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Abstract: The Fokas system, which models wave dynamics using a single model of fiber optics, is
the design under discussion in this study. Different types of solitary wave solutions are obtained by
utilizing generalized Kudryashov (GKP) and modified Kudryashov procedures (MKP). These novel
concepts make use of symbolic computations to come up with a dynamic and powerful mathematical
approach for dealing with a variety of nonlinear wave situations. The results obtained in this paper
are original and have the potential to be useful in mathematical physics.
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1. Introduction

The essential issue in mathematical physics is nonlinear partial differential equations
(NPDEs), and numerous advanced techniques have been published for investigating the
exact solutions of NPDEs. Some examples of such works include the discovery of soliton
solutions for the Radhakrishnan-Kundu-Lakshmanan equation using the solitary wave
ansatz approach by Zahran et al. [1], the demonstration of the existence of three-wave
lump solutions for a (3+1)-dimensional generalized CBS (gCBS) equation by Zhou et al. [2],
the study of the fractional-type system of nonlinear Chen-Lee-Liu (CLL) equations using
the classical and non-classical Lie group analysis by Hashemi et al. [3], the implementation
of the exp(—¢({))-expansion by Raza et al. to obtain analytical soliton solutions of the
Biswas-Milovic equation in Kerr and non-Kerr law media [4], the discovery of new explicit
wave solutions for the fractional Kudryashov-Sinelshchikov (KS) equation using liquid-
gas bubbles under thermodynamic assumptions via sinh-Gordon equation expansion by
Abdel-Aty [5], the implementation of the modified Kudryashov technique to the unstable
nonlinear Schrédinger equation by Hosseini et al. [6], and the application of the MKP to
the generalized Schrodinger-Boussinesq equation by Kumar and Kaplan [7].

The Kadomtsev—Petviashvili (KP) and Davey-Stewartson (DS) equations are inte-
grable expansions of the higher-dimensional Fokas equation [8]. Because it represents
the physical processes of waves on the surface and beneath the water, the Fokas model is
crucial in wave theory. The Fokas system simulates the nonlinear pulse transmission along
monomode optical fibers [9].

i +e1Qxy+eu =0 )
€3ty — €4<|Q|2>x =0

In Equation (1), €1, €, €3, and &4 are nonzero constants, while () and : are complex
functions. For analyzing the NLSE in (2 + 1) dimensions, Fokas [10] and Shulman [11]
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devised the Fokas system. Moreover, the system Equation (1) was transformed into an
NLS equation that allowed y to approach x. Moreover, Chakravarty et al. [12] looked
into this concept. The suggested method was in fact carefully explored in [13,14] for new
rogue wave and lump soliton solutions in focused zones. The governing model and a
breather with hybrid solutions were both investigated in [15,16]. Sinh-cosh and sine-cosine
approaches were both used to resolve the model in [17]. Alotaibi et al. established periodic,
kink, dark, and bright optical solitons, chaotic patterns, and bifurcations of the Fokas
system [18]. Atas et al. used the novel modified generalized exp rational procedure for the
Fokas system [19]. Alrebdi et al. considered the sine-Gordon expansion technique for the
Fokas system [20].

In this article, we will explore new solitary wave solutions of the Fokas system. Solitary
waves are localized traveling waves that approach zero at long distances. In wave theory,
kink waves and periodic waves are also considered as important types of waves that drop
or ascend from one asymptotic state to another. All of these wave types are solitons in the
completely integrable case, which result from an eigenvalue problem’s inverse scattering
(IS) solution and depend on a free parameter. However, the existence of these solutions
does not depend on the integrability of the model or its compatibility with an IS transform
approach [21].

The current study looks into the applicability and effectiveness of the Kudryashov
approaches on the Fokas system, which models wave dynamics using single-mode fiber
optics. Section 2 contains the preliminary information and the main steps of the procedures
being considered. Section 3 marks out the implementation of the generalized Kudryashov
and modified Kudryashov methods. Section 4 gives some results and discussions, and lastly,
Section 5 offers some conclusions.

2. Results

The processes will be used on the provided model in this section. The supplied
model will be reduced to the NPDE. If we apply the wave transformation described in
Equation (17) to Equation (1),

Q(x,y,t) = v(e) exp(inx + iy +13t), o)
(xyt) = Ae),

where € = x + y — 6t, then separate real and imaginary parts, we obtain the system
as follows:

{elv” —i0'(0 — 21161) — (17%81 — A+ 173) v} eltnx+my+mt) — o, 3)

£3A, — 2£4le =0. 4)

According to (4), we obtain the following relation:

2
A= 8T ®)
€3
If we substitute (5) in (3), we obtain the following reduced ODE:
e10” — (e + 13 )0+ 220® = 0, ©)
€3
where the imaginary part provides soliton velocity;
0 = 2ip1. ?)

If we balance v and v° in Equation (6), the balance number is obtained 1.
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2.1. Application of GKP

The generalized Kudryashov approach will be used to solve Equation (6) in this
paragraph. We assume the following in light of the method:

ao + a1 + axyp?

0(6) - bo —l—bll/?

®)
If we substitute Equation (6) for Equation (8) without neglecting Equation (20), we
have an overdetermining equation system. Four solution families are found if the resulting
system is solved by using symbolic computation packages.
First Family: The following steps are used to determine the arbitrary constants:

[ S1€3 G
ap=0,a1 = :|:b1 s bo =0, b1 = bl,
8284 \/ 2€2S4

a2+
=y

Hence, the resulting solutions for the given model are as follows:

Q(x,y,t) = (:F e163v2(Te€ —1) >e mx+my—

2ene4 \/ g? (14Te€)

' ©)

_ e(re-1)?
(xyt) = 2e5(14Te€)?’

where € = x + vy — 2m1€1t.
Second Family: These steps are used to determine the arbitrary constants:

2¢e1€ 2eq1€
ag = 0,ay = +2by [ — =22 4y = F2bgy | — =2, by = by, by = —2by,
E2€y E2€&4

N = —nier + e,

and the solutions are given by

£183 1ee
Qx,y,t) = ( 2\[\/21" ) (mx+ny+(- q%sl+sl)t)l

€ €
2escyy 5y (1419 (10)
_ 8e e
[(x’y’ t) - _82(1";825_1)2’

where € = x +y — 2171e1t.
Third Family: These steps are used to determine the arbitrary constants:

b18183 2b1€183 28183 b1
Gy =F——F——=m =Ft——F——, w0 =+b\|———,bo = ——, b1 = by,
2¢e1€3 2¢e1€3 €2€y4 2
E2€y e E2€&4 e

13 = —nier — 2e,

and the solutions are given as follows:

Q(x,y,t) = + 8183\/371(:;262223) ei('hx+172y+(—77f€1—2€1)"‘),
easay/— g (P26 1) (11)
2,261 1)2
) = et

& (1"2e2€—1)2
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Fourth Family: These steps are used to determine the values of the arbitrary constants:

bieqe 2bieq€ 2¢eq€ b
aozq:%ral:i%/aZ:ibl _8183,b0:_?1’b1:b1’
28284 —=13 E2E44/ — 1-3 2¢4

€284 €284

a1
113_ 77]1 21/

and the following are the solutions:

Qx,y,t)= |+ 8153\/%(566_1) ei(v1x+q2y—(q%sl+%sl)t),
2ezeqy [~ 2 (Tec+1)
afe-1)?

2e5(Tec+1)%"

(12)
(x,yt)= —

Fifth Family: These steps are used to determine the values of the arbitrary constants:

boe1€3 €1€3(2by — by) 2¢e1€3
aozﬂ:iz ,al—:F—z ,ﬂ2::|:b1 —T c ,b():b(),bl :bl,
€regy ) — 22 e2€gy/ — L2 254

€284 €284

and the solutions are given as follows:

Qx,y,t) = (i e163v/2(Tef—1) )>61<U1x+772y i’ t)

2ezeq/— i (Tef 41
£ (Te€—1)>

2y (Tec+1)2

' (13)
(x,yt)= —

2.2. Application of MKP

Equation (6) will be subjected to the modified Kudryashov technique in this paragraph.
We assume the following in light of the method:

v(e) = @y + @1P(€). (14)

Without disregarding Equation (24) in Equation (6), we may substitute the solution
Equation (14) and collect the polynomial of ¢(¢), yielding the overdetermining equation
system shown below:

3
€264
P 2(1n(a))2a)151 + 234 iy
3
3e0e4@0 @2
2 : —3(In(a)) @161 + %,
3
382234(026’01
'« (In(a)) @181 — @17fer — @113 + TO’
82846’08

0. 2
Y"1 —@oniEr — @olf3 + P

If the aforementioned system is solved, the constants can be specified as follows:

e1 (27 + (In(a))*
€264 _2¢183 €2€y 2

€284
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The solitary wave solutions are provided as follows:

(273+(n(@))?) t)
alrt in@)7)

In(a)erez(Ta€ —1)v/2 ei <’71x+’72y_81
2¢epe4(1+ Ta€), /—% ' (15)
(In(a))?e; (Ta€ — 1)?
2e5(1 + Tac)?

Q(x,y,t)= =+

(x,yt)= —

where € = x +y — 2171e1t.
Remark 1. If we set a as exp function in solution (15), we obtain the same solution with (9).

3. Discussion

In this article, five different solution families have been founded via the generalized
Kudryashov technique, and one type of solitary wave solution has been founded via
the modified Kudryashov technique. The obtained solutions are different from the out-
comes attained by other researchers using earlier techniques [17-20]. Equations (8)—(13)
and (15) present a variety of different types of solutions by providing various param-
eter values. The solutions include seven arbitrary parameters, and different solutions
can be constructed by setting the parameters as different values. The obtained solu-
tions have been classified. Additionally, the drawings of two- and three-dimensional
graphics have been made. The following information can be given for these graph-
ics: Figures 1-4 depict solitary waves in different structures, namely Figures 1 and 2
represent bright soliton solutions and Figures 3 and 4 represent dark soliton solutions.
Figures 1 and 2 represent the plot of the |(11)| fore; = —0.9,ep = 0.5,e3 = —0.2,e4 =
01,11 = 05,7, = 05T = 2,y = 0. Figures 3 and 4 represent the plot of the |(15)|
fore; = —0.12,ep = 0.55,e3 = —1.2,¢4 = 05,13 = 09,7, = 001, =2,a=2,y=0.
In Figures 1 and 2, the 3D and contour plots for Equation (11) are shown. Figures 1 and 2
illustrate the bright soliton solution and its 2D plot. In Figures 3 and 4, the 3D and contour
plots are shown which represent the dark soliton wave for Equation (15). The proposed
approaches are practical and effective. We employed the Maple software program to carry
out the simulations and examine the results.

(A) 3D Plot (B) Contour Plot

Figure 1. Cont.
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(C) 2D Plot

=ik -0.8 -0.6 -0.4 -0.2 0

X

Figure 1. Two-dimensional and three-dimensional plots of the bright soliton solution |[Equation (11)]
fore; = —0.9,6p =0.5,e3 = —02,e4 =0.1,573 = 05,11, =05 T =2,y = 0.

(A) 3D Plot (B) Contour Plot

1.2 % 10°
1 x 106'
8 x10°]
6 x 1[]5'
54
4 %10
2 x 10°]
_l %
1 -05 0 05 1
t
(C) 2D Plot
300001
200001
10000
-1 -08 -06 -04 =02 0

X

Figure 2. Two-dimensional and three-dimensional plots of the bright soliton solution |[Equation (11)]
foreg = —09,e9 =0.5,e3 = —0.2,¢4 = 0.1, = 05,17, =05, =2,y = 0.
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(A) 3D Plot (B) Contour Plot

0.351
0.307
0.2573
0.203
z
0.159
0.107
0.057

(C) 2D Plot
0.351

-10 -5 0 5 10

Figure 3. Two-dimensional and three-dimensional plots of the dark soliton solution |[Equation (15)]
fore; = —0.12,e = 0.55, 65 = —1.2,e4 = 0.5,571 = 0.9,17, = 0.01,T = 2,0 = 2,y = 0.

(A) 3D Plot (B) Contour Plot

0.05
0.04-
0.03
z
0.02-
0.01-
LI L e
10 s 05 e07'0
t X
(C) 2D Plot
0.051
-10 5 10

X

Figure 4. Two-dimensional and three-dimensional plots of the dark soliton solution |Equation (15)]
foreg = —0.12,ep = 055,63 = —1.2,e4 = 05,1 = 09,17, =0.01,T =2,a =2,y = 0.
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4. Conclusions

This work examines the exact solutions of the Fokas system, which is used to simulate
the dynamics of the waves in a monomode fiber communication system. The modified
Kudryashov process and the generalized Kudryashov procedure were both intensively
utilized in this study to obtain intriguing Fokas system solutions. Both methods can be
considered as advanced methods for identifying innovative exact solutions to NPDEs.
With the help of the corresponding 2D line plots and 3D plots, the behaviors of the retrieved
solutions are shown. The results show that the suggested procedures are effective instru-
ments for investigating nonlinear evolution equations and give useful model-related data.
The results of the dynamics analysis approach and their representation are significant and
useful for future research on the Fokas system’s reliability control. In the future, looking
for additional exact solutions to Fokas” system will be seen as a crucial task. The relia-
bility control of the Fokas system may be further studied with the help of the dynamics
analysis approach.

5. Materials and Methods
5.1. Preliminary Information

The procedures that are employed will be listed in this section. We assume a system of
general NPDEs with the following structure:

00 2Q Q) 2’°Q *Q 2°Q
@ (o, )-o (16)
where Q) = Q(x,y,t) is a complex-valued function. If we transform Equation (16) using
the wave transformation described below,

Q(x,y,t) = v(e)e'?, (17)

where € = x +y — 0t and ¢ = 51x + 112y + y3t, it results in the following ordinary differen-
tial equation (ODE):
¢(v,9',0",...) =0, (18)

and here prime stands for the derivative of v with respect to €.

5.2. The Generalized Kudryashov Procedure
We make the following assumption about v(e) according to the GKP:

> anp(e)
v(e) = ", (am # 0,by #0) (19)
ngoban”(e)

where a,,,by,(m =0,1,...M,n=0,1,...N) are constants and the following ODE is satis-
fied by y(e):
W y2(e) — le) 20)
de !

and ¢ (€) is given as follows:
1

Pe) = 1+ Tee’ (21)

where I’ is an integration constant, N and M can be computed by operating the homo-
geneous balance principle for Equation (18). We can calculate a polynomial of ¢ by sub-
stituting Equation (19) into Equation (18) without ignoring Equation (20). Then, all the
coefficients of polynomial ¢ will be set as zero. If the obtained system is solved, the values
of the ay, by, n;(i = 1,2,3), 0 are obtained. At last, the given model’s soliton-type solutions
are discovered [22,23].
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5.3. The Modified Kudryashov Procedure

We transform Equation (18) using the wave transformation described below:

N
u(e) = ;)wn(lp(é))”,ww #0, (22)

where @,(n =0,1,...,N) are constants that will be determined later, N is calculated by
the homogeneous balance principle, and the function ¥ (¢€) is given by

1

yle) = 1o TTa (23)

where (23) satisfies the following ODE:

!

¥'(e) = (¥*(e) ~ y(e)) Ina. (24)

Without ignoring Equation (24), Equation (22) is substituted into Equation (24) to
produce a set of algebraic equations for @,, a,1;(i = 1,2,3), 6. Eventually, after solving the
resulting system, the exact solutions to equation Equation (16) are determined [24,25].

Remark 2. The Comparison of the Considered Procedures.

The Kudryashov procedure, modified Kudryashov procedure, generalized Kudryashov
procedure, and extended Kudryashov procedure are just a few examples of a variety of
Kudryashov procedures that are described in the literature. These procedures vary in terms
of their auxiliary equations and the desired shape of the solution. Below is a comparison of
two of these approaches.

(i) The solution to the auxiliary equation given by the traditional Kudryashov

approach is
1

T Tt
(ii) The solution to the auxiliary equation for the modified Kudryashov approach is

R(e)

R(e) = =,
and IR
T = (R%(e) — R(e)) Ina.

(iif) The solution to the auxiliary equation for the extended Kudryashov approach is

dR
T = R3(e) — R(e).

We consider the solutions for these techniques to be

u(e) = % ayR"(€),an(n = 0,1,2,..., M), (am # 0),
n=0

ay,a, . ..a, are constants to be calculated.



Mathematics 2023, 11, 1810 10 of 11

Author Contributions: The study’s conception and design were the result of contributions from all
the authors. M.K. and A.A. wrote the main manuscript; A.A. prepared the figures; RT.A., A.A. and
M.K. revised the paper. The analysis of the results was performed by all the authors. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was supported by the Deanship of Scientific Research at Imam Mohammad
Ibn Saud Islamic University (IMSIU).

Data Availability Statement: The data and materials used have been incorporated into the manuscript.

Acknowledgments: The authors thank the anonymous reviewers for numerous valuable comments
which, we hope, have substantially improved the presentation.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Zahran, EH.M.; Arqub, O.A,; Bekir, A.; Abukhaled, M. New diverse types of soliton solutions to the Radhakrishnan-Kundu-
Lakshmanan equation. AIMS Math. 2023, 8, 8985-9008. [CrossRef]

2. Zhou, Y,; Zhang, X.; Zhang, C.; Jia, J.; Ma, W.X. New lump solutions to a (3+1)-dimensional generalized Calogero-Bogoyavlenskii-
Schiff equation. Appl. Math. Lett. 2023, 141, 108598. [CrossRef]

3. Hashemi, M.S.; Haji-Badali, A.; Alizadeh, F; Inc, M. Classical and non-classical Lie symmetry analysis, conservation laws and
exact solutions of the time-fractional Chen-Lee-Liu equation. Comput. Appl. Math. 2023, 42, 73. [CrossRef]

4. Raza, N.; Abdullah, M.A.; Butt, A.R. Analytical soliton solutions of Biswas-Milovic equation in Kerr and non-Kerr law media.
Optik 2018, 157, 993-1002. [CrossRef]

5. Abdel-Aty, A.H.; Raza, N.; Batool, A.; Mahmoud, E.E.; Yahia, I.S.; Yousef, E.S. Pattern Formation of a Bubbly Fluid Mixture under
the Effect of Thermodynamics via Kudryashov-Sinelshchikov Model, Hindawi. J. Math. 2022, 2022, 9546205. [CrossRef]

6. Hosseini, K.; Kumar, D.; Kaplan, M.; Bejarbaneh, E.Y. New exact traveling wave solutions of the unstable nonlinear Schrodinger
equations. Commun. Theor. Phys. 2017, 68, 761. [CrossRef]

7. Kumar, D.; Kaplan, M. Application of the modified Kudryashov method to the generalized Schrodinger-Boussinesq equations.
Opt. Quantum Electron. 2018, 50, 329. [CrossRef]

8. Kumar, S.; Kumar, D.; Kumar, A. Lie symmetry analysis for obtaining the abundant exact solutions, optimal system and dynamics
of solitons for a higher-dimensional Fokas equation. Chaos Solitons Fractals 2021, 142, 110507. [CrossRef]

9.  Wang, KJ. Abundant exact soliton solutions to the Fokas system. Optik 2022, 249, 168265. [CrossRef]

10. Fokas, A.S. On the simplest integrable equation in 2+1. Inverse Probl. 1994, 10, L19. [CrossRef]

11.  Shulman, E.I. On the integrability of equations of Davey-Stewartson type. Teor. Mat. Fiz. 1983, 56, 131-136. [CrossRef]

12.  Chakravarty, S.; Kent, S.L.; Newman, E.T. Some reductions of the self-dual Yang-Mills equations to integrable systems in 2+1
dimensions. J. Math. Phys. 1995, 36, 763-772. [CrossRef]

13. Rao, ].; He, ]J.; Mihalache, D. Doubly localized rogue waves on a background of dark solitons for the Fokas system. Appl. Math.
Lett. 2021, 121, 107435. [CrossRef]

14. Rao, ].; Mihalache, D.; Cheng, Y.; He, ]. Lump-soliton solutions to the Fokas system. Phys. Lett. A 2019, 383, 1138-1142. [CrossRef]

15.  Chen, T.T.; Hu, PY,; He, ].S. General higher-order breather and hybrid solutions of the Fokas system. Commun. Theor. Phys. 2019,
71,496. [CrossRef]

16. Tarla, S.; Ali, KK.; Sun, T.C,; Yilmazer, R.; Osman, M.S. Nonlinear pulse propagation for novel optical solitons modeled by Fokas
system in monomode optical fibers. Results Phys. 2022, 36, 105381. [CrossRef]

17.  Wang, K.J.; Liu, J.H.; Wu, J. Soliton solutions to the Fokas system arising in monomode optical fibers. Optik 2022, 251, 168319.
[CrossRef]

18. Alotaibi, M.E; Raza, N.; Rafig, M.H.; Soltani, A. New solitary waves, bifurcation and chaotic patterns of Fokas system arising in
monomode fiber communication system. Alex. Eng. J. 2023, 67, 583-595. [CrossRef]

19. Atas, S.S.; Ali, KK,; Sulaiman, T.A.; Bulut, H. Optical solitons to the Fokas system in monomode optical fibers. Opt. Quantum
Electron. 2022, 54, 707. [CrossRef]

20. Alrebdi, T.A.; Raza, N.; Arshed, S.; Abdel-Aty, A.H. New solitary wave patterns of Fokas-system arising in monomode fiber
communication systems. Opt. Quantum Electron. 2022, 54, 712. [CrossRef]

21. Kichenassamy, S.; Olver, PJ. Exixtence and nonexistence of solitary wave solutions to higher-order model evolution equations.
SIAM ]. Math. Anal. 1992, 23, 1141-1166. [CrossRef]

22. Kaplan, M,; Bekir, A.; Akbulut, A. A generalized Kudryashov method to some nonlinear evolution equations in mathematical
physics. Nonlinear Dyn. 2016, 85, 2843-2850. [CrossRef]

23. Kudryashov, N.A. On “new travelling wave solutions” of the KdV and the KdV-Burgers equations. Commun. Nonlinear Sci.

Numer. Simul. 2009, 14, 1891-1900. [CrossRef]


http://doi.org/10.3934/math.2023450
http://dx.doi.org/10.1016/j.aml.2023.108598
http://dx.doi.org/10.1007/s40314-023-02217-w
http://dx.doi.org/10.1016/j.ijleo.2017.11.043
http://dx.doi.org/10.1155/2022/9546205
http://dx.doi.org/10.1088/0253-6102/68/6/761
http://dx.doi.org/10.1007/s11082-018-1595-9
http://dx.doi.org/10.1016/j.chaos.2020.110507
http://dx.doi.org/10.1016/j.ijleo.2021.168265
http://dx.doi.org/10.1088/0266-5611/10/2/002
http://dx.doi.org/10.1007/BF01027548
http://dx.doi.org/10.1063/1.531155
http://dx.doi.org/10.1016/j.aml.2021.107435
http://dx.doi.org/10.1016/j.physleta.2018.12.045
http://dx.doi.org/10.1088/0253-6102/71/5/496
http://dx.doi.org/10.1016/j.rinp.2022.105381
http://dx.doi.org/10.1016/j.ijleo.2021.168319
http://dx.doi.org/10.1016/j.aej.2022.12.069
http://dx.doi.org/10.1007/s11082-022-04120-w
http://dx.doi.org/10.1007/s11082-022-04062-3
http://dx.doi.org/10.1137/0523064
http://dx.doi.org/10.1007/s11071-016-2867-1
http://dx.doi.org/10.1016/j.cnsns.2008.09.020

Mathematics 2023, 11, 1810 11 of 11

24. Ege, S.M.; Misirli, E. The modified Kudryashov method for solving some fractional-order nonlinear equations. Adv. Differ. Equ.
2014, 2014, 135. [CrossRef]

25. Kudryashov, N.A. One method for finding exact solutions of nonlinear differential equations. Commun. Nonlinear Sci. Numer.
Simul. 2012, 17, 2248-2253. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1186/1687-1847-2014-135
http://dx.doi.org/10.1016/j.cnsns.2011.10.016

	Introduction
	Results
	Application of GKP
	Application of MKP

	Discussion
	Conclusions
	Materials and Methods
	Preliminary Information
	The Generalized Kudryashov Procedure
	The Modified Kudryashov Procedure

	References

