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Abstract: This paper presents the uniform concentration inequality for the stochastic integral of
marked point processes. We developed a new chaining method to obtain the results. Our main
result is presented under an entropy condition for partitioning the index set of the integrands. Our
result is an improvement of the work of van de Geer on exponential inequalities for martingales
in 1995. As applications of the main result, we also obtained the uniform concentration inequality
of functional indexed empirical processes and the Kakutani-Hellinger distance of the maximum
likelihood estimator.
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1. Introduction

Concentration inequalities play essential roles in probability and statistics. For a long
time, many authors have studied concentration inequalities. The reader may refer to classic
books by Boucheron et al. [1], Bercu et al. [2], and so on. In particular, there has been a
renewed interest in uniform concentration inequalities in the last three decades. Uniform
concentration inequalities are significant for statistical learning and related fields. Some
classical ideas and results can be found in the work by Bartlett and Mendelson [3,4].

A collection of random variables {; };cT, where t belongs to a certain index set T, can
be regarded as a stochastic process. The study of uniform concentration inequalities is
focused on the supremum of specific stochastic processes. Some significant theorems on
the supremum of stochastic processes are presented in the work by Talagrand [5]. However,
most of the results in this work are on the expectation of the supremum. Therefore, the tail
probability is another crucial problem in studying the supremum of stochastic processes. In
this paper, we studied the uniform concentration inequality of the stochastic integral of the
marked point process. Specifically, we want to find the upper bound of the tail probability
of the supremum of a class of martingales.

Before our work, most results of uniform concentration inequalities are on the tail
inequalities for the suprema of empirical processes, or more precisely, for empirical process
indices by functions. As far as we know, one of the most important and earliest results
of uniform concentration inequality is Talagrand’s seminal work [6]. Inspired by Tala-
grand’s work, exponential inequalities for bounded empirical processes were obtained
by Massart [7] and by Klein and Rio [8]. The derivation of these results relies on the
entropy method, which provides an alternative approach. Furthermore, exponential tail
bounds for unbounded functional indexed empirical processes are given by Adamczak
in [9] and by Lederer and van de Geer in [10]. Recently, Chen and Wu obtained the uniform
concentration inequality for empirical processes of linear time series in [11].

The deviation of uniform concentration inequalities usually relies on the chaining
method and some metrics in the index set. The fundamental idea of chaining is to replace
the index set with a sequence of finite approximations. Thus, the upper bound of the tail
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probability of suprema is determined by the sizes of finite approximations and the distance
between approximations. In addition, the choice of the metric in the index can impact
the final result. We developed a new approach to drive uniform concentration inequality
(independent of metrics). In this paper, we obtained the upper bound of the tail probability
of the stochastic integral of the marked point process. On the one hand, the stochastic
integral of marked point processes is an essential example of purely discontinuous local
martingales, which play important roles in mathematical finance and stochastic analysis.
On the other hand, the stochastic integral of marked point processes is a generalization
of functional indexed empirical processes. We present a new inequality of the functional
indexed empirical processes in Section 4 as a corollary of our main result.

The rest of the paper is organized as follows. Section 2 provides some mathematical
materials and methods, which can be used in the presentation and the proof of our main
result. Next, we make some necessary assumptions and then state our main result in
Section 3. The proof of the main result is also given in Section 3, which consists of several
lemmas and propositions. Next, some applications will be shown in Section 4. Finally, the
conclusion and suggestions for future research are presented in Section 5. Throughout this
paper, we will use c1, ¢y, - - - to denote some universal positive constants, which may differ
from section to section.

2. Mathematical Materials and Methods

In this section, we provide some mathematical materials and methods, which can be
used in the presentation and the proof of our main result.

Let (Q), F, (Ft)s=0, P) be a stochastic basis. A stochastic process M = (M;);> is called
a purely discontinuous local martingale if My = 0 and M is orthogonal to all continuous
local martingales. The reader may refer to the classic book by Jacod and Shiryayev [12] for
more information. Stochastic integrals of marked point processes are essential examples of
purely discontinuous local martingales.

We shall restrict ourselves to the integer-valued random measure # on R4 x R induced
by a R} x R-valued marked point process. In this paper, let (T, Zx), k > 1, be a marked
point process, and define

u(dt, dx) = Z 147, <00} €Ty, 7,) (A1, dx), (1)
k>1

where g1, 7, ) is the Dirac measure at point (T, Zx), 11, <c0} is the indicator function of
the set {Ty < oo}. Then p(w;[0,t] x R) < co forall (w,t) € A xR. Let O = Q x R} x R,
P = P ® B, where B is a Borel o-field on R and P a o-field generated by all left continuous
adapted processes on Q) x R. The predictable function is a P-measurable function on
Q. Let v be the unique predictable compensator of y (up to a P-null set). Namely, v is a
predictable random measure, such that for any predictable function W, Wy — W xvisa
local martingale, where W * y is defined by

fo g W u(ds,dx), 1ff0 Jg [W(s, x)|pu(ds,dx) <

400 otherwise.

W sy =

Note the v admits the disintegration
v(dt,dx) = dAK(w, t;dx), )

where K(-, -) is a transition kernel from (Q x R, P) into (R, B), and A = (A¢)s>0 is an
increasing cadlag predictable process. For y in (1), which is defined through the marked
point process, v admits

dt dx Z ml{t<Tn+l}Gn(dt/ dx),

n>1
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where G, (w, ds, dx) is a regular version of the conditional distribution of (T,41, Z,+1) with
respect to 0{Ty,Z1,- -, Ty, Z,}. In particular, if F,(dt) = G,(dt x R), the point process
N = Y;>11j1, 00) has the compensator C; = v([0, | x R), which satisfies

JPERYAY; 1
=y /O s e P (8)

n>1

Throughout the whole paper, we assume that A = (A¢)>0 is a continuous process.

Next, let us consider the uniform concentration inequality for a family of stochastic
integrals of predictable processes with respect to the marked point process. Let G be an
index setand W = {W¢ : ¢ € G} a family of predictable functions on Q) x Ry x R. Fix
aT > 0, denote X8 = W& x (u — v)r. In this paper, we will study the tail probability of
Sup,cg | X8|. For simplicity, we assume sup, g [ X$| is measurable.

Some authors have already studied the uniform concentration inequality for sup 0cG |X8].
van de Geer first gave a inequality for sup,. | X8| in [13]. In [13], u is assumed as a counting
process, which is a simple example of the marked point process. van de Geer introduced a
metricdgin W = {W8: g€ G}

1
ol 52) = | 311 — v

where || - ||« stands for the norm of L®. Given é > 0, let {[W]‘gL, W]gu] L1 SWxWhbea
collection of pairs such that for each g € G thereexistsa j = j(g) € {1,2,-- ,m} such that:
ngL < W8 < ngu, d (W]gL, W]gu) < 4. Let ﬁ(&) be the smallest value of m for which such a

set { [W]g L, ng u] ;’7:1 exists. van de Geer [13] obtained the following result.

Theorem 1. Suppose W = {WS : g € G} is a family of bounded predictable functions on Q3 x R4 x
R. Forall g € G, there exist constants c, ¢a, €3, c4, such that W8 > ¢1,and At < ¢y,

2 v -
> / log(1 + N(6))ds
&

c3 02 /c4Ng
where dg(W8,0) < vand 0 < e < 1. Then

e2v?
P(sup|X8| > svz)) < csexp(——). 3)
g€g Ce

c5 and cg are constants.

An extension of [13] can be found in work conducted by Le Guével [14]. Wang, Lin, and
Su [15] extended van de Geer’s result to a more general case. The generic chaining method
from Talagrand [5] is employed in [15]. Suppose W = {WS : ¢ € G} is a family of bounded
predictable functions on ) x R, x R. Two metrics are defined in [15] as follows:

d1(81,82) = |[E(WE — W&)7||e, )

da(g1,82) = /[C(WST — Ws2)7 | 5)

where E(W)r = max{0, W} x vr.

For a given metric d on G, an increasing sequence (.Ay),>1 of partitions of G is called an
admissible sequence if #.4, < 2%". Denote by A,(g) the unique element of (.A,) containing
g, and denote by Y;(A,(g)) the diameter of A, (g) under d. In addition, let
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Ya(G,d) = infsup Z 2”/“Yd(An(g))/ (6)
8€G n>0

where the infimum takes over all admissible sequences. Wang, Lin, and Su [15] obtained
the following result.

Theorem 2. Suppose W = {WS$ : g € G} is a family of bounded predictable functions on
OxRy xRanda gy € G. Then

P( Su}g? | X8 — X8| > cyu(y0(G,d2) +71(G,d1))) < cgexp(
ge

u
—5)' ()

where u > 0, ¢y, and cg are constants.

The main contribution of this paper involves extending Theorem 1 and 2 to a sharper
case. In (7), 72(G, d2) and 71 (G, d1) are difficult to compute. In this paper, we will present
our result in terms of an entropy condition for partitioning the index set of the integrands,
and we find a new approach to drive the uniform concentration inequality independent of
the metrics in the proof.

3. Main Result and Its Proof

In this section, the main result and its proof are presented. To state our main result,
we need some more notations and make some technical assumptions.

Recall that G is an index set, W = {W8 : ¢ € G} a family of predictable functions on
Q x Ry x R. Ay a positive rational number. IT = {I1(¢) },c (g ,,), is called a decreasing
series of finite partitions of G if

(i) eachII(e) ={G(ek):1 <k < Nr(e)} is a finite partition of G, namely

Nri(e)

G= | G(gk);
k=1

(ii) NH(AH) =1land limgw NH(E) = 09,
(iii) Nrp(e) > Npi(¢') ase < ¢

Given a 0 < ¢ < Ay, define
Hri(e) =log(1 + Nry(e)).

If (X, A, A) is a c—finite measure space. For a given A—measurable function F, we
denote by [F| 4 » any .A—measurable function Y such that:

(i) Y > F holds identically;
(ii) for every A—measurable function Y, if Y > F holds A—almost everywhere, then
Y > Y holds A—almost everywhere.

Now, we turn to the context of marked point processes, which plays a key role in this
paper. The Doléans measure M! on (Q), P) is given by

MP = P(dw)v(w; dt, dx).

The predictable envelope Wof W = {W¢ : ¢ € G} isdefined by W = [supeeg IWE] 5 pp-
For any subset G’ C G, define

W(G') = [ sup [WE — WS2||5 .
ngZeg/

Now, we present the main result of this paper.
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Theorem 3. Suppose W = {WS$ : ¢ € G} is a family of bounded predictable functions on
QO x Ry x R, and there exists a constant k such that 0 < W < . Furthermore,

v([0, T] X R) = Ogs.(bT).
bt is an increasing function on T. If there exists a decreasing series of finite partitions of G, such that
Nit(e) < wexp{ £
ue) < aep( 5},

for some constants « > 1, B > 0, and for some constants cq and cqg,

2 b3/2 2
{flog h2 )+ /log a( bT—L )}< ”
NG T
Then for u € (0,1),
b2
P(sup |X‘%| > szu)) < eqg exp(——). 8)
g8€g €12

where c11 and ¢y are constants.

Remark 1. Nishiyama [16,17] obtained the weak convergence of the stochastic integral of marked
point processes under entropy conditions. His results can be regarded as the extension of some
classical results of weak convergence for the empirical process, which can be found in van der Vaart
and Wellner [18]. In this paper, the uniform concentration inequality of the stochastic integral of
the marked point process is derived under the entropy condition of partitioning.

Proof of the Theorem 3. For every integer i > 0, choose an element g; ; from each partition
set G(27'br; k) such that

{gix:1<k<Nu(27'br)} C{gs1p:1 <k < Nu(2 " 'br)}
Define for every g € G,
T8 = ik
Tig = G(253),
forg € g(% ; k). Furthermore, define

W(ILg) =[ sup [W$ —Wg'l]ﬁ,MVP
g8’ €llig

Let! =min{i >1:27 < hT”} fori=0,1,---,1, write Hy; = Hn(g—f)

Set ) 2
1 - H .
ni = max{—(Ek*0 1/2’k) , i}
27b “u 2!
and a; = ]?i:zu ,1, we define

Ai(g) = 1{W(Hog)§ﬂor" W(I;_18)<a;_1 W(Il;g)<a;}

Fori=1,---,], we define

Bi(8) = Liw(tiyg)<ap, W(ITi_1g) <a; 1 W(TTig)>a;}
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and
Bo(8) = Lyw(r1yg)>a0}-
We observe the identity
1 !
W8 — W78 2 (W8 — W™i8)B;(g) + Z(ng — WTi-18) A;(g)
i=0 i=1
+(WE — WTE) A (8)-
Thus
P(sup |X§| > bTu))
8€9
b2u ! b2u
< P(sup W8k (u—v)r| > —=) +P(sup |} (W8 — W) B;(g) * (u — v)r| = = =)
g€g 4 g€G =0 4
d b2.u
+P(sup| Y (WS — W18) Ai(g) » (1~ v)r] > 1Y)
8€G i=1
- b%u
+P(sup (W8 — W) Ay(g) * (= v)1| = =)
4
8€g
= Pr+Pu+Pur+Prv.
First, if there exists a constant x, such that 0 < W < «, v([0, T] x R) = O, (br), for
x > 0, we have

2
P(IWx (u—v)r|) > x) < eXP{—m}

by Theorem 1.1 in Wang, Lin, and Su [15]. Thus, we have

by
8xu + 8ku + 32x2
bT szu
T\ —exp{Hro— -L-}.
8xbru + 322 } exP{ To C10 }

Pr < Nu(br)exp{—
< exp{Hrp —

With a proper choice of cg,

3b
STHY? < /u . /H(x)dx

< /bru iy \/loga + Bx—2dx

b iu b
< {VBlog(z—— ) + Viogalbr = 1= A )}
ARY
b%/zuz
i C10 a

thus,

b2u
P; <exp{——1-}.
€13
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Now, we consider Pyj.

(W8 — W) Bi(g) ] e < i1,

implies
i 3.2
bT bTM
P < N — ) ex — .
= I_ZO n(5r) expd Sai,leu+32a$_l}
Thanks to
l .
Y 2 'HY? < ﬂ  H dx</bu y )dx
b2u b
< {VBlog(zT—) + viogalbr — 1t n T
IZ A TT C9
b%/ZuZ
i ClO 7
and
Lod 1/2 I ! o 1/2
YUY Hrp)? < 2 22_1(2 Hrp)Y
i=1 k=0 i=1 =
S 21+l 2 H1/2 \/>l/l
>
we have
! bzu 2
Pir < ) exp{Hr;— Tcim}
i=0
'71 bun?
< ZeXP{ZHTk— }<ZEXP{ e }

i=1
2
bgui

< Ze p{*zl }_ZeXp{*f}

b2u
< ClseXP{—Cng}

For Py and Pjy, denote
(W& — WH18) A (g)]p pp < 2ai-1,

(W& = W) A1 (&)l p pp < a1,
we can obtain

b%u
P+ Prv < ¢ eXP{—a}

by similar arguments. [
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4. Applications

This section will first apply the previous result to functional index empirical processes.
Consider a discrete-time process (Y,)n>0 on(Q, F, (Fn)u>0, P). Let ¥ be the space of
measurable functions in R. For a i € ¥, define

n

X4 =Y (p(Vi) — E(@(Vi)| Fi1))- )

k=1
Obviously, for each ¢, {X,lf }n>0 is a discrete-time martingale. We can study the concentra-

tion inequality by considering X} as a stochastic integral of i with respect to a marked
point process. In fact, let i(k, x) = ¢(xx), then XY can be written as

X§ =1 (=), (10)

where

p(dt,dx) =) ey, (dt dx),
k=1

v is the compensator of y. A simple computation shows

n

Y v(dt,dx)y = Y E[p (V)| Fral. (11)

k=1
By Theorem 3.1 in Wang Lin and Su [15]

x2

X + by

P(IXY| > x) < exp{— 1.

as a consequence of Theorem 3, we have

Theorem 4. Suppose ¥ = {} is a family of bounded measurable functions on R, and || < 1.
Furthermore,

kfl E[9 ()| Fe 1] = One. ().

by, is an increasing function on n. If there exists a decreasing series of finite partitions of ¥, such that

Nie) < wexp{ 5},

for some constants « > 1, B > 0, and for some constants cyy and cy3,

by Vu by, b3/242
{V/Blog( ) +Vloga(bn — =N )} < ,
biu A by c3 4 22
C23 4
Then for u € (0,1),
b2u
P(sup [X}| > b3u)) < coexp(—-"=). (12)
pey €25

where cy4 and cos5 are constants.

Furthermore, we consider the nonparametric maximum likelihood estimator below.
Let P = {Py,0 € ©} be a family of probability measures on (R, B). We assume that each Py
is absolutely continuous with respect to the Lebesgue measure, and we denote the density
function of Py by fp, namely fy = ‘%‘9, 0co.
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Now we are given a )y € © with fg > 0, and we want to make an estimate for 6. Let

X1, X3, - - be asequence of i.i.d. observations from Py . Define the empirical distribution
1 n
== Z Ox, (13)
=

on the basis of the first n observations, where J, stands for delta measure.
The widely used maximum likelihood estimator 0, of 8 is defined by

[ 108(75, )P, = max [ log(fy)dP. (14)

The Kakutani-Hellinger distance is used to compute the distance between two prob-
ability measures. In particular, for any two probability measures P; and P, with density
functions f and f, on (R, B), the Kakutani-Hellinger distance h( fi, f2) is defined by

() =5 [ (A - R (15)

We shall give the rate of convergence for f; to fg, by means of h2( o, fo,) below.
Note [ fodx = [ fg,dx, and log(1+ x) < x for any x > —1,

0 < ;/Rlogj;:dPn_/< jizo ~1)dp,

L2 - - [ ()~ i, -

/R( ;22 *1)d(Pn*P90)+/ﬂ%\/fénf90dx7%./E%(fén+f90)dx
— /R( J;j;—1)d(Pn—P90)—hz(fén,fgo). (16)

Then for any x > 0, we have

P(h*(fs,. fo,) = x) < P(/R( J;Z —1)d(Pn—P90) > x)
fo
< P(Slelg A (\/790 )d(Pn — Py,) > x).

LetG = {gp:=,/ fo —1, 0 € ©}, and note gp, = 0. Since X1, X, - - -, is a sequence

foo

of i.i.d. samples from Py, then

/. (\/;E— 1)d(P,—Py,) =

i (80(Xx) — Ego(Xx))

X8,

S| :\»—\

At last, we have the following result.
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Theorem 5. Suppose G = {gg := j{%" —1, 6 € ©} is a family of bounded measurable functions
0

on R, and |gg| < 1. Furthermore,

n
Z [86(Xk)] = O(bn),
by, is an increasing function on n. If there exists a decreasing series of finite partitions of ¥, such that

Nie) < aexp( 5},

for some constants & > 1, B > 0, and for some constants cyg and cyy,

bn bg/ZuZ
{V/Blog( bz ) + /log a(by N ST
/\ 26
Co7 4
Then for u € (0,1),
2 2 nb%u
P(h (fén,fgo) Z nbnu)) S Co8 exp(f c29 ) (17)

where cyg and cpg are constants.

Remark 2. The uniform concentration inequality of the functional index empirical processes and
the Kakutani—Hellinger distance of the maximum likelihood estimator were studied by Wang, Lin,
and Su [15]. We give our new inequalities for these two particular cases in Theorems 4 and 5.

5. Conclusions

This paper explores the uniform concentration inequality for the stochastic integral
of the marked point process. We can obtain an upper bound of tail probability for the
supremum of a class of purely discontinuous local martingales. In other words, our result
implies that the supremum of a class of stochastic integrals with respect to marked point
processes has a sharp bound in high probability. Our inequality is an extension of classical
results on uniform concentration inequalities for functional indexed empirical processes.
Furthermore, the deviation of our inequality is a new approach to drive the uniform
concentration inequality under an entropy condition for partitioning the index set. Thus,
our result is independent of metrics in the index set.

Several issues can be further explored. First, the assumption imposed on the entropy
can be relaxed to a more general case. Different entropy conditions can give other tail
bounds of the suprema of stochastic processes. Furthermore, it would be an interesting
future topic to extend the chaining method developed in this paper to obtain a concentration
around the mean for the maxima of the stochastic integral for the marked point process.
Such results in empirical processes have been studied by Klein and Rio [8] and by Lederer
and van de Geer [10]. It is also worthwhile to further explore the application of uniform
concentration inequalities in statistical learning.
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