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1. Introduction

The theory of dynamical systems with continuous and discrete time gives powerful
tools for the study of real phenomena [1-3]. The integrability problem is very much in
demand in these investigations. There is a vast bibliography on integrable dynamical sys-
tems both with continuous (see, e.g., [4-10]) and discrete time (see, e.g., [11-17]). Originally,
the concept of the integrability of dynamical systems with discrete time was introduced
for systems obtained by the discretization of known differential equations [11,12,16,17].
However, there are discrete dynamical systems that do not belong to this class. We consider
these systems.

This work is the direct continuation of the previous papers [18-22], where different
aspects of the geometric integrability of self-maps of a compact rectangle in the plane or a
two-dimensional cylinder are considered.

Formulate the definition of a geometrically integrable map on an invariant subset of
two-dimensional cell, cylinder and torus (one can find the definition of a geometrically
integrable map on an invariant subset of a compact plane rectangle and cylinder in the
papers [18-22], respectively).

Let M = M; x M; be a two-dimensional cell, cylinder or torus. Here, M;, M, are
closed intervals or circles.

Definition 1. Amap F : M — M is said to be geometrically integrable on a nonempty F-invariant
set A(F) C M if there exists a self-map  of an arc | C My and p-invariant set B(yp) C ] such
that the restriction F 4(p) is semiconjugate with the restriction |, by means of a continuous
surjection H : A(F) — B(v), i.e., the following equality holds:

HoRaw = P o H- )

The map YiB(y) is said to be the quotient ofF‘A(p).
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Remark 1. Maps F and 1 in Definition 1 can be continuous or discontinuous. Moreover, in [23],

Definition 1 is extended on the case of some multifunctions with noncompact domains in the
2

plane R*.

Formulate the geometric and analytic criteria (Theorem 1 and Theorem 2, respectively)
of the geometric integrability for self-maps of two-dimensional cells, cylinders and tori
(cf. [21,22]).

For this goal, we need the concept of a local lamination (which generalises the concepts
of a lamination and a foliation) and its support (for definitions, see Section 3 and the
paper [24] (Ch.1,§ 1.2)). We also use natural projections pr; : M — M; and pro : M — Mp.

Theorem 1. Let F : M — M, A(F) be a nonempty closed F-invariant subset of M (A(F) C M)
satisfying

pra(A(F)) = M. 2
Let ] C M; be an arc, i be a self-map of | and B(y) be a closed y-invariant subset of |.

Then, F(r) is the geometrically integrable map with the quotient ) p ) by means of a
continuous surjection H : A(F) — B(y) such that for every y € My, the map H is an injection
on x, if and only if A(F) is the support of a continuous invariant lamination for A(F) # M (of a
continuous invariant foliation for A(F) = M) with fibres {7y, } vicp(y) that are pairwise disjoint
graphs of continuous functions x = x,/(y) for every y € My. Moreover, the inclusion

F(’Yx’) < Yo(x') 3)
holds (Formula (3) demonstrates the property of invariance of a local lamination).

The dynamical system ¥ : M — M is said to be a skew product if

¥(x, y) = (¥(x), gx(y)), forall (x;y) € M. )

Here, we set gx(y) = g(x, ).
The following Theorem 2 can be considered as the claim about the rectification of
fibres of a local invariant lamination.

Theorem 2. Let F : M — M, A(F) be a nonempty closed F-invariant subset of M satisfying the
equality (2). Let ] C My be an arc,  be a self-map of |, and B(yp) be a closed y-invariant subset
of J.

Then, F () is the geometrically integrable map with the quotient y|p(,) by means of a
continuous surjection H : A(F) — B(y) such that for every y € I, the map H is an injection on
x, if and only if there is a homeomorphism H that maps the set A(F) on the set B() x My and
reduces the restriction F| 5 (r) to the skew product ¥y m, satisfying the equality

¥ 5 () x vy (140) = (Y1) (1), 8 (0)), x' = prio H ' (u,0). ©)
Here, H™' : B(y) x My — A(F) is the inverse homeomorphism for H,
and H(x,y) = (H(x, y), y), forall (x,y) € A(F). (6)

Detailed proofs of the above Theorems 1 and 2 for self-maps of a plane rectangle are
given in the paper [21].

Note that a skew product with a two-dimensional phase space is the geometrically
integrable map on the whole phase space under the natural projection pr;. At the same
time, there are examples of the geometrically integrable maps on the proper invariant
subsets of two-dimensional phase spaces (see, e.g., [18,20,21]).

This paper is organised as follows. In Section 2, we describe skew products, introduce
the concept of completely geometrically integrable maps in high dimensions and consider
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the main properties of these maps. In Section 3, we prove the geometric criterion for the
complete geometric integrability of maps in high dimensions. In Section 4, we prove the
analytic criterion for the complete geometric integrability of maps in high dimensions, and
as a corollary of this criterion, we obtain the generalisation of the famous Sharkovsky’s
theorem for the set of periods of periodic points of the completely geometrically integrable
maps on multidimensional cells.

2. Skew Products and Preliminary Properties of Completely Geometrically Integrable
Maps in High Dimensions

We give here the description of skew products in high dimensions, following the
paper [25].
n
Let M" = [ M,, where M,; is a closed interval or a circlefori =1, 2, ..., n,and n > 2.

i=1
Consider amap ¥ : M" — M" satisfying
‘I{(xlr x2/ sy xn) == (l/)] (xl)/ lPZ,xl (xz)r . /lpn,xl,...,xn,l (xi’l))/ (7)

where (x1, x2, ..., x4) € M", and

Wiy, oxp g (Xf) = Pi(x1, -0, X1, xp) (27 <n). ®)

Map (7) is said to be a skew product with the phase space M".
We set

Mi—1 = HMi, Pio1 = (P1 Y2,m s Py, o)-

J?]'fl = (xl/ X2, ouny xjfl)/ (xll X2, -y x]) = (J?jfl/ x])

As follows from equalities (7) and (8), a map @, where2 <j<n—1,n > 3,isalso a skew

product with the phase space M/.

We agree that the map §,_1 : M"~1 — M"~1 (n > 2) is the quotient map (quotient) of
the skew product (7), and for every X,,_1 € M"1 the map ¢, ¢, : My — My is the fibre
map over a point X,,_1.

Let prg, , M/ — M/~ be the natural projection. Here, 2 < j < n, M" = M". Then,
the following equality is correct:

pre, oY =Pu_10prs, . )

The equality (9) means that the skew product ¥ is semiconjugate with its quotient ¢,, 1.
By (7), we have for every k > 2:

Y (Fuo1, xn) = (Froa (Ta1), Yo7, 0, 6(x0)), (10)

where
an,fn,l,k(xn) = an,lﬁgj@_l) o...otyz (xn).

Introduce the concept of the completely geometrically integrable map with the phase
space of a high dimension.

Definition 2. Amap F: M" — M" (n > 2) satisfying
F(xq, x0, ..., xy) = (F1(x1, x2 ..., %), -.., Fu(xq, %2 ..., X)) (11)

is said to be geometrically integrable on a nonempty F-invariant set A" (F) C M" if there exists
amap P,y : M"1 — M"Vand §,_y-invariant set A"~ (1) € M" 1 such that F|an ()
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is semiconjugate with lﬁn,l‘An,l(@i]) by means of a continuous surjection H, : A"(F) —

A"Y(g, 1), ie., the following equality holds:
Hy 0 Flan(py = $n1an1(g,.,) © Ha- (12)

The map @n,lmn,l(@i]) is said to beAthe (first) quotient of F| on ).

Let, moreover, each j-th quotient 1pn_j‘A,,,j(¢”7j) 1<j<n - 2, n = 3) of the map F 4n(r) be
geometrically integrable on the nonempty ,, _ j-invariant set A"~ (P j) by means of a continuous
surjection Hy,_j : A" (p,_j) = A" TV (¢p,_j_1) with its (first) quitien't ll)n_j_/l\‘An'—j—l(l]}\nijil)r
which is said to be the (j + 1)-st quotient of F| n(r). Here, ;1 M=t — M1 and the
set A" (¢, ;) C M1 s Y j_1-invariant and nonempty.

Then, the map F| n r) is said to be completely geometrically integrable on the set A" (F).

Remark 2. The concept of the geometrically integrable map on a nonempty invariant subset of
a two-dimensional cell, cylinder or torus coincides with the concept of its complete geometric
integrability.

Remark 3. As it follows from equalities (7)~(9), a skew product ¥ : M" — M" (n > 2) isa
completely geometrically integrable map (on the phase space M") with j-th quotient ,,_ jr M —
M"’jforl <j<n-—1.

As it follows from Definitions 1 and 2, a topological conjugacy keeps the geometric
integrability property of a map.

Lemma 1. Let F : M" — M" (n > 2) be a geometrically integrable map on a nonempty F-
invariant set A" (F) C M" with the quotient lfn*l\A”*l(lﬁn_l)' Here ¢, 1 : M"~1 — M"~!, and
AN, 1) is a P,_q-invariant nonempty set. Let a map F, : M — M" have a nonempty F,-
invariant set AL(F.) C MY so that Fy| an(r,) is topologically conjugate to F|gn(py. Then, Fejan(r,)
is the geometrically integrable map with the same quotient {1 AP ()

In fact, let H, : AY(F) — A"(F) be a homeomorphism that conjugates Fi| 41 (f,) and
F gn(F)- Then, the equality holds

Flan(p) = Heo o,y © Ho

where H; ! : A"(F) — A%(F.) is the inverse homeomorphism for H..
Use the geometric integrability property of Fj 4 (p) (as can be seen in equalities (1) and
(12)). Then, we have

Hy © Flan(e) = Hy © Ha 0 Fugp,y o Hy ' = ¢"—1|A”—1(@,,1) ° Hy.
This implies correctness of the equality
Hyo Hy o Fujay(r) = Bn-tjpr1 g, ) © Hi o He,

where (H, o Hy) : A,(F') — A" 1(¢,_1) is a continuous surjection. Therefore, Fian(g,) is
the geometrically integrable map with the quotient ¢, 1 AP (1)

By Definitions 1 and 2, a topological conjugacy of maps in M"~! keeps the property of
a map in dimension (n — 1) of being the quotient of a geometrically integrable map with
n-dimensional phase space M".

Lemma 2. Let F : M" — M" (n > 2) be a geometrically integrable map on a nonempty F-
invariant set A"(F) C M" (under the continuous surjection H,) with the quotient i, 1 A (G )
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Here, (,,_1 is a self-map of M" 1 and A"~ (¢,_1) € M" " is a p,_1-invariant nonempty set. Let
@, (n—1) be a self-map of M1, and A’jfl(@*, (n-1)) € M" 1 bea 1@ (n—1)-invariant nonempty

set. Let, moreover, {, (,_1) An=1( be topologically conjugate with tﬁn,l‘ A (G 1) under a

Lﬁ*, (nfl))

conjugating homeomorphism h. : Aﬁj’l(tﬁ*,(n_l)) — A" Y(¢,_1). Then, ¢, (n=1)| AT, )

is the quotient of F\an(p) with respect to the continuous surjection (h;'o Hy) : A"(F) —
ALY, (yo1)), where it 2 A" (1) — ATTN(, (4_1)) is the inverse homeomorphism
for h,.

In fact, the following equality is valid:
$n71‘An71($n71) =hiod, (n=1)| A2 (@, u1)) © B
Hence,
hi' o Hy o Fgnpy = ' o Pt an1 (g, ) © Hn = P, (1-1) |47, 1) © holo Hy.

Here, (h;!0 Hy) : A"(F) — A" Y(¢,, (n—1)) is the continuous surjection. This means that
Y, (n=1)|Ar-1(H,, 1-1) is the quotient of F| An(F) with respect to the continuous surjection

h;lo H,.
Using Lemmas 1 and 2, we obtain the following claim.

Corollary 1. Let F : M" — M" (n > 2) be a completely geometrically integrable map on
a nonempty F-invariant set A"(F) C M". Let a map F, : M} — MY on the Fi-invariant
set A"(F,) C M" be topologically conjugate with Fgn(p). Then, Fyjan(g,) is the completely
geometrically integrable map.

3. The Geometric Criterion for the Complete Geometric Integrability in
High Dimensions

Give the definition of a local lamination (as can be seen in [24], Ch.1, § 1.2) for a
manifold M", n > 2. Below, by a Co—diffeomorphism, we mean a homeomorphism.

We say that the C"-smooth (for » > 1) or continuous (C% d-dimensional (1 < d <
n — 1) manifold L, is a submanifold of the manifold M" if L, C M" and this inclusion is
C’-regular embedding.

Definition 3. Let A be a subset of M" satisfying A = |J Ly, where « belongs to an index set;
13

C"-submanifolds { Ly } 4 of dimension d are pairwise disjoint. The family of submanifolds {Ly }« is
said to be d-dimensional C"-local lamination without singularities if for every point x € A there
exist a neighbourhood U (x) C M" and a C"-diffeomorphism x : U(x) — R™ (R™ is n-dimensional
Euclidean space) such that every connected component of the intersection U (x) () Ly (if it is not
empty) is mapping by means of the C"-diffeomorphism x into a d-dimensional hyperplane such that

Xju@ L, - UE) [V La = x(U(x) () La)

is a C"-diffeomorphism on the image.

The set A satisfying the above equality is said to be a support of the local lamination L(A) and
submanifolds L, are said to be fibres. If A is a closed set, A #= M", then we refer to d-dimensional
C’-lamination; if A = M", then we refer to d-dimensional C"-foliation.

Prove the geometric criterion of the complete geometric integrability of a map. This
result is based on the proof of the existence of one-dimensional continuous local laminations
in invariant subsets of the spaces M", M"~1, ..., M2. We use further natural projections
pr]-:I\7If—>Mj,2§j§n.
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Theorem 3. Let F : M" — M" (n > 2), A"(F) be a nonempty closed F-invariant subset of
M" satisfying
pra(A"(F)) = My. (13)
Let h,j (1 < j < n—1)beaself-map of M" 7 and A", ;) be a closed i, j-invariant subset
of M"~J satisfying '
prn,j(A”_](gbn,]-)) = M. (14)

Then, Fian(r) is the completely geometrically integrable map with sequential quotients
@l_]-‘An,j@nij) by means of continuous surjections H, : A"(F) — A" \(¢,_1) and Hy,j:
AT (@) = AT (@y_jq) forn > 3,1 < j < n — 2, satisfying:

H,, is a one-to-one map on X, for every x, € My, and Hy—j is a one-to-one map on J?n,j,l
for every x,_; € M,_j, if and only if every set A"(F) and A"~I(¢,_;) for the above j is the
support of a continuous invariant local lamination with fibres {yz - X € AN, )}
and {'yf;ijil : 56\:1_]-_1 € A”’f’l(zﬁn_]-_l)}, respectively, which are pairwise disjoint graphs of

continuous functions Xy 1 = Xz (xn) for every xp € My and X,_j_1 = X (xy—;) for every
-

n—j—1
Xp—j € My_j, respectively.

Proof. 1. Let Fan(r) be the completely geometrically integrable map with sequential
quotients lﬁ”*fl AI(f)) by means of continuous surjections H,, : A"(F) — A" (¢,_1)
and H,_; : A"/ (¢p,_j) — A"*ffl(lfn_j_l) forn>3,1<j<n-2.

Then, for every &, ; € A" 1(¢,,_1), there is a point (3,1, x») € A"(F) satisfying

Hn(fn—ll xn) = 55\,/171} (15)

and for every 9?1/1—]‘—1 € A”_]_l(v,bn_j_l), there is a point (¥,_j_1, x,—;) € A"/ (¢n_j)
satisfying

anj(ynfjfll xnfj) = 9?;1—]'—1' (16)
Since Hj, is a one-to-one map on x,,_1 for every x, € M, and H,,_ i is a one-to-one map on
Xy— -1 for every x,,_ j € M, _ jr then, first, there are neighbourhoods

U™ (Ry_1, xn) = U" 1 (Zy_1) x Up(xn)
of a point (X,_1, x,) € A"(F) and the unique continuous local implicit function
X =x35° (x4), where J/C\%il U (xn) = U 1(Z21),

which is the solution of Equation (15); and, second, there are neighbourhoods
un_j(fn—j—lz xn—j) = Un_j_l'(fn—j—l) X un—j(xn—j)

of points (¥,_j_1, X,—;) € A" J(ip,_;), and for every 1 < j < n—2, n > 3, the unique
continuous local implicit function

T =T (), where T° - Uy j(—) = U7 (Bjn),

is the solution of Equation (16). Moreover, the following inclusions hold for graphs 'yi?,oc
n—1

~loc ~loc
X

loc
“, and X0 i1

and vy

n—j—1

of functions respectively:

15 CANE), 7 C AT ().

n—j—1
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Since every set A"(F) and A" (¢, j) is a compact, then in a finite number of steps we
will construct continuous (global) implicit functions

Xp—1 = f;_l(xn) and xn_]-_l = 3?;,'

i1 (Xn—j),

where by equalities (13) and (14), we have:

= 1/ = : —i-1¢
Xp My — A" (¢y—1), and Yo c My = AT ().

Moreover, J?Q;H is the solution of Equation (15) on M,, and 3?97; L is the solution of
Equation (16) on M,,_;. Denote by V&, the graph of the implicit function 555(\;[ ) and by
Ve, the graph of the implicit function 5(\5(\;[ .
2. Since the map H;, is one-to-one on X,_1 for every x; € My, then by the above

Yo (Ve =@ for X,y # % ;. (17)

Since maps H,,; are one-to-one on Xy j—1 forevery x,_; € M;,_;, then we have

’)’5(\;’_]__1 ﬂ’)/f// = @, for 55;17]'71 7& 3?/;,,/,]‘,1~ (18)

n—j—1

In the previous item 1, it was proven that

U vz C AY(F); U T2, C A" ().

5‘71_1€A’171(¢n—1) 3/‘\:,7j71€A’17j71(¢n7j71)

Since all maps H, : A"(F) — A" (¢, 1) and Hy, - A”_]’({b\n_j) — A”_]’_l(@l_j_l)
are continuous surjections then, first, for every point (X,_1, x,) € A"(F), there is a
unique point ¥/, _; € A" 1(¢p,_1) such that (3,1, x4) € 7 B (see Formula (17)), and,
second, for every point (X,,_j 1, X,_j) € A”‘f(zﬁn_]-), there exists a unique point J?;_]-_l €
An—j—l(lﬁnﬂ;l) satisfying (¥,_j_1, X,—j) € TE (see Formula (18)). These properties
mean that the following inclusions hold:

A"(F) C U Yo i AT () C U Tz

n-1"

X, €A (P, 1) T, €A ()
Hence, the equalities are correct:

A"(F) = U Yo (19)

5‘\1,171614”_1(‘?;1—1)

A () = U Yoo (20)

PR n—j—1
3?;,7];1 EAnijil-(‘/Jn—j—l)

Equalities (19) and (20) means that the sets A"(F) and A"~/ (lﬁn_j) are the supports of
local laminations L(F) and L(@n,j) with fibres {’y,?;H % € AN (¢, 1)} and {"}/5(‘;17]_71 :
3?217]«71 e A1 (l:lJ\n_]'_l) }, respectively, (see Definition 3).

3. Prove the invariance of the constructed above local laminations. For certainty, we
will carry out the reasoning for the local lamination with fibres

e i1 € A (@),

In fact, the invariance of this local lamination means that the following property holds:
for every %, | € A" Y(¢,_1), there exists X/_; € A" !(¢p,_1) such that the inclusion
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F(yz 71) C e holds. Suppose the contrary. Then, there is a fibre vy B and points
(’?;1171/ x}1), (9?,21,1, x%) S T, satisfying

F(f}zfll x111) € 7;?:[’7{ F(frzl71, X%) € "}/55;//71

for some ¥/_|, ¥ | € A" 1(¢p,_1), where X"/ | # %" . Using the equality (12), we obtain
the inclusion
) =
X,

= Pu-1a-1(g, ) © (v, ) = P11, ) (Fan):

{%i—1, Tu11} C Huo Fanr) (12

This is impossible because tfn_l‘ An1(§, ) 18 @ single-valued map. Therefore, the real

lamination L(F) with fibres {'yf;qil : % € A" (1)} for A"(F) # M or the foliation
for A"(F) = M is F-invariant. The proof of the invariance of local laminations L(lfn,]-)
for1 < j < n-2,n > 3,is analogous to the proof given in this item for the local
lamination L(F).

4. Prove the continuity of local laminations L(F) and L(,_ j)- For certainty, give the
proof for the local lamination L(F). In fact, take a convergent sequence {(X7' ;, x}') },u>1 C
A"(F). Let (x9_,, x9) be its limit. Since A"(F) is a compact set, then (¥)_,, x9) € A"(F).
Use the equality (19). Then, there are fibres {7’?;1{7"1 }m>1 and V& such that (x™ ,, x) €

n—1/"n

20 0 :
Telm forevery m > 1, and (X, _;, x,) € Tz, ie,

=~ my __ =m = 0y _ =0
Xgdm (xn ) = Yp—1r Xz (xn) = Xp-1-
n—1 n
Thus, the following equality holds:
Iim X.a. (™) =% x0).
= oo x}[ﬂ( n) 5c”n_1( n)

The last equality means that the sequence of continuous functions {x 1 }>1 continuously
| Jmz

converges. In the set of continuous functions (defined on the Compac;}nterval or the circle
M,,), the continuous convergence is equivalent to the uniform convergence (see [26], Ch.2,
§ 21, X). This means that L(F) is a continuous local lamination, and the set of its fibres
{7 L X!, € A" (¢, 1)} is a compact in M". Analogous considerations prove the
continuity of invariant local laminations L (i, i)

5. Let each set A"(F) and A"/ (ip,_;) be the support of the continuous invariant
lamination L(F) and L(l])\n_]') for A"(F) # M" and A"’f(lfn_j) # M", respectively, (of
t}Ale cpntinuous invariant foliation L(F) and L(tﬁn,j) for A"(F) = M" and A”’j(lﬁn,j) =
M"~J, respectively) with fibres

{re  : %1 € A" ()} (21)

and .
{ve %1€ AT (i)} (22)

n—j—
respectively, such that fibres (21) and (22) are pairwise disjoint graphs of continuous functions
{3?,?; _, (xu)} with the domain M, and {55,7" o (x4—j)} with the domain M,,_;, respectively.

Prove the geometric integrability of the map F| 4 (r). In fact, let H,, where H,,: A"(F) —
A""1($,,_1), be the curvilinear projection satisfying the equality

Hu(ve ) =%, (23)

Then, by the above, Hj, is the injective map with respect to X,,_; for every x, € M.
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Note that continuity of the local lamination L(F) implies the continuity of Hj,. In fact,
let (X,,—1, x») be a point of the set A"( ). By the equality (19), A"(F) is the perfect set, i.e.,
A"(F) has no isolated points. Let { (X" ,, x}') },y>1 C A"(F) be a sequence, convergent to
a point (X,,_1, x,). Using (19) we find fibres {’yf:{ml}mzl and 7y satisfying (X3, x}') €

Yzm foreverym >1,and (X,-1, xn) € 4 . Since the laminatlon (or the foliation) L(F)
-1

is continuous, then using the equality (23), we obtain

my __ ~1m __
ml—lg}ooHn( n—1s Xn )*ml_lg_looxn 1—3(” 1 *Hn(xn 1/ xn)

This means that the map H,, : A"(F) — A"~ 1(¢,,_1) is continuous.

Prove the equality (12). Let (X,,_1, x,) € A"(F). Then, (X,,_1, xn) € V7 for some
X!, € A" Y(¢,_1). Denote by C('W(a?’ 1)) the subset of the fibre 7% ) satisfying
the equality
).

This equality holds by the invariance of the local lamination L(F). Then, we have

)=

C(’Y@(yn%)) =F(rz

n—1

Hy o Fan(p) (Xn—1, Xn) = Hp © Fan(p) (72, ) = Ha(Clygw

n n—

=9(x, ) = @\A"*l(ﬁ poHn(ry )= @Anfl(@n,l) o Hy(Xy—1, Xn).

Thus, the equality (12) holds, and the map F 41 (f) is integrable with the first quotient
P 1471, 1) Analogously, the geometric integrability of maps ¢,,_ JATT(§y) forn >3,
1<j<n— 2is proven. The proof of Theorem 3 is finished. O

Remark 4. Nonlocal implicit functions are also used in the considerations of papers [20,21,27,28].

Remark 5. Theorem 3 generalises the geometric criteria of the integrability for maps in a plane
rectangle from papers [18,19,21] and the sufficient conditions of the partial integrability of maps in
the plane from [20] (compare with Theorem 1).

4. The Analytic Criterion for the Complete Geometric Integrability in High
Dimensions: Concluding Remarks

The main result of this part of the paper is the analytic criterion for the complete
geometric integrability of the self-maps of multidimensional cells, cylinders and tori. This
criterion is based on the possibility of reducing a map to a skew product.

Theorem 4. Let F : M" — M" (n > 2), A"(F) be a nonempty closed F-invariant subset of
JL/I" satisfying (13). Let @_]-'(1 < j < n—1) bea self-map of M"~J, A”—J(@_J») be a closed
Y j-invariant subset of M" ™/ satisfying (14).

Then, Flan(p) is the completely geometrically integrable map with sequential quotients
{l)\n,]"Anfj(l]]\nij) by means of continuous surjections H, : A"(F) — A" '(p,_1) and H,_; :
AT () = AT (@y_jq) forn > 3,1 < j < n — 2, satisfying:

Hy, is a one-to-one map on X,, 1 for every x, € My, and H,,_; is a one-to-one map on X, _j 1
for every x,,_j € M,,_;, if and only if there are homeomorphisms Hy, : A"(F) = A" 1({,_1) x
M, and Hy_; : A" (§,_;) — fn_j_l(l,/b\n_j_ﬂ X My_jforn >3,1<j<n—2 which
reduce the restrictions Fan(py and Pu—j A (o) respectively, to skew products satisfying:

Tn|An l( )an(”n 1, ”n) (&)\n—l‘Anfl( (Mn 1) 17bn ( ))f (24)
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where X, = prg, , o Hy (i1, un), H,': A" Y(,_1) x My, — A"(F) is the inverse
homeomorphism for H,;

Y- J|AP=I=1(§,_ 1) XM, ](un j—1r Un— ]) (25)
(lpn —j=1|An—j- 1(%7171)( n—j— l) Y —j, X, ,7( n— j))/

= 1
where Xy_j1 = Prs, 10Hn (1, i1, U ]) ey (U’n —j— 1) X My, i Al

(g’\nfj)‘

Proof. 1. Suppose that F|4»(p) is the completely geometrically integrable map with sequen-
tial quotients I]J\n,]'|An_j(§b\n7j) by means of continuous surjections H, : A" (F) — A" 1(¢,_1)
and H,_j: A" (¢p,_j) = A" TN (¢p,_j_1) forn >3,1<j<n-—2
Set R R
ui’l*l = Hﬂ(x}"lfll x?’l)/ (26)
Uy = Xy.
Denote by H,, : A"(F) — A" 1(,_1) x M, the map defined by Formula (26).
Set also that

{ ﬁn—]’ = Hn—j(fn—j—lz xn—]’)/ 27)
un,]‘ = xn,]‘.

Let ﬁn_]- : A”’f(lﬁn_j) — A”’f’l(lﬁn_]-_l) X M;_; be maps defined by Formula (27).
Consider for certainty the map given by Formula (26) (the proof for maps defined by
equalities (27) is analogous).

In fact, it is proven in Theorem 3 that A" (F) is the support of the continuous invariant
lamination L(F) for A"(F) # M" (of the continuous invariant foliation for A"(F) = M").
Moreover, Hy, : A"(F) — A" 1(¢,_1) is the continuous curvilinear projection that maps
every curvilinear fibre 7z € L(F) to the point X!, € A" (i, 1). Then, the map
Hy, : A*(F) — A" (1) x M, defined by the equalities (26) is a continuous bijection.
Since, moreover, A"(F) is the compact, and M" is the Hausdorff space, then H, is a
homeomorphism [29] (ch. 2, §6, item 2).

By equalities (26), we obtain Hy(vz ) = {x!_1} x M,, for every fibre Tz € L(F),

where J?:q_l e A1 ( lﬁn,l). Hence, the homeomorphism H,, rectifies the curvilinear fibres
of the local lamination L(F).
Let ¥ gn1(g, 1) My be the map in the space of variables (i1, _1, ) that corresponds

to the map F|4»(r) in the space of variables (¥, -1, x,). Since H, is a homeomorphism then
Yo an1(5, 1)x M, 18 topologically conjugate to Fj () by means of Hy, that is

leTl|A11 ]( 1)><Mn HHOF‘AW(F)OH;1 (28)

Obtain the coordinate presentation for ¥y -1 1) x M, USING (28). In fact, let (i1, 1, un)
be an arbitrary point of the set A"~ 1(¢,_1) x M,,. By Formula (26), the equality holds:

H, (i1, un) = (F,_4, x4), where x, = u;

in addition, there exists I, _1 € A" (1), l,_1 = X,_1, such that (%' X, 1, Xn) € Y2, 1
and X/ _, is given by the formula

X, 1 = prs, , o Hy ' (ila_1, un). (29)

Let R
Fan(r)(Xn—1, Xn) = (fu—1(Xn—1, Xn), $u,5,_, (Xn))- (30)
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Here R
fnfl (fnflz xn) = (fl (55\7171/ xn)/ f2(5€\n71/ xn>/ ceey fnfl(fnflz xn))-
Use equalities (28)—(30). Then, we obtain:

F\A"(P)(J?:q—lf Xn) = (fn 11, %), P,z (xXn))-

By the invariance of the local lamination L(F), we have:

Fam1 (@, xn)s Yz (n)) €75, 15y

n

Therefore, using (26) we obtain

Hy(fu1 (%), ), ll’f,a’cjﬂ(xn)):
= Fnpp1 Gy, Pt By 30, 51 (00)) =
= (¢H*1|A"*1(¢ (xn 1), P,z (xn))~

Change (X,,_1, Xn) on (#i,_1, uy). Then, we finally obtain
an‘an—l(@dewﬂ (i‘\n—l/ un) = (lﬁ”—l\A”—l(lﬁn ) (un 1) IPn % (un))/

where X/, _, is given by (29). Thus, Formula (24) is proven. Analogously, Formula (25)
are proven _ N '

2. Let homeomorphisms Hy, : A"(F) — A" (1) x M, and Hy, A"’](lﬁn_]-) —
én_j_l(l:b\n,]',l) x My _jforn > 3,1 < j < n-—2 reduce restrictions Fj,:(r) and
1#7,,]“ AI(fy)) to skew products ‘i[’n| AP (G 1) % M (see Formula (24)) and
‘i[’n,” AT (1) XMy (see Formula (25)), respectively. This means that, first, Flan(F)
aNnd Yojan1, 1)xm, are topologically conjugate under the conjugating homeomorphism
H;, and, second, each pair ¢, 114" () and ¥,,_ AT T (1) < M con51sts of topologi-

cally conjugate maps under the conjugating homeomorp hism H,, - Then, equalities hold:
F‘An(l:) = Hn_l © \P”|A”—1(1,TJ”,1)><M,1 o Hn} (31)

¢n7j‘An7/(¢n7j) = Hn_,lj ° Tnfj‘Anfj—l(lﬁnijil)ani]_ o H,_j. (32)
Homeomorphisms H,, and Hn,j are bijections of A" (F) on A"~1(¢,,_1) x M, and A”’j(tﬁn,]-)
on A"~/—1 (tﬁn_]-_l) x M,,_j, respectively. Then, sets A" (p,_1) x My, and A"—i -1 (1,3,1_]-_1) X
M, are supports of the natural ¥,-invariant and ¥, j-invariant local laminations, respec-
tively, with fibres {i,, 1} x M, for every i, 1 € A”fl(ﬁn 1) and {it,_j_1} x M,_; for
every il,_j_1 € A" J71(,_;_1), respectively. Hence, H, 1 ({il,_1} x M,) for every iI,_1 €
A" 1($,_1) and Hn_]({un,j,l} x M,,_;) for every un,],l € A" (4),1,],1) are curvilin-
ear fibres in A"(F) and A"~/ (ip,_;), respectively. Moreover, by equalities (26) and (31),
every fibre H;;1({i,,_1} x M,) is homeomorphic to M,, and satisfies the equality

pra(Hy Y ({@y—1} X My)) = M.

In addition, by equalities (27) and (32), every fibre H;_l j( {#ty—j-1} x M,_;) is homeomor-
phic to M,,_; and satisfies the equality

Prn— ]( ({un —j— 1}><Mn ])) Mn—j-
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Therefore, H, ' ({i,_1} x M,) and H;Ej({ﬁn,j,l} x M,,_;) are graphs of a continuous
functions x,,_1 = Xy 1(xn) with the domain M, and X;, ;1 = Xz 1(xn_j) with the
n— n—j—
domain M,,_j, respectively. Denote these graphs by v . and vy ) respectively.
n— n—j—

Since fibres {{ity—1} X Mu};  can1(G, ,) are pairwise disjoint as well as fibres

Hil—ja} x Mn*]‘}ﬁn,]v,l AT (1) then the same property is valid for curvilinear
fibres {%?;71}%71614,,,1@ . and {’y,?; . 1},?, AT (i) respectively.

~ ~ " B nij/\ . ~

Maps H,; ' and Hn__1] are bijections of A" 1 (¢,,_1) x M, on A"(F) and A" /! (Pn—j1) X
M,,_jon AT (P, j), respectively. Applying the topological conjugacy of maps F| (r) and
‘i[’nmn,l@nil)an (see equality (31)) as well as l/J'n,l|Ay,_j($n7j) and T"*J’|A”—f—1($n,,,l)an,j
(see equality (32)), we obtain that A" (F) and A"~/ (i,,_;) are supports of invariant local lami-

nations L(F) with fibres {7’@,71}%,1614"_1(1/771—1) and L(tﬁn,j) with  fibres
{’Yﬁn i } %y €A Gy ) respectively.

Directly prove the correctness of the inclusions

Flve ) €74, ) and an—j(’anjfl) SR CRIEANN (33)
Note that the correctness of first inclusion in (33) immediately follows from equality (31).
In fact, let 4 L where X),_, € Ar-1 (lﬁn,l), be a curvilinear fibre of L(F). Then, we have

F(ve, ) =H 0¥ 15, )xm, © Hulvz, ) =

“In—1

= Ij;lrl_l OT”|A”*1(tﬁ,,,1)><Mn({i[n—1} X M'rl) g
C H ({fuar (@)} X Ma) =75z

n—1

1

Analogous considerations for sets lﬁnfj('.}/&‘:li_il ), where 5(”,17]-71 € An-i-1 (lfnfjfl)/ based

on equality (32), prove a second inclusion in Formula (33).

Thus, the inclusions (33) hold, and local laminations L(F) and L(t,_ j) are invari-
ant. By Theorem 3, the map F is completely geometrically integrable on the set A" (F)
with sequential quotients ¢,_; on the sets A"7/(¢p,_;) for 1 < j < n — 1. Theorem 4
is proven. [

Remark 6. Above Theorem 4 is the generalisation of the analytic criterion for the geometric
integrability from papers [19,21] on the case of maps with the phase spaces of high dimensions
(compare with Theorem 2).

The obtained results can be applied to the study of dynamical properties of completely
geometrically integrable maps. One of these applications deals with the description of the
periodic point periods of these maps (for a two-dimensional case, see [20,21,30]).

Paying tribute to the memory of Professor Sharkovsky, we describe here the peri-
ods of periodic points of continuous completely geometrically integrable self-maps of
n-dimensional cells.

Theorem 5. Let F : M" — M" be a continuous completely geometrically integrable map on
n-dimensional cell M" (n > 2) with sequential quotients tﬁn,j M M 1<j<n-1)
by means of continuous surjections H, : M" — M"~ and Hyj: M"] — M" =1 forn > 3,
1 <j < n—2satisfying:

Hy, is a one-to-one map on X, 1 for every x, € My, and H,,_; is a one-to-one map on X, _j 1
for every x,_j € M, ;.
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Let F contain a periodic orbit of a (least) period m > 1. Then, it contains also periodic orbits of
every (least) period n, where n precedes m (n < m) in the Sharkovsky’s order:

1<2=<22 <28 <...<...<22.9<22.7<22.5<22.3< ..
<2:9<2.7<2.5<2-3<...<9<7<5<3.

Proof. In fact, by Theorem 4, F satisfying the conditions of Theorem 5 is a completely
geometrically integrable map. Moreover, F is topologically conjugate to the skew product
Y given by Formula (7). Then, ¥ has a periodic orbit of period m > 1. Use the generalisation
of Sharkovsky Theorem for skew products on n-dimensional cells (n > 2) from [31]. Then,
Y has periodic orbits of every period 1, where nn < m in the Sharkovsky’s order. This means
that F possesses analogous properties.

Theorem 5 is proven. [

Finishing the paper, we formulate the following unsolved problem.
Problem 1. Find sufficient conditions for the complete geometric integrability of a map

F(Xp—1, xn) = (P1(x1) + p1(Xn—1, Xn); 2,2, (x2) + p2(Xn—1, Xn);
Sy lpn—l,y?n_2(xn—l) + Vn—l(xn—lz xn)} Yu %, (xn)

with the phase space M" for n > 2.

This problem is solved for the maps of the above type with a compact plane rectangle
and a cylinder (see [20,22,28]).
Funding: This research received no external funding.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.
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