1TJTL

{
UL

φ1exp
(

ikL
z1h
)

, UL
φ2exp

(
ikL

z2h
)

, UL
φ3exp

(
ikL

z3h
)}T

·H0
(
kL

r r
)
exp
(
−iωLt

)
= {0, 0, 0}T 0 < r < ∞ (61)

Due to the existence of an untrivial solution, the following equation can be obtained∣∣∣TU
0 TU−1TJTL

∣∣∣ = 0 (62)

Equation (62) is the dispersion equation of radially propagated cylindrical SAW obtained
from the first mathematical model; this is an equation concerning the radial wave number
component kr

(
kr = kU

r = kL
r
)

and the angular frequency ω
(
ω = ωU = ωL). Based on

the dispersion equation, the dispersion and attenuation curves of radially propagated
cylindrical SAW are calculated and plotted in the next section.

3.2. The Second Mathematical Model

To legitimately confirm the interface characteristic lengths that appear in the electrically
imperfect interface conditions, another equivalent mathematical model is established in this
subsection, i.e., the second mathematical model. Consider the homo- or hetero-junction as
a functional gradient thin layer. The geometrical thickness and the steady hole and electron
carrier concentrations in this functional gradient thin layer are given in the Appendix A
and are closely related to the doping mode and concentration in the upper n-type PSC
covering layer and lower p-type PSC substrate. According to Equations (A23) and (A24) in
the Appendix, the distribution of the steady hole and electron carrier concentration in this
functional gradient thin layer are inhomogeneous.

To obtain the transfer matrix of the homo- or hetero-junction, this functional gradient
thin layer is evenly divided into a finite number of thin layers, as shown in Figure 2.
The steady hole or electron carrier concentration in each thin layer can be treated as
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approximately homogeneous. Similar to the upper n-type PSC covering layer, the transfer
matrix of the mth thin layer in the lower depleted layer is

TL
m = exp

(
δL

M
WL−1

m HL
m

)
= QL

m


exp
(

λL
m1

δL

M

)
· · · 0

...
. . .

...
0 . . . exp

(
λL

m8
δL

M

)
QL−1

m (63)

where m = 1, 2, · · · , M and

WL
m =



cL
zrzr 0
0 cL

zzzz
0 eL

zzz
0 0

0 cL
rrzz

kL
r H′0(kL

r r)
H0(kL

r r)

cL
zrzr

(
kL

r H′1(kL
r r)

H1(kL
r r)

+ 1
r

)
0

eL
rzr

(
kL

r H′1(kL
r r)

H1(kL
r r)

+ 1
r

)
0

0 0

0 0 0 0 0 0
eL

zzz 0 0 0 0 0
−εL

zz 0 0 0 0 0
−qpL

(
h + M−m

M δL
)

µ
pL
zz −qdpL

zz 0 0 0 0

eL
zrr

kL
r H′0(kL

r r)
H0(kL

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(64)

HL
m =



0 −cL
zrzr

kL
r H′0(kL

r r)
H0(kL

r r)

−cL
zzrr

(
kL

r H′1(kL
r r)

H1(kL
r r)

+ 1
r

)
0

−eL
zrr

(
kL

r H′1(kL
r r)

H1(kL
r r)

+ 1
r

)
0

0 0
kL2

r cL
rrrr − ρLωL2 0

0 cL
zrzrkL2

r − ρLωL2

0 eL
rzrkL2

r
0 0

−eL
rzr

kL
r H′0(kL

r r)
H0(kL

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

eL
rzrkL2

r 0 0 0 0 0
−εL

rrkL2
r q 0 0 0 0

−qpL
(

h + M−m
M δL

)
µ

pL
rr kL2

r −qdpL
rr kL2

r + iωLq 0 0 0 0


(65)
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QL
m is the eigenvector matrix of the matrix WL−1

m HL
m; λL

m is the eigenvalue of the matrix
WL−1

m HL
m. The transfer matrix of the mth thin layer in the upper depleted layer is

TU
m = exp

(
δU

M
WU−1

m HU
m

)
= QU

m


exp
(

λU
m1

δU

M

)
· · · 0

...
. . .

...
0 . . . exp

(
λU

m8
δU

M

)
QU−1

m (66)

where m = 1, 2, · · · , M and

WU
m =



cU
zrzr 0
0 cU

zzzz
0 eU

zzz
0 0

0 cU
rrzz

kU
r H′0(kU

r r)
H0(kU

r r)

cU
zrzr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

eU
rzr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

0 0

0 0 0 0 0 0
eU

zzz 0 0 0 0 0
−εU

zz 0 0 0 0 0
−qnU

(
h + M−m

M δU
)

µnU
zz qdnU

zz 0 0 0 0

eU
zrr

kU
r H′0(kU

r r)
H0(kU

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(67)

HU
m =



0 −cU
zrzr

kU
r H′0(kU

r r)
H0(kU

r r)

−cU
zzrr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

−eU
zrr

(
kU

r H′1(kU
r r)

H1(kU
r r)

+ 1
r

)
0

0 0
kU2

r cU
rrrr − ρUωU2 0

0 cU
zrzrkU2

r − ρUωU2

0 eU
rzrkU2

r
0 0

−eU
rzr

kU
r H′0(kU

r r)
H0(kU

r r)
0 1 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

eU
rzrkU2

r 0 0 0 0 0
−εU

rrkU2
r −q 0 0 0 0

−qnU
(
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M δU

)
µnU
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r qdnU
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r − iωUq 0 0 0 0


(68)
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QU
m is the eigenvector matrix of the matrix WU−1

m HU
m; λU

m is the eigenvalue of the matrix
WU−1

m HU
m. Therefore, the state vector function in the lower p-type PSC substrate at the

interface z = h+ is

VL(r, h+, t
)
= TL

M · · ·TL
2 TL

1 TL
{

UL
φ1exp

[
ikL

z1

(
h + δL

)]
, UL

φ2exp
[
ikL

z2

(
h + δL

)]
,

UL
φ3exp

[
ikL

z3
(
h + δL)], UL

φ4exp
[
ikL

z4
(
h + δL)]}T

H0
(
kL

r r
)
exp
(
−iωLt

)
0 < r < ∞ (69)

The state vector function in the upper n-type PSC covering layer at the interface z = h− is

TU
M · · ·TU

2 TU
1 TU

(
h− δU

)
VU(r, 0+, t

)
= VU(r, h−, t

)
(70)

Consider that these two depleted layers are perfectly connected{
uU

r , uU
z , φU , nU , σU

rz , σU
zz, DU

z , JnU
z

}T
∣∣∣∣
z=h−

=
{

uL
r , uL

z , φL, pL, σL
rz, σL

zz, DL
z , JpL

z

}T
∣∣∣∣
z=h+

(71)

Inserting Equations (23) and (31) into Equation (71) leads to

VU(r, h−, t
)
= VL(r, h+, t

)
(72)

Inserting Equations (69) and (70) into Equation (72) leads to

VU(r, 0+, t
)
=
∼
T

U−1∼
T

L{
UL

φ1exp
[
ikL

z1

(
h + δL

)]
, UL

φ2exp
[
ikL

z2

(
h + δL

)]
,

UL
φ3exp

[
ikL

z3
(
h + δL)], UL

φ4exp
[
ikL

z4
(
h + δL)]}T

H0
(
kL

r r
)
exp
(
−iωLt

)
0 < r < ∞ (73)

where
∼
T

U
= TU

M · · ·TU
2 TU

1 TU(h− δU) and
∼
T

L
= TL

M · · ·TL
2 TL

1 TL. Inserting Equation (73)
into Equation (16) leads to

∼
T

U

0
∼
T

U−1∼
T

L{
UL

φ1exp
[
ikL

z1

(
h + δL

)]
, UL

φ2exp
[
ikL

z2

(
h + δL

)]
, UL

φ3exp
[
ikL

z3

(
h + δL

)]
,

UL
φ4exp

[
ikL

z4
(
h + δL)]}T

H0
(
kL

r r
)
exp
(
−iωLt

)
= {0, 0, 0, 0}T 0 < r < ∞ (74)

where
∼
T

U

0 is the amendatory transfer matrix of the top surface

∼
T

U

0 =


0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 −iωUε0

zzkU
r 0 0 0 1 0

 (75)

Due to the existence of an untrivial solution, the following equation can be obtained∣∣∣∣∼TU

0
∼
T

U−1∼
T

L
∣∣∣∣ = 0 (76)

Equation (76) is the dispersion equation of radially propagated cylindrical SAW obtained
from the second mathematical model, in which there is no interface characteristic length.
Considering these two mathematical models are equivalent, the interface characteristic
lengths in the first mathematical model can be inversely confirmed through the comparison
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of dispersion and attenuation curves numerically calculated using these two mathematical
models in the next section.
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4. Numerical Results and Discussion

Since the dispersion and attenuation characteristics of SAW are closely related to the
practical application of PSC materials, this section numerically calculates and discusses the
dispersion and attenuation curves of radially propagated cylindrical SAW in the PSC semi-
infinite medium through the two mathematical models established in Sections 3.1 and 3.2.
The horizontal coordinates of the dispersion and attenuation curves are also logarithmic
frequencies f = ω/2π. The ordinates of the dispersion and attenuation curves are the radial
wave speed cr = real

(
ωk−1

r
)

and dimensionless attenuation coefficient kr = imag(krh),
respectively. Meanwhile, the interface characteristic lengths are legitimately confirmed
through the comparison of dispersion and attenuation curves calculated through the two
equivalent mathematical models. The thickness of the upper n-type PSC covering layer
is h = 10 µm. Considering the difference in doping modes and concentrations, the upper
covering layer and lower substrate are defined as an n-type ZnO PSC and p-type ZnO
PSC, respectively, or an n-type GaN and p-type GaN PSC, respectively. The constitutive
parameters of these two PSCs in the Cartesian coordinate system at 300 K are presented
in Table 1 [31,40]. The mathematical relationship between the constitutive parameters in
Table 1 and the constitutive parameters in Equations (6)–(8) is given as follows:

crrrr = c11, czzzz = c33, crrzz = czzrr = c13, czrzr = c44, erzr = e15, ezrr = e31,

ezzz = e33, εrr = ε11, εzz = ε33, µ
p
rr = µ

p
11, µ

p
zz = µ

p
33, dp

rr = dp
11, dp

zz = dp
33,

µn
rr = µn

11, µn
zz = µn

33, dn
rr = dn

11, dn
zz = dn

33 (77)

Table 1. Physical constants of ZnO and GaN.

c11 c13 c33 c44 ρ e15 e31 e33 ε11/ε0
zz

ZnO 209.7 105.4 211.2 42.4 5665 −0.48 −0.567 1.32 7.57
GaN 298.4 142.5 289.2 23.1 6095 −0.31 −0.52 0.61 9.5

ε33/ε0
zz µ

p
11 µ

p
33 dp

11 dp
33 µn

11 µn
33 dn

11 dn
33 ni

ZnO 9.03 0.008 0.008 0.0208 0.0208 100 100 260 260 1.02× 1016

GaN 10.3 − − − − 6.53 9.82 16.99 25.53 3.4× 10−4

cij : GPa, ρ : Kgm−3, eij : Cm−2, ε0
zz = 8.854× 10−12CV−1m−1µij : 10−2m2V−1s−1, dij : 10−4m2s−1, ni : m−3.
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Figure 3 shows the numerical values of nJ , pJ , δU , δL, and δU + δL with the variation of
doping concentrations nU and pL in the upper n-type ZnO/lower p-type ZnO semi-infinite
medium. The elastic, piezoelectric, and dielectric characteristics of the ZnO semi-infinite
medium are homogeneous. However, the carrier types between the upper covering layer
and lower substrate differ. The numerical distributions of nJ and pJ in Figure 3a,b are
approximately symmetrical with respect to the line nU = pL; the numerical distributions of
δU and δL in Figure 3c,d are approximately symmetrical with respect to the line nU = pL;
and the numerical distribution of δU + δL in Figure 3e is also approximately symmetrical
with respect to the line nU = pL. This is because when nU = pL, the migration and diffusion
of hole and electron carriers are approximatively identical in the upper and lower depleted
layers in the homo-junction. It is further observed that the numerical value of δU gradually
decreases with the increase in nU . Similarly, the numerical value of δL gradually decreases
with the increase in pL; the minimum value of δU + δL occurs when the numerical values of
nU and pL reach the maximum, i.e., nU = pL = 1019m−3. These numerical results mean that
the increase in nU and pL can make the homo-junction more like an electrically imperfect
interface. Why? This is because the electric potential difference between the upper and
lower boundaries of homo-junction ∆φ increases with the increase in nU and pL, as shown
in Equation (A7), which restrains the migration and diffusion of hole and electron carriers
in the lower and upper depleted layers. Since the numerical magnitudes of δU and δL are
on the order of microns, the numerical values of pJ and nJ are also much lower than that
of doping concentrations in the upper and lower PSC regions. It is further observed that
the numerical value of nJ monotonously increases with the increase in nU ; the numerical
value of pJ also monotonously increases with the increase in pL. These numerical results
mean that the increase in nU and pL can not only make the homo-junction more like an
electrically imperfect interface but also enhance the semiconductor effect of the homo-
junction. Therefore, the homo-junction or hetero-junction is treated as a two-dimensional
electrically imperfect interface in the first mathematical model established in Section 3.1.

Figure 4 shows the dispersion and attenuation curves of radially propagated cylin-
drical SAW in the upper n-type ZnO/lower p-type ZnO semi-infinite medium with the
variation of the r coordinate when nU = pL = 1× 1019m−3. Both the continuous curves
and the discrete numerical points are calculated using the second mathematical model
established in Section 3.2. In calculating the continuous lines, the semiconductor effect
is considered, while in calculating the discrete numerical points, the semiconductor ef-
fect is not considered, i.e., the piezoelectric ZnO semi-infinite medium. Compared with
the discrete numerical points, it is observed from Figure 4b that the radial wave number
component kr is complex-valued with the consideration of the semiconductor effect. This
means that radially propagated cylindrical SAW decays along the depth direction of the
semi-infinite medium (the positive direction of the z-axis) and the propagation direction
(the positive direction of the r-axis). This propagation characteristic of SAW does not
exist in the piezoelectric dielectric semi-infinite, which can be utilized to optimize the
acoustic characteristics of energy harvesters formed by PSC semi-infinite medium. When
f < 50 KHz, the wave speeds of radially propagated cylindrical SAW are 2615 m/s and
the numerical values of kr are constants, approximately. This is because the wavelengths
of radially propagated cylindrical SAW are much larger than the geometrical thickness of
the upper n-type ZnO covering layer, and the wave motion energy of radially propagated
cylindrical SAW is mainly concentrated on the lower p-type ZnO substrate. As a result
of the migration and diffusion of hole and electron carriers and the existence of hole and
electron carrier current densities, the wave speed of radially propagated cylindrical SAW
in the lower p-type ZnO substrate is lower than that in the piezoelectric ZnO substrate,
which is approximately 2676.19 m/s. With the increase in f , the wave speeds of radi-
ally propagated cylindrical SAW and the numerical values of kr grow gradually. When
f > 5 MHz, the wave speeds of radially propagated cylindrical SAW are 2675.5 m/s and
the numerical values of kr are approximately constant. This is because the wavelengths of
radially propagated cylindrical SAW are much smaller than the geometrical thickness of
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the upper n-type ZnO covering layer, and the wave motion energy of radially propagated
cylindrical SAW is mainly concentrated on the upper n-type ZnO covering layer. Therefore,
50 KHz ≤ f ≤ 5 MHz is the frequency interval where the semiconductor effect is obvious
at such doping concentrations. Compared with the p-type ZnO lower substrate, the wave
speed of radially propagated cylindrical SAW in the upper n-type ZnO covering layer is
much closer to that in the piezoelectric ZnO semi-infinite medium. Why? This is because
k = 2 in Equation (8) for the upper n-type ZnO covering layer, which means that the
current generated by the diffusion motion of the electron carriers is offset by the current
generated by the migration motion of the electron carriers. The semiconductor effect in the
upper n-type ZnO covering layer is weaker than that in the lower p-type ZnO substrate.
It is further observed that the dispersion and attenuation curves of radially propagated
cylindrical SAW are independent of the r coordinate, which means that the dispersion
and attenuation characteristics discussed in this section apply to cylindrical SAW radially
propagating anywhere in the PSC semi-infinite medium.

Figure 5 shows the dispersion and attenuation curves of radially propagated cylin-
drical SAW in the upper n-type ZnO/lower p-type ZnO semi-infinite medium with the
variation of doping concentrations calculated using the second mathematical model estab-
lished in Section 3.2. Compared with the dispersion curves shown in Figure 4a, Figure 5a
shows that the increase in pL causes the dispersion curves to shift toward lower wave
speeds. The larger the amplitude of pL, the more evident the dispersion curve shift. This
is because the increase in pL can raise the hole carrier current densities and enhance the
efficiency of energy conversion from mechanical energy to electrical energy resulting from
the semiconductor effect, according to Equation (8). Therefore, the larger the amplitude of
pL, the more evident the shift in the attenuation curve, as shown in Figure 5b. The attenua-
tion curves of radially propagated cylindrical SAW are not closer when f → 107 Hz. This
means that radially propagated cylindrical SAW exhibits stable attenuation characteristics
resulting from the migration and diffusion of electron carriers. The larger the amplitude of
pL, the more evident the attenuation characteristic. Compared with Figure 5a,b, Figure 5c,d
shows that the increase in nU has little influence on the dispersion and attenuation curves
of radially propagated cylindrical SAW. This is also because the semiconductor effect in the
upper n-type ZnO covering layer is weaker than that in the lower p-type ZnO substrate.

The radial wave speed cr0 and the dimensionless attenuation coefficient kr0 are cal-
culated without considering the homo-junction in the upper n-type ZnO/lower p-type
ZnO semi-infinite medium using the second mathematical model established in Section 3.2.
When considering the homo-junction, Figure 6 shows the relative changes of the two wave
motion quantities of radially propagated cylindrical SAW in the upper n-type ZnO/lower
p-type ZnO semi-infinite medium with varying doping concentrations. Since the physical
properties of the homo-junction, including the steady hole and electron charge carrier
concentrations, and the thicknesses are closely related to the semiconductor effect in the
upper n-type ZnO/lower p-type ZnO semi-infinite medium, Figure 6 shows that the homo-
junction has more evident influence on the attenuation curves than the dispersion curves.
The larger the amplitude of pL or nU , the greater the influence of the homo-junction. Com-
pared with the variation of pL, that of nU can increase the influence of the homo-junction,
especially for the high-frequency dispersion and attenuation curves. Why? This is because
the migration and diffusion of hole and electron carriers in the upper n-type ZnO/lower
p-type ZnO semi-infinite medium is closely related to the frequency, as shown in Equa-
tion (9). Table 1 shows that the numerical values of µ

p
ij and dp

ij are much lower than those of
µn

ij and dn
ij. Therefore, the hole carrier in the lower p-type ZnO substrate can be regarded as

a heavy particle sensitive to low-frequency wave motion, while the electron carrier in the
lower n-type ZnO substrate can be regarded as a light particle sensitive to high-frequency
wave motion.
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Figure 6. Relative changes in the radial wave speed (a,c) and the dimensionless attenuation coeffi-
cient (b,d) of radially propagated cylindrical SAW in the upper n−type ZnO/lower p−type ZnO
semi−infinite medium with varying doping concentrations.

Figure 7 shows the numerical comparison of the dispersion and attenuation curves
of radially propagated cylindrical SAW in the upper n-type ZnO/lower p-type ZnO semi-
infinite medium calculated by the two equivalent mathematical models. The continuous
curves are calculated using the second mathematical model established in Section 3.2.
Meanwhile, the discrete numerical points are calculated using the first mathematical model
established in Section 3.1, in which the interface characteristic lengths related to the interface
dielectric parameter and semiconductor effect of the homo-junction are:

f U
ε = f L

ε = 277.994144m, f U
n = 56.658272m, f L

p = 162.221387m (78)

As these two mathematical models are equivalent, all discrete numerical points fall approxi-
mately on the continuous curves. Since the dielectric characteristic of the ZnO semi-infinite
medium is homogeneous, the interface characteristic lengths related to the interface dielec-
tric parameters are identical, i.e., f U

ε = f L
ε ; while since the carrier types between the upper

and lower depleted layers differ, the interface characteristic lengths related to the interface
semiconductor effect differ, i.e., f U

n 6= f L
p . Since the semiconductor effect in the upper

n-type ZnO covering layer is weaker than that in the lower p-type ZnO substrate, f U
n < f L

p ,
indicating that the lower depleted layer makes a greater contribution to the homo-junction
than the upper depleted layer.
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Figure 7. Numerical comparations of the dispersion curves (a,c) and attenuation curves (b,d) of
radially propagated cylindrical SAW in the upper n−type ZnO/lower p−type ZnO semi−infinite
medium calculated by the two equivalent mathematical models.

Figure 8 shows the numerical values of nJ , pJ , δU , δL, and δU + δL with the variation
of doping concentrations nU and pL in the upper n-type GaN/lower p-type ZnO semi-
infinite medium. The carrier types between the upper covering layer and substrate differ,
and the elastic, piezoelectric, and dielectric characteristics of the semi-infinite medium
are inhomogeneous, as shown in Table 1. Therefore, the migration and diffusion of hole
and electron carriers in the upper and lower depleted layers are more vigorous. The
numerical values of nJ , pJ , δU , δL, and δU + δL in the upper n-type GaN/lower p-type ZnO
semi-infinite medium are larger than that in the upper n-type ZnO/lower p-type ZnO
semi-infinite medium. It is necessary to discuss the influence of the hetero-junction on the
dispersion and attenuation curves of radially propagated cylindrical SAW in the upper
n-type GaN/lower p-type semi-infinite medium.
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Figure 8. Distribution of steady charge carrier concentrations (a,b) and geometrical thicknesses
(c–e) of the hetero−junction with varying doping concentrations in the upper n−type GaN/lower
p−type ZnO semi−infinite medium.

Figure 9 shows the dispersion and attenuation curves of radially propagated cylindri-
cal SAW in the upper n-type GaN/lower p-type ZnO semi-infinite medium with varying
doping concentrations calculated using the second mathematical model established in
Section 3.2. The continuous curves are calculated considering the hetero-junction, while
the discrete numerical points are calculated without considering the hetero-junction. Since
the semiconductor effect is closely related to the frequency, all discrete numerical points
approximately fall on the continuous curves when f < 1 MHz; while with a further in-
crease in f , the differences between the continuous curves and discrete numerical points
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become more evident, meaning that the calculation error of the second mathematical model
becomes increasingly obvious.
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Figure 9. Dispersion curves (a) and attenuation curves (b) of radially propagated cylindrical SAW in
the upper n−type GaN/lower p−type semi−infinite medium with varying doping concentrations.

Figure 10 shows the relative changes of the radial wave speed (cr − cr0)/cr0 and the
dimensionless attenuation coefficient

(
kr0 − kr0

)
/kr0 of radially propagated cylindrical

SAW in the upper n-type GaN/lower p-type ZnO semi-infinite medium with varying
doping concentrations. The frequency is calculated within the 10 KHz ≤ f ≤ 1 MHz
interval. Since the steady charge carrier concentrations and geometrical thicknesses of the
hetero-junction are larger than that of the homo-junction, the overall numerical values of
the two wave motion quantities in Figure 10 are larger than that in Figure 6.
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Figure 10. Relative changes of the radial wave speed (a) and the dimensionless attenuation coef-
ficient (b) of radially propagated cylindrical SAW in the upper n−type GaN/lower p−type ZnO
semi−infinite medium with varying doping concentrations.

Figure 11 shows the numerical comparations of the dispersion and attenuation curves
of radially propagated cylindrical SAW in the upper n-type GaN/lower p-type ZnO semi-
infinite medium calculated by the two equivalent mathematical models. Similarly, the discrete
numerical points and the continuous curves for each doping concentration are calculated using
the first and second mathematical models established in Sections 3.1 and 3.2, respectively,
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in which the interface characteristic lengths related to the interface dielectric parameter and
semiconductor effect of the hetero-junction are

f U
ε = 2852.449525m, f L

ε = 2347.338294m,

f U
n = −255.0253663m, f L

p = −0.552097863m (79)

Since the steady charge carrier concentrations and geometrical thicknesses of the hetero-
junction are larger than that of the homo-junction, most of the interface characteristic
lengths of the hetero-junction are much larger than that of the homo-junction. The interface
characteristic lengths related to the interface dielectric parameters f U

ε and f L
ε are positive,

while those related to the interface semiconductor effect f U
n and f L

p are negative. This can
be explained by Equation (48): the interface effect resulting from the hetero-junction leads
to the discontinuities of the electric displacement and the hole and electron carrier current
density. Therefore, the above quantities on both sides of the interface have jump values,
which can be positive or negative. Compared with Figure 7, the discrete numerical points
fall approximately on the continuous curves when f < 1 MHz in Figure 11; while with a
further increase in f , the differences between the continuous curves and discrete numerical
points are increasingly evident, which also means that the calculation error of the second
mathematical model is more obvious.
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Figure 11. Numerical comparison of the dispersion curves (a) and attenuation curves (b) of radially
propagated cylindrical SAW in the upper n−type GaN/lower p−type ZnO semi−infinite medium
calculated by the two equivalent mathematical models.

5. Concluding Remarks

The influence of the homo- and hetero-junctions on the dispersion and attenuation
characteristics of radially propagated cylindrical SAW in the PSC semi-infinite medium is
the primary focus of the present work. As the numerical distributions of the steady hole
and electron carrier concentrations in the homo- and hetero-junctions are inhomogeneous,
they can be treated as functional gradient thin layers. Considering their thicknesses are
much smaller than those of the upper covering layer, they also can be approximately treated
as two-dimensional electrically imperfect interfaces without geometrical thickness but with
physical dielectric and semiconductor characteristics. Through these two equivalent mathe-
matical models, the dispersion and attenuation curves of radially propagated cylindrical
SAW are numerically calculated and discussed. The interface characteristic lengths are
confirmed by comparing the dispersion and attenuation curves calculated using the two
equivalent mathematical models, which is the novelty of this paper. From the numerical
results, the following conclusions can be drawn:
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1. The physical properties of the homo- and hetero-junctions are closely related to
the doping modes and concentrations in the PSC semi-infinite medium, of which
the increase not only makes the homo- and hetero-junctions more like electrically
imperfect interfaces but also enhance the influence of the homo- and hetero-junctions.

2. The influence of the homo- and hetero-junctions on the dispersion and attenuation
characteristics of radially propagated cylindrical SAW is closely related to the angular
frequency. It is of great significance to consider the existence of homo- and hetero-
junctions when studying the propagation of high-frequency SAW in PSC materials.

3. The homo- and hetero-junctions can enhance the conversion efficiency from me-
chanical to electrical energy; adjusting doping modes and concentrations of PSC
semi-infinite medium can regulate attenuation characteristics of cylindrical SAW
and optimize the acoustic characteristics of SAW resonators, energy harvesters, and
acoustic wave amplification formed by PSC semi-infinite medium.

4. Since the dispersion and attenuation characteristics of cylindrical SAW are inde-
pendent of the radial coordinate, the mathematical models in this paper provide
theoretical guidance for studying the propagation characteristics of other types of
SAW in PSC materials, such as the Rayleigh-type SAW. Since the influence of the
homo- and hetero-junctions mainly concentrates on the attenuation characteristic of
SAW, the discussion in this paper provides theoretical guidance for the design and
manufacture of SAW resonators [3,4], energy harvesting [6,7], and acoustic wave
amplification [8]. Due to the interface characteristic lengths, the first mathemati-
cal model is more complex than the second. The homo- and hetero-junctions are
treated as functional gradient thin layers; the second mathematical model is more
accurate than the first. Based on Figures 9 and 11, the computational stability of
the second mathematical model is weaker than that of the first. Considering the
interface characteristic lengths are independent of the doping concentrations, the first
mathematical model is more practical in studying wave motion problems. Based on
Figures 6 and 10, the relative changes of the radial wave speed and dimensionless
attenuation coefficient are considerably lower than 1, which means that the homo-
and hetero-junctions have less evident influence on the propagation characteristics of
low-frequency radially propagated cylindrical SAW. Therefore, in subsequent work,
we must establish a simpler mathematical model with better computational accuracy
and stability to study the propagation characteristics of high-frequency SAW in the
PSC materials, such as the PSC layered composite structures containing multi-layer
homo- and hetero-junctions.
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Appendix A

Consider the upper PSC covering layer and lower PSC substrate are n-type and p-type
PSC, respectively. The perturbation of the hole or electron carrier concentration is zero
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before the propagation of radially propagated cylindrical SAW. Therefore, the upper n-type
PSC covering layer and lower p-type PSC substrate are electrically neutral [23,31]:

−nU(z) + nU
D = 0 0 ≤ z ≤ h− δU (A1)

pL(z)− pL
A = 0 h + δL ≤ z < ∞ (A2)

where pL
A and nU

D are acceptor and donor concentrations in the lower p-type PSC substrate
and upper n-type PSC covering layer, respectively. The steady hole and electron carrier
concentrations are [23,31]

nU(z) = nU
i exp

(
µnU

zz φU

dnU
zz

)
0 ≤ z ≤ h− δU (A3)

pL(z) = nL
i exp

(
− µ

pL
zz φL

dpL
zz

)
h + δL ≤ z < ∞ (A4)

Inserting Equations (A3) and (A4) into (A1) and (A2) leads to the electric potential

φU(z) = dnU
zz

µnU
zz

ln
(

nU
D

nU
i

)
0 ≤ z ≤ h− δU (A5)

φL(z) = − dpL
zz

µ
pL
zz

ln
(

pL
A

nL
i

)
h + δL ≤ z < ∞ (A6)

where dpL
zz /µ

pL
zz = dnU

zz /µnU
zz , as shown in Table 1. According to Equations (A5) and (A6),

the electric potential difference between the upper p-type PSC covering layer and lower
n-type PSC substrate is

∆φ = φL
(

h + δL
)
− φU

(
h− δU

)
=

dpL
zz

µ
pL
zz

ln

(
pL

AnU
D

nU
i nL

i

)
(A7)

before the propagation of cylindrical SAW, the normal electric displacements are

DU
z (z) = −εU

zzφU
,z (z) h− δU ≤ z ≤ h (A8)

DL
z (z) = −εL

zzφL
,z(z) h ≤ z ≤ h + δL (A9)

According to Gauss’s law of electrostatics [23,31], the gradients of normal electric displace-
ments are

DU
z,z(z) = q

[
−nU(z) + nU

D
] ∼= qnU

D(z) h− δU ≤ z ≤ h (A10)

DL
z,z(z) = q

[
pL(z)− pL

A
] ∼= −qpL

A(z) h ≤ z ≤ h + δL (A11)

Consider the continuity of the normal electric field at the boundaries z = h − δU and
z = h + δL

EU
z

(
h− δU

)
= −φU

,z

(
h− δU

)
= 0 (A12)

EL
z

(
h + δL

)
= −φL

,z

(
h + δL

)
= 0 (A13)

Inserting Equations (A8), (A9), (A12), and (A13) into Equations (A10) and (A11) leads to

φU
,z (z) = −

qnU
D

εU
zz

(
z− h + δU) h− δU ≤ z ≤ h (A14)

φL
,z(z) =

qpL
A

εL
zz

(
z− h− δL) h ≤ z ≤ h + δL (A15)
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Therefore, the distribution of the electric potential is

φU(z) = − qnU
D

εU
zz

[
1
2 (z− h)2 + δU(z− h)

]
+ φ0 h− δU ≤ z ≤ h (A16)

φL(z) = qpL
A

εL
zz

[
1
2 (z− h)2 − δL(z− h)

]
+ φ0 h ≤ z ≤ h + δL (A17)

where φ0 is the electric potential at the boundary z = h. Considering the depletion layer
hypothesis and the charge balance condition yields [23,31]

pL
AδL = nU

DδU (A18)

Inserting Equations (A16), (17), and (A18) into Equation (A7) leads to the geometrical
thicknesses of these two depleted layers in Figure 1

δU =

√√√√ 2pL
AεL

zzεU
zzdpL

zz

qnU
D
(

pL
AεL

zz + nU
DεU

zz
)
µ

pL
zz

ln

(
pL

AnU
D

nL
i nU

i

)
(A19)

δL =

√√√√ 2εL
zzεU

zznU
DdpL

zz

qpL
A
(

pL
AεL

zz + nU
DεU

zz
)
µ

pL
zz

ln

(
pL

AnU
D

nL
i nU

i

)
(A20)

Furthermore, the normal hole and electron current densities are zero before the propagation
of cylindrical SAW

JpU
z (z) = −qnUµnU

zz φU
,z (z) + qdnU

zz nU
,z (z) = 0 h− δU ≤ z ≤ h (A21)

JnL
z (z) = −qpLµ

pL
zz φL

,z(z)− qdpL
zz pL

,z(z) = 0 h ≤ z ≤ h + δL (A22)

Inserting Equations (A1), (A2), (A14), and (A15) into Equations (A21) and (A22) leads to
the distribution of steady hole and electron carrier concentration in Equation (1)

nU(z) =

 nU
D 0 ≤ z ≤ h− δU

nU
Dexp

{
− qµnU

zz nU
D

εU
zzdnU

zz

[
1
2 (z− h)2 + δU(z− h) + 1

2 δU2
]}

h− δU ≤ z ≤ h
(A23)

pL(z) =

pL
Aexp

{
− qµ

pL
zz pL

A

εL
zzdpL

zz

[
1
2 (z− h)2 − δL(z− h) + 1

2 δL2
]}

h ≤ z ≤ h + δL

pL
A h + δL ≤ z < ∞

(A24)

Based on Equations (A23) and (A24), the steady hole and electron carrier concentrations are
inhomogeneous in these two depleted layers. Therefore, the homo- or hetero-junction can
be treated as one functional gradient thin layer. Considering δU � h and δL � ∞, thetwo
depleted layers can be approximately treated as a two-dimensional imperfect interface
without geometrical thickness. Therefore, the interface steady hole and electron carrier
concentrations in Equation (42) are

nJ =
∫ h

h−δU
nU(z)dz (A25)

pJ =
∫ h+δL

h
pL(z)dz (A26)
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