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Abstract: We consider a nonlinear variational elliptic problem with critical nonlinearity on a bounded
domain of R"”, n > 3 and mixed Dirichlet--Neumann boundary conditions. We study the effect of
the domain’s topology on the existence of solutions as Bahri-Coron did in their famous work on the
homogeneous Dirichlet problem. However, due to the influence of the part of the boundary where
the Neumann condition is prescribed, the blow-up picture in the present setting is more complicated
and makes the mixed boundary problems different with respect to the homogeneous ones. Such
complexity imposes modification of the argument of Bahri-Coron and demands new constructions
and extra ideas.
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1. Introduction

In this paper, we are concerned with a mixed boundary problem of the form

n+2

—Au = urm2, u>0 in Q,
u =0 on Ty, 1)
g—z = 0 on I7y,

where () C R", n > 3, is a bounded domain with smooth boundary 0Q) = I'y UT; and a%
denotes the derivation with respect to the outward unit normal v on I';. We suppose that
I'p and I'; are (n-1)-dimensional submanifolds of 0Q) having positive Hausdorff measures.
We are looking for solutions to problem (1) in the Sobolev space

V(Q) ={uc HY(Q), u=00nTy}.
Let

= {uev(Q), |ul?= /Q Vul2dx =1} and = = {u € L, u > 0}.

Forany u € V(Q), u # 0, we define

Jo IVul?

n=2"

J(u) = e
(fguﬁdx) !
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It is straightforward to see that the solutions of the problem (1) correspond to the
critical points of the variational functional J(u) subject to the constraint u € X*. However |
involves the exponent 2* = %, which is the critical exponent of the Sobolev embeddings
V(Q) — L1(Q), g < 2*. In contrast with the subcritical cases, g < 2*, the Sobolev
embedding is not compact for g = 2*. It results in the corresponding variational structure
presenting a lack of compactness, which can be seen in the fact that | does not satisfy the
Palais—Smale condition. This makes the problem of finding positive critical points of |
particulary difficult.

Elliptic equations involving Laplacian operator on bounded domains with mixed
boundary conditions arise in real applications, for example, in hydrodynamics; see [1,2].
Generally, nonlinear problems subject to various boundary conditions appear in many
different branches of the applied sciences, including physics (e.g., steady-state heat flux
modeling), chemistry (e.g., Keller-Segel model for parabolic equations in chemotaxis), biol-
ogy (e.g., Gierer-Meinhardt system in the formation of biological models), and engineering.
See for example [3-5] and references therein.

By continuity of the Sobolev embedding for g = 2*, the functional | is lower bounded
on X. Let

S(Q) 1= infues](u).

A first attempt to find solutions of (1) could be to see if S(Q)) may be achieved.
In [6], Lions—Pacella and Tricarico studied the minimizing sequences of | following the
concentration compactness principle of Lions [7]. As product, under some geometrical
conditions on (), it is shown that it is possible to prove that S(Q) is achieved. See corollaries
2.1 and 2.2 of [6]. The existence of a bounded domain for which S(Q) is achieved is strange
and makes the study of mixed boundary problems of type (1) different compared with
the classical homogeneous Dirichlet problem. For more conditions that ensure S(Q) is
achieved for problems such as (1), we refer to [8-12].

Problem (1) does not always have a solution. A necessary condition to obtain a solution
has been established in [6]. It is the following Pohozaev-type identity:

1 ou\? 1 b, n=2 2n
5 rO(x.v)(av) do = E/r] (x.v)|Vu| da_ﬁ/r] (x.v)un-2do.

Particulary, (1) has no solution provided:
xv=0onT7and x.v > 0onT).

For examples of domains satisfying such a condition, we refer to [6]. However, there
are other conditions on () obtained by some Sobolev inequalities (see [13,14]) that only
guarantee S(Q2) is not achieved. An example of such domains is given by Pacella and
Tricarico in [15] by considering domains bounded by two concentric spheres with I'y
denoting the interior sphere. Using the so-called “isoperimetric constant of () relative to
I'1”, see [15], it is proved that S(Q) is not achieved whatever the radius of the two spheres.
When 5(Q) is not achieved, a natural question arises: Could one find positive critical points
of ] of energy levels larger than 5(Q2)?

An analysis of Palais-Smale sequences of the function | has been performed by Grossi
and Pacella [16]. As a consequence of it, a positive answer to the above question has been
derived for bounded domains () with two holes, one of which is very small; Iy denotes the
boundaries of the interior two holes and Ty = 9Q) \ Ty.

Observe that the case of domains bounded by two concentric spheres with I'; denotes
the boundary of the interior ball is not included in the existence results of [16]. Motivated
by the work of Bahri—Coron [17] and aiming to include a larger class of domains () in
the existence results of problem (1), we develop in the present article and the subsequent
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one [18] an approach that allows us to include all possible cases of bounded domains with
an arbitrary number of holes of arbitrary sizes.

(H): Let D C R", n > 3, be abounded domain with smooth boundary.

Letk>1, xq,..,x; € Dand Ry, ..., Ry > 0 such that
B(xl-,Rl-) cD, Vi=1,.., kand B(Xi,Rl‘) N B(X]',R]') =0, V1<i#j<k

Here, B(x, R) denotes the closure of the ball of center x and radius R. Let
Q=D\U"B(x;,R;) , T1 = U ,9B(x;,R;) and Ty = 90\ T1 = aD.

In the following, we state the main theorem that we shall prove in this paper and the
subsequent one [18].

Theorem 1. If O, [y and T'y satisfy description (H), then (1) has a solution.

The aim of this paper is to prepare the field to prove Theorem 1. We first establish
under the assumption that Ty NI} = @ a strong maximum principle for the Laplacian
operator with mixed Dirichlet-Neumann boundary conditions. After that we extend the
analysis of [17] (see also [19]) to the present setting and prove useful estimates involving
asymptotic expansions of the variational functional J. Then, we develop an algebraic
topological method and prove Theorem 1 under an additional topological condition. See
Theorem 3 below.

Notice that, although the general scheme of our proof falls within the analysis and
topological techniques of Bahri—-Coron [17], the same techniques cannot be extended to the
present framework. Indeed, with respect to the homogeneous Dirichlet problem traited
by Bahri—Coron, the case of mixed boundary problem presents new phenomena. Namely,
due to the influence of the boundary part where the Neumann condition is assumed, the
blow-up configuration is completely different and more complicated. It is described by
interior and boundary blow-up points as well as mixed configurations. See [6,16]. This
leads to additional difficulties and obstacles to apply Bahri-Coron’s approach and requires
novelties in the proof.

2. A Maximum Principle Theorem

In this section, we prove an L*— estimate for solutions of mixed boundary value
problems with Laplace operator. Let () be a bounded connected domain of R”, n > 1 with
smooth boundary 9Q) = Ty UTy such that Ty N T; = @ (Figure 1).

Iy

Figure 1. A simplified figure of Q).
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Letk > %, fo € HY(Q), f1 € H2(T) and fa € H2(Ty). Denote u = u(fo, f1, f2)
be the solution of the following problem:

—Au = fo in Q,
(N) u = f1 on I,
% = fz on Fl.

We then have
Theorem 2. for every x € Q, it holds:
mowo (x) + myws (x) + mywy (x) < u(x) < Mowo(x) + Mywy (x) + Maws (x).

where wy, wy and wy are the solutions of the following boundary value problems:

—Awy = 1 in O, “Aw, = 0 in O —Aw, = 0 in Q,
wo = 0 on Ty, ,{ wy = 1 on To , wy = 0 on Ty,
2
a% - 0 on Ty 1 = 0 on Ty % = 1 on Tj.
and

my = infxeﬁfo(x), My = SupxeﬁfO(x)/

mp = il’lfxero fl(x), , M, = SUPycr, fl (x)/

nmyp = il‘lfxer1 fz(x). Mz = supxerl fz(X).

The proof of Theorem 2 requires the following three Lemmas.

Lemma 1. Let ug = ug(fo) be the solution of

—AMO = f() in Q,
Uy = 0 on ro,
% = 0 on TIj.

Then for any x € Q, we have
mowo(x) < ug(x) < Mowo(x).

Proof. Let zy = ug — mowg and Zy = uy — Mowy. We then have

AZO = mgy — f() <0 in Q, AZO = M() - fo >0 in Q,
zg = 0 on Iy, , Zy = 0 on T,
aaivo = 0 on TI7j. aa% = 0 on TI7j.

By regularity Theorems, see [20,21], we have (zg, Zg) € C*(Q2) x C3(Q). Indeed, under
assumption Ty N T; = @, the solutions zy and Zg lie in H*+2(Q) < C2(Q) since k > 7.

Let (x0, Yo, Xo, Yo) € 64, such that

ZQ(X(]) = inﬁzo(x) ; Zo(yo) = sup Z(](x) ; Zo(Xo) = inﬁZo(x) ; ZQ(Y()) = sup ZQ(X).
xeQ) xeQ) xeQ) xeQ)
To proof the left side inequality of the Lemma, we distinguish two cases.
If zg is a constant function on (), then by condition zg = 0in I'y, we obtain zg = 0 on Q2.

If zy not constant, then xy have to be in dQ) and satisfies aailf(xo) < 0, (see [22],

Lemma 3.4). It follows that xy € Iy and therefore zy(xg) = 0. Consequently,

up(x) > mowy(x), V x € Q.
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Similarly, we proof the right side inequality of the Lemma. Indeed,
e If Zyis a constant function on (), we then have Zy = 0 on Q).
e Ifnot, Yy € 0Q) and satisfies %(YO) > 0. It follows that Yy € I'y. Therefore,
up(x) < Mpwp(x), forevery x € Q.
O

Lemma 2. Let u; = uq(f1) be the solution of

—Aup = 0 in Q,
uy = f1 on r(),

J
St = 0 on Ty

Then for any x € Q, we have
miwy (x) < up(x) < Myws(x).

Proof. Letz;y = u; — myw; and Z; = u; — Mjwy. We then have

Az = 0 in Q, ANZ| = 0 in Q,
z1 = fi—m on Iy Zy = fi—M; on Ty
aaivl = 0 on I7j. aa% = 0 on I7j.

Let (x1,y1, X1, Y1) € O such that

z1(x1) = inf z1(x) ;. z1(y1) =supzi(x); Zi1(X1) = inf Z1(x) ; Z1(V1) = sup Z1(x).
x€Q xeQ xeQ) xeQ

If z1 is a constant function on (), from the fact that z; = f; —m; > 0 on Iy, we obtain
up(x) —mpw(x) >0, VxeQ.

e If z1 is not constant, then x; have to be in d() and satisfies %ivl(xl) < 0. Therefore,
x1 € To where z1(x1) = f1(x1) —my > 0. Consequently,

z1(x) = up(x) —mwy(x) >0, VxeQ.
Moreover,
e If Z; is a constant function on (), then by condition Z; = f; — M; < 0on Ty, we get

Z1(x) = uy(x) — Mjw;(x) <0, VxeQ.

e If Z; is not constant, then Y7 have to be in 0Q) and satisfies aa% (Y1) > 0, this implies
that Y7 € T'p, where Z1 (Y1) = f1(Y1) — M; < 0. Therefore,

Z1(x) = u1(x) — Myw(x) <0, Vx € Q.
O

Lemma 3. Let up, = uy(fp) be the solution of

—Auy = 0 in Q,
up = 0 on Ty,
auz

aT — f2 on rl .
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Then for every any x € Q, we have
mawy (x) < uz(x) < Maws(x).

Proof. Letz, = up — myw, and Zr = up, — Mprw,. We then have:

Azy = 0 in  Q, ANZ, = 0 in Q,
Zy = 0 on Iy, , Zy = 0 on Ty,
%va = fy—my on Ij. aa% = fpr—M; on TIj.

Let (x2,y2, X2, Y2) € O such that:

Zz(Xz) = il‘liZz(x) , Zz(yz) = sup Zz(x) , Zz(Xz) = il‘liZz(x) , Zz(Yz) = sup Zg(x).
xeQd xeQ xe xeQ
As the proof of previous Lemmas, we distinguish the following cases:
e If zp is constant on (), then z; = 0 on (), since z, = 0 on I'y.

e If not, x, have to be in dQ) and satisfies aaivz(xz) < 0. Therefore, x, € I'y where

zp(x2) = 0. It follows that,
z2(x) = up(x) — mywy(x) >0, Vx € Q.

Concerning Z,
e If Z, is constant on (), then by condition Z, = 0 on Iy, we get Z, = 0 on Q).

e If not, Y, have to be in dQ) and satisfies %(Yz) > 0. Consequently Y, € Iy, where
Z5(Y2) = 0. Therefore,

Zr(x) = up(x) — Mpwy(x) <0, Vx € Q.
O

Proof of Theorem 2. Let u = u(fy, f1, f2) be the solution of problem (N'). We decompose
u as follows:

u = up(fo) +ui1(f1) +u2(f2).

where u;(f;), i = 0, 1, 2, are the solutions of Lemmas 1-3. The estimate of u(x), x € Q,
follows from the estimates of u;(f;), i =0, 1, 2.

We end this section by stating an L®— estimate of the solution of problem (N'). The
estimate is a direct consequence of Theorem 2. [

Corollary 1. Let k > %. There exists a positive constant ¢ > 0, such that for every fo € H*(Q),
fi € H*3(Ty) and f, € H**2(Ty), the solution u = u(fy, 1, f2) of problem (N') satisfies

lullgoy < e[ follsi) + I fillisqry + 2l

3. Asymptotic Analysis

Problem (1) has a variational structure. Indeed, if u is a critical point of ] in £, then
] (u)%u is a solution of (1). Due to the compactness defect of the Sobolev embedding
V(Q) < L% (Q), the functional ] fails to satisfy the Palais-Smale condition on ©*. In order
to describe the sequences failing the Palais-Smale condition, we introduce in the following
a family of “almost solutions” of problem (1).
Foranya € QQUTI, and A > 0, we define

A e ;
5(M)(x):ﬁn( ‘2) : ,XER ,

1+ A2|x—a
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where B, is a fixed positive constant which depends only on 7 and chosen so that

n+2

—A(S(a’)\) = 55) on Rn.

In the case of a € I';, we define an almost solution P4, 1) by
Pé(g 0y (x) = ‘I’a(x)5<m) (x), x € Q,
where ¥, is a smooth cut-off function defined by
¥,(x) = lifx € B(a, g) and ¥,(x) = 0if x € B(a, p)".

Here, p is a positive constant depending on a and chosen so that P, ) = 0 on I'o.
In the case of a € (), we define PJ(, ;) as the unique solution in V() of

—Au = 5(%) in ),
u =0 on T,
% = 0 on I7j.

Denote dy = dy(a) = min(d(a,Ty)",d(a,T1)" ). Setting

P@anr) =0@r) — Poan)-

In the following proposition, we estimate ¢, »). It involves the regular part of the Green
function for the Laplacian operator under mixed Dirichlet-Neumann boundary conditions.

Proposition 1. Lef (a,A) € Q x R* and let H(a,.) be the regular part of the Green’s function
associated with problem (1). We then have

H(a,.) 1
= +0
o) = 7t (A”?zd)
Proof. Let H(a,x)
a
D 40) () = @) (x) — 5z €
Using the fact that H(a, .) satisfies
—AH(a,x) = 0 in Q,
H(a,x) = |,1_;|n72 on T,
oH _ 9 1
v (a,x) - o ‘a_x‘n—2> on I7,
it holds
—Aq)(a,/\) = 0 . in Q,
P = b0 — on Ty,
aqfa,)\) (a,)) /\Tz|x—a|"*2 0
gs’/\) %(é(a,)\) — 1 on I5.

n=2
A2 |x—alt2

Thus, by Corollary 1 we obtain

1
n—-2
A2 |x—a|r2
-1
n—-2
A2 |x—a|"2

[P @)l <C maX( H%,A) -

L= (Tg)”

@)

a%((S(M) B ) ‘Lw(rl))'
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Observe that

_ 1
5(a,A)(x) = /R" Wfs(“)(y)y

142 1 s p
- n /1‘{”|x_ |7’l*2 5 Zi y
I TA+A | y—al?)?

A change of variables, z = A(y — a) yields

Bu? 1 dz
S x) = £ | - T
GO e T a =R (1 2 )
Letp >0
%
Bn~ / 1 dz
5 prm—
@n® = G|y e 214 [z )%
1 <x—az/A>dz
+(7’l* / n n+2
el<rp | X—al® (142 2)"

1 | z/A |? dz
([ e 7))
zZl<Ap [ X = a7 (14 | z |2) 2
1 1 dz
+0( / x—a_z 2 )
AT Jzzr [ X —a (1+ ]z )2

Now, using the fact that

/ <x—a,z/A>dz
Zl<re (14 |z |2)"F

2
/ L”lzm = 0(1),
el<ro (14 | z |2) "5

and

fon e o)

d2hp [x—a =5 "2 (14 |z |2)"

we obtain that

S(ap)(x) = ' xl_a = +O<"“|ia|") +O(;\”1§2>'

Observe that for any x € I'g, we have | x —a |> d(a,T). Therefore,

1 1
RN _o(— ‘ ®)
(a)(¥) AT | x—a |2 (Aﬁzd(a,ro)”)
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From another part,

n+2
Pia) (x) = Pi® / i( 1 ) dz
ov /\H R" OV |x—a_% |n—2 (1—|—|Z|2)n+2
. n+2 a 1 / dz
ﬁn ( ﬁ | —a |n2) |z|<Ap (1+ l e |2)n+2
+(n - )ﬁma/ 1 <x—az/A>dz
"oov |z|<Ap | xX—a |" (1+ | 2 |2)n+2
1 9 1 |2/A 2 dz
+0 / 9
(/\nTiz Z<Ap3v(|x—a|">(1+|Z|2)n+2)
1 9 1 dz
10— / 9 .
</\% zzApaV(|x—g_i|n2)(1+|22)42r2>
We have

‘/ 9 1 | z/A |2 dz n/ ( 1 | z/A|? dz
lz|<Ap OV | x —a |" (1+|Z|2)’%2 = Jil<ap | x —a |t (1+|z|2)"+2

and
1 | z/A |2 dz i 1 | z/A |2 dz
- 2 S n72 nt2 °
‘/z\zApav(\x—a—%\" (14 |z 2)"z ( /\z\zAp(\xfaf%\"‘l)(1+|z|)
Therefore,
9(a,0) (x) = i( 1 )
v IRV P e

1 1 z/A |2 dz
O( u/ _ n+1 | | n+2)
AT Jzl<ap [ x —a " (14| 2 2)"2
1 1 dz
+O( / _ _7 n—1 2 i)
AT Jlzzap [ x—a =5 " (14 | 2 |2)"2

Using the same reasoning as before, we obtain

a6 0 1 1
(a))
_ =0 . 4

av (%) av (A—”gz lx—a |n—2) (Angzd(a, rl)n+1> @)

The proof follows from (2)—(4). O

Let h and g be positive integers such that 0 < g < h and let e > 0. Define

V(hrqls) = {ueZ s.t, Jaq,.. aqel"l, Hﬂq_;,_l, ,a, € Q, 3N, . /\h>8_1 and
ay, ..., ap > 0 satisfiying Hu -y PS40 H <e, with Ad(a;,0Q) > €1,
Vl—q+1,...,handsl,] <eVl1 gz;&]gh}.

—n—
2

A
Here, ¢;; = (% + %+ AiAjla; — aj|2>
Asin [17], we parameterize the sets V (1, g, €) as follows. For u € V(h, g,¢), we consider
the minimization problem

, sty aq €10, agy, .y € Q,

min{ Hu —ZZ 1% P(5( A) Z?:qﬂ ociP(S(ﬂi,Ai)
>0, A >el, Vi= 1,...h}.
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Arguing as in ([17], Proposition 7), we have

Proposition 2. Let h € N. There exists ¢, > 0 such that for any ¢ € (0,¢) and for any
ue V(hgq,e), 0 <q < h,the above minimization problem admits a unique solution (a,a, A) (up
to permutation). Denoting
h
v=u=) WPy
i=1

then v satisfies the following orthogonality condition,

. aPs,, \ IPS,
(Vo) : <0, ¥ >= / VoVY¥ =0, V¥ € {P(s(ﬂ,A), @) T eA) g 1,...,h}
. Q 17

oA ! E)al-
Following the concentration compactness principle of [6,16,17], we have the following result.

Proposition 3. Assume that (1) has no solution. Let (uy)y be a sequence of & such that J(uy) —
cand 9] (ux) — 0. Then there exist integers hand g, h > 1,0 < q < h and a subsequence (uy, ),
of (ux)x such that uy, € V(h,q,e;), V£ > 1.

Here, the sequence (e;), is positive and tends to zero. Moreover,

J(ug,) — (?.h—q)%S, as £ — oo,

where S is a fixed constant given by

=N

B / dy
S=\|"% | — ] - 5
(2 o {1+ [y ©
Let us note that under the assumption that (1) has no solution,
f
f 1) =

see ([16], Lemma 3.5).
Fix £ be a compact set in Q). For 1 € Nand A > 0, we denote

h
N WP
B(h/ /\/ Z) = {u = Zlil &i (’11,/\1)

h
=T ,a;, €%, a;€[0,1],i=1, .., hand Zaizl}.
H2i21 lxipé(ui,/\l‘)

i=1

Yy %P 0
ST
not, u € B(h—1,A,%)). Denote da = min;<;zj<p, |a; — aj|. Then it holds

For u = € B(h, A, %), we may assume that a; # a, V1 <i#j<h,(if

Proposition 4. For any u € B(h, A, %), we have

b2 -1 h

I =2hs—HE o {1 (as) e [ (S ) Hlaa)

2n_ n A i= Zk 1 OCk Zh al= 2

(Zf’l—] ain2> =1"%k
2
) ()]} ol

Z;::l D(% Zh n = |a1 - a]|n 2 v ()Ld””fl '

where S is defined in (5) and co = fR — .

(1+|z |2 A
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Proof. Let us denote

ul|? N
](1/[) || H n— 5
2n_ n
(fn ””’2)
We claim that
N = (stp ) fi- (st e?) A“[zl | 2 H(a;, a;)
—Zi;ﬁj“i“j<W — H(aj, a; )] } +O( A, )n er ATl
Indeed,
2
N= Z / VP 1) Pelx + Y wia; / VP34, 1) VPS( 1) .
i#]
O
Foranyi =1, .., h, we have
. 2 . . ntZ
/Q [9Po(a, | = /Q VOas ) VPOai0) = | Oan) Clai) — Pai))

Observe that
2n_ 2n_ n 1
n—2 _ n-2 n 2 _ 5 -

/(i) (S(”ir/\) o / n 5(“1’//\) /]RVI\O 5(”1 A) T 25240 ( Al ) ’

Moreover, by Proposition 1, we have

142 n2  H(x,a;) 1

n—2 — n—2 et o

‘/Q 5(111-,)\) Plar) = /Q 5(111',/\) ( A% +0 (/\n+2 a4 ) )

| [ S G
RS o
AT /B<al-,p/z> (@A) l

Expanding H(x, a;) around a;, we obtain

o2 H(ﬂi,ﬂi) 1
/(25(11,-,2)\)(,)(“1'//\) = COWJFO(F)'

n+2

Therefore,

ot o 1)

2 n
‘/Q’VP(S(QI,,A)‘ =252 — ¢ 2

Moreover, for any i # j we have

/Q VPO TP = | ) B — Plan)
% % n—2
- / Oa0)0@ih) ~ /Rn\ﬂ Oa0)0@ih) ~ /Q O,
Observe that
n+2 CO 1
n-2 — -
/n 5(aj’/\)(s(ai’/\) o An72|€li — ll]'|n72 +0 ( ()\dg)n_l )’

Lir%
/]Rn\Q 5(uj,/\)5(”ir)\) =

n+2

(ajA)

q)(uirA) :

(6)

* /O\B(u,-,p/Z) (5("[{;2/\)H( )} + O(/\”)

@)
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and

";Jrz H(ai,aj) 1
/Q (a0 Plasd) = 03z +O(ﬁ)~

Hence,

o co 1 . 1
/Q VPO(a0) VPO(a0) = T2 <|(1i —aj|"—2 Hiaa )> +O((/\da)”_1)' ®

Using (7) and (8), Claim (6) follows.
We now estimate the denomerator of J(u). We claim that

2n % 2n -1 2n
D = (252 Zz 1 Z” 2> <252 Zz 1 ln 2) - 2[21 1 l" ZH(ﬂzr z)
142
Zz;é] P <|ai,;/,|n72’ —H(aj,a )>:| } + O(( )" 4)-

Indeed, let p; > 0 small enough such that forany i =1 ..., h, B; := B(a;,pa) C Q2 and
BiNB; =0, V1 <i%j<h Wemay assume p, = d,. We then have

©)

B h i
Dm2 = /Q(Z"‘kp‘s(ﬂkr“)

2n 2n

_ /UB (Zakp(sw))"‘2+ s (Zakp(s(ukA)) "

on
Let1 <i < h. To estimate [; := fB_ (2Z=1 uckPJ(ak,A)) " dx, we write

h
Y kPO(q 0y = 2il(g,0) + ) kPd(g0) — i@ (a,0)

k=1 k#i
h % WZT" 21, 1 Z% n+%
(k:Z:lakP5(ak,A)) = a6 i) + p— Q (5 (ZakPé (@A) — XiP(a,, A))
AVI—Z n4T2
+O<W‘S(w>)‘
Therefore,
- Ps i i ) =
[h4 n— — n
(X ePo0) o [ ol

2n % n+2 1
L / () (Z’XkP‘SM) i<P(a,-,A))+O(W>.
We now compute

n+% % ”+§
,‘S(a A)P‘S(am) = /Rn 5(111',)L)P5(akr)\) - Be 5(11,, )P‘S(am)-

We have

n+2

n—2 —_ 1
65( aj,A )Pé(uk’A) o O(()\da)"fl)'



Mathematics 2023, 11, 1955 13 of 26

Using Proposition 1, we have

e 22 H(x, ay) 1
L 3P = /Rn‘sa%<5<w)‘ R %2))

Therefore,

n+2

Pl 0 1 _ o 1
B; o) Pow) = 7oz <|€li —aj|"2 H(a“a])> +O((/\da)”_1)'

In addition,

s n2 H(x,a;) 1
n—2 _ n—2 s 1
/Bf(ai,m”(w = ./B,.‘5<a-,A>( 5z O A%z))
+2 1

L) o 1) o) cofh)
- OHﬁiilgi)Jf O((Ad:) )
Thus,

and therefore,

Dﬁ = 2522 1“112+n2/\n2{2 1“71 ZH(ﬂl,ﬂ)
n+2 1 1
+Zl?é] i “](W_H(ai/aj)>:| +O<W>

This concludes the proof of Claim (9). The expansion of Proposition 4 follows from (6)
and (9).
We now prove the following Lemma

zf' 1 iPd (g

€ B(h, A, %), we have
1% Pé(a As )
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n—2 2

fﬂ = 10‘5 ))% o (h 3 >n
]( ) 2n ’)/i(sﬂ_ ,
{fQZ DcP(Su/\))*z ;/Q iA)

IS}

B

M)

—

where

,.)/, _ ai&(”il/\)
e A ——
Y, Xk (q, 1)

Ps
Proof. Letu = M € B(h,A,2Z). We have
|y iPé(a, 0|

[o IVt a;Ps | 2dx
J(u) = ot e )

nZTnz o
<f0(v21 1 zn ZP(S( )> dx)

Using Holder’s inequality,

/0 W(,i Pyl < [/Q (il”é))zﬂ N [/Q (i “iP(S(ai,/\))%] &
Observe that
L™ = [L(Eman) ™2 (E i) ¥
< [ (Boen) T8 et
It follows that
hv bt < L (Lomton) T L (Goton) 17 18 fyre)

This concludes the proof. O

Proposition 5. Let h € N. For any € > 0, there exists A(h, €) > 0 such that for every A > A(h,€),

we have 2
J(B(h,A, %)) C (S,(2h+¢)n

Proof. By Lemma 4, we know that for any u € B(h, A, i), we have

2 e 2
]( ) fQ i= 1“511,)0) -2 i/ 7‘5% !
n 1 . .
fQ 1 10( P5 ))272 i=1 O (ﬂlz)\)
Observe that
h . 2n_ h . 2n
Saa) dx < 572 g
/Q (l;/ﬂ% (a,,/\)) X = 1;'071 (a;,\) x
h 2n
< aste ) [ el dx,
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since
2 n
- (S(am)dx = 2§72,
Using the fact that
5" -2 dx = 1 Vi=1 h
[ 605 dx =0(55), Yi=1, .,
we obtain
1
/ Z/ V() ) 0 < 218k 1+0(5;) )-
Therefore,

n—2
2n on
I, ;0 (g, 1)) "2 1
J(u) < (2h {f“ = P; >)2 (1+0(57))- (10)
Q z 1% (a;,A) n=2
Using the estimate of Proposition 1, we obtain
2 1
J(u) < 2h)rS1+0(57))- (11)

Let ¢ > 0. for A large enough, the inclusion of Proposition 5 is valid. O

The above expansion can be improved for /1 large enough. Namely,

Proposition 6. There exists hy € N and A(hg) > 0 such that for any h > hy and A > A(hg),

TN

J(B(h,A,£)) C (S, (2h)75).

Zz 10‘P5(a Ap)

[t 4P, |
Case 1. Assume that there exists i, 1 <i < hsuch that ¢; << 1. By elementary computa-
tion, we obtain

Proof. Letu = € B(h, A,%). We distinguish two cases.

Ju) <J( ) “j(l—“i)*lpfS(aj,A))+O(Déi)-
=T

We know from Proposition 5 that

=

h
JC Y, j(1-a;) 1P5(aj,Aj))§(2(h—1)+s) S.

J=Lj#

Thus, for a; small enough, we have

J(u) < (2h)=S.

Case 2. Assume thata;, i =1, ..., his lower bounded by a fixed positive constant. If d, is
small enough, using expansion of Proposition 4, we obtain

:\N

J(u) < (2h)7S
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If d, is lower bounded by a fixed positive constant, we deduce from Proposition 4 the
existence of three positive constants ¢, ¢; and ¢ such that

J(u) < (2h)%s(1 - %(cﬁh - 52)) + O(%)-

Thus, for hy such that ¢1ig — ¢ > 0 and for A large enough, we have
J(u) < (2h)7s.
This finishes the proof. [

4. Topological Arguments

In this section, we extend the topological approach of Bahri—-Coron [17] to the frame-
work of mixed boundary problems. Due to the effect of boundary blow-up points, the same
techniques cannot be applied in the present setting, and therefore new constructions and
extra ideas will be required. That is what we will do in this section. We think that such an
approach will be helpful to prove Theorem 1. This is subject of the forthcoming paper [18].
Nevertheless, it leads to prove Theorem 1 under an additional topological condition; see
Theorem 3 below.

Assume that (1) has no solution. Under the assumption of Theorem 3, we construct
a sequence of maps of topological pairs in 1 which induces a sequences of non trivial
homomorphisms of relative homological groups. However, by using the asymptotic
expansions of Section 3, we prove that the induced homomorphisms sequence is trivial
from a certain rank. This leads to a contradiction.

First, let us introduce the gradient vector field of the functional J, and it follows that will be
used to deform the level sets of J. Let

—0]: X — TX
be the gradient field of ], and let
7(.,.):[0,00) x X — X

be the associated flow. For any u € X, t — #(t, u) is the unique solution of

A direct computation shows that | decreases a long #(t,u), ||9](y(t,u))|| — 0, as
t —> ocoandifu € &1, then (¢, u) € £,Vt > 0.

Let u € £T. It follows from Proposition 3 that under the assumption that | has no
critical point in £, there exists a unique positive integer h = h(u) and a unique integer
g = q(u), such that 0 < g < h, so that the following holds: For any ¢ > 0, and there exists
te > 0 such that for any t > t¢, 5(t,u) € V(h,q,¢). Consequently,

J(n(t,u)) — (Zh—q)%S, as t — oo.

Here, g represents the number of concentation points of 7(¢, u) that lie in the boundary

partT'; and S is defined in (5). The levels (2h — q)%S, h>1, 0<q<h,are called critical
values at infinity.
Let ¢ > 0. We define
Je={ueXt, J(u) <ch

Using the classical deformation lemma, we have
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Proposition 7. Assume that | has no critical point in £7. Let h be a positive integer and let q be
an integer such that 0 < g < h. For any two real numbers ¢y and cy such that

2
n

(2h—q—1) nS<cp<c<(2h—q)nS
we have
]CZ =~ ]Clr
where >~ denotes retract by deformation.

Proof. We use the gradient flow 7(.,.) to deform J., onto J,. Since | decreases along #(., .)
and | has no critical values nor critical values at infinity in (cq,¢2), then Jo, ~ Jo,. O

For any h > 1, let ¢, be a fixed positive constant subjected to Proposition 2.

Proposition 8. Assume that | has no critical points in ¥ +. For any h > 1, there exists a fixed
constant &, > 0 such that if a flow line y(t,u) moves from V(h,q,%) to V(h,q,¢,)", then
J(n(t,u)) decreases by at least 6y,. Here 0 < q < h.

Proof. Assume that there exists t; < tp suchthaty(ty,u) € V(h,q,%), n(t2,u) € V(h,q,¢,)",
and 77(t,u) € V(h,q,e,)\V(h,q,%), Vt € (t1,12). It follows from Propostion 3 that there
exists ag, > 0 such that

0] (n(t,u))[| = ae,, Vte€ (t,t2).
Moreover, by estimate (119) of [23], we know that there exists B¢, > 0 such that

d(V(h,q,Eh) Vg, = )) 2 Pey-

Thus,
J(r(t200) = T w) = = [ a1 (t,w)] e
t
< —a /t 107 (7 (¢, u)) | dt
< —ag,Beys
since

B < dl(rz (e, 0) < [ 1010r(e,0)

The result follows for §;, = ae, Be,. 0O

Next, we shall use the following notations. Let

VQ (hreh) = V(h/ 0, 8]1)

and
VF] (h,Sh) = V(h, q, Sh), with q # 0.

Proposition 9. Assume that | has no critical point in X Let u € Vy(h, }). If there exixts
a positive time ty such that n(t,u) € Vr, (I, ey ), for some positive integer h’ then J(n(t,u))
decreases by at least 6y, where &, is the given constant of Propostion 8.

Proof. Let u = Y 1Po )+ 0 € Va(h, % ). Before the time t; at which 7(t;,u) €
Vr, (W, &), the flow hne 77(t ) has to leave Va(h,ep), since at t = 0, all the indices

=)
i,1 < i < h, satisfy A(0)d(a;(0),0Q2) > (%) ,and at t = 1, there exists at least an
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index i, 1 < i < I/, satisfying A(tl)d(ai(tl),aﬁ) < ¢py. Therefore, the flow line #(t, u)
moves from V(h,0, %) to V(h,0,¢;)°. The result follows from Proposition 8. [

For any h > 1, we fix

oh = %min(éh, S((2h+1)7 — (2h)%)).

From Proposition 3, we know that for any & > 1, there exists Nj, large enough such that

J(u) < (2B)7S + 3, Vu € Vo (h, -1,
Nj,

For simplicity, we shall denote W, (VQ (h, f\]—’;)) the unstable manifold of 1<U<hVQ (p, f\]—’;)
<p<

with respect to the gradient flow. More precisely,

Wu(VQ(h,I%Z)) = {n(t,u) st,t>0andu € U7 Va(p, gp)}

Define e
— Zh
Wh - ](Zh)%s‘f”)‘h n Wll (Vﬂ(h/ Nh )) ’

and
An =T igps N W (VQ(h Nh)>

In this way it is easy to verify that

LA CWy 1 C A, C Wy,

with Ag = Wy = ©@. We now prove the following result.
Let My C M; be two topological spaces. We denote H.(M;y, My), * > 0, the homology
group of order x* of the pair (M1, My).

Proposition 10. Assume that (1) has no solution. For any h > 1, there exists €1 (h) > 0 so that
the following holds. For any &y € (0,&1(h)) there exists a continious map

r: (Wi, Ap) — (](2h)2 NValh <L), ]

€
i1S5+2 N, 35N Valh ))

(2n)ns Ny,

which induces an isomorphism

NValh 2,1

P 5 Ho(Wy, Ay) — Hi (] N

2
%SHVQ(h,f)), * > 0.

(2h)7 S+2 (21)
Proof. If we assume that ] has no critical point in £7, it follows from Proposition 7 that for
any € € (0,vy),

(Wi, Ap) ~ (I(zh)% NW, (Vn(h Nh)) Ap).

Let

¥ (Wh,Ah) — (I(Zh)%s—i- ﬂWu(VQ(h Nh)) Ah)

be the associated deformation retract. Using Proposition 3, the following holds.
For any ¢ > 0, there exists ¢; > 0 such that for any & € (0,¢7),

J

nS

o Esie mwu(Vo( ))\] o mwu(vﬂ(h Nh)) C Va(he).
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Particularly, for e = f\,—};, there exists €1 (h) > 0 such that for any &) € (0,¢&1(h)), we have
Tanyissay " W (Vall GOV g2 W (Valh, ) € Vol 1)
Note that for given sets Ay, Ay, B and A such that
A1NB\A,NB C A,with A C B,
then,
A1NB\Ay N B = A; N A\A, N A.

We apply this in our statement. It results that the pairs

&y €l
(I(Zh) S+ N W (Vﬂ(h'ﬁh))’](zm%s N W (Vo(hrNh))>

and

&n €p
(](Zh)%%o N Valh, E),I(Zh)%s N Va(h, N )).

are homotopical equivalent, since VQ(h ) Cc W, (VQ(h )) Let
) €n &
2 (](zh)%s+- MW (Vﬂ(h N, )> Tianyrs N W (VQ(h’ Nh))) -

&y €
(](Zh)%5+50 NVa(h, ﬁh)’ ](2h)%s N Va(h, E))

be the associated homotopy equivalence. We define
r=ry0r].
Using the fact that ; and r, two homotopy equivalences, * is then an isomorphism. [

Let () be a bounded domain of R",n > 3, satisfaying the condition of Theorem 1.
Then, there exists at least an (n — 1) —dimensional sphere % included in Q such that, if
we denote i : £ — Q the natural injection, then the induced homorphism of groups
i* 1 Hy(2£) < H.(Q) is not null for * = n — 1. Here, H,(M), * > 0, denotes the homology
groups of a topological space M.

Let us introduce the following notations. For & > 1 we denote

n
Ay_q = {(wl,...,vch),s.t.,vci e[0,1],vi=1,..,h andexi = 1}
i=1

and

n
Bh(i) = { Z w;6;,s.t., (a1, ...,a) € Ap_q and (ay, ..., ay,) € Zh}.
i=1
Here, 6,, is the Dirac distribution at a;.
In the following two Propositions, we construct a sequence of non trivial homomor-
phisms ¢},
h > 1, between the relative homological groups H, (By,(%), Bj—1(£)) and H, (W, Ap,).

Proposition 11. Assume that (1) has no solution. For any positive integer h, the homology group
H.(Wy, Ay), * > 1, has a structure of a module over the cohomology group H* (QY" /s,), where
Sy, is the permutation group of order h. Moreover, there exists a sequence of homomorphisms

¢y He (By(2), By—1(2)) — Ha(Wy, Ap),
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such that for any h > 1, ¢;; is H*(Q"/ &, ) —linear.
Proof. Let i > 1. Define the projection

x:Valhe) — Q'/g,

n
= Zaipé(ai,)u) + 0+ (111,..., {Ilh)

—_

Let

X1 = X|I ) nvﬂ(h’i]ih)
(2h) 7 S+¢)

be the restrictionof yon ] _ 2 NVq(h, 5). The mapping x; induces a homomorphism
(2]1) n S+, h

(x1)«: H (Q"/s,) — H'(] N Valh o).

(2h) 7 S48 N,

The cap product, see [24],

* €n Ep
H (](Zh)%s+€0mvﬂ(h Nh))®H*(](2h)%S+OﬂVQ(h )

(2n)7s N,
&y Ep
Ho (J gy 512, 1 V00 50T 257 Ve )
provides H., (](zh)%SJr_ NVal(h, f\]—’;), ](Zh)% NVal(h, —)) a structure of a module over

H* ( ] @i sie NVal(h, ehh)) and therefore over H*(Q)" /g, ) through the homomorphism

(x1).. Using now the isomorphism r* given in Proposition 10, H,(Wj, A;) obtains the
structure of an H*(Q)"/ s, ) module.

We now construct the required sequence of homomorphisms ¢;.
For h > 1, we define an equivalence relation ~ on Eh % A4 by

((al,...,ah), (061,...,0(;1)) ~ ((a(,(l),...,aa(h)), (aa(l),...,zxg(h))), S 6h'

By (£) can be viewed as the quotient space M % Ay_q of F x A1 with respect to ~ .

h
Define

n
Tty - Bh(Z) — Zh é( Ah*l/ Z(xiéai — ((al,...,ah), (al,...,ah)).
h i=1
Let
S, = {(al,...,ah) esh st,a = aj, for some i # ]}

Following [24], there exits a &), —equivariant tubular neighborhood Tj, of S}, in £/
such that T}, retracts by deformation on Sj,. The above projection 77, induces a map of pairs
denoted again 71y,

 : (Bu(£), Bp-q(£)) — (£ gh Ap—1,S5p X By gh =M % 0Ay_q).

It is easy to see that 77, is an homeomorphism and therefore induces an isomorphism

7 He (By(2), By_1(£)) — Hi (E X Aj—1,Sn X Dy_q u 5P oAy 1).
O
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Let

i (i é< Ny_1,Sp X DNp_q U o x oNj,_ 1) — (ih 6>< Ah—l/Th X Ap_q é) £t x aAh_l)
Sh h h

be the natural injection. Using the fact that S, is a strong deformation retract of T}, i,
defines an homotopy equivalence and hence induces an isomorphism

l; : Hy (ih X Ah—l/ Sh X Ah—l U ih X E)Ah_l) — H, (ih X Ah—l/Th X Ah—l U ih X aAh_l).
G Sy S, Sy

Let us denote

ig = Zh\Thr

and for 6 € (0,1), we also denote

AL = {(le,...,txh) € Ah_l,s.t.,% €[1—06,1+0],Vi# j}.

We note that (A)_,)¢ retracts by deformation on dA;_;. As a consequence there exists
an isomorphism

]h H*(Z >< Ah 1/Th X Ap_q U sl X 0N, _ 1) —)H*(Z >< Ah 1/Th X Ay_q U £l x (Ah 1)C).
By excision of Tj, X Ay, 1 QLSJ T), X (Az_l)c, we get the existence of an isomorphism
Gh h
% . s T s 0 ¢ s s ST 0 ¢
¢y Ho(E X Ap_1, Ty x Aj_q gh 2 x (M) 1)) — Hi (55 X Ap_1,0%0 X Ap_q gh 2 x (M) _1)9),
h h

since Tj, X Ap_q y Ty x (A9 _)¢isopenin Ty x A Y Zhx (A9 ))e.
h h

Let A be a large positive constant. We define

f/\,h : ih X Ap_1 — t
Sy

Yiq aiPo(g 0
| 21y aiPoa )l

Using expansions of Propositions 5 and 6, we can select 0 € (0,1) and a diameter
d(Ty,) of T, small enough so that for A large enough, we have

((LI1, ...,ah), (0(1,..., och)) —

Fan(E & Ah (DA AT

and

=N

Fan (058 x Ay U 56 % (M) 1)) C](Zh) 5

In addition, using the fact that | a; —a; |> d(Ty,),i # j, for any (ay, ..., a) € VASE) VS
we obtain for A large,

fun(E8 & Ah 1) <, U VQ(P/ L) c Wu(VQ(h N ),
p h

and

f)\h(aZO X Ap_1 U ZO X (Ah 1) ) C U< VQ(P, ) C Wu(VQ(h Nh))
= P
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Therefore, for gy € (0,7y), fa defines a map denoted again f) j,
fan: (2 X Ba 0T X s 2 x (Af_1)°) —> (Wi, Ap)-
Thus, it induces an homomorphism
fan: He (23 & Ap_1, 958 X Ay s 25 % (Agfl)c) — H. (W, Ay).

The required sequence of homomorphism is
* * x ok ok %
O, =fypopojyoiyom, h>1

To prove that ®; defines a H* Q"/s ,)—linear map. We consider the following com-
mutative diagram, analogue to the one of ([17], diagram (17)). Let

be the first projection. Using expansions of Propositions 5 and 6, it is easy to check that
fan maps
(ih X Ah*l/Th X Ah*l U ih X (Azil)c) onto (Wh/ Ah)
&), Sy
Moreover, using the fact that | a; — a; |> d(Ty),i # j, for any (ay, ..., a,) € i UL,
we obtain for A large,

S AY ) Vg (h, S
Fan( 0& n—1) € Val( Nh)

and
~ ~ €
Fan(@Sh < A u Shx Ny ) C Vo(h, ﬁh).
h h

Thus, f) ;, defines a map denoted again f) j,

€n

. (sh 0 S 6 $h 0 En £n
fant (25 R R B onj_,) — <]<2h>%5+éo Vol 50T gy 7 0 Vol 5 ). (12)
Consider the following diagram:
Sh T $h 0 ¢ Fan
(B x My x da Y S (A0 )) = (Wi An)
Sy, Sy '
I I
& & - fan
I 0 B s A8 I 0 / & A 13
(2 XA 19T X Ay U S x ong ) = <](zh>% 5oy VR T2 N Valh )) (13)
ll’3 lX
Sho« Ap_q L) Qh/Gh/

S
where iy, iy, and i3 are the natural injection. It is easy to verify that the above diagram is
commutative. Moreover, i} and i; are two isomorphisms. Thus we are in the same position
of diagram (17) of [17]. The H*(Q)"|g, ) —linearity of ®; follows from the same argument
of ([17], Proposition 9). O

We now prove the following result:
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Proposition 12. Assume that (1) has no solution and assume condition (A) below. Then,
c1>;;([Bh(i),Bh_1(i)}) £0,Vh>1and * = nh— 1.
Proof. From the construction of the proof of Proposition 11,
ki := @p o Jiy 0By 0 71
defines an isomorphism:

ki : H,(By(%), By_1(S)) —> H. (23 X Ap_1,050 x Ay y $hx <A271>6)-

Using the fact that (Ag_l)c retracts by deformation on dA;,_1, k; induces an isomor-
phism denoted again

ki : Ho(By(S), By_1(5)) — H. (ig X Ah_l,a(zgé Ah_l)).
h h

Observe that z‘ig X Aj_q is a manifold of dimension nh — 1 with boundary. Therefore,
5§ % Ap_1,d(Z5 X Ay_1)],

defines a non-zero class in H, (flg x Ay_1,0(Zh x Ah,1)> for x = nh — 1.
Sy Sy

Denote

[Br(E), Brr (8] = ki~ (25 x A0, 0(E8 x 1))

1

and
91 : Hi(By(L),By-1(£)) — Huo1(Bu-1(E), By2(2))

are the usual connecting homomorphism. We introduce the following topological condition.
(A): Assume that there exists a connecting homomorphism

dy : H. (Wh/ Ah) — H, 4 (Wh—ll Ah—l)
such that the following diagram is commutative

H.(By(%),By-1(2)) Sk, H, (Wy,Ap)

[ |22
i e
Hi(By_1(X), By2(¥)) —— Hia(Wi—1, Auo1)-

Under assumption (A), the topological argument displayed in ([17] estimates (25) and
(26)) shows that

@;([Bl(i),so(i)]) £0= @;([Bh(i),Bh,l(i)]) £0,Vh>1.

We agree to suppose that By(£) = @. If &5 ( [B1(%), Bo(i)]) =0, then

(x" 0 (i5) 0@} ) ([Bi(£), Bo(£)]) = 0in H.(€Y), (14)
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where x and i; are defined in diagram (13). Observe that

(x* 0 (i) o @) ([Bi(E), Bo(£)]) = (x" 0 (13) ™" o fi1) ([£,95]).

Using mapping (12), we have
fia(£05) € (1,2, . NVl 3], 2, M Va(l ).

Thus,
(i) (faa([205])) = fra([E05]),

since 7, is an equivalence of homotopy. It follows that
(X7 (3) "o @) ([B1(2), Bo(2)]) = x* (i1 ([£,98])) = [£],

since 95 = @. We therefore have from (14), [£] = 0in H,(Q). This is absurd. Thus,
o ( [B1(%£), Bo(i)D # 0 and the proof of Proposition 12 follows. [

We prove now the following existence result.
Theorem 3. Under assumption (A), Theorem 1 holds.

Proof. Assume that (1) has no solution. It follows from proposition 12 that under assump-
tion (A),

cp;([Bh(i),Bh_l(i)]) £0,Vh>1

However, the expansion of Proposition 6 shows that for i large enough, ¢; is a null
homomorphism. Such a contradiction implies the existence of solutions of problem (1). [

5. Conclusions

This paper conjectured the existence of positive solutions of problem (1.1) on bounded
domains with holes. We proved preliminary results and useful estimates for mixed
Dirichlet-Neumann boundary value problems involving the standard Laplacian. Par-
ticularly, a strong maximum principle theorem has been established. We were able to
evaluate the topological differences between the level sets of the associated energy func-
tional. Precisely, the level sets corresponding to critical points at infinity of the associated
variational problem. An additional difficulty compared to homogeneous Dirichlet problems
lies in the complexity of the configuration of the critical points at infinity. In the present
setting we have two types of critical points at infinity. Typel, containing only interior
concentration points, and type2, containing at least a concentration point in the boundary
part where the Neumann condition is prescribed. Although both types of critical points at
infinity may have the same energy levels, our method was able to exclude the topological
effect of critical points at infinity of type2 and prove the above conjecture under an algebraic
topological condition. We believe that the used method and the obtained results constitute
interesting steps to fully prove the aforementioned conjecture. We also believe that the
used approach helps in studying related nonlinear problems such as scalar-curvature-type
problems on bounded domains with mixed Dirichlet— Neumann boundary conditions
and mixed elliptic problems driven by the fractional Laplacian. It is well known that the
latter problems are motivated by previous works on mixed Dirichlet-Neumann boundary
problems driven by the standard Laplacian. For recent progress in these directions, we may
refer the reader to [25-28] and references therein.
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