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Abstract: A (3+1)-dimensional generalized Yu-Toda-Sasa-Fukuyama equation is considered sys-
tematically. N-soliton solutions are obtained using Hirota’s bilinear method. The employment of
the complex conjugate condition of parameters of N-soliton solutions leads to the construction of
breather solutions. Then, the lump solution is obtained with the aid of the long-wave limit method.
Based on the transformation mechanism of nonlinear waves, a series of nonlinear localized waves
can be transformed from breathers, which include the quasi-kink soliton, M-shaped kink soliton,
oscillation M-shaped kink soliton, multi-peak kink soliton, and quasi-periodic wave by analyzing
the characteristic lines. Furthermore, the molecular state of the transformed two-breather is studied
using velocity resonance, which is divided into three aspects, namely the modes of non-, semi-, and
full transformation. The analytical method discussed in this paper can be further applied to the
investigation of other complex high-dimensional nonlinear integrable systems.

Keywords: solitons; breathers; lump; transformation mechanism; molecular state
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1. Introduction

In the field of physics and mechanics, many scholars have become devoted to inves-
tigating the exact solutions of nonlinear integrable systems, which include solitons [1-4],
breathers [5-7], lumps [8-12], quasi-periodic wave solutions [13-16], and so on. Scholars
have undertaken a lot of work on exact solutions, and have summarized some effective
methods, such as the Backlund transformation [17-19], inverse scattering method [20-22],
Darboux transformation [23,24], algebraic geometry theory [25,26], Hirota’s bilinear
method [27,28] and Lie symmetry analysis [29-32].

A breather can be counted as a sort of soliton that propagates periodically along the
direction of the intersection with a soliton. Wang et al. investigated transformed one-
and two-breathers, which are supported by a theoretical framework of a transformation
mechanism of nonlinear waves [33-36]. It was found that there is a relationship of one-way
transformation between breathers and nonlinear localized waves by adjusting parameters,
including the quasi-anti-dark (kink) soliton, M-shaped (kink) soliton, oscillation M-shaped
(kink) soliton, multi-peak (kink) soliton, and quasi-periodic wave. Furthermore, the molecu-
lar state of the transformed two-breather is discussed with the aid of velocity resonance [37].
The method of velocity resonance is widely used to study the relatively stable state of non-
linear localized waves. A lot of molecular phenomena, such as breather molecules (BMs),
soliton molecules (SMs), soliton-breather molecules (SBMs), and lump-soliton molecules
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(LMs), have been acquired by Lou et al. in the references [38,39]. Li et al. discussed the
soliton molecules of the (2+1)-dimensional B-type Kadomtsev—Petviashvili equation and
the (2+1)-dimensional fifth-order Korteweg—de Vries(KdV) equation [40,41]. In addition,
we studied the nonlinear superposition of the bifurcation of T-resonance Y-type solitons,
lumps, breathers, and solitons with the aid of velocity resonance [42,43].

In this paper, we consider the following (3+1)-dimensional generalized Yu-Toda—Sasa-
Fukuyama equation

1Pt + 12 Pxxxz + VSIPyy + 14 P3Py + 155 Pyz + Vélpxy + 17y + 781/7yz =0, (1)

where ¢ = ¢(x,y,z,t), r1,12,13,74,15,76,77 and rg are eight arbitrary constants. When
the parameters are taken asry = —4,1 = 1,13 = 3,14 = 2,15 = 4,15 =17 =13 = 0,
Equation (1) can be transformed into a (3+1)-dimensional potential Yu-Toda-Sasa—
Fukuyama equation

_4¢xt + 1/)xxxz + 31,L7yy + 2¢xx1/7z + 41Px¢’xz =0, (2)

Yu et al. first proposed Equation (2) when they studied N-soliton solutions to the Bogoyavlen-
skii-Schiff equation [44], which can present an interfacial wave in a two-layer liquid or
elastic quasi-plane wave in a lattice [45]. In recent years, many scholars in related fields
have done a lot of work on the (3+1)-dimensional generalized Yu-Toda-Sasa-Fukuyama
equation. Xia et al. investigated the dynamics of abundant solutions based on Hirota’s
bilinear method [46]. Tian et al. obtained a bilinear form and bilinear auto-Backlund
transformation with the aid of Hirota’s bilinear method and certain coefficient constraints.
Then, breather and lump solutions were acquired [47]. Khalique et al. studied variational
and non-variational approaches using Lie algebra [48].

This paper is devoted to studying the transformation mechanism of breathers and the
molecular state of the transformed two-breather, which are based on parameter constraints
and velocity resonance, respectively. Furthermore, it is worth noting that we need to select
the appropriate parameters and carry out a lot of numerical simulations. The methods
given in this paper can be extended to other high-dimensional integrable systems and
further study the dynamic behaviors of ocean waves.

The organization of this paper is as follows. In Section 2, we obtain the bilinear form
and N-soliton solutions using Hirota’s bilinear method. It can be concluded that Equation
(3) is integrable in the sense of N-soliton solutions. In Section 3, a one-breather solution
is studied, which, by taking the complex conjugate conditions to the two-soliton solution,
then, with the aid of the transformation mechanism of nonlinear waves, is converted into a
series of nonlinear localized waves. Furthermore, a one-lump wave is obtained by taking
the long-wave limit to the one-breather solution [10,49-51]. In Section 4, the two-breather
solution and its transformation mechanism are investigated systematically. Then, the
molecular state of the transformed two-breather is discussed from the point of view of
velocity resonance. Finally, some conclusions are presented in the last section.

2. Bilinear Form and the Soliton Solution

To facilitate the discussion of Equation (1), the parameters of Equation (1) are taken as
r1 = 1, r4 = r5. Then, it can be transformed into

Wxt + 12Pxxxz + 731/Jy]/ + 14 Prx P + 14 PPy + 761/ny + 17y, + 78¢yz =0. (©)]

In this section, the bilinear form of Equation (3) and the N-soliton solutions are obtained.
It can be noticed that the multi-soliton solutions are obtained only if a nonlinear wave
equation is converted into a bilinear form through a dependent variable transformation. By
means of dependent variable transformation

y— %(mg(x,y,z, D).
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Equation (3) can be transformed into a bilinear form [46]

(Dth +7D3D, +r3Dy? + r¢DxDy + 7DD, + rgDyDZ>§ =0, )
where the bilinear differential operators Dy, Dy, D, and D; are defined by
DI DID!DIE(x, 1,2, )4 (x,y,2,1) = (8x — 3x')" By — 8y)" (3z — 3 )P (3t — O YIE (x, v, 2, )

X g(x// ]// Z// tl) ‘x’:x,y’:y,z/:z,t’:t'

Furthermore, the N-soliton solutions of Equation (3) can be written as the following form

{=¢Nn= Z exp(Z V]8]+ZV]V5 ]s> @)

u=0,1 j=1 j<s

with phase variable ¢; = u;(x + vjy + hjz + w;jt) + £§0), wj = —(rzujzhj + 1’3'0]'2 + 160; +

T7hj + rgv]-hj), uj,vj, h]- and 8;0) are free constants, and

ra(uj — us)((2uj — us)hj + (uj — 2us)hs) —r3(v; — 05)? — r8(v; — vs)(hj — hs)
1o (1 + us)((2uj + us)hj + (uj + 2us)hs) —r3(vj — 05)? — rg(v; —vs)(hj — hs)

eAjS =

The symbol ). means summation over all possible combinations of y; = 0,1 (j =1...N),
u=0,1
when all y; is zero, the corresponding term is 1; when y; takes 0 and the rest of y; takes

N
1, the corresponding term is exp( Z g+ Z Ajs), and the ) is the summation over all
j=2 2<j<s j<s
possible combinations of N elements in the specific condition j < s.

3. One-Breather Solution and Transformation Mechanism

In this section, by taking the complex conjugate conditions to the parameters of the
two-soliton solution and imposing restrictions on parameters, a one-breather solution and
transformation mechanism are analyzed systematically. Based on the above analysis, the
two-soliton solution can be written as

Py = ér2 <ln(1 + €1 42 + e€1+€2+A12)) . (6)
T4 X

By letting the parameters be
UL =a1+ bli, Uy = ay — bli, U1 =01+ dli, Uy =C1 — d]i, hl =e +fli,

ﬁ ﬁ

hy = e — fii, &1(° Lty ki, 6© Ly — i, (7)

where aq,by1,c1,d1,e1,f1 # 0,61 > 0, 71 and (; are arbitrary real constants, and order-
ing & = (1+ el + e + ef1+€27412) in (6), then, substituting (7) into &, we obtain the
one-breather solution

1
&p ~ 24/Bocosh(6; + B InBy) + B1cos(Aq), (8)
where
01 = a1x + (ajc; — bidy)y + (ar1e1 — bif1)z + (aywir — bywip)t + 71,

B12Gy
4 7

A = bix + (a1d1 + b161)]/ + ((11f1 + blel)z + ({11ZU11 + b1w1R)t + %1, ,32
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_ —4ry(mb f1 + 317%61) + 47‘3d% - 161’8d%f12
—472({11b1f1 — 3a%€1) + 47’311% — 1678d%f1 ’

1

W1R = —1’2(&%61 — b%el — 2a1b1f1) — 7’3(6% — d%) — TeC1 — I'ye1 — 7’8(6161 — d]fl),
w1 = —Vz((l%f1 — b%fl + 20117161) — 21’3C1d1 — 7’6d1 — 1’7f1 — rg(C1f1 + Bldl).
Then, substituting (8) into (6) leads to the one-breather solution of Equation (3)

_ 6r2(2+/Basinh (61 + 3 In By)a; — By sin(Aq)by)

r4(2y/Bacosh(fy + $InBy) + 1 cos(A1)) ®

(1)

which can be shown in Figure 1. The one-breather can be regarded as a one-soliton that
propagates periodically along the direction of the intersection with the soliton.

20

v v 0
-10
-20 =20~ T T T
-10 0 10 20 -10 0 10 20
(b) (c)
Figure 1. (Color online) One-breather solution (9) withry, =r3 =14 =14 =17 =13 = 1,47 = 0.3,
bp = 1,0 =12,d) = -1l,e; = 1,ff = 1,1 = 2,71 = 0,55 = 0. (a) The three-dimensional

stereograms when t = 0,z = 0. (b) the corresponding contour figure. (c) Characteristic lines figure,
the red line (0.3x + 1.36y 4 0.3659935070 = 0) and the green line (x + 0.9y = 0) are two characteristic
lines of one-breather.

Remark 1. Since the breathers, lump waves, and transformed localized waves to be studied have
similar dynamic behaviors along the x, y, and z axes, in the following content, we take the (x,y)
plane as an example to discuss all the subsequent problems. Similar results are obtained in the (x,z)
plane and (y, z) plane.

To obtain the lump solution, we take

g =a1+byi, up =ay —b1i, vy =c1+dii, vy =c1 —dii, 1 = -|—f1i,
hy =e1— fi, 10 =1In % + i, £ =1In % — i, (10)
then ¢, can be rewritten as the form of

& ~e % — Bicos(A) + Bae™, (11)

where 01, A1, B2 are determined by (8). Then, takinga; — 0,0 =+ 0,81 =2, =1+ 2
and expanding according to Taylor formula at : = 0, one has
&~ (03 + A +1)2+0(8),
6n=x+(c1—di)y+(e1— fr)z+ (r3(d% — c% +2c1dy) +re(d1 — 1) +17(fr —e1) (12)
+rg(crfi +edr +difi —cren))t, A =x+ (c1 +d1)y + (e1 + f1)z
+(r3(df — f —2c1d1) —r6(c1 +d1) —r7(er + f1) — rs(crfi +erds — difi + cren) )t
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By substituting (3) into (6), we have

o 61’2(2911 + 2/\11)
ra(62, + A2, +1)

2 (13)

According to the above discussion and Figure 2, we draw the following properties.

(1) The lump solution (13) has one crest, one trough, which can be called binocular
structure, and two characteristic lines that have the form of 617 + A1 and 611 — Aqq,
as shown in Figure 2.

(2) It can be noticed that the velocity of the one-lump wave (13) is available. On the (x,y)

_ (raditrsf7)(ci+df) +r7(cr fr—erdr)

plane, the velocity of lump wave along the x axis is vk = 7

L _ 27361d1+76d1+V7df1+fs(01f1+€1d1)
y 1 :

7

and the speed along the y axis is v

-20 -10 0 10 20 30
x X

(b) (c)

Figure 2. (Color online) One-lump Solution (13) withry =r3 =ry =rg =ry =rg=1,40 =0,b; =0,
cy =1,d;1 =05,e; = 0.3, f{ = —0.8. (a) The three-dimensional stereograms when t = 0,z = 0. (b) the
corresponding contour figure. (c) Characteristic lines figure, the red line (y = 0) and the green line

(x +y = 0) are two characteristic lines of the one-lump wave.

Based on the analysis of the transformation mechanism of the breathers [33-36], some
conclusions about the one-breather solution (9) of Equation (3) can be discussed.

(1) Itis obvious from expression (9) that the one-breather solution contains a trigonomet-
ric function (sin, cos) and a hyperbolic function (cosh, sinh), in which the localized
properties of the one-breather are controlled by the hyperbolic function, and the peri-
odic properties are decided by the trigonometric function, so the one-breather can be
considered to be the combination of the soliton wave and periodic wave.

(2) Two characteristic lines of the one-breather have the form of 6; + % InBy = a1x +
((11C1 — bldl)y + (u161 - b]f])Z + (El]ZUlR — blwu)t + 71+ %111132 and A = bhix+
(apdqy + blcl)y + (alfl + bre1)z + (mwig + bywir)t + xq.

(3) It can be noticed that the velocities of the soliton along the x axis and y axis can

_ am(mwig—bywyy) _ (ayc1=bydr) (@ wir—brwip)
a124(ayc1—b1dy)? a12+(ayc1—bydy)?

oy . . . . b (a1w11+b1w1R)
the velocities of periodic wave along x axis and vy axis are v = — L AYUTAHYIR)
P & y x by*+(aydy +bycp)?

, respectively; the above results are discussed on

be written as v =

and ZJ; = , respectively;

_ (mdi+bicr)(mywy +bywig)
by +(ardy +bycr )2
the plane (x,y), and similar conclusions can be obtained on the (x,z) plane and

(y,2) plane.

and vy =

a1 aicy — byd
bl a1d1 + b1C1
characteristic lines 6] + % In B, and A; will not be parallel in the plane (x,y), as
shown in Figure 1.

(i) If the relationship # 0 is satisfied, i.e., d; # 0, the two
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ap aycy — bydy
bl a1d1 + b]C]
characteristic lines 61 + %ln B2 and A; will be parallel, as shown in Figures 3
and 4. Under special conditions, the one-breather can be converted into a series
of nonlinear waves which include quasi-kink soliton, M-shaped kink soliton,
oscillation M-shaped kink soliton, multi-peak kink soliton and quasi-periodic
wave. In Figure 3a—c, the one-breather will be a transformed quasi-kink soliton

(if) If the relationship = 0 is satisfied, i.e., d; = 0, the two

(% = 0.1), which has one characteristic line and presents the shape of a ladder.

In Figure 3d—f, the M-shaped kink soliton (Z—l = 1) has two peaks and one valley,

and appears in the shape of M climbing upward. With the increase of value of
%, the one-breather will become an oscillation M-shaped kink soliton (% =3),

and the number of characteristic lines also increases. If the value of % keeps
growing, the periodicity will become obvious, then the one-breather will become
an asymmetric multi-peak kink soliton (% = 5), as shown in Figure 4a—f. When

the value % becomes very large, the one-breather will be transformed into a
quasi-periodic wave (% = 1000), as shown in Figure 4g—i. Gradually, with the

values of % increasing, their periodicity becomes more and more obvious and
their locality almost disappears.

(d) (e) ()

Figure 3. (Color online) The transformation of one-breather withr, =r3 =ry =rg=r;, =rg =1,
‘31 =2, Y1 = 0, K1 = 0. In (a), ap = 1, bl = 0.1, il = 1, d1 = 0,61 = 1.2,f1 = —25.In (d),
a; = 02,bp =02,c;1 =12,d) = 0,e; = 05, f; = —3.5. These two figures are three-dimensional
stereograms when t = 0,z = 0. (b,e) are the corresponding contour figure. (c,f) show the wave moves
along the y axis when x =0,t =0,z = 0.
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20 40

(a) (b) (c)

\1[00 2 (I)O 300

-100 -50 0O 50

(8) (h) (®)

Figure 4. (Color online) The transformation of one-breather withry, =r3 =ry=rg=r, =rg =1,
/51 = 2,’)’1 = 0,K1 =0.In (a), a = 0.1,b1 = 0.3,C1 = 1.2,d1 = 0,81 = 0.1,f1 = —35.In (d),
a) = 0.04, bl = 0.2,61 = 0.5,d1 = 0,61 = —0.01,f1 =1.In (g), a = 0.004, bl = 4,01 = —1,d1 =0,
e; = 0.01, 4 = —5. These three figures are three-dimensional stereograms when t = 0,z = 0.
(b,e,h) are the corresponding contour figure. (c,f,i) show the wave moves along the y axis when
x=0,t=0,z=0.

Remark 2. Figure 5 shows that quasi-kink soliton moves along the y axis at a different time.
Then, the other figure of the transformation mechanism of breathers at a different time can also be
obtained similarly.
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-6 _— =

(a) ()
Figure 5. (Color online) Quasi-kink soliton withry =13 =ry =rg=r,=r3 =1, =2,71 =0,
k1 = 0,4y =1,b; =0.1,c0 = 1,dy =0,e; = 1.2, f; = —2.5. (a—¢) show quasi-kink soliton moves

along the y axis when t = —1, t = 0 and t = 1, respectively.
4. Two-Breather Solution, Transformation Mechanism and Molecular State
4.1. Two-Breather Solution of Equation (3)
In this section, we investigate the transformation mechanism of the two-breather wave.
The four-soliton solution can be written as
54 =14+ efl + ef2 + ef3 + ef4 + e€1+€2+A12 + e€1+€3+A13 + e€1+€4+A14 + e€2+€3+A23
+e€2+€4+A24 4 e€3+€4+A34 4 e€]+€2+€3+A12+A23+A]3 4 e€1+€2+€4+A]2+Az4+A14 (14)

fefrtestestAitAstAly | qertesteatAntAutAN | of1teatestestAntAntA+ARTAs ANy
Letting
Uz = ay + boi, uy = ap, — by, v3 = ¢y +dai, v4 = 3 — dpi, hs = e3 +fzi, hy = ey — fzi,
Bs Bs
2 2
where ay, by, ¢, da, €2, f» # 0, B3 > 0, v2 and x; are arbitrary real constants, then substituting
(10) and (15) into (14), we obtain

83(0) =1In"—= + 72 + x2i, 84(0) =In— + 72 —x2i, (15)

B12G1e?%
4

ﬁ32 G2e292

Gy=1+ ,81e91 cos(Aq1) + 1

+ ,83e92 cos(Az) +
B1°B3°G1Ga 29,126,/ n g2 2 V(g2 2
+Te (Mg + M3;)(Mgg + Mj;)

+'81T'B3€91+92 (M3R COS(Al + Az) — Mg3; sil’l(Al + Az))
+%99]+92 (M4R COS(Al — Az) — M41 sin(Al — Az))

2
G .
+%9291+92((M3RM4R + MsyMyg) cos(Az) — (MarMyr — MarMyy) sin(Az))

2
G .
+%e€1+292((M3RM4R — M3rMyp) cos(A1) — (MapMyg + MarMap) sin(Aq)), (16)

where
6 = arx + (axcy — bado)y + (azex — baf2)z + (apwor — bywop)t + 72,
_ _ BPG
Ao = byx + (apdy + byca)y + (azfa + baep)z + (axwor + bywor )t + k2, Ba = R
B —41’2({12172f2 + 3b§€2) + 47311% — 161’8(1%][22

G = ,
2 —41’2({12172f2 — 30%62) + 47”351% - 161’8d% 22
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-20{
-40
v -60
-80
~100

-120

-140

WoR = —1’2({1%62 — b%€2 — 2a2b2f2) — 7’3C% — d% — YeCp — 1767 — 18 (C2€2 — dzfz),
Wor = —Tz(a%fz - b%fz + 261217262) — 2r3cody — redy — 1’7f2 — 18 (szz -+ €2d2).
Msg = Re(e®13), Mz = Im(e®3), Mg = Re(e®), My = Im(e1).
Unlike the one-breather, the two-breather has two sets of characteristic lines, i.e.,
01+ 3InBy = a1x + (arc1 — bidr)y + (are1 — bifi)z + (amwig — biwi)t + 11 + 3 In By,
A1 = bix + (aydy + b1C1)y + (Lllfl + bie1)z + (aqwq; + bywir)t + %1, and 6, + %1n,84 =

a2x + (4202 — bada )y + (a2er — ba f2)z + (a2105R — bawo )t + 72+ 5 In Ba, Ao = byx + (apdy +
bac2)y + (a2 f2 + bae)z + (azwa; + bawor)t + K2.

Proposition 1. If one satisfies

ap axCy — b2d2
by axdy + byco

ay  aycq — bydy

by ajdy + bicq 70,

the two sets of waves are two-breathers on the plane (x,y).

a; aicp — b]dl
ay dpCpy — bzdz
whereas they will only collide at a certain time due to different speeds, which is called
the short-lived collision, as shown in Figure 6.

ay aycy — bydy
ap dapCy — b2d2
parallel; in other words, they will always be in a state of intersection, which is called
the long-lived collision, as shown in Figure 7.

(1) If the two-breather satisfies = 0, i.e., the two-breather is parallel,

(2) If the two-breather satisfies # 0, i.e., the two-breather is not

X

(d)

-100-80 -60 -40 -20 0 20 -60 -40 -20 0 20 40 60 80 0 20 40 60 80 100 120 140

(e) ()

Figure 6. (Color online) The collision between parallel two-breathers withry =r3 =1y =rg =17 =rg =1,
ay = 0.3, bl = 0,C1 =12, d1 = 0.8,81 = 075,f1 = 0.75, ‘31 =2, Y1 = 0, K1 = 0, ap = 0.2, b2 =0,
0=12,dy=1,ep = %,fz = %,ﬁ3 =2,7 =0,k = 0. (a—c) are vertical view when t = —50, t =0
and ¢ = 50. (d—f) are contour plots.
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—40+%

— 40

-30 -20 -10

(d)

0

X

10 20 30 40 " -30-20 -10 0 10 20 30 40 " .30 -20 -10 0 10 20 30 40

(e) (f)

Figure 7. (Color online) The collision between non-parallel two-breather withrp =13 =14 =16 =
r7 =18 = 1,!11 = 0.3,b1 = 1,C1 = 1.2,d1 = —1,81 = 1,f1 = 1,,31 = 2,’)/1 = O,Kl = 0,[12 :03,
by =1,c0 =12,dy =05,ep =05,f = 1,3 = 2,72 = 0,kp = 0. (a—c) are vertical view when
t = =3, t =0andt = 1. (d—f) are contour plots.

4.2. Transformation Mechanism of Two-Breather for Equation (3)

In this section, the transformation mechanism of the two-breather is studied systemati-
cally. According to the one-breather transformation mechanism, we know that the breathers
can be converted into a series of nonlinear localized waves. Then, the investigation of the
two-breather transformation mechanism can be divided into three aspects, including the
modes of non-, semi-, and full transformation.

Regarding non-transformed modes, it is obvious that the two-breather will not be
converted, as shown in Figures 6 and 7. Regarding semi-transformed modes, that is one
where the two-breather is transformed.

Proposition 2. If one satisfies

ap dpCy — bzdz
b2 ledz + szz

ar ajcq — bidq

bl a1d1 + b1C1 7& 0’

7

i.e., dy = 0. Then, one of the two sets of waves is the breather, the other can be converted into a series
of nonlinear waves including the quasi-kink soliton, M-shaped kink soliton, oscillation M-shaped
kink soliton, and multi-peak kink soliton, as shown in Figures 8 and 9. In Figure S8a—c, one of the
two-breathers is transformed into the quasi-kink soliton. In Figure 8d—e, it is transformed into the
M-shaped kink soliton. In Figure 9a—c, one of the two-breathers is transformed into the oscillation
M-shaped kink soliton. In Figure 9d—e, it is transformed into the multi-peak kink soliton.
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Figure 8. (Color online) The transformation of two-breather withr, =r3 =ry =rg =17 =rg =1,
1y =02,by =0,c0=12,dp =1, =3,fo = —3,p1 = P3 = 2,51 = ko = 0,71 = —20, 7> = 10.
In (a), a; = 1,b1 = 0.1,01 = 1.2,d1 = 0,61 = 1.5,f1 = —25.1In (d), a; = 0.1, bl = 0.1,(11 = 1.2,
dy = 0,e; = 0.5, fi = —3.5. These two figures are three-dimensional stereograms of two-breather
transformation when t = 0,z = 0. (b,e) are the corresponding contour figure. (c,f) show the wave
moves along the x axis wheny = —50,t =0,z = 0.

For the full-transformation modes, the two-breather will be transformed into a series
of nonlinear waves.

Proposition 3. If one satisfies

ap  ayc; — bydy
bl llldl + b1€1

ay axcy —body | _ 0
by axdy + byco ’

7

ie, dy = dy = 0, then, the two-breather will be transformed into a series of nonlinear waves
including the quasi-kink soliton, M-shaped kink soliton, oscillation M-shaped kink soliton, and
multi-peak kink soliton, as shown in Figure 10. In Figure 10a—c, the breathers are all transformed
into quasi-kink solitons. In Figure 10d,e, they are transformed into the quasi-kink soliton and
M-shaped kink soliton. In Figure 10g—i, they are transformed into the M-shaped kink soliton and
oscillation M-shaped kink soliton.
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Figure 9. (Color online) The transformation of two-breather withr, =r3 =ry =rg =1, =13 =1,
‘51 = ,33 = 2,K1 = Ky = 0.In (a), a = 0.3, b1 = 1,01 = 1.2,d1 = 0,61 = 1,f1 = 1,')/1 = —1O,u2 =0.2,
by = 0,00 =12,dy = 1,ep = 5,2 = 3,72 = 10.In (d), &y = 0.04,b; = 02,c; = 05,d; = 0,
€1 = —0.01,f1 = 1,71 = 5,ﬂ2 = O.Z,bz = O,Cz = 0.5,d2 = 1,@2 = —0.005,f2 = 1,’}’2 = 0. These
two figures are three-dimensional stereograms of two-breather transformation when t = 0,z = 0.
(b,e) are the corresponding contour figure. (c,f) show the wave moves along the x axis when
y=—-50,t=0,z=0.

ap aper—bidy | _
ay axcy — bydy ’
which means the characteristic lines 61 and 6, are parallel. The above two waves collide
at a certain time due to their velocities being different, which is the so-called short-lived
ay a1 — bl dl

ap axCy — bzdz 7& 0,
which is called the long-lived collision due to two waves being in collision with time.

It is worth noting that the above propositions are based on

collision. If the characteristic lines ¢; and 6, are not parallel, i.e.,

4.3. Molecular State of Transformed Two-Breather

Given the above discussion and analysis, we know that breathers can be transformed
into a series of nonlinear localized waves that include the quasi-kink soliton, M-shaped
kink soliton, oscillation M-shaped kink soliton, multi-peak kink soliton and quasi-periodic
wave. Then, the different types of the molecular state of the transformed two-breather are
investigated under the condition of the same speed, which can be called velocity resonance.



Mathematics 2023, 11, 1755

13 0f 18

(8)

-100-80 -60 -40 -20 0 20 40 60 80
x

(0)

-100 -80 -60 -40 -20 O 20 40

()

-40 =20

(h)

Figure 10. (Color online) The transformation of two-breather withry =13 =ry =rg =17, =rg =1,
/51 = ‘33 =2, K1 = Ky = 0.In (a), ap = 05, b] = 0.005,C1 = 1.2,d1 = 0, e = 0.5,f1 = —3.5,')/1 = 30,
ap) = 0.3, bz = 0.003, Cy = 1.2, dz = 0, €y = 0.5,f2 = —3.5, Y2 = 0.In (d), a) = 0.5, bl = 0.005, 1 = 1.2,
dy =0,eg =05, = =35,71 =30,a, =0.3,bp =03,cp =1.2,dy =0,ep =05, f, = =3.5,7, = 0.
In (g), a) = 0.5, bl = 0.05, (S 1.2, dl = 0,61 = 0.5,f1 = —3.5, Y1 = 20, ay; = 0.3, bz = 0.5, Cy) = 1.2,
dy =0,ep =05, f = =3.5,7, = 0. These three figures are three-dimensional stereograms of the two-
breather transformation when t = 0,z = 0. (b,e,h) are the corresponding contour figure. (c,f,i) show
the wave moves along the x axis wheny = 0,t =0,z = 0.

Then, we further consider the velocity resonance of the transformed two-breather. The
propagation velocity of along the direction perpendicular to transformed two-breather is

equal, ie.,
s 2 s 2 _ s 2 s 2
\/vu +o, = \/vzx +v3,%
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then, the relative position of the transformed two-breather will not be changed by time

t, where
o — _ m(mwir—biwiy) o ax(a2war — bywar)
1x a12 + (aycq — bydp)?’ 2x 422 + (axcy — bpdy)?’
o _(me—bid)(mwir —biwiy) o (4200 — bady) (a5t02R — brwoy)
W a2 + (arc) — bydy)? 2% + (8202 — body )?

One important factor is that the molecular state is built on the condition of
ap  aic1 — bidy
ap dapCy — bzdz

tance of the transformed two-breather is not zero; otherwise, it will always be in coincidence.

The distance has the form of

= 0, i.e., the transformed two-breather is parallel. Furthermore, the dis-

(1 + 3 p2) = (12+ 3 Inpy)|
\/ﬂ% + (ajcy — bydy)? .

Proposition 4. If the following conditions

ay acy — body
bz llzdz + b2C2

ay aicy — bidy
bl aldl + b1c1

ar ajcq — bidq
ay acy — body

#0, 40,

4

and

1 1
U, =0g, |(Mm+ 5 Ings) — (12 + 5Inpy)| #0,

are satisfied, the two-breather will not be transformed, which is called the mode of non-transformation,
and the distance of the two-breather will not be changed by time, as shown in Figure 11.

- - -
-60 -40 -20 0 20 40 60 80 -60 -40 -20 0 20 40 60 80 -60 -40 -20 0 20 40 60 80
x x x

(d) (e) (f)

Figure 11. (Color online) The molecular state between breather and breather with ry = r3 =14 =
e =ty =18 = 1,ﬂ1 = ‘53 = 2,K1 = Ko = 0,611 = 0.3,b1 = O,Cl = 1.2,d1 = 0.8,61 = 1,f1 = 2.279,
71 = —10,ap = 0.2,bp =0,cp = 1.2,dp = 1,65 = %,fz = %,'yz = 10. (a—c) are vertical view when
t = —30,t = 0 and t = 30. (d—f) are contour plots.
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(d)

Proposition 5. If the following conditions

ay axcy — body
by axdy + bycy

ap aycr — bydy
by aydy + by

ay  aycq — bydy
ay axcy — body

#0,

7

and

7501

(114 50 f2) — (124 5 1)

s _ .,
UBl = UBZ’

are satisfied, one of the two-breathers will be transformed, the other will not be, which is called the
mode of semi-transformation, and the distance of one-breather and a nonlinear localized wave will
not be changed by time, as shown in Figure 12.

100 -100

(b)

0
X X

(e) ()

Figure 12. (Color online) The molecular state between quasi-kink soliton and breather with r, =
T3 =714 =Tteg =17 =718 = 1,[31 = ﬁs = 2,1(1 = Ky = O,ﬂl = 1,b1 = 0.1,61 = 1.2,d1 = 0,81 = 1.5,
f1 = -25, Y1 = 10,112 = O.Z,bz = O,C2 = 1.2,d2 = 1,82 = %,fz = —5.559,’)’2 = —10. (a—c) are
vertical view when t = —8,t = 0 and t = 10. (d—f) are contour plots of (a—c), respectively.

Proposition 6. If the following conditions

ay axCy — b2d2
bz llde + szz

ap ajc; — bidq
bl Llldl + b1c1

ay aicy — bydq
ap acy — body

7 7

and

#Or

are satisfied, the two-breather will be both transformed, which is called the mode of full transforma-
tion, and the distance of two nonlinear localized waves will not be changed by time, as shown in
Figure 13.

S __ 8
Z)Bl = UBZ’

(71+ 31nf2) — (1242 I )
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Figure 13. (Color online) The molecular state between the quasi-kink soliton and quasi-kink soliton
With]’z =13 =714 =Te =717 =718 = 1,,31 = ‘33 = 2,K1 = Ky = O,Lll = 0.5,b1 = 0.005,C1 = 1.2,d1 = 0,
ep =0.5,f1 = =357 =10,ap = 0.3,bp = 0.003,c, = 1.2,dp = 0,e; = 0.542, f, = =3.5,7, = —10.
(a—c) are vertical view when t = —30,t = 0 and t = 30. (d—f) are contour plots of (a—c), respectively.

5. Conclusions

In this paper, we focus on investigating breather solutions, transformation mechanisms,
and the molecular state of the transformed two-breather. The N-soliton solutions are
obtained using Hirota’s bilinear method. Then, it can be concluded that Equation (3) is
integrable in the sense of N-soliton solutions. Furthermore, by using the complex conjugate
conditions to the two- and four-soliton solution and imposing restrictions on the parameters,
the one-breather solution, two-breather solution, and their transformation mechanism are
analyzed systematically. The one-breather has two characteristic lines, 8; + %In B2 =
a1x + (61161 — bldl)y + (6116‘1 — b1f1)Z + (H1W1R — ble)t + 7+ %11‘1[32 and A1 = bix +
ap  arc1 — bid
b1 aydi + b1y
is not equal to zero, the one-breather will not be transformed, as shown in Figure 1. If the
ay a1 — bldl
b] ay dl + bl C1
one-breather will be transformed. With the aid of the transformation mechanism of the
nonlinear waves, the one-breather can be transformed into a series of nonlinear localized
waves, such as the quasi-kink soliton, M-shaped kink soliton, oscillation M-shaped kink
soliton, multi-peak kink soliton and quasi-periodic wave, as shown in Figures 3 and 4.
Then, the one-lump wave is obtained by taking the long-wave limit to the two-breather
solution, as shown in Figure 2. The transformation mechanism of the two-breather is
further studied similarly, as shown in Figures 8-10. Furthermore, under the conditions of

2
X

(ayd, + b1C1)y + (Illfl +bier)z + (agwqg + bywig )t + x1. If the condition

condition is equal to zero, two characteristic lines are parallel, then the

velocity resonance (\/ v, + yfiyz — \/ v;x2 + U%yz)’ the molecular state of the transformed

two-breather is investigated systematically, which is shown in Figures 11-13.

The phenomena presented in this paper are helpful to our further analysis of the com-
plex dynamic behaviors in shallow-water waves, and play an important role in explaining
the nonlinear phenomena existing in complex waves modeled by Equation (3). Further-
more, the dynamic behaviors of other high-dimensional integrable systems can be analyzed
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using the characteristic line method presented in this paper. It is worth noting that the
characteristic line method cannot determine amplitude, which needs to be further studied.
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