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Abstract: In this paper, we discuss the hypothesis that an ordered I'-semigroup can be constructed
on the M-left(right)-tri-basis. In order to generalize the left(right)-tri-basis using I'-semigroups and
ordered semigroups, we examined M-tri-ideals from a purely algebraic standpoint. We also present
the form of the M-tri-ideal generator. We investigated the M-left(right)-tri-ideal using the ordered
I'-semigroup. In order to obtain their properties, we used M-left(right)-tri-basis. It was possible to
generate a M-left(right)-tri-basis from elements and their subsets. Throughout this paper, we will
present an interesting example of order <,,;; (=), which is not a partial order of S. Additionally,
we introduce the notion of quasi-order. As an example, we demonstrate the relationship between
M-left(right)-tri-basis and partial order.
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1. Introduction

Several applications of algebraic structures can be found in mathematics. Generalizing
the ideals of algebraic structures and ordered algebraic structures plays an important role,
making them available for further study and application. Mathematicians studied bi-ideals,
quasi-ideals, and interior ideals during 1950-1980. However, during 1950-2019, it was
only mathematicians who studied their applications. In fact, the notion of one-sided ideals
of rings and semigroups can be regarded as a generalization of the notion of ideals of
rings and semigroups, as is the notion of quasi-ideals of semigroups and rings. In general,
semigroups are generalizations of rings and groups. In semigroup theory, certain band
decompositions are useful for studying semigroup structure. A new field in mathematics
could be opened up by this research, one that aims to use semigroups of bi-ideals of semir-
ings with semilattices that are additively reduced. The many different ideals associated
with I'-semigroups [1] and I'-semirings [2] have been described by several researchers.
Partially ordered relation “ < ” satisfies the conditions of reflexivity, antisymmetry, and
transitivity. There are different classes of semigroups and I'-semigroups based on bi-ideals
that have been described by researchers in [3-6]. Munir [7] introduced new ideals in the
form of M-bi-ideals over semigroups in 2018. An ordered semigroup is a generalization
of a semigroup with a partially ordered relation constructed on a semigroup, so that the
relation fits with the operation. An algebraic structure such as the ordered I'-semigroup
was introduced by Sen et al. in 1993 [8] and has been studied by several authors [9-12].

For an ordered semigroup S and subsemigroup A of S, A™ = A.A... A(m — times),
where m is a positive integer. Clearly, for any subsemigroup A of ordered semigroup S,
A" C A for all positive integers 1, which are similarly right case. Hence, A" C A for all
positive integers r and t, such that r > ¢, but the converse is not true. As a generalization
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of the bi-ideal of semirings and semigroups, a tri-ideal of semirings and semigroups can
be characterized as a generalization of the bi-ideal. In the context of I'-semigroups, an
ordered I'-semigroup is an extension of the I'-semigroup. In contrast to the notion of the
tri-ideal of semigroups, the notion of the tri-ideal of an ordered semigroup is a general
form of the notion of the tri-ideal of semigroups. In semigroup theory, the M-tri-ideal is a
generalization of the tri-ideal. Similarly, an ordered M-tri-ideal is a generalization of an
ordered tri-ideal. In this paper, we describe the basic properties of the M-tri-basis from an
algebraic standpoint. The fact that semigroups can be generalized to I'-semigroups and
I'-semigroups to ordered I'-semigroups is a result of these facts. It was work by Jantanan
et al. that introduced the concept of bi-basis of ordered I'-semigroups in 2022. We further
describe the relationship between partial order and bi-basis [13]. As recently discussed
in Palanikumar et al. [14-16], algebraic structures such as semigroups, semirings, ternary
semigroups, and ternary semirings are all ideals and the generators of these structures are
ideals. Rao introduced the tri-ideals of semigroups and semirings in [17,18]. Our paper
extends a bi-basis of an ordered I'-semigroup into a M-bi-basis of an ordered I'-semigroup.
We also generalize the tri-ideal of an ordered I'-semigroup to an M-tri-basis of an ordered
I'-semigroup. The notion of almost bi-ideals and almost quasi-ideals of ordered semigroups
is discussed in Sudaporn et al. [19]. The novel concept of M-bi-basis generators of an
ordered I'-semigroup is introduced by Palanikumar et al. [20]. Susmita et al. have discussed
some important properties of bi-ideals of an ordered semigroups [21].

This paper discusses several important classical results for M-tri-basis and I'-semigroups
characterized by M-tri-ideals and M-tri-basis. Furthermore, we demonstrate how the
elements and subsets of an ordered I'-semigroup yield the M-tri-ideal and basis. This paper
extends the notion of I'-semigroup information into ordered I'-semigroup information. The
paper is divided into five sections. Section 1 is the introduction. There is a brief description
of an ordered I'-semigroup in Section 2, as well as relevant definitions and results. A
numerical example of an M-left-tri-basis generator can be found in Section 3. As part of
Section 4, a numerical example is given for the M-right-tri-basis generator concept. Our
conclusions are provided in Section 5. In this paper, our purpose is to describe:

1.  The generator of the M-tri-ideal for an ordered I'-semigroup;

2. To interact, the order relation “ < ” based on the M-tri-basis should not be a partial
order.

3.  For example, the subset of an M-tri-basis is not an M-tri-basis itself.

2. Basic Concepts

It is assumed throughout this article that S denotes a I'-semigroup, unless stated other-
wise.

Definition 1 ([1]). Let S and I be any two non-empty sets. Then, S is called a I'-semigroup from
S-T-8 — S, which maps (f1, 7, f2) — f1- 70+ fa, satisfying the condition (f1 -7t f) -0 - f3 =
fi-m-(f2-0-f3)forall fi,fr, f3 € Sand 7,0 € I

Definition 2 ([8]). The algebraic system (S, T, <) is said to be an ordered T-semigroup if it satisfies
the following conditions:

1. SisaTl-semigroup,
2. " X 7isarvelation from a partially ordered set (poset) S,

" n " i n I ! " ! " ! " n
3. Ifs =<Xs ,thens ms <Xs ms andsms =<Xsms foranys,s ,s € Sandm €T.

Remark 1 ([8]). Let G and G" be any two subsets of S. Then, the following properties hold:

1. GIG ={xn|x eG,x" eG’,mer},

2. (G)={seS8|s=<x forsomex G},

3. G C(G]

4. IfG' TG, then (G)C (G']and (GII(G"] C (GTG"].
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Definition 3 ([17]). Let S be a I'-semigroup and G be a subset of S called left-tri-ideal(right-tri-
ideal) (or LTI and RTI, respectively) if it satisfies the following conditions:

1. GisaI'-subsemigroup,

2. GISTGIG C G (GIGrsrg cg),

Lemma 1 ([18]). Let S be a I'-semiring, G a subset of S, and a € S. Then, the following statements
hold:

1. (G); = GUGIGUGTISIGIG is the smallest T-LTI of S containing G,
2. (G)y = GUGIGUGTGISIG is the smallest T-RTI of S containing G,
3. (a)y =aUalaUalSTala is the smallest T-LTI of S containing “a”,
4.  (a)y =aUalaUalal'STa is the smallest T-RTI of S containing “a”.

Definition 4 ([18]). (i) Let S be an ordered semigroup. A subsemigroup G of S is called an
M-left-ideal of S if SMG C G and (G] = G, where M is a positive integer that is not necessarily
one.

(ii) A subsemigroup G of S is called a M-right-ideal of S if GSM C G and (G] = G, where M is a
positive integer that is not necessarily one.

Definition 5 ([18]). Let G be a subsemigroup of an ordered semigroup G. Then,
(i) The M-left-ideal generated by G is (G),; = (G U SMG].
(ii) The M-right-ideal generated by G is (G )mr = (G U GSM].

Definition 6 ([7]). Let G be a subset of S, which is called an M-bi-ideal of semigroup S if it satisfies
the following conditions:

1. G is a T'-subsemigroup,

2. G-SM.G G, where Misa positive integer.

Definition 7 ([13]). Let G be a subset of S that is called a bi-basis of S if it satisfies the following
conditions:

1.  S§=(G).
2. IfFC Gsuchthat S = (F)y, then F = G.

Definition 8. Let G be the subset of S that is called an M-bi-basis of S if satisfies the following
conditions:

1. 8=(G)mp
2. IfFC Gsuchthat S = (F)yp, then F = G.

3. M-LTB Generator

In this paper, we present some results on the M-left-tri-ideal (M-LTI) generator, based
on an ordered I'-semigroup.

Definition 9. Let G be the subset of S called an M-LTI of S if it satisfies the following conditions:
1. G isaI-subsemigroup,

2. G-I (ST-....-T-S (M—times))-T'-G-T -G C G, where M is a positive integer,

3. IfgeGands e Ssuchthats < g, thens € G.

Remark 2. If fi € S and N'andM are positive integers, then the following statements hold:

1. Nf1:f1~F~f1~F-...-F~f1 (N—times)
22 §ST-8§T-....T-S((M—times)) TS-T-...-T-S (M —1 times)

Remark 3. 1.  Every M-bi-ideal is an M-LTIL.
2. Every LTl is an M-LTL
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Here is an example showing that the converse does not need to be true, as demon-

strated by Example 1.
Example 1.
0 ap dp 4as ay as
0 0 ag a9 ayp an
0 0 0 a4 a5 Adie
Let S — 0 0 0 0 a19 4apo
0 0 0 0 0 az3
0 0 0 O 0 0
0 0 0 O 0 0
0 0 0 O 0 0

and T is a unit matrix. Now, we define the partial order relation < on S: for any A,B € S,
A =2(s,,5,) B ifand only if aj; 2 bj; , for all i and j. Then, S is an ordered T-semigroup of matrices
over Z* (non-negative integer) with the partial order relation “ < ”.

o O O O O O o O

ae
ai
a1y
a1
a4
a6
0
0

S O O O O O

o O O O O©O O

(i) Clearly,
0 by 00 0O
0 000 0O
00 0 b 0O
B, — 00 00 0O
0 0 0 0 0 b3
0000 0O
0000 0O
00 00 0O
Although By is an M-LTI, it is not an M-bi-ideal of S.
(iii) Clearly,
0 by 00 0 O
0 000 0 O
0 0 O bz bg b4
B, — 0000 0 O
0 0 0 0 0 bs
0 000 0 O
0 000 0 O
0 0 00 0 O

Hence, By is an M-LTI, but not an LTI of S.

Theorem 1. 1.  Let fy € S. The M-LTI generated by an element “f1” is (f1),; = {f1 U
N(f-T-A)UA[-T-(ST-...-T-S (M —times))-T-f1-T- f1} and N' = M, where

N and M are positive integers.

2. Let G be a subset of S. The M-LTI generated by set “ G " is (G)y = {GUG-T-GUG-T-

(S-T-....T-S (M~ times))-T-G-T-G}.

Definition 10. Let G be a subset of S, known as an M-left-tri-basis (LTB) of S if it meets the

criteria listed below:
1L 8={(G)ms

S O O O O © O O

az
a13
a1
ax»
ass
az7

azs
0

b e 2

b ez

ul-s ez
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2. IfF C Gsuchthat S = (F), then F = G.

Example 2. Let S = {ky, ko, k3, ky, ks, k¢} and T = {71y, 712}, where 1ty and piy are defined on
S with the following table:

7ty | ki | ko | ks | kg | ks | ke || T2 | k1 | ko | k3 | ks | ks | ke
ki | ki | ki | ki |k | ki | ke || ki | ki | ka | k1 | kg | kg | ke
ko | ki | ki | ki | ko | ks | ke || ko | k1 | ko | k1 | kg | kg | ke
ks | ki | ko | k3 | ki | ki | ke || ks | k1 | ka | k3 | kg | ks | ke
ky | ki | ki | ki | ka | ks | ke || ka | ki | ka | k1 | kg | kg | ke
ks | ki | ky | ks | kq | ki | ke || ks | k1 | ka | k3 | kg | ks | ke
ke | ke | ke | ke | ke | ke | ke || ke | ke | ke | ke | ke | ke | ke
== {(ki, k1), (k1,ke), (k2,k2), (k2, ke), (k3, k3), (k3, ke), (ka, ka), (ka, ke), (ks, k5), (ks, ke ),
(ke, ke)}. Clearly, (S,T, <) is an ordered T-semigroup.

The covering relation <:= {(k1,ke), (k2,ke), (ks, ke), (ka, ko), (ks, ke)} is represented by
Figure 1, since G = {kq, ks} isa M-LTB of S.

K6
| \\
L2 K3 K4 K5

Figure 1. Covering relation.

Theorem 2. Let G be the M-LTB of S and f1,fo € G. If f € (N(fa-T-fo)Ufo - T-(S-T-
...~F~S)-F~f2~F~f2],thenf1 = fo.

Proof. Assumethat f € (N (fo-T-fo)Ufp-T-(S-T-...-T-S) T fo-T- f»], and suppose
that fi # f. Let F = G\ {f1}. Obviously, F C G since f; # fo, f» € F. To show that
(F)mit = S, clearly, (F),;; C S. Still, to prove that S T (F),;;, lets € S. By our
hypothesis, (G),,;; = S, and hence,s € (GUG-T-GUG-T-(S-T-....T-S)-T-G-T-G].
We haves < ¢ forsomege GUG-T-GUG-T-(S-T-...-T-S)-T-G-T-G. Asaresult,
the following cases will be discussed.

Case-1: Let ¢ € G. There are two subcases to examine:

Subcase-1: Let g # f1, theng € G\ {f1} = F C (F) -

Subcase-2: Let g = f1. Wehaveg=fe N (/- T-fo)Ufo-T-(S-T-...-.T-8)-T-fr-
r-plC(F-I - FUF-T-(S-T-...-.T-8)-T-F-T-F]C(F)un-

Case-2: Letg€ G-T'-G. Then, g = g1 - 71 - g, for some g1,¢» € G and 7r € I'. In addition,
there are four subcases to be considered.

Subcase-1: Let g1 = f1 and ¢» = f1. Now,

§ = 81T &

= A7 fi

€ W(faT-f)Ufs: T-(S-T-....T-8)-T-fo-T-fo] T-(N(fa-T-f2)U
/T (ST-....T-8)-T-fo-T-f)
(N2 T-o)Ufp-T-(ST-...-.T-S) T-fo-T-fp) - T

11

WN(fT-f)Ufp-T-(S-T-...-T-8)-T-fo-T- f5)]
(F-T-(§T-....T-8)-T-F-T-F]
<~F>mlt~

Im1 1M
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Subcase-2: Let g1 # f1 and g» = f1. Now,

§ = 81732
€ G\{AH T-WN(faT-L)Ufp-T-(ST-...-.T-S)-T-fo-T-f]
C ((g\{f1}) ( (2T -fo)Ufp-T-(S-T-....T-8)-T-fo-T fo)]
C (F-T-(S 8- r-F-T-F]
C <-7:>mlt

Subcase-3: Let g1 = f1 and ¢» # f1. Now,

g = 817182
€ W T-)Ufr-T-(S:T-....-.T-8)-T-fo-T-fo] - T-(G\{f1})
C (W (fz r- fz)Ufz ( e T28) T fo T fo) - T-(G\ {f1})]
C (F-T-(S -r-8)-T-F-T-F]
C <]:>mlt

Subcase-4: Let g1 # f1, §2 # fi,and F = G\ {f1}. Now,

8 817182
(G\{A}) -T-(G\{fi})

S
C <]:>mlt~

Case-3:Letge G- T-(S-T-....T-8)- T-G-T-G. Then, g =g3-7T-(S1- 7T *Sp* ... 7Ty -
Sp) - 0-g4-61- g5 for some ¢3,94,95 € G, 51,52,...,50n € Sand 7,0,601, 11,710, ..., 71y €T.
We will examine eight subcases.

gi \ Subcase <3 84 85
Subcase—1 | fi=g3 | =8 | i =
Subcase—2 | fi# @ | i=% | fi=
Subcase—3 | =g | A#F @ | fi=
Subcase —4 | fi=¢3 | i=8 | fi #8
Subcase—5 | fi# g | A# | fi=
Subcase—6 | fi=93 | L # g | L #85
Subcase—7 | 1#g | i=81 | L # 85
Subcase—8 | 1# g | L # % | L #85

Subcase-1: Let g3 = f1,914 = f1,and g5 = f1. Now,

g = g3 m-(S1 71 S2 ... Tly-Sn)-0-84-61-85
= firm-(s1-7m1 82 TnoSn) 0 f1-01- f
(N(fo-T- fz)ufz.r-(s.r....-r.S).r-fz-r.fz].r.(s-r.....r-S).r-
WN(fT-fo)Ufo-TA(ST-....T-8)-T-fo-T-fo] T-(N(fo-T-fo)U
/T (ST-....T-8)-T-f-T-f
(N T R UL T (ST T-8) T fo-T-fp) T(STe...-T-8)T-

N (f2 T-f)Ufo-T-(S-ToeeooT-8)-T-fo-T- o)} - T-(N(fo-T- fo)U

Im

sz-(S~r~...-r-$).r.f2.r.f2]
cC (F-T-(ST-...-T-8)-T-F-TF|
- <~F>mlt~
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Subcase-2: Let g3 # f1,94 = f1,and g5 = f1. Now,
§ = g (st s2 . TlnSn) 0840185

€ (G\{A) T-(ST-...T-8)-T-(N(fa-T-f)Ufp T-(S-T-....T-8)

T-foT-fo] T-N(f2-T-f)Ufp-T-(S-T-...-.T-8)-T-fo-T-f

C ((G\{AN T (ST T-8) T-N(f-T-f)Uf T-(S:T-...-T-8)
T-foT-f2) T-(N(fo-T-f)Ufy - T-(S-T-...-T-8)-T-f-T - fo]
(F-T-(ST-....T-8) - T-F-T-F|
<]:>mlt~

Subcase-6: Let g3 = f1,84 # f1, and g5 # f1. Now,

C
E

§ = 937 (S1 T Spcn. TTu-5p)-0-g4-01-gs5
€ W(f-T-£)UfH-T-(ST-....T-8)T-fp-T-f] - T-(S-T-...-T-S)
T-(G\{AH)-T-(G\{A})

C (NMfaT-)Ufp-T-(ST-....T-8)-T-fo-T-f)-T-(S-T-...-T-S)
T-(G\{fi}) - T-(G\{fi})]

c (F-IT-(8r.-...-.T-8)-T-F-T-F

- <]:>mlt-

Subcase-8: Let g3 # f1,914 # f1, 85 # fi,and F = G\ {f1}. Now,

Q370 (S1+ 70 " Sp .. Ty Sp) - 0-94-01- g5

G\{AH -T-(s-T-....T-8)-T-(G\{A}) - T-(G\{A})
(F-T-(§T-....T-S)-T-F-T-F|

<}—>mlt-

It is similar to prove other subcases. Hence, for all the cases, we have S T (F) ;.
Thus, S = (F) i, which is a contradiction. Hence f; = f,. O

8

M1 m

Lemma 2. Let G be the M-LTB of Sand f1, o, f3, fa € G. If f1 € (N(f3rf2) Ufs-T- (S-
F~...-F-S)~F~f2-F-f4},thenf1 = foor f1=fsor f1 = fa

Proof. Theorem 2 leads to the proof. O

Definition 11. For any s1,53 € S, s51 =yt S2 <= (S1)mit T (S2) i is called a quasi-order
onS.

Remark 4. The order =,,; is not a partial order of S.

Example 3. By Example 2, (ks) it C (k)i and (k) iz © (ks) e but ks # ke. Hence, the
relation <,,;; is not a partial order on S.

If Fis an M-LTB of S, then (F),;; = S. Lets € S. Then, s € (F),,;, and so,
s € (f1)mi for some f1 € F. This implies (s),,;; T (f1) ;- Hence, s <, fi1-

Remark 5. If G is a M-LTB of S then for any s € S, there exists f1 € G such that s <, fi.

Lemma 3. Let G be an M-LTB of S. If f1, fo € G such that f1 # f,, then neither f1 =,,; fo nor
fo Z fr-
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Proof. Assume that fi, fo € G, such that f; # f. Suppose that f1 <,,;; f>. Let F = G\ {f1}.
Then, f, € F. Lets € §. By Remark 5, there exists f3 € G, such thats =<,,;; f3. We think
about two cases to be discussed. If f3 # fi, then f3 € F. Thus, (8),ut T (f3)mir T (F) i
Hence, § = (F),u;, which is a contradiction. If f3 = f, then's <,,;; f>. Hence, s € (F) 1,
since f, € F. Hence, S = (F),,;;, which is a contradiction. A similar argument can be
made for other cases. [

Lemma 4. Let G be the M-LTB of S and f1, f2, f3 € Gands € S.

1. Iffl {2 flUN{fo-m 5} T-{fa-m-fsh)U{fa - f3} - T-(S-T-....T-
I {fo-m-fa} T-{fo-m-fa}] then f1 = foor fr = f,

2. Iffice{form-(s1-m-sp-c. - Tp-5n)-0-f3-01-fub UN({fo-mm-(s1-m1-52-...
7'[”'571) 0- f3 01 - f4} I. {fz '(51'7'(1'52'...'7Tn Sn) 0- f3 01 - f4})U{f2-
(51-71.’1~Sz Ty Sn) 0- f3 91 f4} I- ( <1 ) I- {fz ( © 71+ 82 -
et T+ Sp) - 6 fa-01-fa} T-{fo-m-(s1-7m1-Sp ... Tl -Sn) -0 f3-01-fy}] then
fi=faor fi = faor f1 = fa.

Proof. (1) Assume that f1 € ({f2- - s} UN({fo- - fa} T -{fo- - f3}) U{fo- 7 f5} -
r-(§r-...-.T-8)-T'-{fo-m- f3}-T-{fa- - f3}] and suppose that f; # f, and f1 # f3.
Let F = G\ {f1}. Clearly, F C G, since f1 # f» and f1 # f3 implies f», f3 € F. To prove
that (G)r T (F)un, it suffices to determine that G C (F),,;;. Let f € G, if f # f; that
f € F,and hence, f € (F) ;. If f = fi1, then

f=H € {form-fBYUN{fa-mt-f3} - T-{fa-mt-f3})U{fa-mt-f3} - T-(S-T
S) T-A{fa-m-f3} -T-{fa-7-f3}]
(F-T-FUF.T-(S-T-....T-8)-T-F-T-F

<]:>mlt-

Thus, G C (F),;. This implies (G) .y © (F) i, as G is an M-LTB of S and § =

()t T (F) it € S. Therefore, S = (F),,;;, which is a contradiction. Hence, f; = f; or
h=fs

(2) Assumethat f1 € ({f2 71 (S1 701~ Sp ... Ty -Sp) -0~ f3 01 fuy UN({fa-m- (51717
Sy .. Ty -Sy)-0- f3-071- f4} T {fz <7182+ Ty - Sp) - 6 f3-61- f4})U{f2
- (S1 711 Sy .. Ty -Sp) -0+ f3-607- f4} FSF {f2 7T-($1- 711 Sp+ev TTySp) -0+
f3-91-f4}-r-{f2-7r~ (17182 ... Ty -Sp) -0+ f3-01 - f1}] and suppose that f; # f»
and f; # fzand fi # fi. Let F = G\ {f1}. Clearly, F C G, since fi # fa, fi # f3, and
f1 # faimply that f5, f3, fa € F. To prove that (G),;;; T (F),u, it remains to prove that
GC(F)uu Let f € Gif f # f1that f € F,and so, f € (F);- Hence,

M 1M

f=h
€ ({farm-(s1-mi-sa . Ttu-5u)-0- f3 O fa UN({fa- 7+ (s1- 71152
T Sn)-0-f3-01- fa} - T-{fo-7 7T -8 7Tn~5n)'9'f3'91'f4}
{f2'7T'(51'7T1'52'---'7Tn'5n)'9'f3'91'f4}‘r'( T-....T-8)-T

{fz'n"(51'7T1'Sz-...'7'[n-sn) 0- f3 91 f4} I {fz ( <701 - S2
'7Tn'Sn)'9'f3'91'f4H

(F-T-(§T-....T-8)-T-F-T-F|

<]:>mlt~

Thus, G = (F) ;- This implies (G); E (F)pr as G is an M-LTB of S and S =

(G)mit T (F) s C S. Therefore, S = (F) 1, which is a contradiction. Hence, f; = f, or

fl :f301'f1 :f4. D

Lemma 5. Let G be an M-LTB of S,

I 1M
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1. Iffi # frand fi # f3, then f1 Ayt fo- 70 f3.
2. Iffi# fa i # faand f1 # fa, then fi Ry fo-70-(s1-711-82+ ... Ty -5n) -0 f3-01- fg,
for f1,fo, f3, fa€ G, m,m;, 0,00 €eTands; € S,i=1,2,...,n.

Proof. (1) For any f1, f2, f3 € G, let f1 # fr and f1 # f3. Suppose that f; <, fo-7- f3
and

fi € (fi)mn
C {(f2-7 f3) b

(- fB)}UN{ (ot f5)} T-{(fa-mt-f5)HU{(fa- - f3)} T~
(S T-....T-8) T-{(fa-m-f3)} - T-{(fa- 7w f3)}].

By Lemma 4 (1), it follows that f; = f, or f; = f3, which is a contradiction.
(2) For any fl,fz,f3,f4 € g, let f1 7é f7_, f1 7é f3, and f1 7é f4. Suppose that f1 =omlt

fz-n-(51-711-52-...~7rn-sn)-9-f3-91-f4,wehave
fi € (fi)mu
C {(fa-T-(s1-m-s2 v myn-5n)-0-f3-01-fa) e

{(fa-T-(s1 71 80" Tty-5n)-0-f3-01-fa))UN{(f2-T-(s1-711-52
Tty sn) 0 f3 01 f)Y T {(fo T (51701 2+ vv. 7T -5n) -0 f3-61- f1)})
U{(fa-T-(s1-mm1-S2-..-Ty-5p)-0-f3-61-f)}-T-(S-T-...-T-S)-T
.{(fz.]".(51.7{1.52.._..7-(n.5n).9.f3.91.f4)}].

By Lemma 4 (2), it follows that f1 = f, fi = f3, or fi = fa4, which contradicts our
assumption. [

Theorem 3. Let G be the M-LTB of S, if and only if G satisfies the following

1. Foranys € S,
(1.1) there exists f, € G such that s =<, fo (or),
(1.2) there exists g1, 82 € G such that s <,y g1 - 77 - g2 (07),
(1.3) there exists g3,84,95 € G such that s <1, g3 -7+ (S1- 701 -Sp~ ... Ty -Sp) -0 - Qa -
01 - gs;

2. Iffi # frand fy # fyand fi # fa, then fi Ays fo- 70 f3, forany f1, o, f3 € G;

3. Iffl #fzm’ldfl #fgm’ldfl #f4,th€?lf1 ﬁmlth'n' (81-7'[1 -Sz'...‘ﬂ'n'sn) 6f3
01 fa, forany f1, f2, f3, fa € G,s; € Sand mj, m, 0,60 €I,i =1,2,...,n

Proof. Assume that G is an M-LTB of S, then S = (G),,;;. To prove that (1), lets € S,
se(gug-r-¢g-r-gug-r-(§-r-...-T-8)-r-G-1-GgJ.Asse (GUG-I-G-T-gU
G- r-(§r-...-T-8)-r-Gg-r-g|,wehaves < gforsomeg €c GUG-T-G-T-GUG -
r-(§r-....-1-8)-T-G-TI-g, we think about the three following cases.

Case-1: Let ¢ € G. Then, § = f, for some f, € G. This implies (¢),r T (f2)mir-
Hence, § =yt fo. Ass < g for some g € (f2);. To find out (s),;r & (f2)mr- Now,
SUN(S-T-8)U-T+ (S TeeooT8) - Tos-T+5 T (fouit UN((fobt T (2htr) U {2
T (ST ...T-8) T ()t T HorUN(fo-m-p)Ufp- - (ST-....T-S)-T-fo-T-fo).
Wehave (sUN(s-T-s)U-T-(ST-...-.T-8)-T-s-T-s|]CE(HLUN(fa-mt-fr)Ufr-7-
(§-T-...-T-8)-T- fp-T- fo]. Thus, (8)uir C (f2)mit, and hence, s <11 fo.

Case-2: Letg € G-T-G. Then, g = g1 -7t g2 for some g1,820 € G and 7w € I'. This
implies (g)mir T (81 7T~ §2)mi- Hence, ¢ =i g1 70+ g2. As's < g for some g € (g7 -
7T Q2)mit- We have s € (g1 71+ §2) ;- We determine that (s),,,;; C (g1 - 7T - §2) it Now,
sUN(GE-T-s)uT- (S T-...-.T-8) T-s-T-sC {g1-m-}UN{g1 -7} T-
{g1-7m-g})U{g1- -8} -T-(§-T-...-.T-8)-T-{g1-7- g} -T'-{g1-7-&}] Hence,
(sUN(s-T-s)uUT- (S T-...-.T-8)-T-s-T-s]C {1 @tUN{g1-7-g} T
{9170 82)) U{g1- 7 ga} T+ (S-Te.ce-T-8)T-{g1- g} T+ {g1-7-ga} - This
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implies (s);; C (g1 77 g2>mlt Hence, s <1 g1 7 - £2.
Case-3: Letge G-T-(S-T-....T-S)- T-G-T-G. Then, g = g3-7m-(s7-71-52-..."
Tl - Sn) - 0 - ga- 01 - g5 for some g3,g4 € G. This implies (g) s C (g3-71- (5171152 -+ -

Ttn+Sn) -0 g4+ 01 - g5) i Hence, g <y (g3 - 70+ (5171182 -+ T~ 8n) 0 - g4+ 01 - 85) -
Ass = gforsome g € (g3 -7T- (5171 Sp .o Ty -Sp) -0 -9q-01-g5) . We have
€(gz-m-(s1-m1-S2 ... TTy-Su)-0-Qa-61-85) s To prove that (s),;; T (g3 -7

(1 T “ 83 Ty sn) 9 g4~91-g5>mlt. Now, sUN(s-T-s)U-T-(S-T-...-.T-8S)-
F-s-F~sE({g 70 (81711 " Sp et TTy sn)-9~g4-61-g5}U/\/({g3-7r~(sl-7T1~sz-

STy oSy) 08461 -85)-T- {gs (sp7my 82Ty Sn) -0 -84 01 -85F) U{g3-
T-(s1 7Sy oo Tly-Sp) - 0-ga-61-g54-T-(S- F .-1"~S)-1"~{g3-7r~(sl~711-52-

S TTy - Sp) - 6 94-01-g5}-T-{g3-m-(s1-711-52-...-7Tn-5y)-0-ga-061-g5}]. Hence,
(sUN(s-T-s)u-T'-(S-T-...-.T-8)-T-s-T- S]_({g3~7'[~(51-7'[1-Sz~...~7'(n‘sn)~9-
g4-91-g5}U./\f({g3-7r-(51~7r1-sz~...-7rn.sn)-9~g4-91-g5}~F-{g3~7r-(s1~711-sz~...~
Tl Sn)-0-94-01-g5})U{g3-7t-(s1-711-S2ev.-TTy-Sp)-0-g4-61-g5}-T-(S-T-...
I'8S)-T-{gz-m-(s1-7m1-S2-...-Tn-5y)-0-8a-61-g5}-T-{g3-7-(s1-711-52-... 7Ty -
Sn)~9-g4~91'g5}].ThiSimpli€S< >mlt <g3 7T - (51’7.(1'52’-”'7771'Sn)'g'g4’91'85>mlt~
Hence, s <,; g3 70+ (S1-701 S+ ... Ty -Sp) - 0 - g4 - 01 - g5. By Lemma 5(1) and Lemma 5(2),
we have the proof of (2) and (3), respectively.

Conversely, assume that (1), (2), and (3) hold to prove that G is an M-LTB of S. To
determine that S = (G) ., clearly, (G),;; C S. By (1), S C (G)pur and S = (G) s It
remains to be determined whether G is a minimal subset of S, S = (G),,;;. Suppose that
S = (F)u forsome F C G. As F C G, thereexists f e G\ F. As f, € GT S = (F)
and f, ¢ F,it follows that f, ¢ (F-T-F-T-FUF-T-(§-T-....T-8)-T-F-T-F|.
Asfre (F-T-F-T-FUF-T-(§-T-....T-S)-T-F-T-F|, this implies f, < g for
somege F-T-F-T-FUF-T-(S-T-....T-8S)-T'-F-T-F. There are two cases to be
observed.

Case-1: Letge F-T-F-T'-F. Then, g = g1 -7 g forsome g;,82 € F and 7t € I'. We
have 81,82 €G. Asfo ¢ F, o # grand fo # &2. As g = &1+ 70~ &2, (&)t E (81 7 - §2) puit-
Hence, § <11 §1- 77 2. As fo < gforsome g € (g1 70+ 92) it wehave fo € (g1 70+ 2) put
to prove that {f2) s = (g1 -7 - 82
Now, LUN(fo-m-fo)Ufo-m-(S-T-....T-8)-T-fr-T-foC ({817 g2} UN({g1-
m-got T{gr-m-g})U{gi-m g} T (S- F T-8) Te{g1-m- g} -T-{g1-7-g}]
Hence/(foN(fZ'ﬂ'fz)UfZ'7T'(5'1"'-~'1"'5) T foT fz] ({81 - g2 UN({g1-
m-gob-T-{g1-m-g})U{g1-7m-g}-T-(S-T-....T-8) - T-{g1-7- g} -T-{g1- 7 g}
This implies (f2) 1 C (g1 - 7T §2) mis- Hence, f2 =mit &1 - 7T - g2. This contradicts (2).
Case-2: Letg ¢ F-T-(S-T-...-.T-S8)- T-F-T-F. Then, g = g3-7- (51711 - sz~
STy - Sp) -0 -gq- 01 - g5f0rsomeg3,g4 e F,si e Sand m;,r,0 € T,i = 1,2,.
Wehaveg3, 1 €G. As fr & F, sofzyég3andf27ég4 Asg:g3 - (sy -y - 52
Ty 5n) 0840185 () T (3 7 (s1-711 52 7T -Sn) -0 401 - 85) -

Hence,g =it §3 7T (S1 7T STy Sy) -0 Q4 - 91 gs. Since f, < g for some
gé<83'7T'(51'7T1'52'---'7Tn'Sn)'9'84'91'85>mznwehaVef26<83'7T'(51'7T1-52-
ST+ Sp) - 0+ g4 01 - 85) - We determine that (f2),; T (937w (S 711 -2+« T -

) 094" 91'g5>mlt NOW,foN(fz'T['fz)Ufz'ﬂ'(S'r'...'F'S)'r-fz'r-fzE
{g3 7T-(S1- 71182 e Ty Sp) - 0-94-601-g5} UN({g3- 7w (51 71152+ Ty -Sp) - 0
Qa-01-g5}-T-{gz3-7- (51~711‘s2-...-7'cn~sn)-9~g4-91‘g5})u{g3~71-(51~771-sz-...-
T Sn) 0940195} T+ (S-Te... . T-8)-T-{g3 7+ (51-711S-... Tn-5n) 0-gs 01"
g5t T-{gs-m-(s1-71-52-... 7 -50) 0-84-01-g5}]. Hence, (RUN(f2- - o) Ufo-7
(§T-....T-8)T-f,-T- fz] ({g3-m-(s1-7m1-S2 ... Tn-Sn)-0-ga-01-g5} UN({g3"
- (S1 71 -Sp ev Ty-Sp)-0-Qa-61-g5}-T-{g3-7-(s1-71-S3+... Ty -Sp)-0-ga-67-
g5})u{g3~7r-(sl~7rl-sz-...~nn~sn)~9-g4~91~g5}-r~(8-F-...~F-S)-F-{g3-7r-
(517182 o Ty -Sp)-0-94-601-95}-T-{gz-7-(s1-7T1-Sp+... Ty -Sy)-0-94-01-¢5}].
ThiSimplieS <f2>mltg <g3'7T'(S1'ﬂl'Sz'...'ﬂn'Sn) 0 - 84 91 85>mlt Hence,fz St
Q37+ (S1+ 701 -Sp ... Ty -Sy) -0+ Q401 - g5, which is a contradiction to (3). Therefore, G
isan M-LTBof S. O
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Theorem 4. Let G be an M-LTB of S. Then, G is an ordered I'-subsemigroup of S, if and only if
Q1§ =810rg1 -m-g =82, forany g1,3 € Gand wt € I.

Proof. If G is an ordered I'-subsemigroup of S, then g -7m- g, € G. As g1 -7+ g2 € (N (g1 -
Ig)ug I (ST-...-T-S) - T-g-T- g, itfollows by Lemma 2 thatg - 7m- g2 = ¢1
orgr1-7m-go =g O

4. M-RTB Generator

We present some results on the M-right-tri-ideal (RTI) generator based on an ordered
I'-semigroup.

Definition 12. Let S be an ordered I'- semigroup. G T S is said to be an M-RTI of S if it meets
the criteria listed below:

1. G is a I'-subsemigroup,
2. G-T-G-T-(8§-T-...-T-8 (M— times))-T-GC G,
3. IfgeGands e S, suchthats < g, thens € G.

Theorem 5. 1.  For f1 € S, the M-RTI generated by “ f1” is (f1)mrt = {fAUN(f1-T- f1) U
AT-f1-T-(ST-...-T-8 (M—times))-T- f1} and N = M, where N and M are
positive integers;

2. ForG C S, the M-RTI generated by “ G " is (G)y = {GUG-T-GUG-T-G-T-(S-T-
. TS (M —times))-T-G}.

Definition 13. Let G be a subset S called a M-right tri-basis (RTB) of S if it satisfies the following
conditions:

L. S = <g>mrt-
2. If F C Gsuchthat S = (F)mst, then F = G.

Theorem 6. Let G bean M-RTBof Sand f1, fr € G.If f1 € N(fo-T-fo)Ufo-T-fo-T-(S-
I’~...~I’-S)~I"f2],thenf1 = fo.

Proof. The proof is the same as in Theorem 2. [

Lemma 6. Let G bean M-RTBof Sand f1, fo, f3,fa € G. If f € N(f3-T-fo)U fo T+ fa-
(§-T-...-T-8)-T-f3], then fy = fyor fH = faor f1 = fa.

Proof. Theorem 2 leads to the proof. O

Definition 14. For any s1,50 € S, $1 Smrt S2 <= (S1)mrt T (S2)mrt 1S called a quasi-order
onS.

Remark 6. The order =, is not a partial order of S.

Example 4. By Example 2, (ky)mrt T (ko) mrt and (ke)mrt T (ka)mre but kg # ke. Hence, the
relation =4 is not a partial order on S.

If Fisan M-RTB of S, then (F)t = S. Lets € S. Then, s € (F) e and sos € (f1)mrt
for some f1 € F. This implies (s)urt T (f1)mre- Hence, s <yt fi.

Remark 7. If G is an M-RTB of S, then for any s € S, there exists fi € G such that s <t f1.

Lemma 7. Let G be an M-RTB of S. If f1, f» € G such that f; # fo, then neither fi <yt fo nor
f2 jmrt fl-

Proof. The proof follows from Lemma 3. [J
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Lemma 8. Let G be the M-RTB of S and f1, f2, f3 € Gands € S.

L Ifhe({fem Y UN{f2-m-fa} T-{fa-m-fs})Ulfa-7t-f3} T-{fa-7-fa}"
[-(§-T-...-T-8)-T-{fa-7- f3}], then fy = fror f1 = f3;

2. fhe({form(s1-m s e Tusn) 0-f3-01-faf UN({fo-mt-(s1-711-52-...-
7Tn'5n)'9'f3'91‘f4}'r'{f2'7'f'(51'7T1'52'-~'7Tn‘5n)'9‘f3‘91'f4})U{f2'7T'
(Sl.n’l.52.'”.7[”.571).6.f3.91.f4}.{f2.n’.(Sl.71—1.32..“.7-[71.571).9.f3.91.
Fib T (ST T-8) T {fo-mm-(51 7152 7n-5n)-0f3-01fa}], then
fi=faorfi = faor 1 = fa

Proof. The proof follows from Lemma 4. O

Lemma 9. Let G be the M-RTB of S,

1. Iffi # foand fi # f3, then fi Zmrt fo- 70 f.
2. Iffl 7éf2/f1 7éf3117”ldf1 #f4,thenf1 ﬁm”fg"e'f‘l'el'(51'7T1'52'~--'7Tn-5n)~7[-f2,
for fi, fa, f3, fa € G, m,7;,0,0; ETands; €S,i=1,2,...,n

Proof. The proof follows from Lemma 5. O

Theorem 7. Let G be the M-RTB of S, if and only if the following conditions are met by G.

1. Foranys e S,
(1.1) there exists f, € G, such that s <4 fo (or),
(1.2) there exists g1, g2 € G, such that s <yt g1 - 70+ g2 (07),
(1.3) there exists g3,94,95 € G, such that s <yt 409561 - (S1- 701 - Sp ... Ty - Sp) -
7T 83/

2. I h# fh # foand fi # fa then fi Zun fo - 70 f3, for any fu, fo, f3 € G,

3. Iffl ;éfz,fl #fg,,di’ldfl #f4, thenf1 ﬁmrt f3'9'f4-91 . (Sl cT01 S ... Ty 'Sn)'
7T fo, forany f1, fo, f3, fa € G,s;i € Sand ;, m,0,0; €T, i =1,2,...,n.

Proof. Theorem 3 leads to the proof. [

Theorem 8. Let G be an M-RTB of S. Then, G is an ordered I'-subsemigroup of S, if and only if
Q1 TT-Qr=g10rg1 -7 -9 =g, forany 1,3 € Gand wt € I

Proof. The proof is the same as Theorem 4. []

5. Conclusions

Several characterizations of the M-LTB (RTB) of an ordered I'-semigroup are described
in this article. Our discussion has focused on some of their fundamental characteristics and
has also examined some of them using the M-tri-ideal generator. We presented the M-LTB
(RTB) of an ordered I'-semigroup, which was constructed from an ordered I'-semigroup
element and subset. At the end of our discussion, we explored the relationship between
partial order and the M-LTB (RTB). In the future, we plan to explore a few more types of
tri-basis and tri-M-basis. Our study will examine their research on I'-hyper semigroups
using bi-basis and M-bi-basis.
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