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Abstract: Coordinated operation of hydrothermal scheduling with HVDC links considering network
constraints becomes a vital issue due to their remote location and recent induction in the existing
power system. The nonlinear and complex nature of the problem introduces many variables and
constraints which results in a heavy computational burden. A widespread approach for handling
these complexities is to reformulate the problem by several linearization methods. In this paper, a La-
grange multipliers-based method is proposed for the solution of hydrothermal economic scheduling
including HVDC link. This method solves equality constraint optimization problems. The linear pro-
gramming approach is embedded with the Lagrange method to consider both equality and inequality
constraints. The proposed technique has been used on piecewise linear variables and constraints
of the system considering generation, water volume, and line power flow limits. The formulated
method efficiently minimizes the operational cost of thermal units and maximizes the utilization of
hydro units while meeting all generation, water volume, and the HVDC link constraints. The method
was successfully implemented in two scenarios of a case study. In the first scenario, hydrothermal
scheduling was performed on the typical network without an HVDC line limit and equal nodal prices
were found with minimal thermal generation cost of $278,822.3. In the second scenario, the proposed
method optimally dispatches units to meet the HVDC line limit and minimizes thermal generation
cost to $279,025.4 while satisfying hydro, thermal, and other operating constraints. Both scenarios are
implemented for a 24 h period. The results have been presented to illustrate the performance of the
proposed method.

Keywords: linear programming; economic dispatch; hydrothermal scheduling; HVDC link; Lagrange
multipliers; optimal power flow

MSC: 49-11

1. Introduction

Recently, an increase in energy demand and fossil fuel prices has raised the cost
of energy generated by thermal power plants. The world has reduced the use of costly
and inefficient thermal plants by inducting renewable energy resources and hydel power
generation [1,2]. The energy prices can also be minimized by optimal scheduling of
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resources [3,4]. Conventionally, power is transmitted to loads through AC transmission
lines. However for long distance, the HVDC link becomes more efficient and cost effective
as compared to the conventional mode of transmission [5]. Therefore, the coordinated
economical operation of hydrothermal units with HVDC links has emerged as an interesting
research area in today’s world of increasing energy stress.

Different researchers have discussed different aspects of hydrothermal scheduling
considering HVDC systems. Hydrothermal scheduling is a complex and non-linear con-
strained optimization problem. Inclusion of HVDC links increases the complexity of the
problem that can be addressed by good computational tools. Hydrothermal scheduling
problems were successfully solved using conventional methods such as Lagrange multi-
pliers method (LMM) [6], Newton–Raphson method [7,8], gradient search algorithm [9],
mixed integer programming [10], and dynamic programming [11]. A number of heuristic
and metaheuristic algorithms are used to solve hydrothermal scheduling problems [12–14].
A few recently used algorithms in hydrothermal scheduling operation are rigid cuckoo
search algorithm [15], firefly and accelerated particle swarm optimization [16], Lagrangian
relaxation [13], grasshopper optimization algorithm (GOA) [17], and artificial bee colony
algorithm [18]. However, heuristic algorithms cannot deal effectively with premature
convergence problems. Additionally, when dealing with the large number of variables in
optimization, the computation time of heuristic algorithms increases drastically. Each meta-
heuristic technique has some weaknesses and strengths to find near the optimal solutions
for hydrothermal scheduling [19]. Meanwhile, mathematical programming methods are
computationally fast and provide stable solution each time [20]. In unit commitment and
economic dispatch cases, the linear programming (LP) method gives better results than the
genetic algorithm (GA) technique [21]. The literature shows that hydrothermal scheduling
has been effectively performed by the Lagrange multipliers method [6,22].

The induction of HVDC links in the existing power system requires an optimal power
flow (OPF) study for realistic hydrothermal scheduling. Formulation and implementation
of HVDC systems for OPF has been performed in reference [23]. Combined economic
operation of point-to-point VSC-HVDC and AC grids is also performed based on Lagrange
multipliers efficiently [24]. Joint operation of two area HVDC links has been performed
in reference [20] to improve the operational economy and efficiency. Optimal scheduling
of fixed head hydrothermal scheduling considering wind uncertainty is conducted in [25].
The literature survey signifies that hydrothermal scheduling was performed using various
optimization techniques under various operating conditions to minimize the fuel price of
thermal units.

A careful review of the above-mentioned excellent research shows that the existing
methods of the economical scheduling of hydrothermal power plants only consider the
price minimization of thermal units subject to meeting the load, losses, and water discharge
constraints. These calculations ignore the network details and result in snubbing effects of
transmission branch loading and bus voltages [9]. Therefore, economical hydrothermal
dispatching does have an important effect on line flows, and under HVDC line constraints,
these effects need to be taken into account.

The main contributions of this research are:

• Formulation of complex hydrothermal scheduling problem.
• Modelling of AC grids to add network constraints using DC optimal power flow

(DCOPF) in the existing scheduling problem.
• Induction of HVDC link with line flows limitation constraints in hydrothermal

problem.
• Linearization of quadratic cost curves of thermal generators to deal with inequality

constraints.
• Implementation of linear programming-based Lagrange multipliers methods on a case

study to check the robustness of the proposed method.

In this paper, a novel hydrothermal scheduling problem with an HVDC link is for-
mulated to meet the load demand and network constraints. The formulation is general
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and allows to find out the economic impact of HVDC link power usage on hydrothermal-
based AC system. An algorithm is developed to solve such a diverse problem using linear
programming-based Lagrange multipliers method as it is fast and less prone to convergence
issues and more deterministic in nature as compared to existing popular metaheuristic
algorithms. To the best knowledge of the authors, such a coordinated economic operation
of hydrothermal units with HVDC links keeping in view the power network constraints
has not been discussed before.

The rest of the paper is arranged as follows. Section 2 presents the detailed formulation
of the concerned problem and proposes the solution methodology. Section 3 explains the
proposed research methodology for a case study of a power system. Section 4 demonstrates
the results of the case study under two different scenarios to validate the effectiveness of
the proposed methodology. Section 5 concludes the discussion and presents some points
for future work.

2. Problem Formulation

The coordinated economic operation of hydrothermal units with HVDC link aims to
minimize the operating cost of thermal units while maximizing the utilization of available
reservoir water volume, fulfilling the HVDC line flow limits and satisfying the load power
balance. Figure 1 shows the generalized network diagram considered for this scenario.
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Figure 1. Generalized network diagram.

Figure 1 shows an electric network in which a number of hydel and thermal power
plants are embedded. The inward arrows show that the power is delivered to the network.
The loads are attached to the network. Here, outward arrows show the flow of power from
the network to the loads. The HVDC blocks take power from certain buses (represented
by outward arrows) and deliver it to other buses of the network (represented by inward
arrows). The idea is to propose a Lagrange function for such a network considering all the
generation, load, and network constraints. The following steps are being followed.
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2.1. Hydrothermal Problem Formulation

The objective of hydrothermal is to utilize a given volume of water such that to
minimize the production cost of NT generating units subject to constraints of transmission
lines, generators, and HVDC line limits. Therefore, the problem is formulated in general
as minimize∑Jmax

j=1 ∑NT
t=1
[
Ft
(

Ptj
)]

subject to constraints p(x) = 0 and q(x) ≤ 0, where p(x) and
q(x) are equality and inequality constraints, respectively. Equation p(x) represents the
network DC optimal power flow (DCOPF)-based load power balances, while Equation q(x)
denotes water volume discharge and minimum and maximum limits of hydro and thermal
power generators. The cost of thermal generating units is approximated as a quadratic cost
rate given in (1). Similarly, the water flow from hydro power plants in j time intervals is
approximated using (2). The expressions (1) and (2) are used for the incremental cost of
thermal power and fictitious cost of water, respectively, that must be paid to satisfy power
balance, water volume, HVDC line limit, and generation constraints.

Jmax

∑
j=1

NT

∑
t=1

[
Ft
(

Ptj
)]

=
Jmax

∑
j=1

NT

∑
t=1

[
at
(

Ptj
)2

+ btPtj + ct

]
(1)

Jmax

∑
j=1

nj

NH

∑
h=1

qh(P hj

)
=

Jmax

∑
j=1

nj

NH

∑
h=1

[
xh

(
Phj

)2
+ yhPhj + zh

]
= qTOT (2)

2.2. HVDC Line Flow Problem Formulation

A point-to-point connected HVDC system consists of two converter stations, namely
rectifier and inverter stations, as shown in Figure 2. Both converter stations are connected
to AC systems on ‘r’ and ‘i’ nodes through filters and tap-changing transformers. Inverter
station maintains DC bus voltage within limits and rectifier station controls the active
power flow at specified value Pf low [24]. The power transfer in the system can be in either
direction. In the previous research, the investigations have been carried out to optimize the
controller gains to control the active power transfer in HVDC system [26]. HVDC problem
formulation consists of the following steps.
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Figure 2. HVDC system.

Modelling of the point-to-point HVDC grids has been extensively performed to couple
the VSC station with an AC network as an ideal voltage source either through an impedance
or by phase shifting transformer for power flow analysis [27–31]. Similarly, intensive
literature exists in the domain of economic dispatch for renewables ([32–36] and references
therein). It is vital for economic dispatch applications to formulate the power flow equations
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of HVDC link from inverter to rectifier and vice versa. The DC power flow expression from
inverter and rectifier, respectively, are given in (3).

Pdci
=
(

V2
i −ViVr

)
Gdc, Pdcr =

(
V2

r −ViVr

)
Gdc (3)

where Vi and Vr are inverter and rectifier voltages, respectively, and Gdc =
1

Rdc
.

To formulate the combined equations for HVDC power flow and AC grids, some basic
assumptions are made on AC grid: (a) neglect conduction losses, i.e., Gi = Gr = 0, (b) set
Vi = Vr = 1 p.u, and (c) due to very small angular difference, set sin(θr − θi) ∼= (θr − θi).
Hence, (6) takes the form for nodal power balances in various nodes of HVDC grid and
defines the equality constraints for HVDC link. The resultant expression becomes as given
in (4):

Pri = (Br − Bi)(θr − θi) (4)

where Br,Bi and θr,θi represent susceptance and phase angle on rectifier and inverter side,
respectively. Susceptance is the inverse of reactance offered by AC filter, reactors, and
transformer on either side of the converter.

2.3. AC Network Problem Formulation

The nodal power balance is formulated based on the operating point of the AC system.
The power balance relation in (5) exhibits equality constraints p(x) as a function of nodal
power generation, demand, and calculated power in (6).

∆Pk = Pgk − Pdk − Pcal
k = 0 (5)

Pcal
K = GkkV2

k + ∑
mεk

VkVm[Gkmcos(θk − θm) + Bkmsin(θk − θm)] (6)

where Vk, Vm and θk, θm are the voltage magnitudes and phase angles of the transmission
lines linking buses ‘k’ and ‘m’, respectively. Moreover, G and B are conductance and
susceptance of lines connecting the respective busses, respectively.

Under steady state condition of AC grid, Vk = Vm = 1 p.u and with negligible power
loss Gkk = Gkm = 0, the expression (6) reduces to Pcal

K = ∑mεk Bkm(θk − θm). Then, this
expression can be generalized for lossless AC grids having α nodes in (7).P1

...
Pα

 =

B11 . . . B1α
...

. . .
...

Bα1 · · · Bαα


θ1

...
θα

 =⇒ [P] = [B][θ] (7)

where P is nodal power, B is susceptance, and θ is the nodal phase angle.
The mostly used HVDC links occur either in embedded or decoupled form with

the AC grids [24]. These models are used for the investigation of optimal power flow in
HVDC links connected to AC systems. The embedded HVDC link model deduces that both
sending and receiving end converter stations consider same phase angles to AC grid. The
expressions (4) and (7) provide the relationship between two AC grids connected HVDC
link for sending and receiving end power flow. The mathematical expressions (1), (2), (4),
and (7) are added in the Lagrange function to augment DCOPF-based AC grid details and
HVDC flow limit in hydrothermal scheduling. The resultant expression is given in (8).

2.4. Overall Problem Formulation

The objective of the research is to minimize the thermal generation cost subject to meet
the load balance, generator limit, HVDC line flow, and water consumption constraints.
Based on the objective and constraints, the Lagrange function is stated as given in (8);
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L = ∑Jmax
j=1

[(
nj∑

Nb
t=1 Ft(Ptj)

)
+ λ

Nb
j

(
[Bx][θ]j −

(
Pthj − Pdj

))
+ λ

Nb+1
j

(
(P ri)j − PHVDCset

)
+ γ

(
nj∑

NH
h=1 qh(Phj)− qTOT

)
+ µ

[
g
(

Pmin
tj , Pmax

tj , Pmin
hj , Pmax

hj

)]]
(8)

where nj is the scheduling interval in hours, Nb is the number of buses, Ft is the ther-
mal cost function which needs to be minimized subjected to power balance constraint(
[Bx][θ]j −

(
Pthj − Pdj

))
and water storage constraint (n jqh

(P
hj

)
= qTOT), λ

Nb
j is La-

grange multiplier which shows nodal marginal price of bus number Nb in jth time interval
in $

MWh , Pdj is the load in each time interval, Pthj is the sum of power generated by thermal
and hydro units in each time interval, (P ri)j is the actual power flow on HVDC link from

rectifier to inverter, PHVDCset is the line flow limit of the HVDC link, Pmin
tj and Pmax

tj are

minimum and maximum limits of thermal generators, Pmin
hj and Pmax

hj are minimum and
maximum limits of hydro generators, γ is Lagrange multiplier which shows fictious cost of
water, H is number of hydro units, and qTOT is the total water volume available for hydro
power generation.

2.5. Constraints

The constraints of hydro and thermal power plants along with load balance and
transmission limits are explained.

• Load balance constraints

Pthj = Pdj + [Bx][θ]j (9)

where Pthj, Pdj, and[Bx][θ]j are the total thermal and hydropower, load demands, and

transmission line flows in jth time intervals, respectively.

• Thermal plant generation limit

Pmin
tj ≤ Ptj ≤ Pmax

tj (j = 1, 2 . . . , 24 h) (10)

where Pmin
tj and Pmax

tj are the minimum and maximum output of the NT thermal power

plants in jth time intervals, respectively.

• Hydro plant generation limit

Pmin
hj ≤ Phj ≤ Pmax

hj (j = 1, 2 . . . , 24 h) (11)

where Pmin
Hj and Pmax

Hj are the minimum and maximum output of the NH hydro power

plants in jth time intervals, respectively.

• Water volume limit

nj∑NH
h=1 qh(P hj

)
= qTOT (j = 1, 2 . . . , 24 h) (12)

where qTOT is the total water volume available for power generation and qh(P hj

)
is the

water flow rate at the output power of Phj hydro unit in nj number of hours. Constant head
is assumed to consume total available water volume for power generation in the jth time
intervals.

• HVDC line limitation

Pmin
rij
≤ Prij ≤ Pmax

rij
(j = 1, 2 . . . , 24 h) (13)
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This means power flow of lines is calculated by DC load flow to check the capacity
limitations of HVDC link. In real scheduling, HVDC line limitations are obeyed as specified
electric quantity trade limitations lines between regional distributors of electricity.

The proposed approach is a novel alternative to address fundamental problems, as
it is structured to augment DC power flow in hydrothermal scheduling. Moreover, it is
general to harmonize the number of HVDC links.

As already discussed, the quadratic cost expression, given in (1) of thermal power
plants, does not include the power system network details, transmission line parameters,
transmission line congestion constraints, HVDC links, etc. [37,38]. The expressions (1)
and (2) only consider equality constraints of load balance and water volume. While
considering the network constraints without line limits in an economic dispatch, the
gradient method is used to solve the Lagrange equation [9]. Moreover, the Lagrange
function considering all network constraints, hydrothermal, HVDC links, the generator’s
extreme limits, and line limitations can be optimized by linear programming (LP). Hence,
linear programming (LP) technique is used to solve combined hydrothermal scheduling
with DCOPF considering generators’ inequality and HVDC line limit constraints. As per
LP, the quadratic cost expression of thermal power plants does not satisfy the requirements.
Therefore, a piecewise linear approximation of the cost function given in (1) is performed.
The segment wise slopes of piecewise linear approximation are developed using (14).

Sa =
Fa+1 − Fa

Pa+1 − Pa
for a = 1, 2, 3, . . . . . . . . . . . . .Ns (Number of slope segments) (14)

In (14), the number of slope segments (Ns) depends on the minimum and maximum
limits of thermal power generators and step size defined by the user.

Previously, (7) gave important information about the nodal power injection consider-
ing the network admittances without real part and help in finding the angles. However, (7)
does not provide the line power flows. Therefore, the proposed approach considers the
line flows, network constraints, generation limits, etc., formally in (15).

Minimize F(Pt) = F
(

Pmin
t
)
+ ∑Ns

a=1 ∑NT
t=1 SatPat

Subject to P = Bθ
PB = (D× E)× θ
−Pmax

B ≤ PB ≤ Pmax
B

qTOT = ∑NH
h=1 qh(P h)

0 ≤ Pgk ≤ Pmax
gk , ∀k ∈ {generatorbuses}


(15)

where Ns is the number of slope segments, NT is the number of thermal generators, P is
the nodal power injections at all nodes, θ is nodal angle, PB is line flow for AC and HVDC
system, D and E are node-arc matrices, and −Pmax

B and Pmax
B are line flow limits. The qTOT

is the total water volume available for generation, NH is the number of hydro units, and
qh is the water discharge rate to generate hydro power Ph in an interval. Moreover, (15) is
similar to (8) with constraints mentioned as Lagrange multipliers.

3. Research Methodology

The proposed linear programming based on Lagrange multipliers research methodol-
ogy shown in Figure 3 has been successfully implemented on a case study power system
network shown in Figure 4 by carrying out the following steps.
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The detailed step-by-step implementation procedure of the proposed approach in 
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is common for both hydrothermal-based AC and HVDC power system. 

Figure 3. Algorithm flow chart.
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3.1. Objective Function

The objective function is given in (16);

f (x) = Ax =
[

s1 s2 0 0 0 0 0 0 0 0 0 0 0 0
][

Pt1 Pt2 Ph PB1 PB2 PB3 PB4 PB5 θ1 θ2 θ3 θ4 W
]T (16)

In (16), the dimensions of ‘s1’ and ‘s2’ (in the row) depend on the number of slopes
based on step size, while Pmin

t and Pmax
t depend on the limits of the thermal power station.

3.2. Output Vector

The output vector ‘x’ for the given case study network and constraints is defined
in (17).

x =
[

Pt Ph PB θ W
]T

=
[

Pt1 Pt2 Ph PB1 PB2 PB3 PB4 PB5 θ1 θ2 θ3 θ4 W
]T (17)

where Pt is the incremental generation vector for two thermal generators connected to bus-1
and bus-2, Ph is hydropower generation, PB is the line power flows vector for five branches,
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θ is the vector of angles for all four buses in radian, and W is the water volume variable.
All these variables are added as equality constraints given in (15) to a single matrix relation.
For single matrix relation, one kind of equality constraint is given as injected powers and
another kind of equality constraint is given as line power flows as in (15), resulting in (18)
and (19).

−PB + (D× E)× θ = 0 (18)

−P + Bθ = 0 (19)

3.3. Equality Constraints

The equality constraints are given in (18) and (19). Matrix (Ax = b) form of equality
constraints requires dimensions. The dimensions of equality constraints based on the case
study are:

• Number of columns: As the vector x has 13 × 1, matrix A should have 13 columns to
multiply x.

• Number of rows: As there are five branches, four buses, and one water volume
constraint, (18) and (19) will have to contribute a total of ten (10) rows to matrix A.

Therefore, the dimension of matrix A will be 10 × 13. Let us start from line power
flow as in (18). The D-matrix is given in (20). The node-arc matrix E, is given as (21):

D =


B1 0
0 B2

0 0 0
0 0 0

0 0
0
0

0
0

B3 0 0
0
0

B4 0
0 B5

 (20)

E =


1 0
1 −1

0 −1
0 0

0 1
0 0
1 0

−1 0
−1 1
−1 0

 (21)

The product D × E required to find line power flows is given as (22):

D× E =


B1 0
0 B2

0 0 0
0 0 0

0 0
0
0

0
0

B3 0 0
0
0

B4 0
0 B5




1 0
1 −1

0 −1
0 0

0 1
0 0
1 0

−1 0
−1 1
−1 0

 =


B1 0
B2 −B2

0 −B1
0 0

0 B3
0 0
B5 0

−B3 0
−B4 B4
−B5 0

 (22)

The elements of (22) will be placed in the upper right corner of matrix A from columns
9 to 12. The first eight columns of the top five rows will be multiplied to generated powers
(Pt1, Pt2, Ph) and line power flows (PB1, PB2, PB3, PB4, PB5) variables. As generation variables
are not used within the line power flow equations, the first three (3) columns of the top five
rows will be zeros. The columns (4–8) will be zeros, except a single element in each row
will be −1 to obtain corresponding line power flows.

DC power flow equations corresponding to (19) are written in matrix A. The aug-
mented DC power flow matrix is given as (23):

B =


B11 −B12
−B21 B22

−B13 −B14
−B23 −B24

−B31 −B32
−B41 −B42

B33 −B34
−B43 B44

 (23)
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Elements of (23) will be placed at the lower right of matrix A from rows 6 to 9 and
columns 9 to 12. The first three (3) columns of matrix A are reserved for generation variables.
The expression (19) requires negative injections for all buses and injected power is Pth − Pd.
However, load variables are not added in matrix A, which will be placed on the right side
of the expression Ax = b in matrix b. Additionally, generated power from generation plants
will be placed with a negative sign in the rows starting from 6 to 9 and the first three (3)
columns with respect to the respective bus in matrix A. Hydro power plant and water
volume constraints are added to the last (10th) row and column 3rd and 13th of the matrix
A, respectively. The resultant expression Ax = b in matrix form is given in (24):

Ax = b =>



0
0
0
0
0
−1
0
0
0
0

0
0
0
0
0
0
−1
0
0
0

0
0
0
0
0
0
0
0
−1

q(2) ∗ n

−1
0
0
0
0
0
0
0
0
0

0
−1
0
0
0
0
0
0
0
0

0
0
−1
0
0
0
0
0
0
0

0
0
0
−1
0
0
0
0
0
0

0
0
0
0
−1
0
0
0
0
0

B1
B2
0
0
B5
B11
−B21
−B31
−B41

0

0
−B2
B3
0
0
−B12
B22
−B32
−B42

0

0
0
−B3
−B4
−B5
−B13
−B23
−B33
−B43

0

−B1
0
0
B4
0
−B14
−B24
−B34
B44
0

0
0
0
0
0
0
0
0
0
1





Pt1
Pt2
Ph
PB1
PB2
PB3
PB4
PB5
θ1
θ2
θ3
θ4
W



=



0
0
0
0
0

Pmin
t1

Pmin
t2
−Pload
Pmin

h
Wstart + in f low− q(1) ∗ n


(24)

3.4. Inequality Constraints

These constraints are simple and are given in (25):

0
0
0

−Pmax
B1

−Pmax
B2

−Pmax
B3

−Pmax
B4

−Pmax
B5
−π
−π
−π
−π

Wend



≤



Pt1
Pt2
Ph
PB1
PB2
PB3
PB4
PB5
θ1
θ2
θ3
θ4
W



≤



step
step
Pmax

h
Pmax

B1
Pmax

B2
Pmax

B3
Pmax

B4
Pmax

B5
π
π
π
π

Wstart + max(w)



(25)

In (25), the dimensions of Pt1 and Pt2 depend on the number of slope segments based
on Pmin

t1 and Pmax
t1 values of the thermal power generating stations. Hence, the row-wise

size of columns 1 and 2 will depend on the number of slope segments. The expressions
(24) and (25) are applicable to single load interval. For 24 h or daily load intervals, these
equations are modified as in (26):

Ax = b =>



A11
C11
0
...
0
0

0
A22
C22

...
0
0

0
0

A33
...
0
0

..

..

..
...
..
..

..

..

..
...
..
..

..

..

..
...
..
..

..

..

..
...
..
..

..

..

..
...
..
..

..

..

..
...

A(i−1)(j−1)
C(i−1)(j−1)

0
0
0
...
0

Aij





x11
x21
x31

...
..

xi1


=



b11
b21
b31

...
..

bi1


(26)
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where Aij and C(i−1)(j−1) matrices have dimensions 10× 13, having ten rows and thirteen
columns for each load interval; i = j is the number of load intervals (1, · · · · · · 24 h) . The
elements of matrix A are shown in (24) for a single load interval. The elements of matrix C
are given as in (27):

C =

[
Zeros(9× 12) Zeros(9× 1)
Zeros(1× 12) −1

]
(27)

Equation (27) is only used as leftover water volume in one interval to be used in the
next load interval in constraint expression (24). Inequality constraints for a single load
period given in (25) are modified for 24 h load intervals accordingly. The algorithm flow
chart of the proposed approach is shown in Figure 3 to implement (8) using (15) with
constraints from (9) to (13) and realistic equations from (16) to (27) for all load periods in
MATLAB Software.

The detailed step-by-step implementation procedure of the proposed approach in
MATLAB Software is given in Table 1.

Table 1. Step-by-step implementation of proposed procedure.

Step-by-Step Implementation of Proposed Procedure for Coordinated/Optimal Economic
Operation of Hydrothermal Units with HVDC Link Based on Lagrange Multipliers

1 Consider a power system network having ‘Nb’ number of buses and ‘NM’ number of
branches (shown in Figure 4).

2
Calculate the susceptance of each line following nodal power injection using (5), (6), and (7)
of AC network and (4) for HVDC network or directly follow (10) which is common for both
hydrothermal-based AC and HVDC power system.

3 Find slopes of cost functions of all thermal generators using (14) and define an objective
function based on (16).

4 Formulate the DCOPF coordinated economic dispatch problem using (8) and (15)

5
Find a single matrix for all equality constraints, load balance, line power flows, and nodal
power injections using (9), (18), and (19), respectively. This can be executed using node-arc
incidence matrix product (D × E) using (22).

6 Embed hydropower plant variable and water volume constraint using (11) and (12). Then,
develop a standard form of the matrix (Ax = b) using (24) for linear programming (LP).

7 Find parameters for b-matrix (of Ax = b) using load and generation buses of power system
network (shown in Figure 4) and objection function given in (15).

8 Define inequality constraints of the power system network under study using (10), (11),
and (13).

9 Apply the standard linear programming (LP) method using MATLAB software.

10 Check constraints. If all constraints are satisfied, then procedure is done. Otherwise, go to
step 3.

11 Print the optimal operating schedule and nodal price of each bus.

4. Results and Discussion

A case study is designed to verify the effectiveness of the proposed methodology.
Four bus AC systems with two AC grids are interconnected by point-to-point HVDC
transmission link, shown in Figure 4. It is ensured that the modelled HVDC link agrees
with (4). The cost curves of the thermal power plant and flow rate characteristics of the
hydro power plant are shown in Tables 2 and 3, respectively.
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Table 2. Thermal plants characteristics.

Unit at

[
$

MW2h

]
bt

[
$

MWh

]
ct

[
$
h

]
Pmin

t (MW) Pmax
t (MW)

Thermal-1 0.0033 10.8 1200 25 875
Thermal-2 0.003 12.6 1710 40 600

Table 3. Hydro plant characteristics.

Unit xh

[
AF

MW2h

]
yh

[
AF

MWh

]
zh

[
AF
h

]
Pmin

h (MW) Pmax
h (MW) qTOT(AF)

Hydro 0 4.9 50 0 500 30,000

The power system network has five transmission lines connected to four different
buses. The transmission line connected between bus-2 and bus-3 is considered an HVDC
link. This line has point-to-point converter stations connected to the respective buses. It
is assumed that all the AC lines have equal admittance with the assumption of zero real
parts. Thermal unit-1 connected to bus-1 can generate a minimum power of 25 MW and a
maximum power of 875 MW. However, thermal unit-2 connected to bus-2 can produce a
minimum of 40 MW and a maximum of 600 MW. The hydro plant connected to bus-4 can
produce a maximum of 500 MW output. The initial volume of water is 15,000 Acre-feet (AF).
The allowed inflow is 1250 AF per hour. For the 24 h period, the total water available for
power generation is 30,000 AF. The required ending capacity of the reservoir is 15,000 AF.

Two scenarios are implemented in Figure 4 network: (i) DCOPF including hydrother-
mal scheduling without line trading limitation on the HVDC line and (ii) DCOPF including
hydrothermal scheduling with line trading limitation (PHVDC = 400 MW) on the HVDC
line. Only HVDC line has direction power flow constrain, whereas all the other lines have
flexibility in the flow of power on either side.

The load is connected to bus-3 and the daily load on the four-bus system is shown in
Figure 5.
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Figure 5. Load pattern on network.

Figure 6 shows the power contribution (bar charts) of each generating station to meet
the load demand. The power shared by the hydro unit to load is based on the availability
of water for power generation. The power shared by both thermal units to load demand is
optimized based on their cost rate characteristics shown in Table 2. Therefore, the cost of
thermal power units is the minimum for typical load demand in a specific time period.
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Due to combined investigations of economic hydrothermal scheduling and DCOPF at
the same time, the system lambdas (λ) represent the bus location marginal price (LMP) or
nodal price and line congestion price instead of the generator’s incremental cost. Figure 6
shows both lambdas (λ) under two different scenarios.

4.1. Scenario-1: Infinite HVDC Line Capacity

When the power system network shown in Figure 4 is operating under normal condi-
tions, there is no capacity limit on the HVDC transmission line. Then, the lambda (λ) of
each bus is constant for a specific load period, as shown in Figure 6. In this figure, for the
first load interval, the load demand is 680 MW, and the nodal price is fixed (11.7 $/MWh)
for each bus. In the first interval, the hydro plant contribution is maximum. During the
second load interval, load demand is 670 MW, and the nodal price is fixed (13.9 $/MWh)
for each bus with zero power contribution by the hydro plant. Similarly, for load periods
1 to 18th and 22nd to 24th, nodal prices of all buses are fixed when there is an infinite
line capacity limit. The resultant HVDC line limit lambda (λ2-3) is zero for these load
intervals due to the infinite line capacity limit; the network considered it as a single bus.
The respective power flow in each line branch and each interval is shown in Figure 7. The
optimal power generation of each generating station to meet the load demand in each
interval is shown in Figure 8.
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4.2. Scenario-2: Limited HVDC Line Capacity

In this case, line trading limitation PLine2–3 = PHVDC = 400 MW is added on the HVDC
link shown in Figure 4. The load power demand during time intervals 19, 20, and 21 is
1450 MW, 1500 MW, and 1400 MW, respectively, as shown in Figure 5. During these time
intervals, the power shared by a hydro unit is 500 MW, thermal-1 is 683 MW, 767 MW, and
600 MW, and thermal-1 is 267 MW, 233 MW, and 300 MW, as given in Figure 6. Due to
HVDC line limitations, the power is diverted to other transmission lines of the network.
Hence, the network does not consider a single bus which results in different buses’ nodal
lambdas (λ) price and line (λ) price. This makes the nodal price at bus-1 = λ1 = 15.4 $/MWh,
bus-2 = λ2 = 14.2 $/MWh, bus-3 = λ3 = 16.1 $/MWh, and bus-4 = λ4 = 15.7 $/MWh, as
shown in Figure 7. The line limit price in three different time intervals increased from
0 $/MWh to 3.1 $/MWh and 5.1 $/MWh due to line congestion heating and losses. The
line limit price is shown in Figure 7. Moreover, the optimal power generation of each
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generating station to meet the load demand in each interval with limited line capacity is
shown in Figure 9.
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The results described in both scenarios depict that all the buses’ nodal prices are the
same for specific time interval loads when there are no line limitations. Additionally, the
line price is zero. Meanwhile, when there are line capacity limitations, the bus nodal price
increases from 14.3 $/MWh to 17.2 $/MWh and the line price increases from 0 $/MWh
to 5.1 $/MWh. This results in total cost of power generation by the thermal-1 unit in
24 h period being $170,921.4 and the thermal-2 unit being $108,104 with PHVDC = 400 MW
limit. However, thermal-1 unit in 24 h period costs $166,739.8 and the thermal-2 unit costs
$112,082.5 without HVDC line limitation. The proposed approach optimally scheduled the
outputs of thermal generating stations under both scenarios to minimize the operating cost.
It can be concluded that limited capacity HVDC links may change the optimal operating
points of all generating stations throughout the load intervals. Hence, the electricity market
will affect generation companies (GENCOs) and transmission system operators (TSO).
Therefore, the proposed approach will be helpful in complex hydrothermal scheduling
including embedded HVDC lines in existing AC networks for GENCOs and TSO to find
their power generation price, bus nodal price, and line limit price.

The effectiveness of the proposed approach has been compared using interior-point
and dual-simplex method. The results are presented in Table 4.

Table 4. Comparison of different techniques.

Parameters Proposed Method Interior-Point
Method

Dual-Simplex
Method

No. of iterations 6 10 292

Computational time (sec) 1.05 1.58 2.93

The interior-point method solves formulated problems in 10 iterations while dual-
simplex uses 292 iterations without changing any other results. However, the proposed
method takes only six iterations to solve the problem.

5. Conclusions

This research article has investigated the optimal operating point of hydrothermal
power plants on AC networks with the limited capacity of an HVDC line under the different
operating constraints. Modelling of AC power system including VSC-HVDC link has been
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described for hydrothermal scheduling. The method is computationally efficient as it
considers linear model of AC network with HVDC transmission link including DCOPF.
Nodal bus power injection matrix is modified to embed line flow constraint in DCOPF.
The quadratic cost curves of thermal generators are linearized segment wise to include
the minimum and maximum generation limits. The hydro power plant is operated at
maximum power (Ph = 500 MW) to obtain maximum efficiency. HVDC transmission line
flow was successfully limited at PHVDC = 400 MW. The Lagrange multipliers method is
used for optimal operation of hydrothermal plants on power networks. The proposed
formulation is applied to two scenarios of a case study. In the first scenario of the case
study, the total thermal generation cost comes out to $278,822.3. In the second scenario
of the case study, the total cost of thermal generation is $279,025.4. The difference in cost
in both scenarios is minimum. It is observed in both scenarios, with the change in load,
that this algorithm optimally selects the thermal generator to redispatch to meet the load
demand and other line constraints with minimum cost.

The proposed approach can be extended to perform hydrothermal scheduling on
seasonal load changes and deregulated electricity market in the future.
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Nomenclature

Phj Output power (MW) of hth hydro unit in jth period
Ptj Output power (MW) of tth thermal unit in jth period

Ft

(
Ptj

)
Fuel cost rate ($/hour) for tth unit in jth period

qh(P hj) Water flow rate (Acre-feet/hour) for hth unit in jth period
NT Number of thermal power plants
NH Number of hydro power plants
Nb Number of buses
NM Number of lines (branches)
Pthj= Ptj + Phj Total output power (MW) of tth thermal and hth hydro unit in jth period
Jmax Maximum number of periods
nj Number of hours in jth period
at, bt, ct Cost coefficients of tth thermal unit
xh, yh, zh Water flow rate coefficients of hth hydro unit
qTOT Total water volume available for power generation
L Lagrange function
λ, γ, µ Lagrange multipliers
Pf low HVDC line power flow limit
Rdc Resistance of HVDC line
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λr Locational marginal Price (LMP) of rectifier bus
λi Locational marginal Price (LMP) of inverter bus
PCC Point of common coupling (PCC)
Tr Coupling transformer
VXr , VCr Voltage at bus Xr and Cr on rectifier side
VXi , VCi Voltage at bus Xi and Ci on inverter side
C DC link capacitor
∆Pk kth bus nodal power balance
Pgk Power generation on kth bus
Pdk Power demand on kth bus
Pcal

k Calculated nodal power on kth bus
Gkm Conductance of line connecting bus node k and m
Bkm Susceptance of line connecting bus node k and m
θ Nodal phase angle
Subscript k, m Indicate the nodal bus
Subscript i, r Indicate the inverter and rectifier, respectively
V Bus voltage magnitude
p.u Per unit quantity
DCOPF Direct current optimal power flow
HVDC High voltage direct current
Ns Number of segments of quadratic cost function
Sa Slope of quadratic cost function
T Transpose of matrix
W Water volume
PB Line power flow
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