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Abstract: We prove the existence of the monotone traveling wave for the isothermal fluid equations
with viscous and capillary terms by the planar dynamical system method. We obtain that the
monotone traveling wave is asymptotically stable under the suitable perturbation. In the process
of establishing the uniform a priori estimate, we dispose the capillary term reasonably according to
the feature of the equations, and find the appropriate weighted function to overcome the difficulty
caused by the non-convex pressure function.

Keywords: nonlinear stability; monotone traveling wave; capillary term; non-convex pressure;
weighted energy estimate
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1. Introduction

We consider the nonlinear stability of the monotone traveling wave for the following
isothermal fluid equations with the viscous and capillary terms [1] in the Lagrangian
coordinates

{ v —ux =0, 1)
U+ p(v)x — elxy + 60xxx = 0.

In (1), t > 0 is the time, and x € R is the coordinate. u and v represent the velocity
and specific volume, respectively. euy, is the viscous term, and v,y is the capillary term,
where the coefficients € and ¢ are constants, satisfying e > 0 and J > 0. The capillarity
was first proposed by Korteweg [2], so the system with the capillary term is also called a
Korteweg type [3-7]. The van del Waals pressure p(v) is in the form of

a c

PO=375

@

(1) with (2) could be treated as a simple model to describe the liquid—gas phase
transition [8-10]. M. Affouf and R.E. Caflisch [1] used its simplified form

p(v) =v—(0-2)° €)

to analyze the stability for rarefaction waves, shock waves, and phase jump of Equation (1)
by a numerical method.

The energy estimate method [11,12] is usually used to theoretically analyze the asymp-
totic stability of the traveling wave. Applying this method, the stability of the rarefaction
wave and shock wave for a one-dimensional compressible model with viscous gas

vt —uy =0,
{ wr+ p(o)e = p(), @)

Mathematics 2023, 11, 1734. https:/ /doi.org/10.3390/math11071734

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11071734
https://doi.org/10.3390/math11071734
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math11071734
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11071734?type=check_update&version=2

Mathematics 2023, 11, 1734

20f 11

has been studied in [13-15]. Z. Chen et al. [6,7] studied the large time behavior of the
rarefaction wave and traveling wave for the following fluid equations

v — Uy =0,
{ e+ p(0)e = (%) + 2 (3 (A ()0, ©)

where x1(1(1(1),),)y is the capillary term. W. Zhang et al. [16] studied the existence and
asymptotic stability of the monotone traveling waves of Equations (1) with (3). In the above
studies, the pressure p(v) is supposed to satisfy

p'(v) <0, (6)

p"(v) > 0. @)

This paper mainly focuses on the case of Equations (1) with (2), in which the pressure

p(v) is more complex. We assume that its first-order derivative p’(v) satisfies (6), while the

second-order derivative p”(v) will change the signal on (v_, v ), where the constants v+
are the asymptotic values of the traveling wave throughout, i.e.,

" >0, when v < vx,

(v){ <0, when v > v* v € (v-,04). 8)

This means the pressure p(v) is not strictly convex. The case with a non-convex
pressure function has been investigated by some researchers [17-22], but the models they
studied had no capillarity. In light of [6,7,17-22], we studied the nonlinear stability of the
monotone traveling wave, when the system has a capillary effect and the pressure p(v),
chosen as (2), satisfies (6) and (8).

In Section 2, we qualitatively analyze the existence of monotone traveling waves by
the planar dynamical system method. In Section 3, in order to settle the difficulty caused
by the non-convex pressure p(v), we find the appropriate weight function to establish the
uniformly prior estimate. In this process, we dispose the capillary term reasonably by the
structure of Equation (1) itself. The uniformly prior estimate can be used to explain the
asymptotic behavior under the suitable perturbation.

In this paper, we use Young’s inequality and the differential mean value theorem. To
enhance readability, we list them as follows:

Young’s Inequality Suppose u, v, > 0, p,q > 1 with % + % = 1. Then

—q/p
wo < Lyp 4 1"
p q

Differential Mean Value Theorem If function f(x) meets the following conditions:

(1) f(x) is continuous on close interval [a, b];

(2) f(x) is derivable on open interval (a, b).

Then, at least there is one point ¢ € (a,b) that can make the equation f(b) — f(a) =
f'(&)(b—a) true.

Notations. L?(R) denotes the space of measurable functions on R which are square

integrable, with the norm ||f||%2 = |[fI]> = [x f(x)dx. H'(1 > 0) denoting the Sobolev

i .
space, with the norm || f[ |2, = [|f||} = ZOHBQfllz-
]:
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2. Traveling Wave and Main Results

Suppose that Equations (1) with (2) have the traveling wave (V,U)(&) = (V,U)(x —
ct) =(v,u)(t, x), where c is the wave speed satisfying

{ —CVg — U@ = 0, (9)
—clz +p(V)e = elge — 0Veer-
Integrating the above formula on (—co, {) and (§, +o0), respectively, yields
—cV—-U=a, (10)
—cU + p(V) = £U§ — 5V§§ + a»,
where a1 = —cv4 — U4, ap = —p(v4) — cu+. Then c satisfies
—c(vy —v_)=uy —u_,
11
R D S -

which is the Rankine-Hugoniot condition.
When the viscous coefficient ¢ = 0 and capillary coefficient § = 0, the system (1) has
two eigenvalues A1, = £+/—p/(v). The wave speed c satisfies the Lax shock condition

Af<e<Afi=1,2 (12)

In this paper, we only discuss the case of ¢ > 0, i.e.,

VP (vg) <e </ =p'(v-). (13)

The case of ¢ < 0 can be discussed similarly.

Theorem 1 (Existence of the traveling wave). When p’(v) < 0, there exists a monotone
traveling wave (V,U)(¢) in Equations (1) and (2), with Vz > 0 and Uz < 0, satisfying the
Rankine-Hugoniot condition (11) and the Lax shock condition (13).

Proof. We prove Theorem 1 with the planar dynamical system method [23].
From (9), the traveling wave V(&) satisfies

OVzee +ecVer + (CZV + p(V))é =0. (14)
Integrating above on (¢, +o), we have
6Vez +ecVz + (PV +p(V) — g) =0, (15)

where g is an integral constant.
Letting x = V(&) and y = V({), then (15) is equivalent to the planar dynamical system

oy

ac v

dy _ e xtplx)—g (19
ac =~ Y 5 ‘

We want to find the monotone traveling wave (V,U)({) of Equation (1), satisfying
V¢ > 0and Uz < 0, with the asymptotic value (v4,u+), as long as we find the bounded
orbit connecting v, where v are the real roots of c>x + p(x) — ¢ = 0 satisfying v_ < v.
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On the phase plane (x,y), we denote the singular points to be P;(v_,0) and P>(v,0),
at which the Jocabi matrix is

0 1
0=\ @ rpo) -5 ) )

The characteristic polynomial of J(v+,0) is € + $e + 1(c? + p/(v+)). From the Lax
shock condition (13), we have

c? + p/(er) > 0,
{ >+ p'(v-) <0. (18)

From the planar dynamical system theory, we know that P; (v_,0) is a saddle point,
since J(v_,0) has two real eigenvalues with opposite signs; P»(v,0) is a stable node point,
since J(v4,0) has two real negative eigenvalues.

In the next step, we give the tendency of the separatrix at the right side of the saddle
point P;. For this purpose, we establish a triangle region, surrounded by the straight lines
PA: x=v_,PP: y=0,and A : y = k(x —vy), where k < 0 will be determined
later. The triangle region is generalized non-tangential. Since the tangent slope of the orbits
of system (16) at P; A, P1 P, and P, A are

dy ce

ﬁ‘(x,y)eplA = 3 <0,

%‘(x,y)eplpz = 0, 19)
dy, _ e _ccuip)-g

dx ' (xy)ERA 5 ok v—vg -

The third formula of (19) holds as long as k satisfies

52 5(v—oy) SE=T5t)

5> i

ce 1 [c22  4(2v+p(v) —g) ce 1 [c2  4(Pv+p(v) —g)
\/ <k< ¢5z Soton @0

See details in Figure 1.

P 1 P 2 &
Figure 1. The tangent slopes of the orbit at P} A, P; P, and P, A.

From the direction of the vector field described in Figure 1, we know that the separatrix
line of the saddle point P; will not pass through the triangle region AP; P, A. Note that P»
is a stable node point, so the separatrix coming from the saddle point P; must trend to P;.
Hence, there must be a bounded orbit connecting the points P; and P, which corresponds
to the monotone increasing traveling wave sincey = Vz > 0. [
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Theorem 2 (Property of the traveling wave). There exists a constant C, independent of t, such
that the monotone traveling wave (V, U) () of Equations (1) and (2) obtained in Theorem 1 satisfies

Vel < Clog —o|. (21)

(21) is very important in the energy estimate, which can be obtained from (9) by direct
calculations, so we omit the proof. See details in [16].
We discuss the traveling wave solution of Equations (1) and (2) with the initial condition

(v,u)(O,x) = (UO/VO)(x)r (22)

where vy, u( are measurable functions, satisfying vp — v+ and uy — u4 as x — £oco. v4
and u4 are constants.
Let (v, u)(t,x) = (V,U)() + (P, ¥e)(t,8), ie.,

¢
(00 = V)(x)dx, ¥(£2) = [ (0 — W) (), (23)

—00

o) [

[e9)

and then (P, ¥) satisfy

{ bgy —cPgr — ¥er =0 (24)
‘Ygt — C‘Pg(g + (p(V + q)g) — P(V))g = €‘Y€§§ — 5@5@:5.

We consider the system (24) with the initial condition

(Pe, ¥e)(0,8) £ (Poz, Yoz ) (8) = (vo — V,ug — U)(E), (25)
where
®(0,8) £ () = [° (v0 — V) (x)dx,
¥(0,8) & ¥o(x) = [F (o — U)()dx, ° N (26)
Suppose that
+oo +o0
[ (= V)(x)dx =0, /7 (g~ U)(x)dx = 0. 27)

Theorem 3 (Nonlinear stability). (V,U)(¢) is the monotone traveling wave obtained in Theorem 1.
Then there exist constant A < 1 and y < 1, such that Equation (1) has a unique global solution
(v, u)(t, x) with the initial value (vy, ug), satisfying

v—V € L®(0,00; H?) N L?(0, o0; H?) 28)
u—U € L*(0,00; H') N L2(0, 00; H?),
if
vy —o-[ <7, (29)
and
{ No = [|®o| |1 + [[¥ol] < A, 30)
[ ®ogz|l1 + [[Foell1 < oo.

Furthermore, the asymptotic behaviors of the global solution are shown in the form of

tgrfw{”(v = V)®)llwarery + (= U) () Iw1 4oy } = 0. 31)
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3. Proof to Theorem 3 on Nonlinear Stability
Integrate (24), and make the integration constant to be zero. Then we get
{ CDt—Cq)é—‘Pg:O (32)
i —c¥e+ (p(V + @) — p(V)) = ¥z — 6Pz
Linearizing (32) yields
(I)t — CCDC — \I';g =0 (33)
Y — C‘Yé +p (V)(I)é = S‘Yég — 5(13@(:@ + F(V, CI)@),
among which F(V,®¢) = —p(V + ®¢) + p(V) + p' (V) P¢.
We consider the initial value problem (33) with

under the solution space
M(0,T) = {(®,¥) € L*(0, T; H> x H?),®z € L*(0, T; H*), ¥z € L*(0, T; H?)}.

Theorem 4. Assume (&g, ¥g) € H® x H? and the condition in Theorem 3 holds. There exists
a positive constant C, independent of t, s.t. (33) and (34) has a unique global solution (®,Y) in
M(0, o0) under the condition (29) and (30). Furthermore, ¥/t € [0, 00),

t
RO+ I[F B2+ fo 1/ V@I + 19T + ||/ VI + [[¥e]17)dT < C1[@ol[F + [[¥ol[?). (35)
t
[|@z(6)]13 + H‘Yf;(t)ll%+/o || @¢ 3+ [[¥e|13dT < C(||@o][3 + [[¥ol[3)- (36)

Theorem 3 could be proved by Theorem 4 directly. Actually, from the uniqueness of
the global solution, its existence can be obtained by the global solution (®, ¥) of the initial
problem (33) and (34). Meanwhile, from (35) and (36), we know that

[ o+ 14013+ LB+l <0 @)

Furthermore, from the Sobolev inequality, then (31) in Theorem 3 holds.

Theorem 4 can be proved by two parts: the local existence and the a priori estimate.
The first part can be arrived at in the standard way, so we omit it. We only give the
proof for the a priori estimate. Combining the two parts, we can give the global existence
by continuations.

Proposition 1 (Local existence). Suppose ||Dg||3 + |[¥o||2 < Ag. There is a positive constant
To only depending on A, such that the problem (33) and (34) has a unique small solution (®,¥) €
M(0, Tp).

Proposition 2 (A priori estimate). (®,¥) € M(0, T) is the solution of the initial problem (33)
and (34). Denote
N() = sup {|(®,¥)(T) ez}t € 0,T]. (39)
0<T<t
Then there exists a positive constant A' (< 2Ag), independent of t, when N(t) < A << 1,
s.t. (35) and (36) hold.

Proof. We first give the weight energy estimate of (®,¥) on L*(H! x L?).
We multiply a(V)® and w(V)¥ with the first formula and second formula in (33),
respectively, where a(V) = —w(V)p’ (V). Summing the results, then we have
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=), y (25202 — 202 — o(V)@¥); + U Ed? 1+ N (V) ¥ (39)

( )@2

To simplify the term —dw (V) ®gz ¥ in (39), we differentiate the first formula in (33)
with respect to ¢, and multiply dw(V)®z. Summing (39), then we get

c&w(V)

(" @2 4 w02 g bulVig), 4 U2 4 @2+ U2 (V)2
+(— W2 — TV)T a(V)OY — C‘Sw( LtV @2 + 5w( VO ¥ — Sw (V)P ¥p);  (40)
—ew(V

= —a(V)qu )g‘f’élf + 57/()( )qu(;r"Fg — 5w( )é@éé‘f’é + ZU(V)F‘I’

14 14 sw(V
Note that (— 27 @2 — “0092 — a(V)@¥ — LYV @2 + su(V)Der¥ — 50(V) e ¥ )z
will disappear after integrating, so we write it as {...} for short in the following.
In order to find the appropriate weight function w(V'), we rewrite (40) as

(a4 12 0GR (e + D e ) o Sy 4 e
cow 14 ew w(V
+ iR 4 Sy 4 (S G ) (g @)

= (Su)(V)é(IDg‘Yé — (5w( )§¢§CY§ + w(V)F‘I’

To obtain the lower order a priori estimate, the weight function w(V) should be chosen

to make
cw(V)e 1 ew(V) w(V)e .,
7 "W ) >0
hold. Further,
. 14
SV L a(V) - g (2
_ wV)_ o elY) w(V)e _ av)
_ w(cv) Celam) el "
Vi [—eeVi( A\ 24 (2+ P/(V))W +p"(V)] > 0.
We could choose
v) { by riee -
w _ 1
——— 5 V) <0
R ) v

Note that, under the selection of (43), the coefficient of all terms at the left of (41)
is positive.
On the other hand, from the Schwartz inequality, the first term at the right of (41)

satisfies 50 5
¢ 2
5w(V)gq>§1Fg < TZU(V)gq)g + — 5c0 (V),:‘Y ,0 < 1. (44)
Integrating (41) on (0, t) X R and applying (43) and (44), we obtain
1D+ I'E W12+ fo( ||\/ 2@l + 11/, ‘1’H2+||‘1’f;|| )dt (45)

< C(I|®ol3 + %ol 1>+ fy [1v/Ve¥ellPdT+ [y [o(lw(V)e®er¥e| + |F¥|)dEdT).

From Theorem 2, Vz < c|vy —v_|,if [v; —v_| <5 << 1, and then we obtain

D)1+ [[E(E)|[2+ fy( H\/ 2|3+ |[\/VEYI? + || ¥el|?)dT (46)
< C(||@o 13 + I[¥ol[> + [y [r(|w(V)ePe¥e| + [F¥|)dEdT).
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To control fot [z [w(V)s®sz¥e|dEdT in (46), we give the estimate ®zz on L2. Multiply
& with (33),, and then we get

(%cpg)ﬁp( Y2+ 602+ (... be = (YPe): + Y2 + F. (47)

Integrating (47) on (0,t) X R, and combining (46), we have
1P (DI + Jo (1Pl + ||Pgel P)dt < C(1|@o] [} + [[¥ol |2 + [y i |[FPeldgdr).  (48)

Moreover,

D)3+ [+ fo ( ||\/ =D + || g2 + ||/ Ve * + |[¥el [)dT (49)
< C(J|@ol3 + |[¥ol[> + [y [x(lw(V)e@ez¥e| + |F¥| + [Fz|)dcdr).

By Young’s inequality,

Jo Jr (V)@ ¥eldgdt) < p [y [ Y2ded +C(p) o [x(\/VePer)*dgdr,  (50)

where 0 < u << 1.
From the Taylor expansion,

E(V, @) = —p(V +P¢) + p(V) + p'(V)Pg ~ O(PF), |P¢| = 0,

which means |CI>§|2 is the dominant term, since it is much bigger that |<I>§|3, \<I>@r|4, ...,as
|®z| — 0. Since N(t) = sup {|[(®,¥)(T)||g1x2},t € [0, T] in (38), then
o<t<t
t t )
| [ (F¥1+ [FoDdzar < NG [ fleg|2ar (51)

From the smallness of y, Vz and N(t), we obtain the lower-order weight energy
estimate (35).

Next, we give the weight energy estimate of (®¢, ¥) on L*(H! x L?).

Differentiating the two formulas in (33) with respect to ¢,

{ (52)
Yer — Yoo +p (V)@ + p'(V)gPg = e¥ig — 0Pgeee + Fe(V, @z),

and multiplying a(V)®g and w(V)¥¢ with the first formula and second formula in (52),

respectively. Summing the results and noting ®@gzz¥sz = Pgzs(Pgr — cPgz), we can obtain

+ WVy2 g W2 ), DD 1 Vg2 | (V) ¥, + @2 +{.. )

)c‘bc‘f’@ - Ew(V)g‘f’ég‘I’é - 5W(V)¢<Dc¢‘f’55 —w(V)p'(V)e®¥e 3)
+5ZU(V)CCI>,§C§T§§ + ZU(V)FgT

cbw( )¢

V)

/—\

2
@z
a(V

Simplify (53), similarly with (41), and w (V') is also chosen as (43). Integrating (53) on
(0,t) x R, and the terms —a(V )@Y+ and —ew(V)s¥#¥¢ can be controlled by the left.
We could have

11Dz ()12 + [[F(6)] 2 + Ji( IV/Ve@el i+ 11 /Ve el + [[¥eel[*)dz (54)
< C(/[@og |+ [[Fog| P + fo Jx (1P (0)e@e¥el + [w(V)ePeee¥ee| + [F¥|)dgdr.

To obtain the estimate of ®zzz on L2, we multiply @z on the second formula in (52).
Then we have

€
(Eq)gg)t P (V)®F + 0% +{.. Yo = (YePee)t + ¥ + 1/ (V)ePee®e + Fe Pz (55)
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Integrating (55) on (0, t) X R, and combining the lower-order estimate (35), we have

t
[Dzz (112 + o ([|Dz|* + [Pz *)dT

(56)
< C(||Dogl13 + [[¥oe |2 + fy [o(1P'(V)ePee®z| + |[FrPee|)did.

Similarly, by Young’s inequality and the smallness of V¢, then we have

||q>f;(f)||%+||‘I’f;(f)||2+{J(H\/ngchZﬂtL||q>§g||%+||\/V§‘I'§||2+H‘Y§§H2)d7 (57)
< ClIPogl I + [Foel1” + Jo Jr(IFe¥] + |FePee|)dEdT).

To give the estimate of (Pgzz, Yz) on L (L2 x L?), we multiply —¥#zz on the second
formula in (52), and note that ®@zz¥ sz = Pz (Dest — cPgzz). Then we obtain

0 o2 2 P Vegn

3P%ce) + Ve — =5 P +{ - Je = P (V)e®e¥ege — Fe'¥ege (58)
Integrating (58) on (0,¢) x R, then combining (57) and Young's inequality, the small-

ness of Vz, we have

t
1@ ()13 + 1D+ fo 1/ VePel I + [|Peel [F + 1]/ Vg‘l’tgHz + [ Weel [ + [[¥eeel[?)dT (59)
< C(|[@og| 3+ [[FoellF + fo Jr |Fe¥eee)dedr).

142 P/(V)
Yo -

2
G¥e— 7 Pt

From (35), (57) and (59), we can obtain

D)3+ I[FW3+ fy 11\/Ve®|? + ||\/Vg‘t]i’||2 + || D¢ 13 + | [¥e|[3dT (60)
< C(|[@o| 5+ [[Foll3 + [y JrUFY|+ |FePez| + |Fe¥eze|)dEdr).

Applying the differential mean value theorem,
|Fe| = (619" (V + 03D¢) Ve®F + p”' (V + 0,D¢) D Dez| < C(VpDF + [DePeel),
where 0 < 61, 6,,03 < 1, by Young's inequality,

Jo Jr |Fe¥dgdt < C [y [p(VeD2[¥| + |DpDee|[¥])dcdT
< CN(t) joi ||\/7§<I>C(T)||2dT+CN(tt) Iy [ (| @Dz |)dEdT t (61)
< CN(t) [y 1/ Ve®e(T)|PdT + Cp [ || @el1PdT + C(0)N(H) [y [|Pzz P,

Jo Jx |Ez®ezldéd < Cp [y ||\/Va®z|[PdT + C(u)N(t) [y || ®ee|[2dT + CN(t) [y || Pz 2dT (62)
Jo S |Ee¥ezeldzdr < Cp [y ||/ Vel PdT + C(u)N(t) [y |[¥ezel Pdt + p [y [|@ezl2dT (63)

From the smallness of # and N(t), (36) holds naturally. [

4. Discussion

In this paper, we investigated the nonlinear stability of the monotone traveling wave
for the isothermal fluid equations with viscous and capillary terms under the suitable
perturbation. It should be pointed out that, in the proof of Proposition 2, we only use
the smallness of sup {[[(®,¥)(7)||y1 2}, which can be controlled by ||(Po, ¥o)|| 1512

0<T<t

from (35). So in the condition of Theorem 3, we assume ||(Pg, ¥o)||gi12 < A << 1.
However, for the higher-order derivative of the perturbation ||(®ozz, Yoz) || 1« 1, we only
need to assume it to be bounded. See details in (61)—(63). This is enough to ensure the prior
estimate holds.

The condition in Theorem 3 is only a sufficient condition. In future research, we want
to find the optimal condition which the initial perturbation satisfies to make the traveling
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wave stable, and will search some counter-examples by numerical simulation. We are also
interested in the linear stability [24-26], the blowup phenomenon [27], and the problem of
control for nonlinear systems [28-30] in the future.
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