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1. Introduction

The gradient estimation for both elliptic and parabolic equations plays a significant
role in geometric analysis. Harnack estimation is also one of the powerful tools in heat
kernel analysis. The local and global behavior of positive solutions of nonlinear elliptic
equations on R" (n > 2) near an isolated singularity were studied by Gidas and Spruck [1].
In [2], Hamilton proved a Harnack estimate on the Riemannian manifold for Ricci flow
with a weakly positive curvature operator, which was later used in solving the Poincaré
conjecture. Li and Yau [3] established parabolic gradient estimates on solutions to the linear
heat equation

(A—odu = q(x Hu @

on Riemannian manifold having Ricci curvature bounded from below, where g(x, t) is C?
in first variable x and C! in second variable ¢, where C? and C! denote the space of all twice
differentiable and one-time differentiable functions, respectively. After a remarkable work
by Perelman [4-6] in Ricci flow, this topic gained massive importance. Thus, this topic
becomes one of the important tools in geometric analysis and modern PDE theory. In [7],
Jiyau Li considered the heat-type equation

(A—op)u(x,t)+h(x, tHu*(x,t) = 0 2)

on M x [0,c0), where h(x,t), is a function on M x [0, c0), which is C? in the first variable
and C! in the second variable, « € R and derived the gradient estimates and Harnack
inequalities for a positive solution to the above nonlinear parabolic equation. This equa-
tion represents a simple ecological model for population dynamics, where u(x, t) is the
population density at time t.

Wu [8] studied gradient estimates for the nonlinear parabolic equation

(Ap — dp)u+ p(x, t)u+ p(x, Hyu* +q(x, P = 0, 3)
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where A, is the weighted Laplacian, p(x,t), q(x,t) are C? in x and C! in t.
Abolarinwa et al. [9-12] studied gradient and Harnack estimates for various nonlinear
parabolic equations. In [13], Dung et al. studied various gradient estimations for solutions
of the following f-heat type equations

ur = Apu+aulogu+bu+ Cuf + Du™1 4)
anduy = Agu+ Cel" + De P + E, (5)

where 4,b € R and C, D, E are smooth functions, on a complete smooth metric measure
space (M, g,e~fdv) with Bakry-Emery Ricci curvature bounded from below. In [14], Azami
studied gradient estimates for a weighted parabolic equation

(Bp —0)ulx,t) = q(x,Hut™(x,6) + p(x, ) Au(x, 1)) ©6)

evolving under the geometric flow, where p(x,t),q(x,t), A(u(x,t)) are C? in x and C! in
t. Thereafter many authors studied the geometric aspect of analysis on the Riemannian
manifold, see [15-23] and the references therein. Recently, Hui et al. studied Hamilton-
Souplet-Zhang type gradient estimation for nonlinear weighted parabolic equation in [24],
the same estimation for a system of equations in [25] and Saha et al. [26] studied first
eigenvalue of weighted p-Laplacian along the Cotton flow.

Motivated by the above works in this paper we consider a generalized non-linear
parabolic equation with potential by

u

A P—
"= o

+ A(u)p(x,t) + B(u)q(x,t) + &(x, t)u(x,t), (7)
where p(x,t),q(x,t) and &(x,t) are C? functions of x, t. We derive a Li-Yau-type gradient
estimate for a positive solution of (7) on a weighted Riemannian manifold which evolves
under an abstract geometric flow.

In particular, if we consider A(u) = u®, B(u) = uf, & = pu(x,t) then (7) reduces to (3),
which was studied by Wu [8]. If we take A(u) = ulogu, B(u) = u, & = CuP + Duf then (7)
reduces to (4) and if A(u) = CeP", B(u) = De P, ¢ = 5 then (7) reduces to (5), both of
which were studied by Dung et al.[13]. The generalized Lichnerowicz type equation studied
by Dung [13] comes from our Equation (7) by considering A(u) = u®logu, B(u) = uP and
p,q, € are suitable constants. Finally for B(u) = u**! and ¢ = 0 we have (6), which was
studied by Azami [14]. Thus, our Equation (7) generalizes all the cases.

2. Preliminaries

Let us consider an n-dimensional closed weighted Riemannian manifold (M", g, e~ %d i),
where e~ ?dy is the weighted volume measure, g is Riemannian metric and ¢ € C?(M).
Choose {el, ey, -, en} as an orthonormal frame on M. Let g( t) be a one-parameter family of
Riemannian metrics evolving along the following abstract geometric flow

d
5;8ii (1) = 25(t), ®)

where S;i(t) := S(ej €;)(t) is smooth symmetric (0, 2)-type tensor on (M, g(t)). Let
us define one parameter family of functions S(t) = trace(S)(t) = gij(t)Sij(t) on M.
The weighted Laplacian operator is defined by

Np=N—V¢V,

where A is the Laplace operator and V is the gradient operator. Let u = ¢/ be a positive
solution of (7), then Equation (7) transforms to

Apf =0f —IVfP+A(f)p+B(fla+¢, ©)
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where A(f) = A(”),B(f) = B We define

u

A(”) A " /
T’ Aff—uA (M)—A(u)+

AQ)

Y. _
Af—A(u) "

(10)

Example 1. Let u = ef and A(u) = |u|* u. Therefore A(f) = # = e(@=Vf  which gives
1. Ap=(a—1)f

2. Aff = (06 — 1)26(“71)](

3. VA= (-1 VIVf=AVf

4. AA=(a—1)2@ VD |VF2+ (« — 1)eVIAf = Agf| V> + AfAf.

Let f = Ap + Bg + & so that Equation (9) reduces to
Aof = =IVfIP+ fi+ F. (11)
Definition 1 ([27] Bakry—-Emery Ricci tensor). For any integer m > n, an (m — n)— Bakry—
Emery tensor is defined by

Ricy™" := Ric + Hess ¢ —

7

V@ Ve
m

—n

where Hess is the Hessian operator. The case when m = n occurs if and only if ¢ is a constant
function. Furthermore, when m — oo the co—Bakry—Emery Ricci tensor is defined by

Ricy := Ric + Hess ¢.

Lemma 1 ([14] Weighted Bochner Formula). For any smooth function u on a weighted Rieman-
nian manifold (M, g, e~ ?du), we have the weighted version of Bochner formula

1 .
§A¢|Vu|2 — |Hess u|? + (VApu, Vuy + Ricy(Vu, Vu),
where (-, -) is the induced inner product by the Riemannian metric g.

Lemma 2 ([14]). Under the geometric flow Equation (8) and for any smooth function u on a
weighted Riemannian manifold (M, g, e~ 9du) we have the following evolution formulas

1. 2|Vul? = —28(Vu, Vi) +2(Vu, Vuy),
2. %(Atpu) = A(put - ZSUVZVJM — <2dll)8 — VS, Vu> + 2S(V¢, Vu) _ <vu’ v¢t>, where
div S denotes the divergence of S and S" = glk gﬂskl,

Let T > 0 be any real number. For any two points x,y € M and for any t € [0,T],
the quantity d(x, y,t) denotes the geodesic distance between x and y under the metric g(t).
For any fixed xo € M and R > 0 we define a compact set

Qorr = {(x,1) :d(x,x0,t) <2R,0<t < T} C M" x (—00,+09). (12)

Now for u > 0 we define some non-negative real numbers
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Ap = sup |A] A 1= SUP|Af| Az = sup ‘Aff|
Qar,T . Qar,T . Qor,T .
Ay:= sup [A]  Ag:= sup [Af| Az:= sup [Agf
Mx[0,T] Mx[0,T] Mx[0,T]
by := sup |B| by = sup |By| b3 := sup |Byy|
Q1 Qrr Qe
By := sup |B| By := sup |Bf| B3 := sup |Bff|
Mx[0,T] Mx[0,T] Mx[0,T]
01 1= sup g1 0y 1= sup |Vyq] 03 1= sup |A¢‘7|
Qar,T Qar,T Qar,T
Yi:= sup lq] Yy = sup ’Vlﬂ Y3 := sup |A¢q’
Mx[0,T] Mx[0,T] Mx[0,T]
= swplpl  maimsup|Vp| s i= sup|Bgpl
Qar,T Qar,T Qar,

T1:= sup |p| Ip:= sup |Vp| T3:= sup |Ayp
Mx[0,T] Mx[0,T] Mx[0,T]
61:=sup|V¢|  6r:=sup|Vey| ©1:= sup |V¢)|
QarT Qar,1 Mx[0,T]

@y := sup |V my := sup |V{| my = sup |Agg|
Mx[0,T] Qar,T Qor,T
ms := sup || My := sup |Vi| Mp:= sup |Ay{]
Qurr Mx[0,T] Mx[0,T]
Ms:= sup |
Mx[0,T]

Lemma 3 ([14]). For any smooth function f on an n-dimensional Riemannian manifold (M",g,e~%
du) and m > n we have the following relation connecting Hessian and weighted Laplacian

Hess = G001 (g vy 1)
Proof. Let m > n. Then we see that
0 (\/7 f+ ,/ Vf Vo) )
= (- )BfP+ Af<Vf Vg)+ (- — L)V, V)’
< |Hess f2— ((Af) (VS V9 (VL VR ) 4 o (V)
= |Hess f|* - % + ﬁ(Vf, V)2,

25 Bf)? 2
Thus [Hess f|* > ~—&— — —L_(Vf,V¢)?. O
Lemma 4 ([28] Young's 1nequal1ty If a, b are nonnegative real numbers and p > 1, q > 1 are
real numbers such that }] + ﬁ =1 then

p q
ab<a—+bf
p 9

Let « > 0 be any real number. Puta = ag and b = g in the above expression we get
Peter-Paul type inequality

aP b1
ab < “P? + DéTq (14)
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If weputa = av2ua, b = \/%, p = g = 2 in Young’s inequality then we have the well
known Peter-Paul inequality

b2

< w4 —.
ab < aa +4¢x (15)

In this paper we use these inequalities with a suitable choice of a.

3. Li-iYau-Type Gradient Estimation

In this section, we are going to derive a bound for the quantity ‘Vu—’;'z on a compact
domain Qor 7 of M, where u satisfies (7). This estimation is known as local Li-Yau-type
estimation. After that, we derive global Li-Yau-type estimation on the whole of M. This
method enables us to find the heat ratio between two points on a manifold by deriving a
Harnack-type inequality. For this, we fix a point xyp € M and let R > 0 be a real number.
Let u be a positive solution to (7) in Qg 7.

Theorem 1. If ky, ko, k3, k4 are positive constants such that

Ricy ™" = —(m —1)k1g, —kog < S <ksg, [VS| < kq

on Qor 1, then for any solution u of (7), any A > 1and § € (0, 1) we have

IVM%IZ - A(Zt * #’“ * @‘7 * 5) = 2t(;ni\2/\e) * 2(1m—/\i\e) Ditb, (19
where

Dy = %(’" ~D(Vh+ %) + % eoka 41— )Z;\(Z)C\l— R %

b= 4(1— Ae)(qﬂizé)()t - 1)2(flz + 20ty + %(kz tha)?
+ %n)\zk4 + (M3 +bioz) + Z < i )\2:)1(/\;_ 1)(;) 3 (22272
+ 2byoy)d o+ 2(2(1 Ae)(’?}\z&)m 1)2)%%92%
+ g (2(1 —Ae) (T)fa) = 1)2)%(/\172 +ho+m),

¢ = /\2—? + 2kg + Agy1 + bzoy +2(A — 1)k + % + v1A2 + 01b2

+2(1— Ae)(m —1)k;.
To prove the theorem we need the following lemma.

Lemma 5. If u = e/ is a positive solution to (7) and F := t(|Vf|> — A(fi + f)), where
f = Ap+ Bq+¢ then for any € € (0,%) and assuming conditions of Theorem 1 we have
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v

(Bpf)*  Atky
m 2e

- 2t(1fAe)(mfl)k1|Vf|272VFfo572t(/\71)k3|Vf|2 17)

(Ap — 4)F 2t(1 — Ae) IV f|? — 2Atkre| V|

At
- Z—e(k2+k3)2—3/\t\/ﬁk4|Vf\2+H,
where H = —2t(A —1)VfVf — MV V¢ — AtAy f.

Proof. Let u be a solution of (7) and consider F := ¢t(|Vf]> — A(fi + f)),
where f = Ap + Bg + ¢. Hence

B oA+ (18)

and applying Lemma 1 (Weighted Bochner formula) we have

ApF = 2t|Hess f|> +2t(VApf, Vf) +2tRicy(Vf, V) — AtAyfr
— MAf. (19)

Now Agf = —E£ — (A =1)(fi + f), 50 VA f = —VE — (A = 1)(Vfi + Vf).
Hence
ApF = 2t|Hess f|* —2VFVf —2t(A —1)(Vfi + V)V f + 2tRicy(Vf, Vf)
— /\tA¢ft—/\fA¢f. (20)

Furthermore, .
af(%f):t*z—jt—(/\—l)(ftﬂrft)- (21)

Using (21) on (20) we get

ApF = 2t|[Hess f|* —2VFVf —2t(A — 1)(Vfi + Vf)Vf + 2tRicy(Vf, V)
- % FAF 4+ A = 1)E(fit + fi) — 2A4(S, Hess f) — 2A(divsS — %vs, vF) 22)
+ 2MS(Ve, V) — AV, Vr) — AtAyf,
and

OF = §+t(at|Vf|2—A(ftt+ﬁ)). (23)
From (22) and (23) we get

(Ap — 1)F

2t[Hess f|> —2VFVf —2t(A —1)(Vfi + VA)Vf
2tRicy(Vf,Vf) —2t(A — 1)S(Vf, V)

2H(A = 1)V fV f; — 2At(S, Hess f) (24)
— 2AH(div S — %vs, V) +2MS(Ve, V) — MV V¢

- F

+ o+

or, (Ap — 9;)F = 2t|Hess f|* + 2tRicy(Vf,Vf) —2VFVf — §
— 2t(A=1)S(Vf,Vf) +2AMS8(Ve, V) —2At(S,Hess f)  (25)
— 2At(divS — %VS, Vf)+H,
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where H = —2t(A = 1)VfVf — MV [V — AtAyf.
Given that
—(ka +k3)gij < Sij < (ka + k3)gij, (26)
which implies
IS[* < n(ky +k3)?, 27)
as §;; is a symmetric tensor.
Following [14], for any € € (0, 1) using Young’s inequality, we have
(S,Hess f) < e|Hess f|* + %(kz +k3)?, (28)
Atky o 12 2
2MS(V¢, V) > —Y|Vf| — 2Atkoe| V=, (29)
Also , 3
|div S;; — EVS| < E\/ﬁk4. (30)

Using Lemma 3, Equations (26)—(30) and bounds of Ric$*”, S in (25) we have (17). O

Proof of Theorem 1. Consider a C2-function ¢ on [0, ),

o(s) = {1, s€[0,1],

0, s € [2,00),

and it satisfies ¥(s) € [0,1], —co < ¢'(s) <0, 9" (s) > —c1 and % < c1, wherec; isa

constant and for R > 1 we defined a function

a0 = ("2,

where r(x, t) = d(x, xo, t). Applying the same argument as in [3] we can apply a maximum
principle and use Calabi’s trick [29] to assume everywhere smoothness of #(x, t), as (s)
is Lipschitz.

By generalized Laplacian comparison theorem [14], we have

L. Agr(x) < (m—1)y/ky coth(vkir(x)),
2.

Dy = —fm = D(VR + ) — %,
2
Let G = yF. Fixany T; € (0, T] and assume G achieves maximum at (xg, fg) € Qar 13-
If G(xo,tp) < O then the result is trivial and hence nothing to be proved, so assume that
G(XO, fp) > 0.
Thus, at (xg, fp) we have

VG=0, AGLO0, 9;G>0.

Therefore E
VF = —5V17 (31)

and
0> (Ap —0t)G = F(Ap — 1) +1n(Ap — 0¢)F +2(Vy, VF). (32)

By [16], there is a constant ¢, such that

—Fi]t > —CzkzF. (33)
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Using (31) and (33) in (32) we get

3
02 ~(Bom 1)V + 3+ 55+ eaks ) P 8y — ).
Following [14,20,23], we set
2
L
o Ton)
then at (xg, tg) we have
|Vf‘ = vV CF/
t _
-5 F = V- (i),

€1 1
WV VE) < VpiEvy,
3Mnky| V| < 2k4|Vf|2+§n)\2k4.
Using Lemma 5 in (34) we have

(%, L 21to(1 = Ae) 2 Mptoka o
0 > (R 1) \f+ +ck> — (Apf) e IVl

— DAborkae| VP2 — 25t0(1 — Ae) (m — 1)ky [V F|2 — 2y VEV f — ’%F
0

n;y/\to

— 2(A = 1)yks|VfI? ~ (ka +k3)? = 3ypAto/nks|V £ + 1 H.

Multiplying (39) with %ty and using results from (35)—(38) we get

301

27212(1 — Ae)
R2 m

0 > —(Ron-D(VR+ )+

Atk
— '72 Atokal o 2An2t3koe| Vo |* — 217@1%(1—Ae)(m—l)le—Zto%Ggg%

+ 2k2)Gt + (A4;f)2

_ o204 — 1)k 2_”’72t(2))‘k )2 — ka2
1G —2n°t5(A — 1)ks| V£ e (ko +k3)* — 2kat5¢ Gy

- gn)xzqzky% + 177 toH.

(34)

(35)
(36)

(37)

(38)

(39)

(40)

Now we use Young’s inequality by choosing suitable values for a,b, «, p, q as in Lemma 4.

Seta = MAGh, b= GEl,p=2,9=20a =
inequality) we get

mA2
Id—re)(A-1)

&< 4(1—/\6)(/\_1)§G2t0+ mA%c1toG

Vel -3
Y 1aG2
2t R G Y

Cauchy-Schwarz inequality gives

MVE V) < PAVE V|
A0,G2E2,

A

11— Ae)(A —DRZ’

and apply Lemma 4 (Young's

(41)
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1 1 2 %
Seta =A0,b=¢32G2,p = %, g=4ua= (2(17)\6)('2‘/15)()\71)2) and apply Lemma 4 we get
1
2 (1-Ae)A—-90) \  2:2-2 3 mA? 4%
foralls € (0,1). (42)
We have f = Ap + Bg + ¢. Hence
Vf = pAfVf+qBiVf+AVp+BVg+ Ve,
Af = VVf
(ADp + BAq) + p(Apf|V 12 + AfAf) + q(Bsf |V fI* + BrAf)
+ 2(Ap(Vf,Vp) + Be(Vf,Vq)) + AZ.
Hence
Aof = n*(Af = V¢V
= (Adgp +BBpq) + (pAs +qBs)Agf + (pAss +qByr) [V fI? (43)
+ 2(Ap(Vp, Vf) +Bs(Vq,Vf)) + Agg.
Again
2% A (Vp,Vf) < 2242 |Vp||V |, using Cauchy-Schwarz inequality
< 2Mmn?|Vf] (44)
< 20mEiGh
Similarly
272B;(Vq,Vf) < 2020582G2 (45)
Adding (45) and (45) gives
27 (Af{(Vp, V) +Br(Va, Vf) < 2maha+ )26 (46)
Using (46) in (43) and applying Young's inequality with a = 2(y2Ay + bpon), b = ¢ 3Gz,
1
p= %,q:4andtx = (#{?&_1))4 we obtain
Apf < (M3 +b103) + (11A2 + o1b2) 2 A f
2(1— Ae)d
£ am thoee + 22N qppg @)

mA2

1

2mA? 3
- 1)> (24272 +2b,02)3 + 3.

3
g ( EBHA
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Similarly we get
1—XAe)(1—=6)(A—1)2

( 6)(2mA2)( ) §2G2

3 mA2 3
4(2(1 —Ae)(1-0)(A— 1)2> (
(71142 + 01b2)GG.

IN

n*(Vf, Vf)

AMy2 + bioy + ml)% (48)

Equations (47) and (48) are the quantities that estimates H.
From (36) we have

Nof = |VP=(fi+])
B bof — 1
B (C_'OAH) >F

Thus
27%12(1 — Ae) ) 2(1—Ae) o, 4&tg(1—Ae)(A—1) ,
SV 0N A - T2
m (Bpf) mA2 G mA2 G
2(1 - A€) 22
+ W@ t5(A —1)°G (49)
and
1 to(A —1)
2 - g0~ =7)
n°Agf = /\tOG o ¢G. (50)
Set
3 Ao A—1
C = e + 2ky4 + A3y1 + byoy + 2()\ - 1)k3 + N + v1A2 + 1o + 2(1 - /\6)(7)1 - 1)k1
and apply Peter-Paul inequality witha = G, b = Cy, & = W we get
. (1—eM)(1=86)(A-1)2, » mA? 2
< . 1
GG = mA2 Ce 41-2e)(1—=6)(A — 1)2C1 1)
Set
. co 2. 3¢ mA2c; 1
Di = 1o Pon- DR+ )+ b bkt gt 1) 2)
TI’I/\Z = 2 2
E; = 4(1—/\5)(1—5)()\—1)2C1 + 2Akoeby
na 9 5 3 2mA? 3
+ 5otk ka)™ + onAky + (A17s + bros) + 4 ((1 A (A= 1)5> (24272
5
(53)

[ETS
N o

0

4 3 mA2
2b,07) 3 A
+ 2"2)3+m2+4(z(1—Ae)(1—5)(A—1)2>
3 mA2 4

* 4 (2(1 —Ae)(1—=6)(A— 1)2) (M2 + biop + mq)
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Using (41) to (52) in (40) we obtain

2(1— Xe)

0 = mA2

G* - D1G — 3E;. (54)
For a positive number p and two non-negative numbers g, r, the quadratic inequality of the

2 imoli q r
form px* — gx — r < 0 implies that x < 7 + \/;

So at (xg, tg) we have

mA? mA2E;
<D N .
G = Dizg—ig T\ 2= qe) (55

Since 1(x,t) = 1 whenever d(x, xo, T1) < R, hence

G(xg,to) 1 ( mA? mA2E, >
< << Dzttt = |.
(5T Ty \T20—2e) T\ 2(1 = 2e)
Since tg < Ty, so
1 (p mA L | MAELY mA? . b mA? L[ mAE
T\ 2(1=2e) " %\ 2(1=Ae)) ~ 2Ti(1—Ae) ' Ty 2(1 — Ae) 2(1—Ae)’

~ o~ ~ 2
where D = tyD; and D; = (%’(m -D(Vk+ %)+ 3’% —l—czk2> + Mﬁ +1

F(J;:Tﬁ = (|IVf> = Afi + f))
1

satisfying TQl < Dj. Since T is arbitrary so

mA? mAZ . .
< Dy +E
=2 i—2e) T 2(l—ne) TV (56)

IVFP? = A(fi+ Ap+Bq+¢)

1

2
where El = <2(‘7111_)\/2\€)E1> .
Substituting f = log u on (56) and using the definition of A, B, we get (16). This completes
the proof. O

Corollary 1. If k1, ky, k3, ky are positive constants such that
Ricy™ = —(m —1)k1g, —kag < S < ksg, VS| < kq
on M, then for any A > 1and § € (0,1) we have

|Vul? A(m n A(u)ij B(u) mA? mA?

< <
u? u u w + C) ~ 2t(1 - Ae) + 2(1— Xe) D2+ Ea, ®7)
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where
D = ok +l
2 - 2182 /\/
1
~ m/\Z 2
EZ — (2(1_/\€)E2) P
mA? 52 5  nA )
E, = Co? + 2Mk2€@% + 22 (ky + K
2 41— 2Ae)(1—0)(A—1)2 2+ € 1+2€( 2 +k3)
9 3 2mA? 3 .
ZnA%kg + (AT + B1X3) + = 2A5T + 2ByY5)3
+ g 4+ (AT3+ By 3)+4<(1Ae)(x\1)5> (27T + 2By%,) 3
3 WI/\Z 3 4 4
2 el
" M2+4(2(1—Ae)(1—5)(A—1)2> '0;
3 mA2 3 \
1 A1Ts + B1Zo + My)3,
* 4(2(1—/\6)(1_5)(/\_1)2) (A1T2 + BiXp + My)
< Mo A—1

Proof. We know g(t) is uniformly equivalent to the initial metric g(0). For a fixed 6 € (0,1)
if we let R tend to +oo then we obtain our result. [

Theorem 2. If ky, ko, k3, k4 are positive constants such that

Ricg“” > —(m—1)k1g, —kog < S <ksg, |VS| <ky4

on M and let u be a positive solution to (7) under the flow (8) then we have the Harnack inequality

Sp | A A 1~
u(yl,sl) < u(yz,SZ)(i)z(l_“) exp {41(51,52) + (52 — Sl)(All—'l + B1X1 + M3 + /\Fz)}, (58)

where Z(s1,87) = irgf fsslz |Z'(t)|?dt and T : [s1,50] — M is a path joining the points (y1,51),

(y2,52) in M x [0, T] and B = =D, + E,.

2(1—7e)
Proof. Set F, = 2(%‘)2\6)[52 + E, then (57) becomes
|Vul? ur  Au) B(u) mA? <
Ll R W e ATl A 2\ < " .
u? A LTI N 1+¢) = Zt(l—)te)JrP2 9
For u = e/ we have
Vie-A(fisApsBore) < L E (60)
f fetAp+Bg S 21 —Ae) E

Let (y1,51), (y2,52) € M x [0, T| be such that s; < s,. Take a geodesic path { : [s1,5,] & M
satisfying ((s1) = y1, {(s2) = y». Using (60) we obtain
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Sy d
Fns) = flsa) = = [ LF@(),Dat

51

Sy S ,
= — [Tafar— [ (V£ (0t
S1 S1
A 1.
M2 In(22) 4 (sp — 1) (AsTy + ByZy + Ms + ~ B) (61)

< -
- 2(1—-2Xe) s A

[ 1vsae= ["vr 2o

Now using the relation —ax? — bx < %, wesetx = Vf,a=1and b= {/(t) we get

A 2 )\ ! 2
flyi,s1) = f(y2,52) < ulniwln(%) —/51 %dt
+ (2= s1)(Aal + BiZg + Mz + %ﬁz)- (62)

Take infimum of (62) over all possible curves  on M and put f = Inu to obtain (58). [

4. Conclusions

In this paper, we have established Li-Yau-type estimate for a positive solution of
the equation

Apu = ?TL; + A(u)p(x,t) + B(u)g(x, t) + &(x, t)u(x, t),
along the flow d;g;; = 25;; and related Harnack type inequality. In particular if ¢ (x,t) = 0,
B(u) = u*! then the results are same as in Section 2 of [14]. Thus, our paper generalizes
some results of [14].
Further A(u) = B(u) = ¢(u) = 0 gives the classical Li-Yau-type estimate for positive
solution of the weighted heat equation

A(Pu = E)tu (63)

under the geometric flow d;g;; = 25;;. To obtain this estimate we put
1. A(u)=B(u) =¢(x,t) =0

2. M=A=A3=0

3. bi=by=0b3=0

4. p(xt)=q(x,t)=0

in (16) and get
|Vu| Uy mA? mA2
—A— D3+ E 4
2 v S 2A(1—re) T2 —ne) 2t 64)
where
5 Co 2 3c1 mA2cq 1
Dy = Qm—1)(Vk+ o)+ -
3 g DWWkt )+ 7 ekt T oo T
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mA2 -2 ) NA 2,9 52
Ey — 2kt + "2 (ks + k)2 + 2nA2k
} A - -1 TR ety gt
3 mA2 5 4 4
= A303
+4<2(1—)\e)(1—§)(/\—1)2> 2/
G o= 22k 200 - Dk + 2T 4201 Ae)(m - Dk

Here if we let R — +oo then we get the classical Li-Yau-type global gradient estimate for
(63) along the flow dg;; = 2S;;. The key ingredient in this estimation is the assumption
of bounds for the weight function ¢ and its derivative |V¢| (see Preliminaries section), it
would be interesting if one can derive Li-Yau-type estimation for a positive solution u of
(7) without assuming bounds for ¢, |V¢|. One can consider this problem as a future work
for this article.
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