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Abstract: This paper is dedicated to the setting and analysis of an optimal control problem for a
two-phase system composed of two non-linearly coupled Chan-Hilliard-type equations. The model
describes the evolution of a tumor cell fraction and a nutrient-rich extracellular water volume fraction.
The main objective of this paper is the identification of the system’s physical parameters, such as
the viscosities and the proliferation rate, in addition to the controllability of the system’s unknowns.
For this purpose, we introduce an adequate cost function to be optimized by analyzing a linearized
system, deriving the adjoint system, and defining the optimality condition. Eventually, we provide a
numerical simulation example illustrating the theoretical results. Finally, numerical simulations of a
tumor growing in two and three dimensions are carried out in order to illustrate the evolution of
such a clinical situation and to possibly suggest different treatment strategies.
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1. Introduction

Consider the following two-phase Cahn-Hilliard equations (see for instance [1-4]) on
a bounded domain Q) C R® with smooth boundary 0Q :=T

¢t =vAu+Pp(e) (Y —u),
n=-Ap+F(p),
e =xAp —Pp(e)(p —p), 1

Onlp = Iy = Iy =0, on T,

¢(t=0) = go, $(t=0)= 0.

Equation (1) describes the evolution of the tumor. The term P p(¢) (i — u) justifies the
existence of proliferative cells. Cell proliferation (cell growth) refers to the rate at which
a cancer cell replicates its DNA and divides into two cells. If the tumor cells divide
more quickly, it describes that the cancer is developing fast or is more aggressive. In
clinical experiments, the rate of tumor cell proliferation is determined by conducting
particular tests. In some cases, clinical measurements to define cell proliferation can
be helpful to plan treatment or estimate treatment outcomes. Equation (1); describes
diffusive and proliferative terms. The negative sign beside the term P p(¢)(y — p) justifies
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the consumption of nutrients during the tumor growth mechanism. Cells need enough
biomass to grow and divide in order to proliferate. Tumorous cells require a sufficient
quantity of nutrients, and this may be varying from a normal tissue to another one. In
system (1), the function ¢ € [—1,1] denotes the tumor cell volume fraction; thatis ¢ =1
in the fully tumorous case and —1 in the fully healthy case. In Equation (1),, # denotes a
chemical potential depending on ¢ and F, where F denotes the homogeneous Helmholtz
free energy density that is a term of the absolute temperature 6 and a defined critical
temperature 8* when phase separation occurs. Generally, the potential function F takes the
form of a logarithmic potential

Fo) = 5 (o) log(F5) + (1= s)iog(F55) ) = T -, @

where 0 < 6 < 6*. The potential function F is frequently approximated by a smooth
double-well potential with minima at 1, which is associated with the Ginzburg-Landau
free-energy functional defining cell adhesion. For numerical simulation, the function F will
have the following form

F(s) = i(# _12

The second unknown in system (1) is the nutrient-rich extracellular water fraction .
Eventually, p denotes a positive function modeling the proliferation rate. The most common
example for such a function is p(¢) = (1 — ¢?). In system (1), we introduced the parameters
v (SI unit: kg.m’l.s’l) and « (SI unit: kg.m’l.s’l) to model the tumorous phase viscosity
and nutrient phase viscosity, respectively. The parameter P is introduced as an amplitude-
type parameter of the proliferation rate. Eventually, 0, denotes the normal derivative,
where 7 is the outer unit normal on the boundary I'. For more details about the modeling
aspects and the mathematical well-posedness of system (1), we refer to [1] where a detailed
discussion is provided.

Formally, it is rather easy to see that defining the total energy as

1 251 2 /
Ei=3 [ [VgPdx+5 [ [wPdx+ [ F(o)dx, 3

The energy E is the total Ginzburg-Landau free energy. It consists of the spatial
variation of the tumor fraction, the variation of the nutrient fraction and the spatial average
of the homogeneous Helmholtz free energy density representing cell adhesion over the
time interval [0, T7.

The system (1) enjoys the following energy balance

%+v/()|Vy|2dx+K/Q|V1p|2dx+7’/Op(go)(y—lp)zdxzo.

In this paper, we shall focus on the finite energy solutions of system (1) assuming finite
energy initial data. The existence and uniqueness of these solutions were obtained in [1].
The optimal control and parameters identification theory we shall develop for system (1)
relies in part on arguments developed there. It is worth mentioning that system (1) enjoys
as well the total mass conservation property. Indeed, we have

/Q((P(t)-f'lP(t))dx:/Q((Po-f—v,bo)dx, forall t>0.

Mention that although system (1) admits weak solutions satisfying the total mass
conservation and the energy balance above, it is still not clear when starting with initial
data such that |p| < 1 and |@g| < 1 whether this property is propagated by the dynamics
or not. To the best of our knowledge, this property was shown only for a very simplified
Cahn-Hilliard model in [4]. In the numerical simulation, we observed that this property
holds as well for system (1), but we were not able to prove it rigorously.
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Nowadays, tumor growth mechanisms are subject to intensive studies, particularly
based on multiphase Cahn-Hilliard equations. It is merely impossible to provide an ex-
haustive literature review regarding the subject; we refer to [5-12] and references therein
for shortness. Very briefly, in the literature, there are two different models concerning appli-
cations of the Chan-Hilliard equations for tumor growth: continuum models (for instance,
see [9,13,14]) and cellular automata models (for more details, see [15-17]). The model we
are investigating in this paper belongs to the first family. The model at hand consists in a
coupling of an equation modeling tumor cell volume fraction ¢ with a diffusive equation
describing the evolution of the nutrient-rich extracellular water volume fraction i subjected
to the tumor through the chemical potential y. Recently, different mathematical models
were introduced to model tumor growth evolution such as in [18-20]. In this contribution,
we introduce a multiplicative amplitude-type parameter P > 0 to the proliferation rate
modeled through the term p(¢)(y — pt) in comparison to the system investigated in [1].
In addition, instead of considering a dimensionless model, we consider the tumor phase
viscosity v and the nutrient phase viscosity x as in [21] where the continuous dependence
on the initial data and the system’s parameters v, x and P was shown.

The objective of this paper of a series dedicated to tumor growth is to investigate
the controllability of the system’s parameters and solution. The ultimate aim is to show
that the Cahn-Hilliard type and related models can be personalized depending on clinical
patient data. In a forthcoming work [22], we were able to use a feedback control approach
to nudge the theoretical solution toward the real tumor state of the patient based on the
clinical data; further development and application of these theoretical results are in process.
In this paper, we develop a classical control approach by introducing and optimizing
a cost function depending on a target solution and parameters. First, we linearize the
system (1) around specific constants (up, uy, ux) and use a Faedo-Galerkin approximation
to prove the existence of solutions to this system. Second, based on the cost function and its
Fréchet differentiability, we derive an adjoint system and deduce an optimality condition.
Eventually, we provide some numerical simulations illustrating the theoretical results.

It is worth mentioning that the vast majority of research related to the model presented
in this paper consists of establishing well-posedness and studying the existence of attractors.
Here, we focus on the validation of a Cahn-Hilliard-type model adapted to different
applications of tumor growth. We extend the approach of [1] to a parameter identification
problem. The associated minimization problem is based on the optimization of a cost
function defining reference states. The treatment of the optimal problem assumes specific
conditions for the proliferation function p and the potential function F. We obtain mainly
three significant results: the well-posedness of a linearized model, the derivation of an
adjoint system and the establishment of its well-posedness, and the verification of the
Fréchet differentiability of a particular operator solution. These results lead to the derivation
of the necessary optimal condition.

The paper is organized as follows: we start by introducing various definitions and
notations useful for the rest of this work. We also recall the well-posedness result of
the tumor growth model (1) given in [1]. In the third section, the study is structured
in four parts: we establish the existence and uniqueness of a solution to the linearized
problem. Then, we derive the adjoint system using the regularity of the solution of the
initial model (1) and treat its well-posed nature. We check the Fréchet differentiability
of the control to state map. Finally, the optimal necessary condition is also obtained. A
computational simulation of equations describing tumor growth in two and three space
dimensions are carried out using well-known numerical techniques. More specifically, we
used a Gauss—Newton type scheme to solve the control problem. The convergence of the
proposed approach is illustrated by a model test case. Then, we present a clinical case
developed in [3]. We illustrate the evolution of such a typical scenario to possibly suggest
different treatment strategies.
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2. Functional Setting, Assumptions and Previous Results

In this section, we summarize already known results on system (1) and the assump-
tions they are subjected to. Along this paper, we shall assume implicitly the following on
the double well and the proliferation rate functions F and p, respectively.

L The potential function F € R is such that F = Fy(s) + A(s), where Fy € C?(R) and

A € C%(R) satisfying |A" (s)] < a forall's € R and & > 0. In addition, we assume
thatforalls € R,cq,¢5,c3 >0and ¢y € R

aa(1+1sP72) < Fy(s) < (14 1sP72),
F(s) > cals|” —cy,

forallp € [2,6).
II. The proliferation function p € C
ties for alls € R

0,1

1oc (R) satisfies either one of the following proper-

0<p(s) <cs(1+|s|T)and g € [1,9), c5
[P'(s)| < co(1+s|""") and g € [1,4], c5

0,
0.

\VAR\Y%

Before going further, let us introduce the definitions and functional setting of the paper.
Let T > 0 be an arbitrary time, and define the following Sobolev spaces

H:=1%Q) and V:=HY(Q),

associated with their usual scalar products (u,v)y := fQ uvdx, and (u,v)y := (u,v)y +
J Vu - Vodx, respectively, and the equivalent norms. The topological dual space of V is
V' := H1(Q) and is endowed with its standard product. The dual product between V
and V' will be noted (-, -). Next, the Riez isomorphism A : V — V' is defined by

(Au,v) := (u,v)y, forall u,veV,

where the domain of the operator A by
D(A) = {(p € HX(Q) : 0,9 = 00n80}

Considering u € D(A), the operator A is given by Au = —Au + u. The restriction
of A to D(A) is an isomorphism from D(A) onto H, and we have (Au, A~'v*) = (u,v*)
forallu € Vand v* € V/, and (u*, A='0*) = (u*,v*)y for all u*,v* € V'. Observe that
we have

(0v*,u) = [v*udxifv* € H,and %HZJ*H%/, = 2(9;0*, A" 1o*) forall v* € H(0,T;V').

Now, we are able to recall the existence and uniqueness of the weak solution to
system (1) from [1]. More precisely, we have the following

Theorem 1 ([1]). Forall (¢o, o) € V x H, problem (1) has a unique weak solution such that
¢ € L2(0, T; H*(Q)), ¢ € L=(0,T; V)N L*(0,T,V),

F(p) € L®(0, ;LY(QY)), /p(9)(y —p) € L*(0, T; H),
forall T > 0. Furthermore, if ¢ < 4, it follows that

4)

o1 1 € L2 (0, T; V’).
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In addition, we recall the following from [21].

Theorem 2 ([21]). Let i = 1,2. Then, for all (¢g 1) € V x H, the respective weak solutions
(@i, ;) to system (1) with respective parameters v;, x; and P;, satisfy for all t € [0, T]

lp2(t) = 1)l +l2(t) = (Bl + vlig2(t) — 1 () 20 1)
+ k2 — Yrllezo,rm) < AW (Ipoz — @orlly + ¢z — Yol )
+C0715t.(|732 — Pﬂz + |V2 — 1/1|2 + ‘Kz — K1|2),

where A is a continuous positive function depending on the norms of the initial data, F, p, Q) and
T. Const denotes a non-negative constant depending on the initial data and the parameters of
the system.

3. Parameters Identification and Optimal Problem

The parameters identification process is based on the following optimal problem.

Consider the functions 9o : Q — R and ¢q : Q — R in L?(Q) and L*(Q),
respectively. Let B, B By, Bp and Bx non-negative constants. Let v;, P and x, be fixed
non-negative values. Eventually, let v, P and x« be fixed values, and introduce the
admissible space

Upa = {(I/,P,K) €R3 suchthat0 < v < Ve, 0 <P < Po, 0< K < Koo}-
Then, the optimal control problem reads

min (v, P,x) = min { E210 — galiag) + E210(T) - palio

+'[;/|v—vd|2+ﬁ27)73—73d|2+ﬁ;|1<—;<d|2}, ©)

where ¢ is solution of (1), and (v, P, ) € Uy.

Let ¢ and ¢ be solutions of the initial problem (1) with given boundary conditions. The
inverse problem of parameters identification (5) is to find the values of constants v, P, and
k. Since the functions ¢ and ¢q are in L?(Q) and L?(Q), respectively, the cost functional
] is therefore well-defined thanks to the regularity of the solutions ¢ and ¢ provided by
Theorem 1. For the stability of the inverse problem (5), a separate study is planned in a
further work. Now, Theorems 1 and 2 allow us to define the following operator (denoted (1)
by abuse of notation)

S, P,x) = (o, 1, 9),

where (¢, 11, ) is the unique solution to system (1) corresponding to parameters (v, P, k)
and fixed initial data (@o,9p) € V x H. In the sequel, we shall use the notation
S1(v, P, k) = ¢ for the first component of S(v, P, k). Now, we are able to state the following

Theorem 3. Let ¢y € H, and 9 € L*(Q). Then, there exists at least one minimizer (v, Ps, K+
to the functional | such that ¢, = S1(V«, P, k+), and we have

J (@i, Vi, P, i) = inf J(¢,a,b,c). (6)
(a,b,c) € Uy

s.t. ¢ = S1(a,b,c)
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Proof. We prove Theorem 3 using a direct minimization argument. Let
ﬁl/ 2 0/ ,B)(q, 2 O/ ﬁXl/J 2 0

The functional | being positive, there exists a minimizing sequence (v, Pp, k) € Uy
associated to the solution (¢, §,) of system (1) with initial data (¢g, ¢9) € H x V such that

](q)l’llvn/ 7)71/ K}’l) = lnf I((Pr a/ b/ C)'
(a,b,¢) € Uy

s.t. ¢ = S1(a,b,¢)

Using the property of compactness and the regularity of ¢,,, and i, along with the definition
of the space U,;, we infer that
@n; = @« strongly in L?(Q) N C°([0, T]; L*(Q0))
Unj = Vs, Pnj — Py, Knj = K.
Thanks to the regularity of the parameter ¢, the definition of the limit parameters (v*, Py, k)

in U,y and using the weak lower semicontinuity of the L?(Q) and L?(Q) norms, we
obtain (3). O

Now, we show the differentiability of the operator S and derive the optimality condi-
tions. First, we derive the linearized system and establish the associated
well-posedness result.

3.1. Study of the Linearized-State System

Let (v, P, k) € U, be fixed values associated to the solution (¢, y, 1) of system (1). Let
u = (up,uy,u;) € R3bean arbitrary vector and define (Py, vy, k) € U,y as follows

Pu=P+up, vy=v+uy, K =K+ l.

Next, let (¢, i, ) and (@u, pu, Pu) be solutions of the following systems, respectively,
and J; denotes the partial derivative with respect to time

ot =vAu+Pp(e)(p — ), Ot pu = Vubpy + Pup(@u) (Yu — pu),
H= 7A§0+F,((P)r Hu = *A(Pu+F/((Pu)/
and 7)
Y1 = kAP — Pp(o)( — ), Otpu = KuSpy — Pup(@u) (Yu — pu),
anl[J = an§0 = an]/l =0, anlpu = an(Pu = anﬂu =0.

Now, we linearize system (7); around the parameters (u,, up, ux). For this purpose,
let the variables (®,, X, ¥, ) be the solution to the following system

0:Py = VAT 4+ uy Ay + Pp'(¢) (9 — 1) Pu + Pp(@) (Yu — Zu) + up p(@)(p — ),
Yy = —AD, + F (¢)Dy, ®)

0¥y = kAYy + uxAY — Pp'(¢) (¢ — 1) Pu — Pp(@)(Yu — Zu) — up p(@) (¥ — ),

The system (8) is obtained using the linearization around the constants associated to
the system (1). The resulting system consists of two diffusive equations of the tumor phase
fraction and nutrient phase fraction. Both equations represent the spatial and temporal
variations of tumor cells and nutrient. A linear proliferation term is introduced into the
system by combining the measurements and using the regularity of the initial tumor
model (1).
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1d
2dt

[l + 5

The system of Equation (8) is supplemented with the following initial and bound-
ary conditions
(©u(0),¥u(0)) = (Puo, ¥uo), inQ,

)
I Dy = 0, ¥, = 0,5, =0, inT x [0, T].

Now, we are able to state the following result.

Theorem 4. Let (®y0,¥,0) € V x H be a given initial datum. Then, systems (8)—(9) admit a
unique weak solution satisfying

®, € L®(0,T; H) N L?(0,T; H*(Q)), ¥, € L®(0,T; H)NL*(0,T; V),
¥, € L2(0,T; L2(Q)).

Proof. The existence of solutions can be achieved using classical approximation methods
such as Faedo—Galerkin and then passing to the limit in the obtained approximating smooth
solutions using compactness arguments. For shortness, we shall focus in the sequel on
the derivation of the a priori estimates necessary for the compactness arguments. Testing
Equation (8), against ®,, Equation (8), against —A®, as well as against DX, (where
D denotes an arbitrary non-negative constant to be determined later on), and testing
Equation (8); against ¥, we obtain after summing up the result of this formal calculation

> I¥ul o)A + K] V| + DI
=uy /Q UAD, dx + P/Q p(@)(Yu — Zu) Py dx + 77/ ) (i — u) @2 dx
+ up/ p(e)(p — )P, dx + 1// F (¢)PyAD, dx + D/ F (p)P,%, dx
—D/ AD, T, dx — P/ S ¥ dx — 73/ ) — 1) DYy dx
—up/ﬂ (@) (p — u)¥ydx — uK/ V- VY, dx
=L+ + I3+ ..+ I (10)

Now, we provide estimates for the terms Iy, for k = 1, - - - 11, in (10). We shall use implicitly
Cauchy-Schwarz and Young inequalities. The first and second terms can be estimated
as follows

v 2
< 218 P+ 2l P,

L = [u, /Q HAD,

2

1 D
Ll = [P [ o)t~ 200 < PR, 5+ 3 ) 10ul+ GImI + Il?

where, thanks to [1]
Pre(t) = Const.(1+ |lo(6)[] ) € L2(0,T) for g <4

Next, we can straightforwardly write

Ll =[P [ 700 =m0 < Phay(t) [ 19—l 124l 0]
< PB2o(t)l¥ — Hliso ||q>u||p 1Pulzz(
< LA + 10u?) + 29283, (0 (11 + 1) Iul?),
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and

Ly| = MP/QP(fP)(lP—#)q’u < [uplBroOIY — pl [Pl

1 1 2 2 2
< lupl 4 S8 Ol + el 1ul?

where
Ba,y(t) = Const.(1+ [@(t)| T2 () € L*(0,T) for q< 4.

Estimates of the terms depending on the potential function F are also based on Cauchy—

Schwarz and Young inequalities and read as follows

2 2
15| = |A®u]” + 2083 , (1) | Pull”,

" v

V/QF (9)Put, <
1 D

1= |p [ Fopouz, < DI+ 208,01

where )
Bs,p(t) = Const.(1+ ¢l <)) € L2(0,T) for p < 6.

Equivalently, we have

D
7| = ’D/QM’uZu < §\|2u||2+2DIIA¢uII2,
and
Iy = —P/QP(qv)(‘I’u — )Y = —P/Qp(go)‘lff, —|—P/Qp(go)2u‘f’u
D 2 P? 2 2 2
< — J— _
< GImlP 258, O =P [ plo)¥2,
and

ITg| =

P [V (@)@ -nout.
1% 2 1% 2 2 2,2 2 2 2
< GI8Pul + L1@ul + SP288, (0 (191, + ) ¥l

The last couple of terms can be estimated as follows

1 1 2 2 2
Tio| = uP/QP(fP)(lP — ¥ < §|“73|2 + 55%,¢(f)(|\llfuv + ) ¥l
1 K
Tl = fue [ V9 V| < o V4Pl + 5198
Collecting all the previous estimates, and picking up D such that D < %, we obtain

d d
7 1Pu & +Ell‘fu\|2 + [ A®y | + x| V¥ul® + DIZul® + P [, (@) ¥
(11)

2 2,0 1 2
< 711(8)[|Pu +72(t)||‘1’u||2+2|u73|2+;||V|| |Mv|2+§\|v¢u|| | |?,

with
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1) = By 0 (Il + 1ol + P2 (54 1) ) + 2P, 00 (ol + el

+2(D+v)B, (1) + .

7at) 1= B0 5P+ (ol + 1) ) + 2P (09l + Il) +1.

Setting y(t) and 4(t) as

_ _ 202, Livep?
7(0) = ax (), 12(0)], and 606 = g 1, 21l 51Vl

leads, thanks to (11) along with Gronwall’s lemma, to
[Pu ()| + IFu (O] + VI[Pl 20,12 (02)) T K Fullr20mv)

t t
<26 99% max{1, [16(5) ds [ 1@unll + [¥unll + pl + o] + ]

All in all, we infer the following

1Pull (0,020 n12 02 (00)) < Const.([[@uoll + [[Fuoll + [up] + [uv] 4 [ux]),

+ ||Tu,0

¥l Lo 0,122 2 (0,51 (02)) < Comst. ([P0 + lup| + [uy| + [ux]),

IZull20m2(2)) < Const.([[@uoll + [ Fuoll + [up| + [y + ux]).

These bounds are sufficient to pass to the limit in the approximating solutions, and they
consequently show the existence of solutions on [0, T] for an arbitrary T > 0.

The uniqueness of these solutions follows from the linearity of the difference system
obtained from the systems associated to solutions (®,,;, ¥, ;) for i = 1,2. The same
argument used in Section 3.1 leads to the desired result. Indeed, assuming up = u, =
ux = 0 for simplicity, then we obtain &, = ®,, —$,; =0, ¥, = ¥, —¥,1 =0, and
Xy =%y —2y1 =0where®,;¥,; and X, ; for i = 1,2 denote two solutions system (8)
with initial conditions

q)u,i(o) = q)O

u,i’

‘Fu,i(o) =¥

u,i’

fori=1,2.

More precisely, for given two solutions of system (8), we have
0Py =vAL+ i, Ap+Pp'(¢) (Y — )Py + Pp(e)(Yu — Zu) +dp p(@) (¥ — 1),
L, =00 +F (9)Py,
Oty = kAYu+ Y = Pp(9) (Y — 1) Pu = Pp(@) (Yu — Zu) —ip p(9) (¥ — 1),

where
iy = Uy, — Uy, p = Up, —Up,, Ux = Uy, — Ug.

Following the estimates of the previous section, we readily obtain

1Pl Lo (0,502 (0 L2 (0,312 (02))
< Const. (@, — @),

+ ||T2,1 - \Pg,z

+ |dp| + |dy| + |ﬁk\>,
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1Y ull Lo 0,702 (2 M2 0,381 ()

< Const. ([} — @0, | + [[¥5,, = ¥0,l| + [ip] + 0] + i),

Zu 202y < Const. (119, — @) | + ¥, = ¥0, ] + p| + || + Jix] ).
In particular, setting
Q) =@, ¥, =Y, and dp =iy =ix=0,

the uniqueness follows, and the proof of Theorem 4 is completed. [

3.2. Fréchet Differentiability of the Control to State Map

This section is dedicated to the proof of the following result regarding the Fréchet
differentiability of the control to state map.

Theorem 5. Let (uy, up, ) € R3 such that (vy, Py, ky) € Uyy. Then, there exists a non-negative
constant, independent of (uy, up, uy), such that

1(Ou, pu, Gu)lly < Const,,
where 0y, = @y — @ — Py, Py = Yu — ¥ — Xy, Cu = Yy — Y — Yy, and Y is the product space
Y = [L30,T; H*(Q)) n H'(0,T; (H%(Q))") N CO([0, T}; L*(2))]
xL?(Q) x [L*(0,T; L2(Q2)) N L*(0,T; V) N H(0, T; L*(Q2))].
In particular, the solution operator S : R3 — Y is Fréchet differentiable.

Proof. The starting point is Taylor’s theorem with an integral remainder for an arbitrary
function g € C?(R),and alla, x € R,

1
g(x) = g(a)+¢'(a)(x —a) + (x —a)? /0 §"(a+z(x—a))(1-2z)dz
For the function F, using the definitions of (0, pu, {x), we can write

F(gu) — F(¢) — F'(¢)®u = F'(9)0u + (9u — )R,
with )
Re = [ F'(p+2(pu— 9))(1-2)dz

This property holds for both functions p and F. First, notice that

Pup(@u) Wu — ) = Pp(@) (¥ — ) = Pp(9)(Yu — Zu) — Pp'(9)Pu(y — 1)
—upp(e )(IP—V)*(Pu—P)(P((Pu)— (@) (u — ¢ — (pu — 1))
P(p(pu) — p(@) (Yu — ¥ — (pu — ) + (Pr P)(p(ou) — p(9)) (¥ — 1)
+ P(p(eu) —ple) —p'(e ) W)W =)+ (Pu—=P)p(@) (u — ¢ — (pu — 1))
+ Pp@)(u — ¢ — pu + p — Yo + L) +(Pu—P—MP)P(€0)(lP—V)-
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Formal calculation leads to

Pup(@u) (u — ) — Pp(@) (¢ — 1) — Pp(9)(¥u — Zu) — P’ (¢)u(yp — 1)
—upp(@) (W — ) = (Pu—P)(p(eu) — p(¢))(Gu — pu) + P(p(9u) — p(¢))(Gu — ou)
+ (Pu—=P)(p(pu) — p(9) (¢ — 1) + P (¢ (9)0u + (¢u — ¢)*Rp) (¥ — 1)

+ Pup(9)(Gu = pu) = Xg 0,5
Using the regularity in Theorems 1 and 4, we have
6, € L°(0,T, V)N L2(0, T; H2(Q) N H3(Q)),
pu € L*(0,T;L2(Q))), and &, € L®(0,T;V)NL*(0,T; H>(Q)),

with (6,, pu, &) satisfying

atgu - VApu + X(p,l[],V,’P,K/ ln Q/
Pu = F//(q))eu + (QDu - @)2RF - Aell/ in Q/ (12)
01Cu = KACy — Xq),t/),v,P,Kf in Q,

with initial and boundary conditions
0,0 = 0dpy, =9,Cy =0, onT x[0,T],
6.(0) =0, ,(0) =0.

Using Cauchy-Schwarz and Young inequalities, we infer the following estimate for X, y,1,p .,

2 2 2 2
X100, 11205, 12(2)) < Const. (H9u IT2(05,02(0)) + 18ullt2(05,02(0)) + loult2(0,,02(00)) + 1)'
Next, testing Equation (12)5 against ¢, we obtain

1d .2 2
Sl +xIVE = = [ Xppuputuds.

Using Young’s inequality, we obtain

1d

5 76l + 1 Veul® < Const. (1041 + 12l + loul® + 1) (13)

Integrating the previous equation from 0 to s € [0, T], we infer
2
I6(5) T2 + ¥IVEul 20512
2 2 2
< Const. (HQMHLZ(O,S,LZ(Q)) + 18ullt2(05,2(0)) + loullt2(05,02(02)) + 1)-

Testing Equation (12); against 8, and Equation (12), against D8, and Ep,, as well (where D
and E denote arbitrary non-negative constants to be determined later on), we obtain

14
S8 J0ul? 4 (v~ EAOE + Elpul? + DIV = [ Xgupupsbud +D [ putd
=D [ (F'(9)6u+ (pu— 9Re)oudx+ E [ (F'(9)0u+ (pu— 9)Rr )pudx

+ (v—E) /Q(F"(cp)eu + (pu— qo)sz) A6, dx.

Using once more Young’s inequality and optimizing in E, we obtain
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1d 2 2 2 2 2 2
516,17 +v18047 + Ellpul + DI V6. < Const. (6.l + loul + 1&ul* +1)- (14)

Combining the inequalities (13) and (14), and integrating from 0 to s € [0, T], and optimizing
in E, we obtain

2 2 2 2 2
10u(s)2)  +1Gu(S) T2y +xIVEullz(ose2(0) + VIAOulT2 (0502 (02) + Ellouliz (0502000
+ DI VOult2 0512100y < Const. (fy (10l + 13l + llpul®) dt +1).
Thanks to Growall’s Lemma, we infer

10wl L= (0,120 20,512y T 160l L 0, m:12() A2 0,51 () T loullL2(@) < Const.

Next, testing Equation (12); against (¢, ), we obtain

2
[(Cu)tliz(q) + KIVEulleom12(0)) < Const.
Now, using elliptic regularity and Equations (12); and (12);, we can write
IGullzomrz)) < 18u)tlizg) + Xg P xllizig) < Const.
10wl L2 (0,102 (02))

< Const. (||9u Iz om0 () + louliz ) + 1F" ()6 + (@u — q))ZRF”LZ(Q)) < Const.

Eventually, testing Equation (12); against any arbitrary function 7 € L2?(0,T; H2(Q))
leads to

T T
| @emar= [ [ (putn + Xg.p,01)

< (||Pu”L2(Q) + ||X(p,1p,u,7>,;<||L2(Q)> ||’7||L2(0,T;H2(Q))-

In particular,

1Cullomm2 () + 10u iz o mm () (0T () S Const.
This finishes the proof of Theorem 5. [

3.3. The Adjoint System

This section is dedicated to the setting and the mathematical analysis of the adjoint
system associated to system (1). First, we define (¢, x, o) € (L?>(0,T;V))? as test functions,
and we write the weak formulation of the state system (1) reading as:

Find (¢, 1, ¢) € (L2(0,T;V))? such that:

(@, ¢) +v(Vu, Vo) =P (p(e) (¥ — 1), ¢),
(1 x) = (Vo,Vx) + (F'(9), x), (15)
(Yr,0) +x(Vy, Vo) = =P (p(e)(p —p),0).
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Let T > 0 be an arbitrary time, and define the following function

Al@, 19,0, P, 5, ¢, x,7) / /q)t4>dtdx+v/ /w V4>dtdx+/ /lptadtdx
+x/ /w) Vadtdx—/ /Pp (4 — u) didx
+/ / Pp(e)(p — p)odtdx.

Now, let (¢, ¢) be solutions of system (1); then, we claim that the adjoint system,
derived according to the state system (1), reads

—¢r +vBx —vF (9)x = PP (9) (¥ — )¢ — Py (9) (¥ — p)o + PA(p(9)¢)
—Pp(9)F" (9)p — PA(p(9)0) + Pp(9)F (9)o + Bole — 9g), in Q,

x=24¢, inQ

—0r = kAo — Pp(9)o +Pp(e)p,  inQ,

¢(T) = Ba(e(T) —¢a), o(T)=0, inQ,

Onp = dnx = 9y0 =0, inT x [0, T].

(16)
Indeed, integrate (15) by part to obtain

[ fyotts= |, [WKW— [ [ oguiiax,
/oT/QW'VWfd": /(;T/rﬂgfidfdv—/()T/(lyA¢dtdx
- /()T/r"g*idtd“/;/&“‘i’ - /OT/QF’((P)AMtdx,

and

'/()T'/K.)l/’tadtdx:/ﬂ [wa}(jdx—/;'/ﬂgbmdtdx,
/()T/Qvlp.Vadtdx:/()T/rlpg—zdtd'y—/oT/ngAgdtdx.

Now, we define the following Lagrangian function

Lig,u,p,v,P,x,¢,x,0) =](p,v,P,x)—Ale, 1, Y,v,P,x,¢,X,0).

Therefore, differentiating L. with respect to the state variable ¢, we obtain
— ¢+ vAx —VE (9)x = PY(9) (¢ — )¢ — PP (9)( — ) + PA(p(9)9)
—Pp(@)F (9)¢ = PA(p(9)0) + Pp(9)F (¢)o + Bo(p — ¢g), in Q,
x=4¢, inQ
¢(T) = pale(T) = ¢a),  inQ

dnp=0.x=0, inTx[0,T]
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Equivalently, differentiating L with respect to the state variable i leads to
—01 = kAc — Pp(9)o +Pp(¢)¢, inQ,
o(T) =0, in Q,
040 = 0. inT x [0,T],

Gathering the latter systems together gives S,. Next, we have the following well-
posedness result regarding system S,.

Theorem 6. The adjoint system S, has a unique solution (¢, x, o), associated to the unique weak
solution (¢, u, ) of system (1), satisfying for any arbitrary time T > 0

¢ € L=(0,T; L*(Q)) N L%(0, T; H*(Q))), x € L*(0,T;L*(Q))),
o€ L®(0,T;L%(Q)) N L®(0, T; H(Q)) N L2(0, T; H*(QY)),

and for all t € [0,T] and 7 € H%,(Q) := {9 € H>(Q); 9,9 = 0 on I'}, we have

0:<—4Jt,17>Hz+v/xA77dx—v/F” )mdx—P/ V(Y — p)py dx
—I—P/ @) (P — ptmydx—P/ p() ¢A11dx+73/ ((p)gbndx

+7’/QP MAndx—P/QP o)F ((P)Uﬂdx—ﬁQ/Q ¢ — @)1 dx.

Proof. As in the proof of Theorem 4, we focus only on the a priori estimates. First, we test
(Sa)3 agaisnt 0, and use Cauchy-Schwarz and Young inequalities to obtain

S Ao +xIVol? + P [ plp)a?ax=P [ p(p)opdx

< PBre®llelillel < lel* + ;17’2[51,¢(f)||0||2-

Integrating this inequality with respect to time from s € [0, T) to T, we infer

T
o)+ KVl iz +P [ [ ple)? atd
< 201t2s 2200y + CONlia ri2)

where C(s) is a non-negative constant depending on P and the proliferation function p.
Next, testing the equation (S,); against ¢ and the equation (S, ), against Dy, with D being
a non-negative constant to be determined later, and summing up the obtained equalities,

we obtain
3 1o+ vIagl 4 DIxE = v [ F'(gixgax+P [ p'(g)w - p)g?ax
7 [ Yo yagbdx+7’/ 4>A¢dxf7>/ ()97 dx

- P/OP ) 0A4>dx+7’/ﬂp @)F (40)0¢dx+ﬁg/0 4’—§0Q)¢dx+D||A¢||2
=N +]L+J3+...+]Jo. (17)
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The terms Ji for k = 1,...,9 can be easily estimated, thanks to Cauchy-Schwarz and Young
inequalities, as follows: to derive the a priori estimates for the terms Ji, fork =1,---,9,
we use Cauchy-Schwartz and Young inequalities and proceed,

*||X|| +5 ﬁ3¢()ll¢|\2,

hl = [ F'(oxgdx| <

3P2
Zlagl + (g + 5 B (DI + ||u|’é>) o,

B2l = |P [ po) (e — g da| <

,”0” + 732524;( HUwly + el el

Jal = |P [ ¥ (@)y = wperdx| <

1= |P [ plo)oapdr] < Lingll + 283 (o)l

Jsl = |P [ p(@)E" (g) ¢ dx| <

(B0 + B0 101,

_ Vg2 3P 2
5ol = |P [ plo)onp x| < ZIaglE + 2=ty (o],

and

b7l = \P [ p@F @opdx| < 5 (80 + By 0) (01 + 1),

p p
< S llg = gal? + 2 ol

s = ‘ﬁQ /Q(fl)— PQ)Pdx

Gathering the previous estimates together, and picking a D such that D < %, along
with (17), we obtain

d 2 2 2 2 2_ Bo 2
—= (19 +101?) +vIagl* + DIl + Vel < Z2lg = polfz o)

(18)
+Const.(1+ 82, (1) + B3, (1) + B3, (1)) (Iel* + o).
Integrating (18) from s € [0, T] to T leads to
I +lo ()17 + vIA@IT2(s 7560 + DIXIR2(s ) + %I VOl E2(s 0
(19)

T p
< Const. [ (IgI + o) dr+ 29 = goliz(g) + ConstI(T) — paliz(ny

Eventually, thanks to Gronwall’s lemma, we obtain

Il o 0,502 ()12 (0,12 (00)) < Comst. [0 oo 0,111 () < Comst.

Uniqueness: Now, we show the uniqueness of the weak solutions of the adjoint system
S;. Let ¢, 0, for i = 1,2, be a solution of the adjoint system S;, and set ® = ¢, — ¢4,
Y =0y — 01, and X = x — x3. Straightforward calculation leads to the following system
of difference
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~®; + VAL — vF' (9)Z = Pp/(9)( — )@ — Pp/(9) (¥ — ))¥ + PA(p(9)P)
—Pp(p)F (9)® — PA(p(9)¥) + Pp()F (9)¥, inQ,

S=A®, inQ,

—¥, = kAY — Pp(@)¥ + Pp(9)®,  inQ,

®(T)=0, ¥(T)=0, inQ,

®=03,2=09,¥=0, inTx[0T].

Similar estimates to the ones developed in the part of the existence of solution, namely for
the | terms above, we end up with an equivalent inequality to (19). Specifically, we obtain

2 2 2 2 2
()™ + 1)+ vIAR] 2,5 + DIEli2(smim) + %IV 2o )
T
< Const. [ (& + ¥ |P) dv
s
which gives the uniqueness of the solutions of system S,. [

3.4. Necessary Optimality Condition

This section is dedicated to the formulation of the optimality condition. Specifically,
the main result of this section is the following:

Theorem 7. Let (@o, o) € V x H be an initial data, and (9o, ¢q) € H x L?(Q). In addition,

let (vy, Px, kx) € U,y denote a minimizer to (5) with corresponding state variables (@« ix, P )
and adjoint variables (¢, x, ). Then, (vs, Px, k) necessarily satisfies

_/()T/Q(V—l/*)v]l*v4)dtdx+/()T/()(P—P*)p(q)*)(1p* — i) dtdx

T T
— [ [ P=Paple) . —pedtax+ [ [ (x—x)Vy.Vodtdx
+ Bu(vs —va) (v — i) + Bp (P — Pa) (P — Ps) + Br(rex —x4) (k — ) =20, (20)

where (v, P, k) € Uyg.

Proof. We start the proof by testing Equation (S,); against ®, in L2(0, T; H*(Q))). We
obtain

/Qﬁo 0.(T) = p)@u(Nax+ [ [ ol po)@udidx = [ (@)1 d)i o
/ / (ADy, — F" () @y ) x didx — 77*/ / (92) (e — 1) pDy, dbdx
+7>*/ / ") (s — i) o®y dtdx+73*/ / (9+)pAD,, dtdx
/ / (9 )F (1) ¢y didx — P, / / (9. )oAD, dtdx

+ P*/ / p(¢«)F q)* Jo D, dtdx.
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Using the definition of the linearized system, particularly Equation (8),, we can write

T
/Qﬁn(qv*(T) — ¢q)Pu(T) dx+/o /QﬁQ(qa* — ¢) Dy dtdx
T T
:/o <(¢u)t:¢>Hl(Q)df—V*/0 /QZuAcpdtdx
T -T
- P*/O /QP/((P*)(IP*—V*W@L, dtdx+73*/0 /Qp’(q)*)(lp* — 11, ) oD, dtdx
T T
_P*/o /Qp(q)*)¢2udtdx+77*/0 /Qp((p*)aZudtdx.
Now, testing Equation (8); against ¢, we obtain
T T T
/0 <(q>u)tr¢>H1(Q)dt_V*/O /QZuAgbdtdx—i—uv/o /QV‘uvq)dtdx
T T
= 7’/0 /Qp(q)*)(‘n, — %) pdtdx + P*/O /Qp'((p*)dDu(lp* — 1) dtdx
T ,
vup [ ] p(o (.~ gtz

Moreover, testing Equation (S,)3 against ¥, leads to

T T T
_/0 <Ut,‘Yu>dt=K*/o /QAU‘Yudtdx—P*/O /Qp(q)*)(r‘f’udtdx
T
P [ [ plp)e¥udtdx
+ 0 QP((P )9 dtdx
Eventually, testing Equation (8); against o, we obtain
T T T
/ <(‘I’u)t,a>dt:1c*/ /A‘I’uadtdx+uK/ /Alpadtdx
0 0 Ja 0 Ja
T T
- P*/O /Qp(go*)(‘I’u—Zu)adtdx— 79*/0 /Qp’(go*)q)u(tp*—y*)adtdx

— up /OT/QP(GU*)(VJ* — p )0 dtdx.

Gathering the previous inequalities, we infer

T , T .
| Balo (D) = pa)@u(Mdx+ [ [ Bolo.—go)@udtdx =uy [ [ V. Vpatdx
T T
+ uK/O /QVIP*-VUdtdx—i-uP/O /QP(G"*)(IIJ* — Uy )@ dtdx
T
a up/) /QP(<P*)(1P* — py)odidx. 1)

Now, we define the function g as follows
g, P,x)=](S(v,P,x),v,P,xK).

Using the convexity of the space U,;, we have

K — Ky.

V— 1,
(g’(l/*,P*,K*),U) >0, with U = (P — P*) .
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Furthermore, we have

11//(81<V/7)/K)/V/P/K)
(v, P,x) :]{p(Sl(V,P,K),v,P,K)oS{(V,P,K)—|— Jp(S1(v, P,x),v,P,x) |,
Je(S1(v, P, x),v, P, k)

where | 20(81 (v, P,x),v, P,x) denotes the Fréchet derivative of | with respect to ¢. In addi-
tion, J/, ]93 and J;. denote the Fréchet derivative of | with respect to v, P and «, respectively.
That is,

o8, P0,0,PR)@) = o || [l 90z dtdx+ B [ (9(T) — pa)2(T)
and

Jo(S1(v, P,x),v, P, ) (w) = Bu(v —vg)w,
Jp(S1(v, P, x),v, P, k) (w) = Bp(P — Py)w,
Ji(S1(v, P, x),v,P,x)(w) = Br(x — Kxg)w.

Thanks to system (8), we have
S{(V*, P*, K*).Z/[ = ¢u.
Combining these results to equality (21) leads to the optimal condition (20). O

4. Numerical Illustration

In this section, we present a numerical simulation complementing the theoretical result
regarding the optimization problem. The simulation is performed based on the following
data: Q is the square [—1,1]? or the cube [—1,1]® depending on the dimension. The target
parameters are set to

(v4, Py, kq) = (0.01,3,0.02).

The code is implemented in FreeFem++ using a finite element method for space
meshing and Euler method for time discretization. More precisely,

q)nJrl _ (Pn
A S VAR P p(e) (- ),
= —0g" +F(¢"),
1 (22)
n+l _ ,yn
% = kAP =P p(e") (¥" — p"),

¢"(t=0) = go, ¢"(t=0) = o,

where (¢", "), u"* denote the approximate values of the solution (¢, 1) to system (1) and
the chemical potential y, respectively, at time t, = n At with At being the time step. Define
the vector solution for the optimal control (5) as

1%
XV,P,K =P
K
i)

Let X](/ p x be the ih iteration approximate solution of the optimization problem and e
be a precision parameter for the stop criteria of the Gauss-Newton scheme (see Algorithm 1).
Set vy, Py, and K as initial guess values. The expression of the gradient matrix ]’ is derived
using the system (16).
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Algorithm 1 Gauss-Newton scheme
procedure GAUSS—-NEWTON(¢y, {p)

V< vy, P+ Py, kKo

i<0

while (v > 0and v < V) and (P = 0 and P < P) and (x > 0 and « < k) do
for t < 0,---,T do

Solve the problem (22)
end for
Find $() such that
() T (i) @ _ _ (i) T (i) (i)
(]f(Xu, ,K) ]f(XV,p,K)SVpK (]f(Xy,p,K)) f(XV,p,K) t+r

7y

with
O <8O T ) TF (X p ]
(i+1) (i) (i)
XVtP,K = XVI,P,K + SVf'P,K
if (Jv —vy| <¢)and (|P — Py <¢) and (|x — 4] < €) then
Stop

end if

i+i+1
end while

return (v, P, k)
end procedure

Denotes by f the vector

Ba
Po
=1 Bv
Br
Pr

Here, we focus on unconstrained non-linear least-squares minimization

5

min f(Xy,p) = E{ﬁi x [1(Xyp )%

N~

where f; is the ith element of the vector B, and r;(X, p ) is the ith element of the vector
function r defined as follows

|W—¢dﬂ@)
lo(T) = ¢al2(q)

r(Xv,P,K) = |V - Vd|
[P — P4l
K — K4

The map r: R — R is continuously differentiable with a 5 x 3 Jacobian matrix

o arl‘(Xv,'P,K>
Tr(Xv,px)lij = 0 Xypx
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Y1
B:=qy=|n
Y3

to be the closed subspace in R3. In the classical Gauss—-Newton method (refer to [23]), we

approximate r in the neighborhood of an iterate Xy;) . by its linearization

Define

€ER}: 0<y < P (23)

O<y3<7{oo

Ogylgvoo }

r(y) ~ x(X{p ) + 1 (X )y — XUp ),

where | f(XV/p/K) € R™*" i the Jacobian matrix of first derivatives of r. Denote by & (@) a
specified boundary tolerance that depends on the maximum bound of the subspace B given
in (23). Denote by Q(X)
- 2
Q(X) =} r(X)V' ri(X),

i=1

where V2 stands for the Hessian matrix. Thus, the iterate constant 6() must verify the
following inequality for fixed 0 < § < 1

)T Xup )
DT X N7

A natural condition criterion for the iterative process is that the relative residue satisfies

1T (X DT (X S + U (XS NTFXL
10X, WA, ]

< 50

4.1. Validation Test

The initial data of the tumor cell parameter ¢y and the nutrient fraction ¢, are de-
fined as

2_,2_ .2
@o=—05xe ¥V 7,

Yo =05x e ¥ V-7,
where x, y, and z are the coordinates of the space meshing. The parameters (8o, Bn), (& 6)
and (By, Bp, Bx) are set to

By, =03, Bp =04, By =035,
e=10"% 5=0.8, (24)
Ba =025 Bg=0.25.

These particular choices are justified by a sensitivity analysis of the solutions with
respect to the system’s parameters [21]. More specifically, the optimal regularization
parameters in Tikhonov regularization are deduced according to the discrepancy principle
based on an error estimators to control the convergence accuracy [24-26].

Figures 1-6 show the evolution of the solutions ¢ and ¥ of the Cahn-Hilliard system
atT =0, 5, 15, 30, 40 and eventually 50, where it can be seen that the solution goes to a
stationary point state which is in full alignment with the theoretical results (see also [1,2]).
The optimal parameters that the algorithm converges to (associated to these figures) are

v = 0.0099591, P =2.999607, x = 0.01995.
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The simulation shows that picking up large values of 8, = Bp = B« (in the simulation,
these values were set as in (24)), and B and Bg being set to 0.25 leads to a rather fast
convergence (algebraic) to the target parameters (v, Py, k4). However, we observed that
picking up larger values for B and B, the algorithm we developed does not converge to
the target values. We believe that a deeper numerical analysis of this algorithm is needed to
provide a suitable range of the “guess” parameters for the convergence to hold. Eventually,
in the case of v; = P; = x; = 0, the algorithm is still converging, but by definition of the
cost functional, toward the values set to have the solutions (¢, ¢o) with a suitable choice
of the constants B and Bg.

Figure 4. The fraction ¢ (left) and ¢ (right) after T = 30.
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Figure 6. The fraction ¢ (left) and ¢ (right) after T = 50.

Eventually, Figures 7 and 8 show the evolution of the physical parameters in terms
of the algorithm iterations. The initial parameters v and « are chosen about 1073 and P
about 2.2, and one can see (power type) convergence toward the target values

(va, P, kq) = (0.01,3,0.02).

001 0.02
o000 {' Do r
4 °
L
0.008 - ° 0.016 s
L] L ]
0007+ ® 0.014 .
() L]
0.006 - 0.012
. .
N 0005 £ oo *
L]
0.004 - o 0.008
L]
0.003 0.006
° L ]
0.002 0.004
0.001 @ 0.002 8
0 0
0 10 20 30 40 50 60 70 0 10 20 30 40 50 80 70
Iteration

Iteration

Figure 7. The variation of the viscosity v (left) and «x (right) in terms of algorithm iterations.

291
281

27r

25T
24F
23F

22

o 10 20 30 40 50 60 1Y

Iteration

Figure 8. The proliferation rate P in terms of algorithm iterations.
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4.2. Tumor Growth Computation
4.2.1. Two-Dimensional (2D) Case

In this section, we present a tumor growth example introduced in [3]. The simulation
is performed based on the following data: the domain Q is considered as the square [—1,1]2.
The target parameters are set as (v, Py,x4) = (0.01,3,0.02). The initial data of the tumor
cell parameter ¢ and the nutrient fraction ¢ are defined as

_ (Lo 1 _
Po = (le +1‘9y) € [-03,0.3],

Po =1,

where x and y are the coordinates of the space meshing. The parameters (Bn,Bo),
(Bv, Bp, Bx), and (¢, 0) are set to

By = 0.05, Bp = 0.025, B, = 0.075,
Ba =02, Bg=0.25,
e=10"% 6 =0.8.

Figures 9-13 show the evolution of the solutions ¢ and ¢ of the Cahn-Hilliard system
atT =0, 5, 15, 30 and eventually 50 related to the following optimal parameters

v =0.009981, P = 2.998602, x = 0.019905.

Note that the fraction 1 describing the nutrient phase in the system is decreasing. This
is justifying the nutrient consumption through the evolution of the tumor.

Figure 14 shows the total energy in the system. The total energy in system (1) decreases
with respect to the evolution of time.

Figure 10. The fraction ¢ (left) and ¢ (right) after T = 5.
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0 20 40 60 80 100
timet

Figure 14. The total energy defined in (3) of the system.
4.2.2. Three-Dimensional (3D) Case

In this section, we provide the 3D version of the previous example of tumor growth as
defined in [3]. The simulation is carried out of the basis of the data below. The domain Q)
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is considered as the cube [—1,1]3. The initial data of the tumor cell parameter ¢y and the
nutrient fraction ¢y are defined as

_ 1 2 1 2 1 2
o= (2.1" t oY +1.9Z> € [-03,03],

Po =1,

where x, y, and z are the coordinates of the space meshing. The parameters (9, ¢), (B, ﬁQ),
and (B, Bp, Bx) are set to

By = 0.05, Bp = 0.025, B = 0.075,
Ba =025, Bg = 0.25,
e=10"% 6 =0.8.

Figures 15-19 show the evolution of the tumor parameter ¢ and nutrient concentration
1 solutions of the Cahn—Hilliard system (1) at times T = 0, 15, 30, 40 and eventually 50.
Note that the profile of the cell nutrient phase fraction is converted to tumor behavior
at the end of the simulation. This explains the introduction of the proliferation function
describing the evolution of the tumor by the consumption of nutrients.

Figure 17. The fraction ¢ (left) and ¢ (right) after T = 30.
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Figure 19. The fraction ¢ (left) and ¢ (right) after T = 50.

Figures 15-19 illustrate the profile of the solutions ¢ and i of the Cahn-Hilliard system
related to the following optimal parameters

v = 0.009901, P = 2.99892, x = 0.019987.

We observe in Figure 20 that the total energy E defined in (3) of system (1) decreases in
terms of time.

0.06
& 0.05f E
ko
004} g
+
__‘::‘EE
S 003 E
+
) 0.0z E
=N
[
— 001 E
— |
o . . . . .
o 10 20 30 40 50 60

timme t
Figure 20. The total energy defined in (3) of the system.

5. Conclusions

This paper is part of a series dedicated to the optimal control and data assimilation
applied to tumor growth modeled by Cahn-Hilliard-type equations. In this contribution,
we developed an optimal control theory coupled to the physical parameters identification
process for the Cahn-Hilliard-type model (1). This was achieved by introducing and
optimizing a cost function depending on both the functional solutions of system (1) and its
physical parameters. This approach was inspired and motivated by the well-posedness
results regarding system (1) in [1] and the sensitivity analysis results in [21]. We use a
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gradient descent method to solve the optimal problem (5). The derivation of the adjoint
system allows us to express the gradient formula of the objective function in an easy way.
Numerical computations show a fast convergence of the algorithm. The scheme is always
stable with an appropriate CFL condition on the time step At and mesh size h. The inclusion
of the confidence region variation into the Newton-Gauss method ensures the convergence
of the optimal problem in the U/,; admissible space. The numerical simulation is in full
alignment with the theoretical results developed in this paper.
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