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Abstract: In this paper, the problem of the existence and uniqueness of solutions for a nonlinear
fractional-order coupled delayed system with a new kind of boundary condition is studied. For this
reason, we transform the above problem into an equivalent fixed point problem using the integral
operator. Moreover, by applying fixed point theorems, a novel set of sufficient conditions that
guarantee the existence and uniqueness of solutions of the coupled system is derived. Eventually, an
example is presented to illustrate the effectiveness of the obtained results.
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1. Introduction

In this paper, we discuss a class of nonlinear fractional-order coupled system with
time delay:

ABCDιm(t) =h(t, m(t− ς(t)), q(t− σ(t)), t ∈ J := [0, T], T > 0
ABCDµq(t) =k(t, m(t− ς(t)), q(t− σ(t))), t ∈ J := [0, T],

(m + q)(0) =− (m + q)(T),
∫ b

a
(m + q)(s)ds = ζ, 0 < a < b < T

(1)

where ABCDα
0+ is an Atangana–Baleanu fractional derivative operator in Caputo’s sense

of order ι ∈ {ι, µ}, ι, µ ∈ (0, 1], h, k : [0, T] × R2 → R are the first-order continuous
differentiable functions with respect to t, and ς(t) and σ(t) are the time-varying delays
satisfying 0 ≤ ς(t) ≤ ς, 0 ≤ σ(t) ≤ σ, where ς, σ > 0, ζ is a nonnegative constant.

In the past decades, fractional-order systems have become an active research topic.
Because fractional derivatives introduce convolutional integrals with power law mem-
ory kernels, fractional-order models are more accurate than integer-order models in
practice [1]. Furthermore, fractional derivatives have shown their superiority in describing
processes and materials involving memory and genetic property, for example in electro-
magnetism, mechatronics, and supercapacitors [2–6]. Until now, many scholars have
extensively studied the existence, uniqueness, and stability of solutions for fractional-order
systems [7–13]. For example, in [14], authors discussed the finite-time stability of fractional-
order delayed hopfield neural networks. In [15], the global Mittag-Leffler stability was
investigated for fractional-order complex-valued impulsive BAM neural networks.

It should be noted that the fractional operators in the above literature involve singu-
larities in their kernels. However, this singularity presents some difficulties for scientists
seeking to best simulate real-world phenomena. In order to overcome the difficulty, some
researchers have proposed new fractional operators that do not contain singular kernels. In
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the work done by Atangana and Baleanu, the most famous fractional derivative that does
not contain singularities appears, namely the ABC-fractional derivative [16]. The important
applications of the ABC-fractional derivative can be found in [17–22]. For example, in [22],
based on ABC-fractional derivative, several fractional masks for image denoising have
been proposed. Hasib Khan et al. [23] considered a fractional L-V model involving three
different species of ABC-fractional derivatives. Simultaneously, in [24], the existence result
and stability criterion of the fuzzy-volterra integro-differential equation in the sense of
ABC-fractional derivative was derived.

On the other hand, integral boundary conditions have extensive applications in regu-
larizing ill-posed parabolic backward problems in time partial differential equations [25].
In addition, integral boundary conditions also play an important role in the study of com-
putational fluid dynamics for blood flow problems [26]. Recently, the existence results of
fractional-order systems with integral boundary conditions have extensively been studied by
many researchers. In [27], some sufficient conditions for the existence theorems for solutions
of fractional-order differential equations with nonlocal and average type integral boundary
conditions were obtained. Ahmad et al. [28] discussed a coupled system of nonlinear frac-
tional differential equations in the Caputo fractional derivative sense with coupled boundary
conditions for the existence and uniqueness of solutions of the type:

CDλm(t) = f (t, m(t), q(t)), t ∈ [0, T], T > 0
CDγq(t) = h(t, m(t), q(t)), t ∈ [0, T],
(m + q)(0) = −(m + q)(T),

∫ d
c (m− q)(s)ds = a, 0 < c < d < T

where f , h : [0, T] × R2 → R are continuous functions. CDu
0+ is the Caputo fractional

derivative with order u ∈ {λ, γ}, λ, γ ∈ (0, 1], and a is nonnegative constant.
To the best of our knowledge, there exists very little work on the existence of the

solutions for nonlinear coupled delayed systems involving ABC-fractional derivatives with
integral boundary conditions, which is valuable in blood flow problems and regularizing
ill-posed parabolic backward problems. In response to the above-mentioned discussions,
we study the existence and uniqueness of solutions for a nonlinear ABC-fractional order
coupled delayed system with coupled boundary conditions. Different from the existing
literature, the salient contributions are summarized as the following two aspects. (1) Based
on fixed point theory, a new criterion for ensuring the existence and uniqueness of solutions
of the nonlinear ABC-fractional order coupled delayed system is obtained. Furthermore, an
example is presented to illustrate the effectiveness of the theoretical results. (2) Considering
the universality of delay in real systems, time-varying delays ς(t) and σ(t) are considered
in system (1). Different from the coupling function considered in [27,28], we study the
concept that the coupled systems with time-varying delays and the time-varying delays in
the coupling function are different, which is more general.

The paper includes a major update to the theory of fractional order coupled differential
equations, and is structured as follows. In Section 2, we introduce some auxiliary lemmas
and definitions, which are required for building our theorems. In Section 3, we obtain the
main results for the system (1) by utilizing the Contraction Mapping Principle and Schae-
fer’s fixed point theorem. Eventually, in Section 4, one example is given to demonstrate
our results.

2. Preliminaries

In this section, we introduce some auxiliary lemmas and definitions. Let C1[c, d] be the
space that consists of all the first-order continuous derivative functions defined on [c, d].
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Definition 1 ([29]). The ABC-fractional derivative of a function m(t) ∈ C1[c, d], 0 < ι < 1 is

ABCDι(u(s)) =
B(ι)
1− ι

∫ s

0
u′(s)Eι

[
−ι(t− s)ι

1− ι

]
ds, (2)

where B(ι) = (1− ι) + ι
Γ(ι) satisfies the property B(0) = B(1) = 1, and Eι is called the Mittag-

Leffler function defined by the series

Eι(z) =
∞

∑
k=0

zk

Γ(ιk + 1)
,

here Re(z) > 0 and Γ(·) is the gamma function.

Definition 2 ([30]). The ABC-fractional integral of a function u(t) ∈ L1[c, d], d > c, λ ∈ [0, 1)
is

ABIλ(u(s)) =
1− λ

B(λ)
u(s) +

λ

B(λ)Γ(λ)

∫ s

0
u(s)(t− s)λ−1ds, (3)

in which Γ(·) is the gamma function.

Lemma 1. (Schaefer’s fixed point theorem (see [31], p. 29)) In the Banach space Ψ, let Θ : Ψ→ Ψ
be a completely continuous operator, and the set Λ = {x ∈ Ψ|x = ξΘ(x), 0 < ξ < 1} is bounded.
Then, Θ has a fixed point in Ψ.

Lemma 2. (Arzelá-Ascoli theorem [32]) A subset of C[a, b] is compact if and only if it is closed,
bounded and equicontinuous.

Lemma 3. ( Contraction Mapping Principle [31]) Let T be a contraction operator on a complete
metric space Ω; then, there exists a unique point z ∈ Ω satisfying T(z) = z.

Lemma 4. Let H, K, u, v ∈ C1[0, T]. Then, the solution of the following fractional-order
coupled system, 

ABCDιm(t) =H(t), t ∈ J := [0, T],
ABCDµq(t) =K(t), t ∈ J := [0, T],

(m + q)(0) =− (m + q)(T),
∫ b

a
(m + q)(s)ds = ζ,

(4)

is given by

m(t) =
1− ι

B(ι)
H(t) +

ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1H(s)ds +

1
2

{
−1

2

(
1− ι

B(ι)
H(T) +

ι

B(ι)Γ(ι)

×
∫ T

0
(T − s)ι−1H(s)ds +

1− µ

B(µ)
K(T) +

µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1K(s)ds

)
+

ζ

b− a
− 1

b− a

∫ b

a

(
1− ι

B(ι)
H(s) +

ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1H(ϑ)dϑ

−1− µ

B(µ)
K(s)− µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1K(ϑ)dϑ

)
ds
}

, (5)
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and

q(t) =
1− µ

B(µ)
K(t) +

µ

B(µ)Γ(µ)

∫ t

0
(t− s)µ−1K(s)ds +

1
2

{
−1

2

(
1− ι

B(ι)
H(T) +

ι

B(ι)Γ(ι)

×
∫ T

0
(T − s)ι−1H(s)ds +

1− µ

B(µ)
K(T) +

µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1K(s)ds

)
− ζ

b− a
+

1
b− a

∫ b

a

(
1− ι

B(ι)
H(s) +

ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1

×H(ϑ)dϑ− 1− µ

B(µ)
K(s)− µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1K(ϑ)dϑ

)
ds
}

. (6)

Proof. Applying the operators AB
0 I ι and AB

0 Iµ on both sides of the fractional differential
equations in (4), respectively, we have

m(t) =
1− ι

B(ι)
H(t) +

ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1H(s)ds + C1, (7)

q(t) =
1− µ

B(µ)
K(t) +

µ

B(µ)Γ(µ)

∫ t

0
(t− s)µ−1K(s)ds + C2, (8)

where C1, C2 ∈ R.
Furthermore, in light of the boundary conditions of the system (4), we can con-

clude that

C1 + C2 = −1
2

{
1− ι

B(ι)
H(T) +

ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1H(s)ds

+
1− µ

B(µ)
K(T) +

µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1K(s)ds

}
,

and

C1 − C2 =
1

b− a

{
ζ −

∫ b

a

(
1− ι

B(ι)
H(s) +

ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1H(ϑ)dϑ

−1− µ

B(µ)
K(s)− µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1K(ϑ)dϑ

)
ds
}

.

Then, we can deduce that

C1 =
1
2

{
−1

2

(
1− ι

B(ι)
H(T) +

ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1H(s)ds +

1− µ

B(µ)
K(T)

+
µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1K(s)ds

)
+

ζ

b− a
− 1

b− a

∫ b

a

(
1− ι

B(ι)
H(s)− 1− µ

B(µ)
K(s)

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1H(ϑ)dϑ − µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1K(ϑ)dϑ

)
ds
}

,

and

C2 =
1
2

{
−1

2

(
1− ι

B(ι)
H(T) +

ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1H(s)ds +

1− µ

B(µ)
K(T)

+
µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1K(s)ds

)
− ζ

b− a
+

1
b− a

∫ b

a

(
1− ι

B(ι)
H(s)− 1− µ

B(µ)
K(s)

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1H(ϑ)dϑ − µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1K(ϑ)dϑ

)
ds
}

.

The proof is completed.
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3. Main Results

In this section, we prove the existence and uniqueness of solutions for the
problem (1). We consider the space Ω = C1(E,R) × C1(E,R) (E = [−ς, T] ∩ [−σ, T])
equipped with the norm

‖(m, q)‖ = ‖m‖∞ + ‖q‖∞ = sup
t∈[−ς,T]

|m(t)|+ sup
t∈[−σ,T]

|q(t)|,

for (m, q) ∈ Ω. Furthermore, according to Lemma 4, we construct the operator Θ : Ω→ Ω
for the problem (1), where Θi : Ω→ C1(E, R) (i = 1, 2) and

Θ(m, q)(t) := (Θ1(m, q)(t), Θ2(m, q)(t)), (9)

Θ1(m, q)(t) =
ζ − C4

2(b− a)
− 1

4
C3 +

1− ι

B(ι)
h(t, m(t− ς(t)), q(t− σ(t)))

+
ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1h(s, m(s− ς(s)), q(s− σ(s)))ds, (10)

and

Θ2(m, q)(t) =
−ζ + C4

2(b− a)
− 1

4
C3 +

1− µ

B(µ)
k(t, m(t− ς(t)), q(t− σ(t)))

+
µ

B(µ)Γ(µ)

∫ t

0
(t− s)ι−1k(s, m(s− ς(s)), q(s− σ(s)))ds. (11)

in which

C3 =
1− ι

B(ι)
h(T, m(T − ς(T)), q(T − σ(T))) +

1− µ

B(µ)
k(T, m(T − ς(T)), q(T − σ(T)))

+
ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1h(s, m(s− ς(s)), q(s− σ(s)))ds

+
µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1k(s, m(s− ς(s)), q(s− σ(s)))ds,

C4 =
∫ b

a

(
1− ι

B(ι)
h(s, m(s− ς(s)), q(s− σ(s)))− 1− µ

B(µ)
k(s, m(s− ς(s)), q(s− σ(s)))

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1h(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))dϑ

− µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1k(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))dϑ

)
ds.

In this paper, the following conditions are assumed to be true:
(A1) For any (t, m, q) ∈ J × R2, there exist continuous positive functions αi, βi ∈
C1([0, T], R), i = 1, 2, 3, such that

|h(t, m(t− ς(t)), q(t− σ(t)))| ≤ α1(t) + α2(t)‖m‖∞ + α3(t)‖q‖∞,

|k(t, m(t− ς(t)), q(t− σ(t)))| ≤ β1(t) + β2(t)‖m‖∞ + β3(t)‖q‖∞.
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(A2) For any (t, m, q) ∈ J ×R2, there exist positive constants γi, ηi, i = 1, 2, such that

|h(t, m1(t− ς(t)), q1(t− σ(t)))− h(t, m2(t− ς(t)), q2(t− σ(t)))|
≤ γ1‖m1 −m2‖∞ + γ2‖q1 − q2‖∞,

|k(t, m1(t− ς(t)), q1(t− σ(t)))− k(t, m2(t− ς(t)), q2(t− σ(t)))|
≤ η1‖m1 −m2‖∞ + η2‖q1 − q2‖∞.

For computational convenience, we define

υ1 =
5(1− ι)

4B(ι)
+

Tι

4B(ι)Γ(ι)
+

ι(bι+1 − aι+1)

2(b− a)B(ι)Γ(ι + 2)
, (12)

υ2 =
5(1− µ)

4B(µ)
+

Tµ

4B(µ)Γ(µ)
+

µ(bµ+1 − aµ+1)

2(b− a)B(µ)Γ(µ + 2)
. (13)

Theorem 1. Assume that (A1) holds, υ1 and υ2 are defined by (12) and (13), and if the following
condition holds,

0 ≤ η1, η2 ≤ 1, (14)

where

η1 = ‖α2‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β2‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
,

η2 = ‖α3‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β3‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
,

then the problem (1) has at least one solution.

Proof. We complete the proof in three steps.
Step 1. We declare that the operator Θ : Ω → Ω is completely continuous, which

means that Θ is continuous and maps any bounded subset of Ω to a relatively compact
subset of Ω. Due to the continuity of the functions h and k, the operator Θ : Ω → Ω is
continuous. Let Υ ⊆ Ω be bounded. Then, for any (m, q) ∈ Υ, t ∈ J, there exist positive
constants a1, a2, b1 and b2 such that

|h(t, m(t− ς(t)), q(t− σ(t)))| ≤ a1‖m‖∞ + a2‖q‖∞, (15)

|k(t, m(t− ς(t)), q(t− σ(t)))| ≤ b1‖m‖∞ + b2‖q‖∞. (16)
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Firstly, by using (10), it is not difficult to obtain that

‖Θ1(m, q)‖∞

≤ ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1|h(s, m(s− ς(s)), q(s− σ(s)))|+ 1− ι

B(ι)
ds

×|h(t, m(t− ς(t)), q(t− σ(t)))|+ 1
2

{
1
2

(
1− ι

B(ι)
|h(T, m(T − ς(T)), q(T − σ(T)))|

+
ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1|h(s, m(s− ς(s)), q(s− σ(s)))|ds

+
µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1|k(s, m(s− ς(s)), q(s− σ(s)))|ds

+
1− µ

B(µ)
|k(T, m(T − ς(T)), q(T − σ(T)))|

)
+

ζ

b− a
+

1
b− a

×
∫ b

a

(
1− ι

B(ι)
|h(s, m(s− ς(s)), q(s− σ(s)))|+1− µ

B(µ)
|k(s, m(s− ς(s)), q(s− σ(s)))|

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1|h(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))|dϑ

+
µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1|k(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))|dϑ

)
ds
}

. (17)

Next, by virtue of the inequality (15), we deduce

1− ι

B(ι)
|h(t, m(t− ς(t)), q(t− σ(t)))|≤ 1− ι

B(ι)
(a1‖m‖∞ + a2‖q‖∞),

ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1|h(s, m(s− ς(s)), q(s− σ(s)))|ds

≤ Tι

B(ι)Γ(ι + 1)
(a1‖m‖∞ + a2‖q‖∞). (18)

Similar to the procedures of (18), we can get

1
2

{
1
2

(
1− ι

B(ι)
|h(T, m(T − ς(T)), q(T − σ(T)))|+ ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1

×|h(s, m(s− ς(s)), q(s− σ(s)))|ds
)
+

1
b− a

∫ b

a

(
1− ι

B(ι)
|h(s, m(s− ς(s)), q(s− σ(s)))|

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1|h(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))|dϑ

)
ds
}

≤ (a1‖m‖∞ + a2‖q‖∞)

(
5(1− ι)

4B(ι)
+

Tι

4B(ι)Γ(ι)
+

ι(bι+1 − aι+1)

2(b− a)B(ι)Γ(ι + 2)

)
. (19)

Finally, by means of the inequality (16), we can also derive

1
2

{
1
2

(
1− µ

B(µ)
|k(T, m(T − ς(T)), q(T − σ(T)))|+ µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1

×|k(s, m(s− ς(s)), q(s− σ(s)))|ds
)
+

1
b− a

∫ b

a

(
1− µ

B(µ)
|k(s, m(s− ς(s)), q(s− σ(s)))|

+
µ

B(µ)Γ(µ)

∫ s

0
(s− ϑ)µ−1|k(ϑ, m(ϑ− ς(ϑ)), q(ϑ− σ(ϑ)))|dϑ

)
ds
}

≤ (b1‖m‖∞ + b2‖q‖∞)

(
5(1− µ)

4B(µ)
+

Tµ

4B(µ)Γ(µ)
+

µ(bµ+1 − aµ+1)

2(b− a)B(µ)Γ(µ + 2)

)
. (20)
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Therefore, combining with (17)–(20), we can obtain

‖Θ1(m, q)‖∞ ≤ (a1‖m‖∞ + a2‖q‖∞)

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ υ1

)
+(b1‖m‖∞ + b2‖q‖∞)υ2 +

ζ

2(b− a)
.

Similarly, we can also get the above inequality for ‖Θ2(m, q)(t)‖∞, that is

‖Θ2(m, q)‖∞ ≤ (a1‖m‖∞ + a2‖q‖∞)υ1 +
ζ

2(b− a)

+(b1‖m‖∞ + b2‖q‖∞)

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ υ2

)
.

Then,

‖Θ(m, q)‖ = ‖Θ1(m, q)‖∞ + ‖Θ2(m, q)‖∞

≤ (a1‖m‖∞ + a2‖q‖∞)

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+(b1‖m‖∞ + b2‖q‖∞)

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
+

ζ

b− a
,

which shows that the operator Θ is uniformly bounded.
Step 2. We declare that Θ maps the bounded set into the equicontinuous set of Ω. For

any (m, q) ∈ Υ, and t1 > t2, t1, t2 ∈ [0, T], one can derive

|Θ1(m, q)(t1)−Θ1(m, q)(t2)|

≤
∣∣∣∣1− ι

B(ι)
h(t1, m(t1 − ς(t1)), q(t1 − σ(t1)))−

1− ι

B(ι)
h(t2, m(t2 − ς(t2)), q(t2 − σ(t2)))

+
ι

B(ι)Γ(ι)

∫ t1

0
(t1 − s)ι−1h(s, m(s− ς(s)), q(s− σ(s)))ds

− ι

B(ι)Γ(ι)

∫ t2

0
(t2 − s)ι−1h(s, m(s− ς(s)), q(s− σ(s)))ds

∣∣∣∣
≤

∣∣∣∣ ι

B(ι)Γ(ι)

∫ t2

0
[(t1 − s)ι−1 − (t2 − s)ι−1]h(s, m(s− ς(s)), q(s− σ(s)))ds

+
ι

B(ι)Γ(ι)

∫ t1

t2

(t1 − s)ι−1h(s, m(s− ς(s)), q(s− σ(s)))ds
∣∣∣∣

≤ (a1‖m‖∞ + a2‖q‖∞)

(
2(t1 − t2)

ι + tι
1 − tι

2
B(ι)Γ(ι + 1)

)
→ 0, as t2 → t1.

Similarly, we can obtain

|Θ2(m, q)(t1)−Θ2(m, q)(t2)|

≤ (b1‖m‖∞ + b2‖q‖∞)

(
2(t1 − t2)

µ + tµ
1 − tµ

2
B(µ)Γ(µ + 1)

)
→ 0, as t2 → t1.

Therefore, by the Arzelá-Ascoli theorem, the operator Θ : Ω→ Ω is completely continuous.
Step 3. We claim that the set K = {(m, q) ∈ Ω|(m, q) = ξΘ(m, q), 0 < ξ < 1} is

bounded. Let (m, q) ∈ K, then (m, q) = ξΘ(m, q), 0 < ξ < 1. For any t ∈ J, we get

m(t) = ξΘ1(m, q)(t), q(t) = ξΘ2(m, q)(t).

In virtue of the assumption (A1), we deduce
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‖m‖∞ = ξ‖Θ1(m, q)‖∞

≤ (‖α1‖∞ + ‖α2‖∞‖m‖∞ + ‖α3‖∞‖q‖∞)

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ υ1

)
+(‖β1‖∞ + ‖β2‖∞‖m‖∞ + ‖β3‖∞‖q‖∞)υ2 +

ζ

2(b− a)
,

‖q‖∞ = ξ‖Θ2(m, q)‖∞

≤ (‖α1‖∞ + ‖α2‖∞‖m‖∞ + ‖α3‖∞‖q‖∞)υ1 + (‖β1‖∞

+‖β2‖∞‖m‖∞ + ‖β3‖∞‖q‖∞)

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ υ2

)
+

ζ

2(b− a)
.

As a result, we obtain that

‖m‖∞ + ‖q‖∞

≤ ‖α1‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β1‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
+

ζ

b− a
+

[
‖α2‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β2‖∞

(
1− µ

B(µ)
+ 2υ2

+
Tµ

B(µ)Γ(µ + 1)

)]
‖m‖∞ +

[
‖α3‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+‖β3‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)]
‖q‖∞.

Hence, by applying the condition (14), we can get

‖(m, q)‖ ≤
‖α1‖∞

(
1−ι
B(ι) +

Tι

B(ι)Γ(ι+1) + 2υ1

)
+ ‖β1‖∞

(
1−µ
B(µ) +

Tµ

B(µ)Γ(µ+1) + 2υ2

)
+ ζ

b−a

δ
,

where

δ = min
{

1−
[
‖α2‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β2‖∞

(
1− µ

B(µ)

+
Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)]
, 1−

[
‖α3‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+‖β3‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)]}
.

Then, the set K is bounded. Hence, in view of Lemma 1, the operator Θ has at least
one fixed point; that is, the system (1) has at least one solution.

Theorem 2. Assume that the hypothesis (A2) holds. Then, the system (1) has a unique solution if
the following condition holds:

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
< 1, (21)

where γ = max{γ1, γ2}, η = max{η1, η2}, υ1 and υ2 are defined by (12) and (13).

Proof. Consider the operator Θ : Ω→ Ω defined by (1) and let

ρ =
M1

(
1−ι
B(ι) +

Tι

B(ι)Γ(ι+1) + 2υ1

)
+ M2

(
1−µ
B(µ) +

Tµ

B(µ)Γ(µ+1) + 2υ2

)
+ ζ

b−a

1− ι
(

1−ι
B(ι) +

Tι

B(ι)Γ(ι+1) + 2υ1

)
+ η

(
1−µ
B(µ) +

Tµ

B(µ)Γ(µ+1) + 2υ2

) ,
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where M1 = supt∈[0,T] |h(t, 0, 0)|, and M2 = supt∈[0,T] |k(t, 0, 0)|. Then, we declare that
ΘBρ ⊂ Bρ, where Bρ = {(m, q) ∈ Ω : ‖(m, q)‖ ≤ ρ}. For any (m, q) ∈ Bρ, we get

‖Θ1(m, q)‖∞

≤ 1− ι

B(ι)
[|h(t, m(t− ς(t)), q(t− ς(t)))− h(t, 0, 0)|+ M1]

+
ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1[|h(s, m(s− ς(s)), q(s− σ(s)))− h(s, 0, 0)|+ M1]ds

+
1
2

{
ζ

b− a
− 1

2

(
1− ι

B(ι)
[|h(T, m(t− ς(t)), q(t− ς(t)))− h(T, 0, 0)|+ M1]

+
ι

B(ι)Γ(ι)

∫ T

0
(T − s)ι−1[|h(s, m(s− ς(s)), q(s− σ(s)))− h(s, 0, 0)|+ M1]ds

+
1− µ

B(µ)
[|k(T, m(t− ς(t)), q(t− ς(t)))− k(T, 0, 0)|+ M2]

+
µ

B(µ)Γ(µ)

∫ T

0
(T − s)µ−1[|k(s, m(s− ς(s)), q(s− σ(s)))− k(s, 0, 0)|+ M2]ds

)
− 1

b− a

∫ b

a

(
1− ι

B(ι)
[|h(s, m(s− ς(s)), q(s− σ(s)))− h(s, 0, 0)|+ M1]ds

+
ι

B(ι)Γ(ι)

∫ s

0
(s− ϑ)ι−1[|h(ϑ, m(ϑ− ς(ϑ)), q(ϑ− ς(ϑ)))− h(µ, 0, 0)|+ M1]dϑ

−1− µ

B(µ)
[|k(s, m(s− ς(s)), q(s− σ(s)))− k(s, 0, 0)|+ M2]−

µ

B(µ)Γ(µ)

×
∫ s

0
(s− ϑ)µ−1[|k(ϑ, m(ϑ− ς(ϑ)), q(ϑ− ς(ϑ)))− k(µ, 0, 0)|+ M2]dϑ

)
ds
}

≤
(

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ υ1

)
+ ηυ2

)
(‖m‖∞ + ‖q‖∞)

+M1

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ υ1

)
+ M2υ2 +

ζ

2(b− a)
.

Similarly, for any (m, q) ∈ Bρ, we can also deduce

‖Θ2(m, q)‖∞ ≤
[

η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ υ2

)
+ γυ1

]
(‖m‖∞ + ‖q‖∞)

+M2

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ υ2

)
+ M1υ1 +

ζ

2(b− a)
.

Hence, for (m, q) ∈ Bρ, we can obtain

‖Θ(m, q)‖ = ‖Θ1(m, q)‖∞ + ‖Θ2(m, q)‖∞

≤
[

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)]
×(‖m‖∞ + ‖q‖∞)M1

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+M2

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
+

ζ

b− a
< ε,

which proves that Θ maps Bρ into itself.
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Now, we claim that the operator Θ is a contraction mapping. Let (m1, q1), (m2, q2) ∈ Ω,
t ∈ [0, T]. We can derive

‖Θ1(m1, q1)−Θ1(m2, q2)‖∞

≤ 1− ι

B(ι)
|h(t, m1(t− ς(t)), q1(t− σ(t)))− h(t, m2(t− ς(t)), q2(t− σ(t)))|

+
ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1|h(s, m1(s− ς(s)), q1(s− σ(s)))

−h(s, m2(s− ς(s)), q2(s− σ(s)))|ds + C5 + C6 + C7 + C8, (22)

in which

C5 =
1− ι

4B(ι)
|h(T, m1(T − ς(T)), q1(T − σ(T)))− h(T, m2(T − ς(T)), q2(T − σ(T)))|

+
ι

4B(ι)Γ(ι)

∫ T

0
(T − s)ι−1|h(s, m1(s− ς(s)), q1(s− σ(s)))

−h(s, m2(s− ς(s)), q2(s− σ(s)))|ds,

C6 =
1

2(b− a)
ι

B(ι)Γ(ι)

∫ b

a

∫ s

0
(s− ϑ)ι−1|h(ϑ, m1(ϑ− ς(ϑ)), q1(ϑ− σ(ϑ)))

−h(ϑ, m2(ϑ− ς(ϑ)), q2(ϑ− σ(ϑ)))|dϑds +
1

2(b− a)
1− ι

B(ι)

×
∫ b

a
|h(s, m1(s− ς(s)), q1(s− σ(s)))− h(s, m1(s− ς(s)), q1(s− σ(s)))|ds,

C7 =
1− µ

4B(µ)
|k(T, m1(T − ς(T)), q1(T − σ(T)))− k(T, m2(T − ς(T)), q2(T − σ(T)))|

+
µ

4B(µ)Γ(µ)

∫ T

0
(T − s)µ−1|k(s, m1(s− ς(s)), q1(s− σ(s)))

−k(s, m2(s− ς(s)), q2(s− σ(s)))|ds,

C8 =
1

2(b− a)
µ

B(µ)Γ(µ)

∫ b

a

∫ s

0
(s− ϑ)µ−1|k(ϑ, m1(ϑ− ς(ϑ)), q1(ϑ− σ(ϑ)))

−k(ϑ, m2(ϑ− ς(ϑ)), q2(ϑ− σ(ϑ)))|dϑds +
1

2(b− a)
1− µ

B(µ)

×
∫ b

a
|k(s, m1(s− ς(s)), q1(s− σ(s)))− k(s, m2(s− ς(s)), q2(s− σ(s)))|ds.

Firstly, by applying (A2), we can get

1− ι

B(ι)
|h(t, m1(t− ς(t)), q1(t− σ(t)))− h(t, m2(t− ς(t)), q2(t− σ(t)))|

≤ 1− ι

B(ι)
(γ1‖m1 −m2‖∞ + γ2‖q1 − q2‖∞), (23)

ι

B(ι)Γ(ι)

∫ t

0
(t− s)ι−1|h(s, m1(s− ς(s)), q1(s− σ(s)))

−h(s, m2(s− ς(s)), q2(s− σ(s)))|ds

≤ Tι

B(ι)Γ(ι + 1)
(γ1‖m1 −m2‖∞ + γ2‖q1 − q2‖∞). (24)
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Next, similar to (23), it follows from the assumption (A2) that

1− ι

4B(ι)
|h(T, m1(T − ς(T)), q1(T − σ(T)))− h(T, m2(T − ς(T)), q2(T − σ(T)))|

+
ι

4B(ι)Γ(ι)

∫ T

0
(T − s)ι−1|h(s, m1(s− ς(s)), q1(s− σ(s)))

−h(s, m2(s− ς(s)), q2(s− σ(s)))|ds

≤
(

5(1− ι)

4B(ι)
+

Tι

4B(ι)Γ(ι)

)
(γ1‖m1 −m2‖∞ + γ2‖q1 − q2‖∞), (25)

and

1
2(b− a)

ι

B(ι)Γ(ι)

∫ b

a

∫ s

0
(s− ϑ)ι−1|h(ϑ, m1(ϑ− ς(ϑ)), q1(ϑ− σ(ϑ)))

−h(ϑ, m2(ϑ− ς(ϑ)), q2(ϑ− σ(ϑ)))|dϑds +
1

2(b− a)
1− ι

B(ι)

×
∫ b

a
|h(s, m1(s− ς(s)), q1(s− σ(s)))− h(s, m1(s− ς(s)), q1(s− σ(s)))|ds

≤ ι(bι+1 − aι+1)

2(b− a)B(ι)Γ(ι + 2)
(γ1‖m1 −m2‖∞ + γ2‖q1 − q2‖∞). (26)

Furthermore, we can also obtain

1− µ

4B(µ)
|k(T, m1(T − ς(T)), q1(T − σ(T)))− k(T, m2(T − ς(T)), q2(T − σ(T)))|

+
µ

4B(µ)Γ(µ)

∫ T

0
(T − s)µ−1|k(s, m1(s− ς(s)), q1(s− σ(s)))

−k(s, m2(s− ς(s)), q2(s− σ(s)))|ds

≤
(

5(1− µ)

4B(µ)
+

Tµ

4B(µ)Γ(µ)

)
(η1‖m1 −m2‖∞ + η2‖q1 − q2‖∞), (27)

and

1
2(b− a)

µ

B(µ)Γ(µ)

∫ b

a

∫ s

0
(s− ϑ)µ−1|k(ϑ, m1(ϑ− ς(ϑ)), q1(ϑ− σ(ϑ)))

−k(ϑ, m2(ϑ− ς(ϑ)), q2(ϑ− σ(ϑ)))|dϑds +
1

2(b− a)
1− µ

B(µ)

×
∫ b

a
|k(s, m1(s− ς(s)), q1(s− σ(s)))− k(s, m2(s− ς(s)), q2(s− σ(s)))|ds

≤ µ(bµ+1 − aµ+1)

2(b− a)B(µ)Γ(µ + 2)
(η1‖m1 −m2‖∞ + η2‖q1 − q2‖∞). (28)

Finally, combining with (22)–(28), we can conclude

‖Θ1(m1, q1)−Θ1(m2, q2)‖∞

≤
(

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ υ1

)
+ ηυ2

)
(‖m1 −m2‖∞ + ‖q1 − q2‖∞),

where γ = max{γ1, γ2}, η = max{η1, η2}, υ1 and υ2 are defined by (12) and (13). Similarly,
we can also get

‖Θ2(m1, q1)−Θ2(m2, q2)‖∞

≤
(

η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ υ2

)
+ γυ1

)
(‖m1 −m2‖∞ + ‖q1 − q2‖∞).
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Hence, from the above inequalities, it follows that

‖Θ(m1, q1)−Θ(m2, q2)‖
= ‖Θ1(m1, q1)−Θ1(m2, q2)‖∞ + ‖Θ2(m1, q1)−Θ2(m2, q2)‖∞

≤
[

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)]
×‖(m1 −m2), (q1 − q2)‖.

In view of (21) and Lemma 3, we can find that Θ has a unique fixed point, which is a
unique solution of the coupled system (1).

4. Numerical Example

Example 1. Consider the following nonlinear fractional-order coupled system:

ABCD
1
3 m(t) =h(t, m(t− ς(t)), q(t− σ(t)), t ∈ J := [0, 3],

ABCD
1
4 q(t) =k(t, m(t− ς(t)), q(t− σ(t))), t ∈ J := [0, 3],

(m + q)(0) =− (m + q)(3),
∫ 3

2

1
2

(m + q)(s)ds = 2,

(29)

where ς(t) = sin t, σ(t) = cos t, ι = 1
3 , µ = 1

4 , a = 1
2 , b = 3

2 , ζ = 2, T = 3.
Using the given data, we find that υ1 = 0.97813256, υ2 = 0.99470521, where υ1 and υ2 are

respectively given by (12) and (13). In order to verify Theorem 1, let

h(t, m, q) =
1

(3 + t)2

(
e−t +

q
10

+ sin m
)

,

k(t, m, q) =
e−t

√
200 + t2

(
cos t +

tan−1 m
2

+ sin q
)

.

Obviously, α1(t) = e−t

(3+t)2 , α2(t) = 1
(3+t)2 , α3(t) = 1

10(3+t)2 and β1(t) = e−2t
√

200+t2 ,

β2(t) = e−t

2
√

200+t2 , β3(t) = e−t
√

200+t2 . Clearly, h and k are the first-order continuous differen-
tiable functions with respect to t and satisfy the assumption (A1). Finally, by Matlab software, we
can obtain

‖α2‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β2‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
≈ 0.76620146 < 1,

‖α3‖∞

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ ‖β3‖∞

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
≈ 0.84265419 < 1.

Therefore, all the conditions of Theorem 1 are satisfied; that is, there exists at least one solution
for the system (29).

Next, in order to demonstrate the application of Theorem 2, we take

h(t, m, q) =
1

10(1 + t)2

(
|m|

1 + |m| + tan−1q
)

, k(t, m, q) =
1√

900 + t2

(
2 tan−1 m + 3 sin q

)
.

Observe that h and k are continuous and satisfy the condition (A2) with γ1 = γ2 = 1
10 = γ and

η1 = 1
15 , γ2 = 1

10 , Hence η = 1
10 . Through calculation, we can derive that

γ

(
1− ι

B(ι)
+

Tι

B(ι)Γ(ι + 1)
+ 2υ1

)
+ η

(
1− µ

B(µ)
+

Tµ

B(µ)Γ(µ + 1)
+ 2υ2

)
≈ 0.83238566 < 1.
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Thus, all the conditions of Theorem 2 are satisfied, and consequently there exists a unique
solution for the system (29).

5. Conclusions

In this work, we investigated the existence and uniqueness of solutions for a nonlin-
ear ABC-fractional order coupled delayed system with a new kind of coupled delayed
boundary condition. Based on fixed point theorems, a novel set of sufficient conditions to
guarantee the existence and uniqueness of solutions of the nonlinear ABC-fractional order
coupled delayed system are derived. Eventually, an example was presented to illustrate
the effectiveness of the obtained results. In real life, because the systems may be affected
by external random disturbances, many interesting results on the stability of stochastic
coupled system with time-varying delays have been published in recent years [33,34].When
studying the existence of solutions for fractional-order coupled systems with time-varying
delays, it is necessary to add random disturbances terms, which will be a part of our future
work. In addition, future work will focus on the case of order of 1 < λ < 2.

Author Contributions: X.L.: Investigation; Writing—review and editing; L.C.: Conceptualization;
Supervision; Y.Z.: Methodology. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was funded by Natural Science Foundation of Shandong Provincial under
grant ZR2020MA006 and the Introduction and Cultivation Project of Young and Innovative Talents in
Universities of Shandong Province.

Data Availability Statement: No data was used for the research described in the article.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Klafter, J.; Lim, S.C.; Metzler, R. Fractional Dynamics, Recent Advances; World Scientific: Singapore, 2011.
2. Monje, C.A.; Chen, Y.; Vinagre, B.M.; Xue, D.; Feliu-Batlle, V. Fractional-Order Systems and Controls: Fundamentals and Applications;

Springer: London, UK, 2010.
3. Hu, X.; Song, Q.; Ge, M.; Li, R. Fractional-order adaptive fault-tolerant control for a class of general nonlinear systems. Nonlinear

Dyn. 2020, 101, 379–392. [CrossRef]
4. Cheng, Y.; Hu, T.; Li, Y.; Zhang, X.; Zhong, S. Delay-dependent consensus criteria for fractional-order Takagi-Sugeno fuzzy

multi-agent systems with time delay. Inf. Sci. 2021, 560, 456–475. [CrossRef]
5. Wei, Y.; Sheng, D.; Chen, Y.; Wang, Y. Fractional order chattering free robust adaptive backstepping control technique. Nonlinear

Dyn. 2019, 95, 2383–2394. [CrossRef]
6. Arshad, U.; Sultana, M.; Ali, A.H.; Bazighifan, O.; Al-moneef, A.A.; Nonlaopon, K. Numerical solutions of fractional-order

electrical RLC circuit equations via three numerical techniques. Mathematics 2022, 10, 3071. [CrossRef]
7. Liu, X.; Chen, L.; Zhao, Y.; Song, X. Dynamic stability of a class of fractional-order nonlinear systems via fixed point theory. Math.

Meth. Appl. Sci. 2021, 45, 77–92. [CrossRef]
8. Chadha, A.; Pandey, D.N. Existence results for an impulsive neutral stochastic fractional integro-differential equation with infinite

delay. Nonlinear Anal. 2015, 128, 149–175. [CrossRef]
9. Syed, M.A.; Govindasamy, N.; Vineet, S.; Hamed, A. Dynamic stability analysis of stochastic fractional-order memristor fuzzy

BAM neural networks with delay and leakage terms. Appl. Math. Comput. 2020, 369, 124896. [CrossRef]
10. Yong, Z.; Feng, J. Nonlocal Cauchy problem for fractional evolution equations. Nonlinear Anal. Real. 2017, 11, 4465–4475.
11. Lakshmikantham, V. Theory of fractional functional differential equations. Nonlinear Anal. 2008, 69, 3337–3343. [CrossRef]
12. Sultana, M.; Arshad, U.; Ali, A.H.; Bazighifan, O.; Al-Moneef, A.A.; Nonlaopon, K. New efficient computations with symmetrical

and dynamic analysis for solving higher-order fractional partial differential equations. Symmetry 2022, 14, 1653. [CrossRef]
13. Al-Ghafri, K.S.; Alabdala, A.T.; Redhwan, S.S.; Bazighifan, O.; Ali, A.H.; Iambor, L.F. Symmetrical solutions for non-Local

fractional integro-differential equations via Caputo–Katugampola derivatives. Symmetry 2023, 15, 662. [CrossRef]
14. Du, F.F.; Lu, J.G. New criteria on finite-time stability of fractional-order hopfield neural networks with time delays. IEEE Trans.

Neural Netw. Learn. Syst. 2020, 32, 3858–3866. [CrossRef] [PubMed]
15. Syed, M.; Narayanan, G.; Shekher, V.; Alsaedi, A.; Ahmad, B. Global Mittag-Leffler stability analysis of impulsive fractional-order

complex-valued BAM neural networks with time varying delays. Commun. Nonlinear Sci. 2019, 83, 105088. [CrossRef]
16. Abdeljawad, T.; Baleanu, D. New Fractional derivatives with nonlocal and non-singular kernel: Theory and application to heat

transfer model. Therm. Sci. 2016, 20, 763–769.

http://doi.org/10.1007/s11071-020-05768-3
http://dx.doi.org/10.1016/j.ins.2021.01.074
http://dx.doi.org/10.1007/s11071-018-4698-8
http://dx.doi.org/10.3390/math10173071
http://dx.doi.org/10.1002/mma.7762
http://dx.doi.org/10.1016/j.na.2015.07.018
http://dx.doi.org/10.1016/j.amc.2019.124896
http://dx.doi.org/10.1016/j.na.2007.09.025
http://dx.doi.org/10.3390/sym14081653
http://dx.doi.org/10.3390/sym15030662
http://dx.doi.org/10.1109/TNNLS.2020.3016038
http://www.ncbi.nlm.nih.gov/pubmed/32822312
http://dx.doi.org/10.1016/j.cnsns.2019.105088


Mathematics 2023, 11, 1634 15 of 15

17. Khan, F.S.; Khalid, M.; Al-moneef, A.A.; Ali, A.H.; Bazighifan, O. Freelance model with Atangana–Baleanu Caputo fractional
derivative. Symmetry 2022, 14, 2424. [CrossRef]

18. Farman, M.; Aslam, M.; Akgul, A.; Ahmad, A. Modeling of fractional-order COVID-19 epidemic model with quarantine and
social distancing. Math. Meth. Appl. Sci. 2021, 44, 6389–6405. [CrossRef]

19. Jarad, F.; Abdeljawad, T.; Hammouch, Z. On a class of ordinary differential equations in the frame of Atangana-Baleanu fractional
derivative. Chaos Soliton. Fract. 2018, 117, 16–20. [CrossRef]

20. Thabet, S.; Abdo, M.S.; Shah, K.; Abdeljawad, T. Study of transmission dynamics of COVID-19 mathematical model under ABC
fractional order derivative. Results Phys. 2020, 19, 103507. [CrossRef]

21. Atangana, A.; Gómez-Aguilar, J.F. Fractional derivatives with no-index law property: Application to chaos and statistics. Chaos
Soliton. Fract. 2018, 114, 516–535. [CrossRef]

22. Behzad, G.; Atangana, A. A new application of fractional Atangana-Baleanu derivatives: Designing ABC-fractional masks in
image processing. Phys. A 2020, 542, 123516.

23. Khan, H.; Li, Y.; Khan, A.; Khan, A. Existence of solution for a fractional-orderLotka-Volterra reaction-diffusion model with
Mittag-Leffler kernel. Math. Meth. Appl. Sci. 2019, 42, 3377–3387. [CrossRef]

24. Khan, H.; Gomez-Aguilar, J.F.; Abdeljawad, T.; Khan, A. Existence results and stability criteria for ABC-fuzzy-Volterra integro-
differential equation. Fractals 2020, 28, 2040048. [CrossRef]
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