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Abstract: This paper aims to seek soliton solutions for the nonlocal generalized Sasa–Satsuma
(gSS) equation by constructing the Darboux transformation (DT). We obtain soliton solutions for
the nonlocal gSS equation, including double-periodic wave, breather-like, KM-breather solution,
dark-soliton, W-shaped soliton, M-shaped soliton, W-shaped periodic wave, M-shaped periodic
wave, double-peak dark-breather, double-peak bright-breather, and M-shaped double-peak breather
solutions. Furthermore, interaction of these solitons, as well as their dynamical properties and
asymptotic analysis, are analyzed. It will be shown that soliton solutions of the nonlocal gSS equation
can be reduced into those of the nonlocal Sasa–Satsuma equation. However, several of these properties
for the nonlocal Sasa–Satsuma equation are not found in the literature.

Keywords: nonlocal generalized Sasa–Satsuma equation; Darboux transformation; KM-breather
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1. Introduction

Ablowitz and Musslimani proposed the nonlocal reverse space nonlinear Schrödinger
(NLS) equation [1]

iqt(x, t) + qxx(x, t)± 2q2(x, t)q∗(−x, t) = 0, (1)

where ∗ denotes a complex conjugate. Soliton solutions to Equation (1) have been discussed
by inverse scattering transform and Darboux transformation [1–5]. It is interesting that
the nonlocal NLS equation has many properties different from the NLS equation, e.g.,
the nonlocal NLS equation can simultaneously exist as both bright and dark solitons [3]
and has solutions with periodic singularities [1]. Since then, the research on integrable
nonlocal equations, including nonlocal reverse space, nonlocal reverse time, and nonlocal
reverse space–time, has received more and more attention. Nonlocal versions of many
important integrable equations have been studied, such as the nonlocal sine Gordon
equation [2], nonlocal mKdV equation [6,7], nonlocal complex mKdV equation [8], nonlocal
Sasa–Satsuma equation [9], nonlocal Davey–Stewartson equation [10,11], etc.

Very recently, Geng and Wu introduced a generalized Sasa–Satsuma equation [12]

ut + uxxx − 3(2a|u|2ux + 2bu2ux + au(|u|2)x + b∗u∗(|u|2)x) = 0, (2)

where a is real constant and b is complex constant satisfying |a| 6= |b|. Soliton solutions
by the Riemann–Hilbert method and long-time asymptotic behavior of Equation (2) were
studied in [12,13]. Under the variable transformations

u(x, t) = q(X, T)exp
{
− i

6
(X− T

18
)

}
, t = T, x = X− T

12
, (3)
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gSS Equation (2) becomes

iqT +
1
2

qXX − aq|q|2 + iqXXX − 3ia(2qX |q|
2 + q(|q|2)X ) (4)

− 3ie
i
3 (X− T

18 )

(
be−

2i
3 (X− T

18 )(2q2qX −
i
3

q3) + b∗q∗(|q|2)X

)
= 0,

It is obvious that Equation (4) with b = 0 is just the Sasa–Satsuma equation [14]. As a
high-order NLS equation, the Sasa–Satsuma equation describes the propagation of fem-
tosecond pulses in optical fibers [15]. Equation (2) is really a generalized Sasa–Satsuma
equation. Inspired by the research work of the nonlocal NLS equation and nonlocal
Sasa–Satsuma equation, in this paper, we investigate the following nonlocal generalized
Sasa–Satsuma equation:

ut + uxxx − 3ε[2auuxu∗(−x,−t) + au(uu∗(−x,−t))x + 2bu2ux + b∗u∗(−x,−t)(uu∗(−x,−t))x] = 0, (5)

where aε = −1 represents the focusing case, and aε = 1 stands for the defocusing case. The
nonlocal generalized Sasa–Satsuma Equation (5) was proposed in ref. [16], in which the
soliton solution of nonlocal integrable equation

qt + qxxx + 3aq((qq(−x,−t))x + 2qxq(−x,−t))− 6bq2qx − 3b∗q(−x,−t)(qq(−x,−t))x = 0

is obtained by the Riemann–Hilbert method. It is clear that the nonlocal gSS Equation (5)
is different from the last equation. We will construct Darboux transformation and soliton
solutions for the nonlocal gSS equation. In Ref. [9], a nonlocal Sasa–Satsuma equation

ut + uxxx + 3ε(2uu∗(−x,−t)ux + u(uu∗(−x,−t))x) = 0 (6)

was introduced and investigated. Its soliton solutions were obtained using the Darboux
transformation, including dark soliton, W-shaped soliton, M-shaped soliton, and breather
soliton. We should remark here that when a = −1, b = 0, the nonlocal gSS Equation (5)
reduces to the nonlocal Sasa–Satsuma Equation (6); when a = 0, b = −1, the nonlocal gSS
(5) can yield a new nonlocal complex modified KdV-type equation

ut + uxxx + 3ε(2u2ux + u∗(−x,−t)(uu∗(−x,−t))x) = 0. (7)

In this paper, we will give the constructions of the N-fold Darboux transformation
and soliton solutions for the nonlocal gSS Equation (5), including double-periodic wave,
breather-like, KM-breather solution, dark soliton, W-shaped soliton, M-shaped soliton,
W-shaped periodic wave, M-shaped periodic wave, double-peak dark-breather, and bright-
breather. Furthermore, interaction of these solitons, as well as their dynamical and asymp-
totic properties, are analyzed. The reduction of soliton solutions of nonlocal gSS Equation (5)
yields the soliton solutions for nonlocal Sasa–Satsuma Equation (6) and nonlocal complex
modified KdV-type Equation (7). We would emphasize here that breather-like, KM-breather,
W-shaped periodic wave, M-shaped periodic wave, double-peak dark-breather, and double-
peak bright-breather for the nonlocal Sasa–Satsuma Equation (6) have not been discussed
in the literature.

This paper is organized as follows: In Section 2, the N-fold Darboux transformation
of the nonlocal gSS Equation (5) is constructed. We obtain the soliton formulas for the
nonlocal gSS equation. In Section 3, using the Darboux transformation, various 1-soliton
and 2-soliton solutions for the nonlocal gSS equation are derived. Further, the dynamical
and asymptotic behavior of these solutions are analyzed. Finally, Section 4 is devoted
to conclusions.
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2. Darboux Transformation for the Nonlocal gSS Equation (5)

In this section, we construct the N-fold Darboux transformation of the gSS Equation (5).
The linear spectral problem of the nonlocal gSS Equation (5) can be written as

Ψx = U(λ, Q)Ψ, Ψt = V(λ, Q)Ψ, (8)

U(λ, Q) = iλΛ + Q, V(λ, Q) = 4iλ3Λ + 4λ2Q + 2iλ(Q2 + Qx)Λ + QxQ−QQx −Qxx + 2Q3,

where Ψ = (ψ1(x, t), ψ2(x, t), ψ3(x, t))T is an eigenfunction, λ is the spectral parameter, and

Q =

 0 0 u
0 0 εu∗(−x,−t)

ε(au∗(−x,−t) + bu) au + b∗u∗(−x,−t) 0

, Λ = diag(1, 1,−1).

Suppose that |yj〉 = (ψ
(j)
1 , ψ

(j)
2 , ψ

(j)
3 )T is an eigenfunction for the spectral problem (8) at

λ = λj, then |ηj〉 = (ψ̃
(j)
2 , ψ̃

(j)
1 ,−εψ̃

(j)
3 )† is also an eigenfunction of the spectral problem (8) at

λ = λ∗j , where † represents the complex conjugate transpose and ψ̃j = ψj(−x,−t). It can be
checked that 〈θj| = 〈yj(−x,−t)|J is an eigenfunction to the adjoint problem of Equation (5)

〈θj|x = −〈θj|U, 〈θj|t = −〈θj|V (9)

at λ = λ∗j , where

J =

 aε b∗ 0
b aε 0
0 0 1

, 〈yj(−x,−t)| = |yj〉†(−x,−t).

We obtain our main result for the construction of the N-fold Darboux transformation to the
nonlocal gSS Equation (5).

Theorem 1. Under the gauge transformation

Ψ(N) = T(N)Ψ, T(N) = I −KNW−1
N Γ(KN), (10)

where

KN = (|y1〉, |η1〉, |y2〉, |η2〉, · · · |yN〉, |ηN〉) , (K1, K2, · · · , KN), (11)

WN =


Ω(K1, K1) Ω(K1, K2) · · · Ω(K1, KN)
Ω(K2, K2) Ω(K2, K2) · · · Ω(K2, KN)

...
...

. . .
...

Ω(KN , K1) Ω(KN , K2) · · · Ω(KN , KN)

, Γ(KN) =


Γ(K1)
Γ(K2)

...
Γ(KN)

,

Ω(Kk, Kj) =

 〈yk(−x,−t)|J|yj〉
−λ∗k−λj

〈yk(−x,−t)|J|ηj〉
−λ∗k−λ∗j

〈ηk(−x,−t)|J|yj〉
−λk−λj

〈ηk(−x,−t)|J|ηj〉
−λk−λ∗j

, Γ(Kk) =

 〈yk(−x,−t)|J
−λ∗k−λ

〈ηk(−x,−t)|J
−λk−λ

, 1 ≤ k, j ≤ N,

the spectral problem (8) converts into a new spectral problem

Ψ(N)
x = U(N)(λ, Q(N))Ψ(N), Ψ(N)

t = V(N)(λ, Q(N))Ψ(N), (12)

where
Q(N) = Q + i

[
KNW−1

N K̃†
NJ, Λ

]
. (13)

We can draw the conclusion that the structures of matrices U(N)(λ, Q(N)), V(N)(λ, Q(N)) are
same as the matrices U(λ, Q), V(λ, Q). This means that u(x, t) is a solution corresponding to
eigenfunction ψ for the nonlocal gSS Equation (5), and then u(N)(x, t) is a solution corresponding to
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eigenfunction ψ(N) for the nonlocal gSS Equation (5). The relation between the potential u(N)(x, t)
and the potential u(x, t) is given by

u(N) = u− 2ih1W−1
N h̃†

3, (14)

where

h1 = (ψ
(1)
1 , ψ̃

(1)∗
2 , ψ

(2)
1 , ψ̃

(2)∗
2 , · · · , ψ

(N)
1 , ψ̃

(N)∗

2 ),

h3 = (ψ
(1)
3 ,−εψ̃

(1)∗
3 , ψ

(2)
3 ,−εψ̃

(2)∗
3 , · · · , ψ

(N)
3 ,−εψ̃

(N)∗

3 ).

Proof. Through a direct calculation, we have ΛJ = JΛ, Q̃†J = JQ and ΛQ = −QΛ. Then
we can verify following equations:

(〈yk(−x,−t)|J|yj〉)x = i(λ∗k + λj)〈yk(−x,−t)|JΛ|yj〉,
(〈yk(−x,−t)|J|ηj〉)x = i(λ∗k + λ∗j )〈yk(−x,−t)|JΛ|yj〉,
(〈ηk(−x,−t)|J|yj〉)x = i(λk + λi)〈ηk(−x,−t)|JΛ|yj〉,
(〈ηk(−x,−t)|J|ηj〉)x = i(λk + λ∗j )〈ηk(−x,−t)|JΛ|yj〉, k, j = 1, 2, 3, ...N.

With a direct calculation, we have

D†
NΓ(KN) + λΓ(KN) = −K̃†

NJ, WN D†
N + DNWN = −W−1

N K̃†
NJKNW−1

N , (15)

KN,x = iΛKN DN + QKN , (Γ(KN)Ψ)x = −iK̃†
N(−x,−t)JΛΨ,

WN,x = −iK̃†
N(−x,−t)JΛKN , DN = diag(λ1, λ∗1 , λ2, λ∗2 , ..., λN , λ∗N),

and then we get

Ψ(N)
x = (iλΛ + Q)Ψ−KN,xW−1

N Γ(KN)Ψ−KNW−1
N (Γ(KN)Ψ)x +KNW−1

N WN,xW−1
N Γ(K1)Ψ

= (iλΛ + Q)Ψ− iΛKN DNW−1
N Γ(KN)Ψ−QKNW−1

N Γ(KN)Ψ + iKNW−1
N K̃†

NJΛΨ

− iKNW−1
N K̃†

NJΛKNW−1
N Γ(KN)Ψ

= (iλΛ + Q)Ψ + iΛKN(W−1
N K̃†

NJKNW−1
N + W−1

N D†
N)Γ(KN)Ψ−QKNW−1

N Γ(KN)Ψ

+ iKNW−1
N K̃†

NJΛΨ− iKNW−1
N K̃†

NJΛKNW−1
N Γ(KN)Ψ

= (iλΛ + Q)Ψ−QKNW−1
N Γ(KN)Ψ + iΛKNW−1

N K̃†
NJKNW−1

N Γ(KN)Ψ− iλΛKNW−1
N Γ(KN)Ψ

− iΛKNW−1
N K̃†

NJΨ + iKNW−1
N K̃†

NJΛΨ− iKNW−1
N K̃†

NJΛKNW−1
N Γ(KN)Ψ

= (iλΛ + Q + iKNW−1
N K̃†

NJΛ− iΛKNW−1
N K̃†

NJ)(I −KNW−1
N Γ(KN))Ψ

= (iλΛ + Q(N))Ψ(N) = U(N)Ψ(N).

Let us show that the potential Q(N) has the same structure with the potential Q. Taking
Θ = KNW−1

N K†
NJ, Equation (13) can be rewritten as

Q(N) =

 0 0 u− 2iΘ13
0 0 εu∗(−x,−t)− 2iΘ23

ε(au∗(−x,−t) + bu) + 2iΘ31 au + b∗u∗(−x,−t) + 2iΘ32 0

,

where

Θ13 = −

∣∣∣∣ WN h̃†
3

h1 0

∣∣∣∣
|WN |

, Θ31 = −
εa
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ b
∣∣∣∣ WN h̃†

2
h3 0

∣∣∣∣
|WN |

,

Θ23 = −

∣∣∣∣ WN h̃†
3

h2 0

∣∣∣∣
|WN |

, Θ32 = −
b∗
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ εa
∣∣∣∣ WN h̃†

2
h3 0

∣∣∣∣
|WN |

,
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with

h2 = (ψ
(1)
2 , ψ̃

(1)∗

1 , ψ
(2)
2 , ψ̃

(2)∗

1 , · · · , ψ
(N)
2 , ψ̃

(N)∗

1 ).

Note that

〈ηk(−x,−t)|J|ηj〉 = 〈yj(−x,−t)|J|yk〉,
〈ηk(−x,−t)|J|yj〉 = 〈ηj(−x,−t)|J|yk〉,
〈yk(−x,−t)|J|ηj〉 = 〈yj(−x,−t)|J|ηk〉,

we thus have Ω(Kk, Kj) = Ω̃(Kj, Kk)
† and WN = W̃†

N. By setting a 2N× 2N permutation matrix

A =


0 1 · · · 0 0
1 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 1
0 0 · · · 1 0

,

we have h2 = h̃1 A, h3 = −εh̃3 A and AWN A = WT
N . With these identities, we obtain∣∣∣∣ WN h̃†

3
h2 0

∣∣∣∣ = ∣∣∣∣ AWT
N A −εAhT

3
h∗1 A 0

∣∣∣∣ = ∣∣∣∣ WT
N −εhT

3
h̃∗1 0

∣∣∣∣ = −ε

∣∣∣∣ WN h̃†
1

h3 0

∣∣∣∣
εa
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ b
∣∣∣∣ WN h̃†

2
h3 0

∣∣∣∣ = εa
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ b
∣∣∣∣ WN h̃†

3
h1 0

∣∣∣∣
b∗
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ εa
∣∣∣∣ WN h̃†

2
h3 0

∣∣∣∣ = b∗
∣∣∣∣ WN h̃†

1
h3 0

∣∣∣∣+ εa
∣∣∣∣ WN h̃†

3
h1 0

∣∣∣∣
and

Θ23 = −εΘ̃∗13, Θ31 = ε(aΘ̃∗ − bΘ13), Θ32 = −aΘ13 + b∗Θ̃∗.

Clearly, we can see that the potential Q(N) has the same structure with the potential Q.
We thus have showed that the structure of the matrix U(N)(λ, Q(N)) is the same as the
matrix U(λ, Q).

Next we will prove that the structure of the matrix V(N)(λ, Q(N)) is the same as the
one of V(λ, Q). A long but direct computation yields

(〈yk(−x,−t)|J|yj〉)t = 〈yk(−x,−t)|J(4i(λ∗3k + λ3
j )Λ− 4(λ∗2k − λ2

j )Q + 2i(λ∗k + λj)(Q2 + Qx)Λ)|yj〉,

(〈yk(−x,−t)|J|ηj〉)t = 〈yk(−x,−t)|J(4i(λ∗3k + λ∗3j )Λ− 4(λ∗2k − λ∗2j )Q + 2i(λ∗k + λ∗j )(Q
2 + Qx)Λ)|ηj〉,

(〈ηk(−x,−t)|J|yj〉)t = 〈ηk(−x,−t)|J(4i(λ3
k + λ3

j )Λ− 4(λ2
k − λ2

j )Q + 2i(λk + λj)(Q2 + Qx)Λ)|yj〉,

(〈ηk(−x,−t)|J|ηj〉)t = 〈ηk(−x,−t)|J(4i(λ3
k + λ∗3j )Λ− 4(λ2

k − λ∗2j )Q + 2i(λk + λ∗j )(Q
2 + Qx)Λ)|ηj〉,

and

KN,t = 4iΛKN D3
N + 4QKN D2

N + 2i(Q2 + Qx)ΛKN DN + (QxQ−QQx −Qxx + 2Q3)KN , (16)

WN,t = −4iD†2
N K̃†

NJΛKN − 4iK̃†
NJΛKN D2

N + 4iD†
NK̃†

NJΛKN DN + 4D†
NK†

NJQKN

− 4K̃†
NJQKN DN − 2iK†

NJ(Q2 + Qx)ΛKN ,

(Γ(KN)Ψ)t = −4iλ2K̃†
NJΛΨ + 4iλD†

NK̃†
NJΛΨ− 4iD†2

N K̃†
NJΛΨ− 4λK̃†

NJQΨ

+ 4D†
NK̃†

NJQΨ− 2iK̃†
NJ(Q2 + Qx)ΛΨ.

By using relation Equations (13), (15) and (16), we have
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(Q(N)2 + Q(N)
x )Λ = (Q2 + Qx)Λ + 2iQKNW−1

N K̃†
NJ− 2iKNW−1

N K̃†
NJQ− 2ΛKN DNW−1

N K̃†
NJ

− 2KNW−1
N D†

NK̃†
NJΛ− 2KNW−1

N K̃†
NJΛKNW−1

N K̃†
NJ,

Q(N)
x Q(N) −Q(N)Q(N)

x −Q(N)
xx + 2Q(N)3

= QxQ−QQx −Qxx + 2Q
3 − 2i(Q2 + Qx)ΛKNW−1

N K†
NJ

+ 2iKNW−1
N K̃†

NJ(Q2 + Qx)Λ− 4KNW−1
N K̃†

NJQKNW−1
N K̃†

NJ− 4K1W−1
N D†

NK̃†
NJQ

− 4iKNW−1
N K̃†

NJΛKN DNW−1
N K̃†

NJ + 4iKNW−1
N D†

NK̃†
NJΛKNW−1

N K̃†
NJ

− 4QKN DNW−1
N K̃†

NJ + 4iKNW−1
N D†2

N K̃†
NJΛ− 4iΛKN D2

NW−1
N K̃†

NJ.

Furthermore, we have

Ψ(N)
t = (4iλ3Λ + 4λ2Q + 2iλ(Q2 + Qx)Λ + QxQ−QQx −Qxx + 2Q3)Ψ−KN,tW−1

N Γ(KN)Ψ

+KNW−1
N WN,tW−1

N Γ(KN)Ψ−KNW−1
N (Γ(KN)Ψ)t

= (4iλ3Λ + 4λ2Q + 2iλ(Q2 + Qx)Λ + QxQ−QQx −Qxx + 2Q3)Ψ− 4iΛKN D3
NW−1

N Γ(KN)Ψ

− (4QKN D2
N + 2i(Q2 + Qx)ΛKN DN + (QxQ−QQx −Qxx + 2Q3)KN)W−1

N Γ(KN)Ψ

−KNW−1
N (4iD†2

N K̃†
NJΛKN + 4iK̃†

NJΛKN D2
N − 4iD†

NK†
NJΛKN DN − 4D†

NK̃†
NJQKN

+ 4K̃†
NJQKN DN + 2iK̃†

NJ(Q2 + Qx)ΛKN)W−1
N Γ(KN)Ψ +KNW−1

N (4iλ2K̃†
NJΛΨ

− 4iλD†
NK̃†

NJΛΨ + 4iD†2
N K̃†

NJΛΨ + 4λK̃†
NJQΨ− 4D†

NK̃†
NJQΨ + 2iK̃†

NJ(Q2 + Qx)ΛΨ)

= (4iλ3Λ + 4λ2(Q + iKNW−1
N K̃†

NJΛ− iΛKNW−1
N K†

NJ) + 2iλ((Q2 + Qx)Λ

+ 2iQKNW−1
N K̃†

NJ− 2iKNW−1
N K̃†

NJQ− 2ΛKN DNW−1
N K̃†

NJ− 2KNW−1
N K̃†

NJΛK1W−1
N K̃†

NJ

− 2KNW−1
N D†

NK̃†
NJΛ) + QxQ−QQx −Qxx + 2Q

3 − 2i(Q2 + Qx)ΛKNW−1
N K̃†

NJ

+ 2iKNW−1
N K̃†

NJ(Q2 + Qx)Λ− 4KNW−1
N K̃†

NJQKNW−1
N K̃†

NJ− 4K1W−1
N D†

NK̃†
NJQ

− 4iKNW−1
N K̃†

NJΛKN DNW−1
N K̃†

NJ + 4iKNW−1
N D†

NK̃†
NJΛKNW−1

N K̃†
NJ

− 4QKN DNW−1
N K̃†

NJ + 4iKNW−1
N D†2

N K̃†
NJΛ− 4iΛKN D2

NW−1
N K̃†

NJ)(I −KNW−1
N Γ(KN))Ψ

= (4iλ3Λ + 4λ2Q(N) + 2iλ(Q(N)2
+ Q(N)

x )Λ + Q(N)
x Q(N) −Q(N)Q(N)

x −Q(N)
xx + 2Q(N)3

)Ψ(N),

= V(N)Ψ(N).

This completes the proof of the theorem.

3. Periodic Wave Solution, Breather-like, and Breather Solutions for Equation (5) with
the Zero Seed Solution

In the section, we derive the periodic wave, breather-like, breather solution, and their
interaction solution for the nonlocal gSS Equation (5) through the Darboux transformation.
We also give the asymptotic analysis for the 2-breather solution.

For the zero seed solution u = 0, solving spectral problem (8) at λ = λk, we obtain an
eigenfunction of the spectral problem (8) as follows:

ψ
(k)
1 = c3k−2eµk , ψ

(k)
2 = c3k−1eµk , ψ

(k)
3 = c3ke−µk , µk = iλk(x + 4λ2

kt), k = 1, 2, . . . , N, (17)

where cj (j = 1, 2, · · · , 3N) are complex constants.

3.1. Double Periodic Solution, 1-Breather-like, and Breather Solutions

Let us give the one-fold Darboux transformation. When N = 1, the DT can be
presented as
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T(1) = I − 1
A2

1−B1 B̃∗1

 ψ
(1)
1 ψ̃

(1)∗
2

ψ
(1)
2 ψ̃

(1)∗

1

ψ
(1)
3 −εψ̃

(1)∗
3

( A1 −B1
−B̃∗1 A1

) ψ̃
(1)∗
1

−λ−λ∗1

ψ̃
(1)∗
2

−λ−λ∗1

ψ̃
(1)∗
3

−λ−λ∗1
ψ
(1)
2

−λ−λ1

ψ
(1)
1

−λ−λ1
−ε

ψ
(1)
3

−λ−λ1

J, (18)

where

A1 =
aε(ψ

(1)
1 ψ̃

(1)∗
1 +ψ

(1)
2 ψ̃

(1)∗
2 )+bψ

(1)
1 ψ̃

(1)∗
2 +b∗ψ̃(1)∗

1 ψ
(1)
2 +ψ

(1)
3 ψ̃

(1)∗
3

−λ∗1−λ1
,

B1 =
2aεψ̃

(1)∗
1 ψ̃

(1)∗
2 +b∗ψ̃(1)∗2

1 +bψ̃
(1)∗2
2 −ψ̃

(1)∗2
3

−2λ∗1
, B̃∗1 = B∗1 (−x,−t),

and the solution for the nonlocal gSS Equation (5) can be given as

u(1) =
2i(A1(εψ̃

(1)∗
2 ψ

(1)
3 − ψ

(1)
1 ψ̃

(1)∗
3 )− εB1ψ

(1)
1 ψ

(1)
3 + B̃∗1 ψ̃

(1)∗
2 ψ̃

(1)∗
3 )

A2
1 − B1B̃∗1

. (19)

Case 1. Double periodic solution
When λ1 is a real number, we have µ∗1(−x,−t) = µ1(x, t), and the solution of the

nonlocal gSS Equation (5) can be written as

u(1) = 4iL1
L2e2µ1+2εL3e−2µ1

, (20)

L1 = λ1(|c1|2 − |c2|2)(c∗3(εac1 + b∗c2) + c∗3(ac∗2 + εb∗c∗1)), L2 = (a2 − |b|2)(|c1|2 − |c2|2)2,

L3 = (a|c1c∗3 + εc∗2c3|2 + Re[b(c1c∗3 + εc∗2c3)
2]).

When a = −1, b = 0, this solution reduces to the one for the nonlocal Sasa–Satsuma
Equation (6). It can be seen that this solution is a double periodic wave. The periods
in space and time are π

2λ3
1

and 2π
λ1

, respectively. The solution reaches the peak value and

valley value

|u(1)|max = max{
∣∣ 4L1

L2e2µ1+2εL3e−2µ1

∣∣, ∣∣ 4L1
L2e2µ1−2εL3e−2µ1

∣∣},
|u(1)|min = min{

∣∣ 4L1
L2e2µ1+2εL3e−2µ1

∣∣, ∣∣ 4L1
L2e2µ1−2εL3e−2µ1

∣∣}.
at the lines t = 2kπ−8λ1x

32λ3
1

(k ∈ N+). Taking c1 = 1, c2 = 1 + i, c3 = 1, λ1 = 1, we give the

plot of the double periodic wave solution (see Figure 1) for the nonlocal gSS equation with
b = 1

5 . For the focusing case, (a) ε = 1, a = −1, (b) ε = −1, a = 1; for the defocusing case,
(c) ε = 1, a = 1, (d) ε = −1, a = −1. It can be seen from Figure 1 that only the peak and
valley values of the solutions of the focusing case and the defocusing case are exchanged.

(a) (b) (c) (d)

Figure 1. Double periodic wave solution |u(1)| for the nonlocal gSS equation with b = 1
5 . Focusing

case: (a) ε = 1, a = −1, (b) ε = 1, a = −1; defocusing case: (c) ε = 1, a = 1, (d) ε = −1, a = −1.
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Case 2. Breather-like solution and breather solution
Set λ1 = α1 + β1i (α1β1 6= 0), and c2 = 0. We obtain the solution

u(1) =
4ic1λ1λ1,R (εa|c1|2c∗3 λ∗1e2µ1+εb∗c∗21 c3λ1,R e2µ̃∗1−iλ1,I |c3|2c∗3e−2µ̃∗1 )

2εa|c1c3λ1|2+|c1|4(a2|λ1|2−|b|2λ2
1,R

)e4iµ1,I +|c3|4λ2
1,I

e−4iµ1,I +ελ2
1,R

L4
, (21)

with L4 = bc2
1c∗23 e4µ1,R + b∗c∗21 c2

3e−4µ1,R . It is clear that when b = 0, this solution is growing
or decaying wave exponentially. Setting c1 = 1, c3 = 1, we give plots of the solution
for the focusing nonlocal gSS equation with ε = 1, a = −1, b = 1+i

5 and the defocusing
nonlocal gSS equation with ε = 1, a = 1, b = 1+i

5 (see Figures 2 and 3). In Figures 2 and 3,
we can see that the solution displays a periodic-like wave or breather traveling along the
peak line. When β2

1 < 3α2
1, this solution is periodic-like solution; when β2

1 = 3α2
1, this

solution is Kuznetsov–Ma (KM) breather-like solution. When β2
1 > 3α2

1, this solution is a
breather-like solution. It is worth noting that the nonlocal Sasa–Satsuma equation does not
have a breather-like solution. It can also be seen from Figures 2 and 3 that the shape and
peak-position of solutions for the focusing and defocusing cases are different.

(a1) (b1) (c1)

(a2) (b2) (c2)

Figure 2. Breather-like solution for the focusing nonlocal gSS equation Equation (5) with ε = 1,
a = −1, b = 1+i

5 , (a): λ1 = 1 + i
2 , (b): λ1 = 1 +

√
3i, (c): λ1 = 1 + 2i.

(a1) (b1) (c1)

(a2) (b2) (c2)

Figure 3. Breather-like solution for the defocusing nonlocal gSS equation Equation (5) with ε = 1,
a = 1, b = 1+i

5 , (a): λ1 = 1 + i
2 , (b): λ1 = 1 +

√
3i, (c): λ1 = 1 + 2i.

If c2 6= 0, this solution is a breather solution. Because the expression of this solution
is too complex, we omit its details. In Figure 4, we give the plot of the breather solution
for the nonlocal gSS Equation (5) with c1 = c2 = c3 = 1. For the focusing case with ε = 1,
a = −1, b = 1

5 , when λ1 = 1+ i
2 , this solution is a periodic-like solution (see Figure 4a); when
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λ1 = 1+
√

3i, this solution is a KM-breather solution (see Figure 4b); when λ1 = 1+ 2i, this
solution is a breather solution (see Figure 4c). For the defocusing case with ε = 1, a = 1, b = 1

5 ,
when λ1 = 1+ i

2 , this solution is a periodic-like solution (see Figure 4d); when λ1 = 1+
√

3i,
this solution is a KM-breather solution (see Figure 4e); when λ1 = 1 + 2i, this solution is a
breather solution (see Figure 4f). It can be seen from the figure that the crest position and crest
value of breather solution for the focusing and defocusing cases have changed.

(a) (b) (c)

(d) (e) (f)

Figure 4. Breather solutions for the nonlocal gSS Equation (5): (a–c) the focusing case with ε = 1,
a = −1, b = 1

5 , (d–e) the defocusing case with ε = 1, a = 1, b = 1
5 : (a,d) periodic-like solution with

λ1 = 1 + i
2 ; (b,e) KM-breather solution with λ1 = 1 +

√
3i; (c,f) breather solution with λ1 = 1 + 2i.

3.2. Interaction Solution of Double Periodic Wave and Breather

Let us give a two-fold DT. When N = 2, the DT can be written as

T(2) = I − (|y1〉, |η1〉, |y2〉, |η2〉)


A1 B1 C1 D1
B̃∗1 A1 D̃∗1 C̃∗1
C̃∗1 D1 A2 D2
D̃∗1 C1 D̃∗2 A2


−1

〈y1(−x,−t)|
−λ∗1−λ
〈η1(−x,−t)|
−λ∗1−λ
〈y2(−x,−t)|
−λ∗2−λ
〈η2(−x,−t)|
−λ∗2−λ

J (22)

where C̃∗1 = C∗1 (−x,−t), D̃∗k = D∗k (−x,−t) (k = 1, 2), and

Ak =
〈yk(−x,−t)|J|yk〉
−λ∗k−λk

, B1 = 〈y1(−x,−t)|J|η1〉
−2λ∗1

, C1 = 〈y1(−x,−t)|J|y2〉
−λ∗1−λ2

, Dk =
〈yk(−x,−t)|J|η2〉
−λ∗k−λ∗2

,

and a 2-soliton solution of the focusing nonlocal gSS Equation (5) is given by

u(2) = −2i(ψ(1)
1 , ψ̃

(1)∗
2 , ψ

(2)
1 , ψ̃

(2)∗
2 )


A1 B1 C1 D1
B̃∗1 A1 D̃∗1 C̃∗1
C̃∗1 D1 A2 D2
D̃∗1 C1 D̃∗2 A2


−1

(ψ̃
(1)∗
3 ,−εψ

(1)
3 , ψ̃

(2)∗
3 ,−εψ

(2)
3 )T . (23)

Let us discuss the focusing nonlocal gSS Equation (5) with ε = 1, a = −1, b = i
2 . When

λ1 = 1, λ2 = 2, we take parameters c1 = 1, c2 = 0, c3 = 1, c4 = 1, c5 = 0 and c6 = 2i.
This solution displays the interaction of two periodic waves (see Figure 5a); when λ1 = 1,
λ2 = 1

2 +
√

3i
2 , we take parameters c1 = 1, c2 = 0, c3 = 1, c4 = 1, c5 = 0 and c6 = 1.

This solution describes the interaction of periodic wave and breather-like solutions (see
Figure 5b); when λ1 = 1 + i

3 , λ2 = 1
2 +

i
2 , we take parameters c1 = 1, c2 = 0, c3 = 1, c4 = 1,

c5 = 0 and c6 = 1. This solution shows the interaction of breather and breather-like solitons
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(see Figure 5c). For the interaction of breather and breather-like solitons, we can analyze its
asymptotic behavior as follows:

u(2) −→
{

u−11 + u−21, t→ −∞,
u+

11 + u+
21, t→ +∞,

(24)

where

u−11 = M11
M12

, u+
11 = M21

M̃∗12
, u−21 = M31

M32
, u+

21 = M41
M̃∗32

,

M11 = − 187+204i
8692 e2µ1 − 2477−6735i

712744 e−2µ̃∗1 + 141−63i
44944 e2µ̃∗1 ,

M12 = 85i
17384 −

45e−2(µ1−µ̃∗1 )

179776 + 132264+128927i
755508640 e−2(µ1+µ̃∗1) + 22689+14256i

537920 e2(µ1−µ̃∗1) + 11453112+1559609i
3022034560 e2(µ1+µ̃∗1),

M21 = 34−63i
8692 e2µ1 − 3189+1065i

178186 e−2µ1 − 1021+897i
921352 e−2µ̃∗1 + 127749−1047i

1425488 e2µ̃∗1 ,

M31 = − 3+14i
17384 e2µ2 − 1307+5449i

890930 e−2µ2 + 277−541i
1842704 e−2µ̃∗2 + 154997+126291i

1425880 e2µ̃∗2 ,

M32 = 17i
17384 + 5e2(µ2−µ̃∗2 )

179776 − 107976+149857i
755508640 e−2(µ2+µ̃∗2) − 2521+1584i

537920 e−2(µ2−µ̃∗2) − 899448+483439i
3022034560 e2(µ2+µ̃∗2),

M41 = − 187+204i
86920 e2µ2 + 23+i

89888 e2µ̃∗2 + 12599+9937i
7127440 e−2µ̃∗2 .

(a1) (b1) (c1)

(a2) (b2) (c2)

Figure 5. Interaction solutions for Equation (5) with a = −1, b = i
2 , c1 = 1, c2 = 0, c3 = 1, c4 = 1,

c5 = 0: (a) interaction of two periodic waves with c6 = 2i, λ1 = 1, λ2 = 2; (b) interaction of KM-

breather-like and periodic wave with c6 = 1, λ1 = 1, λ2 = 1
2 +

√
3i

2 ; (c) interaction of breather-like
and breather wave with c6 = 1, λ1 = 1 + i

3 , λ2 = 1
2 + i

2 .

4. Soliton, Breather, and Periodic Wave Solutions for Equation (5) with the Nonzero
Seed Solution

For the nonzero seed solution u = γ (γ 6= 0, γ is a real constant), solving spectral
problem (8) at λ = λj, we obtain the the eigenfunction

Ψj = (ψ
(j)
1 , ψ

(j)
2 , ψ

(j)
3 )T , ψ

(j)
1 = dj1eχj + dj2e−χj + (a + b∗)dj3eξ j , (25)

ψ
(j)
2 = ε(dj1eχj + dj2e−χj − (a + b)dj3eξ j), ψ

(j)
3 = 1

γ (dj1(κj − iλj)e
χj − dj2(κj + iλj)e

−χj),

χj = κj(x + 2ωjt), ξ j = iλj(x + 4λ2
j t), κj =

√
εγ2(2a + b + b∗)− λ2

j , ωj = εγ2(2a + b + b∗) + 2λ2
j ,

where dj1, dj2, dj3 are complex constants.
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4.1. Soliton, Breather, and Periodic Wave Solutions

By one-fold DT (18), we obtain the following soliton solution of the nonlocal gSS
Equation (5):

u(1) = γ +
2i(A1(εψ̃

(1)∗
2 ψ

(1)
3 − ψ

(1)
1 ψ̃

(1)∗
3 )− εB1ψ

(1)
1 ψ

(1)
3 + B̃∗1 ψ̃

(1)∗
2 ψ̃

(1)∗
3 )

A2
1 − B1B̃∗1

, (26)

where A1, B1 are defined by (19), and ψ
(1)
k (k = 1, 2, 3) are given in (25). In the following,

we set γ = 1, d11 = 1, λ1 = α1 in the formula of the solution.

Case 1. (2a + b + b∗)γ2ε− α2
1 > 0

In this case, the solution of the nonlocal gSS Equation (26) can be written as

u(1) = 1− 4iεα1
(a2−|b|2)H1+2κ1(a+b∗)(|d12|2−1)((d∗13+d∗12d3)eχ1−ξ1+(d13+d12d∗13)e

−χ1−ξ1 )

(a2−|b|2)H2+4εκ2
1(|d12|2−1)2e−2ξ1

, (27)

with p = 2a + b + b∗ and

H1 = (d∗13 + d∗12d13)
2(κ1 − α1i)e2χ1 − (d13 + d12d∗13)

2(κ1 + α1i)e−2χ1 − 2iα1|d13 + d12d∗13|2,

H2 = (d∗13 + d∗12d13)
2(p− ε(κ1 − α1i)2)e2χ1 + (d13 + d12d∗13)

2(p− ε(κ1 + α1i)2)e−2χ1 + 4p|d13 + d12d∗13|2.

If |d12| = 1, this solution is the hump-type soliton, where the wave crest and wave trough are
located on straight lines. Because the expression is too complex, we take parameters as d12 = i,
d13 = 2. For the defocusing case with ε = 1, a = 1, b = 1

5 , we obtain dark soliton, W-shaped
soliton, or M-shaped soliton solutions (see Figure 6). Figure 6 shows the progress of a dark soliton
becoming a W-shaped soliton and the progress of an M-shaped soliton becoming a dark soliton.
When α1 > 0, when the value of α1 decreases, the dark soliton becomes a W-shaped soliton;
When α1 < 0, when the value of α1 decreases, the M-shaped soliton becomes a dark soliton. For
(2a + b + b∗)γ2ε− α2

1 = 12
5 − α2

1 > 0, when α1 = 3
2 , the trough value 0.899 of this dark soliton is

taken at the line t = − 15x
207 ; when α1 = 1

2 , trough value 0.134 and peak value 0.372 of this W-shaped
soliton are taken at lines

t = −5x
29

+
5
√

5
29
√

43
ln

√235671− 60±
√

3(69437− 40
√

235671)

12
√

215

, and t = −5x
29

,

respectively; when α1 = 1
10 , trough value 0.032 and peak value 0.871 of this W-shaped soliton are

taken at lines

t = −25x
121

+
5
√

5
121
√

239
ln

√204775215− 60±
√

15(13594561− 8
√

204775215)

60
√

239

 and t = −25x
121

,

respectively; when α1 = − 1
2 , trough value 1.580 and peak value 5.690 of this M-shaped soliton are

taken at lines

t = −5x
29

+
5
√

5
29
√

43
ln

√235671 + 60±
√

3(69437− 40
√

235671)

12
√

215

 and t = −5x
29

,

respectively; when α1 = − 7
6 , trough value 0.716 and peak value 1.330 of this M-shaped soliton are

taken at lines

t = −45x
461

and t = −45x
461

+
13
√

5
461
√

187
ln

61
√

8079 + 8820±
√

48478119 + 1076040
√

8079)

252
√

935

,
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respectively; when α1 = − 3
2 , trough value 0.835 and peak value 1.002 of this M-shaped soliton are

taken at lines

t = −15x
207

and t = −15x
207

+
5
√

15
207

ln

(√
3151 + 60±

√
6511 + 120

√
3151

4
√

15

)
,

respectively. For the focusing case with a = 1, ε = −1, existence of this hump-type solution is
related to the value of b, e.g., if we take b = 1

5 , there is not such a hump-type solution; however, if
we take b = 2, there is such a hump-type soliton, which is similar to the case described by Figure 6.

(a) dark soliton (b) W-shaped soliton (c) W-shaped soliton

(d) M-shaped soliton (e) M-shaped soliton (f) dark soliton

Figure 6. Soliton solutions for Equation (5) with d12 = i, d13 = 2, ε = 1, a = 1, b = 1
5 : (a) dark soliton

with α1 = 3
2 , (b) W-shaped soliton with α1 = 1

2 , (c) W-shaped soliton with α1 = 1
10 , (d) M-shaped

soliton with α1 = − 1
2 , (e) M-shaped soliton with α1 = − 7

6 , (f) dark soliton with α1 = − 3
2 .

If |d12| 6= 1, this solution is a breather solution. Here we discuss breather solutions of the
defocusing nonlocal gSS Equation (5) with ε = 1, a = 1, b = 1

5 and the focusing nonlocal gSS
Equation (5) with ε = 1, a = −1, b = 2. Taking d12 = 0, α1 = 1, for the defocusing case, when
d13 = 1, this solution is a bright-bright breather solution (see Figure 7a,d); when d13 = 3, this
solution is a dark double-peak breather solution (see Figure 7b,e); when d13 = 3i, this solution is
a bright M-shaped breather solution (see Figure 7c,f). For the focusing case, when d13 = 1, this
solution is a dark double-peak breather solution (see Figure 8a,d); when d13 = i, this solution is
an M-shaped double-peak-breather solution (see Figure 8b,e); when d13 = 3i, this solution is an
M-shaped double-peak-breather solution (see Figure 8c,f).

Case 2. (2a + b + b∗)γ2ε− α2
1 < 0

In this case, the solution of the nonlocal gSS Equation (5) can be written as

u(1) = 1− 4iεα1
(a2−|b|2)H3+4iκ1(a+b∗)d12,I(2d13,Re−χ1+ξ1+(d∗12d13+d12d∗13)e

−χ1−ξ1 )

(a2−|b|2)H4−4εκ2
1d2

12,Ie−2ξ1
, (28)

with

H3 = 4d2
13,R(κ1 − α1i)e2χ1 − (d∗12d13 + d12d∗13)

2(κ1 + α1i)e−2χ1 − 4iα1d3,R(d12d∗13 + d∗12d13),

H4 = 4d2
13,R(p− ε(κ1 − α1i)2)e2χ1 + (d12d∗13 + d∗12d13)

2(p− ε(κ1 + α1i)2)e−2χ1 + 8pd13,R(d12d∗13 + d∗12d13).

If d12 is a real number, or d13 is a pure imaginary number, or d12 is a pure imaginary number
and d13 is a real number, i.e., d12,I = 0, or d13,R = 0, or d12d∗13 + d∗12d13 = 0 (d12,I · d13,R 6= 0),
this solution is a periodic wave-type solution. When taking d12 = i, d13 = 2, b = 1

5 , for the
focusing Equation (6) with ε = 1, a = −1, this solution is an M-shaped periodic wave and
W-shaped periodic wave with α1 = 2 and α1 = −2, respectively (see Figure 9a,b); whereas for
the defocusing Equation (6) with ε = 1, a = 1, this solution is a W-shaped periodic wave and
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classical periodic wave with α1 = 2 and α1 = −2, respectively (see Figure 9d,e). When taking
d12 = 1, d13 = 2, b = 1

5 , for the focusing Equation (6) with ε = 1, a = −1, this solution is a
classical periodic wave with α1 = 2 (see Figure 9c); whereas for the defocusing Equation (6) with
ε = 1, a = 1, this solution is an M-shaped periodic wave with α1 = 2 (see Figure 9f).

(a) bright-bright breather (b) dark double-peak breather (c) bright M-shaped breather

(d) bright-bright breather (e) dark double-peak breather (f) bright M-shaped breather

Figure 7. Breather solutions for the defocusing nonlocal gSS Equation (5) with ε = 1, a = 1, b = 1
5 ,

d12 = 0, α1 = 1: (a,d) bright-bright breather solution with d13 = 1; (b,e) dark double-peak breather
solution with d13 = 3; (c,f) bright M-shaped breather solution with d13 = 3i.

(a) dark double-peak breather solution (b) dark double-peak breather (c) bright M-shaped breather

(d) dark double-peak breather solution (e) dark double-peak breather (f) bright M-shaped breather

Figure 8. Breather solutions for the focusing nonlocal gSS Equation (5) with ε = 1, a = −1, b = 2,
d12 = 0, α1 = 1: (a,d) dark double-peak breather solution with d13 = 1; (b,e) M-shaped double-peak-
breather solution with d13 = i; (c,f) M-shaped double-peak-breather solution with d13 = 3i.

When d12,I 6= 0, d13,R 6= 0, and d12d∗13 + d∗12d13 6= 0, this solution is breather-periodic wave
solution. In Figure 10, taking ε = 1, b = 1

5 , for the focusing case with a = −1, α1 = 1
2 , this

solution is a double-peak breather-periodic wave solution with d12 = 1 + i
2 , d13 = 2 or d12 = i,

d13 = 1 + i
2 (see Figure 10a–d); for the defocusing case with a = −1, α1 = 3: this solution is

breather-periodic wave solution with d12 = i, d13 = 1 + i
2 or d12 = 1 + i

2 , d13 = 2 (see Figure 10e,f).
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(a) (b) (c)

(d) (e) (f)

Figure 9. Periodic wave solutions for Equation (5) with d13 = 2, b = 1
5 . For the focusing case with

ε = 1, a = −1: (a) M-shaped periodic wave with d12 = i, α1 = 2; (b) W-shaped periodic wave with
d12 = i, α1 = −2; (c) classical periodic wave with d12 = 1, α1 = 2; for the defocusing case with
ε = 1, a = 1: (d) W-shaped periodic wave with d12 = i, α1 = 2; (e) classical periodic wave with
d12 = i, α1 = −2; (f) M-shaped periodic wave with d12 = 1, α1 = 2.

(a) (b) (c) (d)

(e) (f)

Figure 10. Breather-periodic wave solutions for Equation (5) with ε = 1, b = 1
5 . For the focusing case

with a = −1, α1 = 1
2 : (a,b) double-peak breather-periodic wave solution with d12 = 1 + i

2 , d13 = 2;
(c,d) double-peak breather-periodic wave solution with d12 = i, d13 = 1 + i

2 ; for the defocusing case
with a = 1, α1 = 3: (e) breather-periodic wave solution with d12 = i, d13 = 1+ i

2 ; (f) breather-periodic
wave solution with d12 = 1 + i

2 , d13 = 2.

Case 3. Im[(2a + b + b∗)γ2ε− λ2
1] 6= 0

When λ1 is a complex number, the solution (26) of the nonlocal gSS equation is a breather-type
solution. Because its expression is too complicated, we omit it. Take the plot of Figure 11 as an
example. Setting d11 = 1, d12 = 0, d13 = 3, and λ1 = 1 + i

2 , the solution of the focusing nonlocal
gSS equation with ε = 1, a = −1, b = 1

5 is a double-peak breather solution (see Figure 11a,b);
the solution of the defocusing nonlocal gSS equation with ε = 1, a = 1, b = 1

5 is a bright-bright
breather solution (see Figure 11c,d).
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(a) (b) (c) (d)

Figure 11. Plots of breather solutions of Equation (5): (a,b) double-peak breather solution of the
focusing case with ε = 1, a = −1, b = 1

5 ; (c,d) bright-bright breather solution of the defocusing case
with ε = 1, a = 1, b = 1

5 .

4.2. Interaction Solution of Hump–Soliton, Breather, and Periodic Wave Solutions

By two-fold DT (22), we obtain the interaction solution of the focusing nonlocal gSS
Equation (5)

u(2) = 1− 2i(ψ(1)
1 , ψ̃

(1)∗
2 , ψ

(2)
1 , ψ̃

(2)∗
2 )


A1 B1 C1 D1
B̃∗1 A1 D̃∗1 C̃∗1
C̃∗1 D1 A2 D2
D̃∗1 C1 D̃∗2 A2


−1

(ψ̃
(1)∗
3 ,−εψ

(1)
3 , ψ̃

(2)∗
3 ,−εψ

(2)
3 )T (29)

where Ak, B1, C1, Dk are defined by (22).
Let us discuss the focusing nonlocal gSS Equation (5) with ε = 1, a = −1, b = 2. When

λ1 and λ2 are real numbers, we take parameters d11 = 1, d12 = 0, d13 = 2, d21 = 1, d22 = i,
d23 = 2; this solution displays the collision of breather with hump solitons or periodic
waves (see Figure 10). For the collision of a breather and hump soliton, where λ1 and λ2 are
real numbers and (2a + b + b∗)γ2ε− α2

j > 0, we analyze its asymptotic behavior as follows:

u(2) −→
{

u−21 + u−22, t→ −∞,
u+

21 + u+
22, t→ +∞,

(30)

where

u−21 = 1− M51
M52

, u−22 = 1− 4(α2
1−α2

2)(2−α2
2)(κ1+α1i)

4(α2
1−α2

2)(κ1+α1i)−α2P1e−2χ2+α2P2e2χ2
,

u+
21 = 1− M61

M̃∗52
, u+

22 = 1− 4(α2
1−α2

2)(2−α2
2)(κ1−α1i)

4(α2
1−α2

2)(κ1−α1i)−α2P∗1 e2χ2+α2P∗2 e−2χ2
,

M51 = 2(α1 + α2)((2− α∗1)(κ2 + α2i)(α1 + α2 + 12(α1 − α2)e2ξ1)− 2α1(P3eχ1−ξ1 + P4eχ1+ξ1)),

M52 = (κ2 + α2i)((2− α2
2)(α1 + α2)

2 + 24(α2
1 − α2

2)e
2ξ1)− 6iα1(P1e2(χ1−ξ1) + P∗2 e2(χ1+ξ1)),

M61 = 2(α1 + α2)((2− α∗1)(κ2 − α2i)(α1 + α2 + 12(α1 − α2)e2ξ1) + 2α1(P∗4 eχ1−ξ1 + P∗3 eχ1+ξ1)),

with M̃∗kj = M∗kj(−x,−t), κj (j = 1, 2) given by Equation (25), and

P1 = (α1 − α2)
2(2 + α1α2 − κ1κ2)− 2(4− α2

1 − α2
2 − 2κ1κ2)

− i(α1 − α2)((4 + α1α2 − α2
2)κ1 − (4 + α1α2 − α2

1)κ2),

P2 = (α1 − α2)
2(2 + α1α2 + κ1κ2)− 2(4− α2

1 − α2
2 + 2κ1κ2)

− i(α1 − α2)((4 + α1α2 − α2
2)κ1 + (4 + α1α2 − α2

1)κ2),

P3 = (2− α2
2)κ1 − (2− α2

1)κ2 − iα2(2− α2
1 − κ1κ2),

P4 = (2− α2
2)κ1 + (2− α2

1)κ2 + iα2(2− α2
1 + κ1κ2).

In Figure 12, when λ1 = 1
3 , λ2 = 1, this solution shows the interaction of an M-shaped

double-peak-breather and dark soliton; when λ1 = 1
3 , λ2 = 1

2 , this solution displays the
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interaction of an M-shaped double-peak-breather and W-shaped soliton; when λ1 = 1
3 ,

λ2 = −1, this solution shows the interaction of an M-shaped double-peak-breather and
M-shaped soliton. If λ1 = 1 + i

2 , λ2 = 1, this solution displays the interaction of a double-
peak-breather and a dark soliton. If λ1 = 1

3 , λ2 = −3, this solution describes the interaction
of an M-shaped double-peak-breather and an M-shaped periodic wave (see Figure 13a). If
λ1 = 1, λ2 = −3, this solution shows the interaction of a dark-breather and an M-shaped
periodic wave (see Figure 13b. If λ1 = 1 + i

5 , λ2 = −3, this solution shows the interaction
of a double-peak breather and anM-shaped periodic wave (see Figure 13c).

(a1) (b1) (c1) (d1)

(a2) (b2) (c2) (d2)

Figure 12. Interaction solution of breather and soliton for Equation (5) with ε = 1, a = −1, b = 2:
(a) interaction of M-shaped double-peak-breather and dark soliton with λ1 = 1

3 , λ2 = 1; (b) interac-
tion of M-shaped double-peak-breather and W-shaped soliton with λ1 = 1

3 , λ2 = 1
2 ; (c) interaction

of M-shaped double-peak-breather and M-shaped soliton with λ1 = 1
3 , λ2 = −1; (d) interaction of

double-peak-breather and dark soliton with λ1 = 1 + i
2 , λ2 = 1.

For the nonlocal defocusing gSS equation with ε = 1, a = 1, b = 1
5 , taking d11 = 1,

d12 = 0, d13 = 3, d21 = 1, d22 = i, d23 = 2, λ1 = 1
3 , λ2 = 3, this solution describes the

interaction of a bright-bright breather and a W-shaped periodic wave (see Figure 13d);
taking d11 = 1, d12 = 0, d13 = 3i, d21 = 1, d22 = i, d23 = 2, λ1 = 1

3 , λ2 = 3, this solution
describes the interaction of a double-peak breather and a W-shaped periodic wave (see
Figure 13e); taking d11 = 1, d12 = 0, d13 = 3, d21 = 1, d22 = 1, d23 = 2, λ1 = 1 + i

5 , λ2 = 5,
this solution describes the interaction of a bright-bright breather and a classical periodic
wave (see Figure 13f).

(a) (b) (c)

Figure 13. Cont.
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(d) (e) (f)

Figure 13. Interaction solution of breather and periodic wave for Equation (5). For the focusing case
with ε = 1, a = −1, b = 2: (a) interaction of M-shaped double-peak-breather and M-shaped periodic
wave with λ1 = 1

3 , λ2 = −3; (b) interaction of dark breather and M-shaped periodic wave with
λ1 = 1, λ2 = −3; (c) interaction of dark breather and M-shaped periodic wave with λ1 = 1 + i

5 ,
λ2 = −3. For the defocusing case with ε = 1, a = 1, b = 2: (d) interaction of bright-bright breather
and W-shaped periodic wave with λ1 = 1

3 , λ2 = −3; (e) interaction of double-peak breather and W-
shaped periodic wave with λ1 = 1, λ2 = −3; (f) interaction of bright-bright breather and M-shaped
periodic wave with λ1 = 1 + i

5 , λ2 = −3.

5. Conclusions

In this paper, we have constructed the N-fold Darboux transformation for a nonlocal
gSS equation. By the Darboux transformation, we have derived various soliton solutions
for the nonlocal gSS equation, including double-periodic wave, breather-like, KM-breather
solution, dark soliton, W-shaped soliton, M-shaped soliton, W-shaped periodic wave,
M-shaped periodic wave, double-peak dark-breather, double-peak bright-breather, and
M-shaped double-peak breather. Furthermore, interaction of these solitons, as well as their
dynamical properties and asymptotic analysis have been discussed. We should remark
that soliton solutions of the nonlocal gSS equation can reduce to those of the nonlocal
Sasa–Satsuma equation, and several of these properties are not displayed for the nonlocal
Sasa–Satsuma equation, e.g., the nonlocal Sasa–Satsuma equation does not have a breather-
like solution. Comparing the solutions of the nonlocal gSS equation with the ones of the
gSS equation, we can see that these two equations have many different properties, e.g.,
there exist M-shaped double-peak breather and W-shaped periodic and M-shaped periodic
solutions for the nonlocal gSS equation, whereas these solutions for the gSS equation have
not been found. The gSS equation exists as semi-periodic-like solution, but this solution for
the nonlocal gSS equation has not been found.

Author Contributions: All authors have the same contributions. All authors have read and agreed
to the published version of the manuscript.

Funding: National Natural Science Foundation of China under Grant No. 12071286.

Data Availability Statement: No data available.

Acknowledgments: The work of ZNZ is supported by National Natural Science Foundation of China
under Grant No. 12071286, and by the Ministry of Economy and Competitiveness of Spain under
contract PID2020-115273GB-I00 (AEI/FEDER,EU).

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Ablowitz, M.J.; Musslimani, Z.H. Integrable nonlocal nonlinear Schrödinger equation. Phys. Rev. Lett. 2013, 110, 064105.

[CrossRef] [PubMed]
2. Ablowitz, M.J.; Musslimani, Z.H. Inverse scattering transform for the integrable nonlocal nonlinear Schrödinger equation.

Nonlinearity 2016, 29, 915–946. [CrossRef]
3. Sarma, A.K.; Miri, M.; Musslimani, Z.H.; Christodoulides, D.N. Continuous and discrete Schrödinger systems with parity-time-

symmetric nonlinearities. Phys. Rev. E 2014, 89, 052918. [CrossRef]

http://doi.org/10.1103/PhysRevLett.110.064105
http://www.ncbi.nlm.nih.gov/pubmed/23432249
http://dx.doi.org/10.1088/0951-7715/29/3/915
http://dx.doi.org/10.1103/PhysRevE.89.052918


Mathematics 2023, 11, 865 18 of 18

4. Li, M.; Xu, T. Dark and antidark soliton interactions in the nonlocal nonlinear Schrödinger equation with the self-induced
parity-time-symmetric potential. Phys. Rev. E 2015, 91, 033202. [CrossRef] [PubMed]

5. Huang, X.; Ling, L.M. Soliton solutions for the nonlocal nonlinear Schrödinger equation. Eur. Phys. J. Plus 2016, 131, 148.
[CrossRef]

6. Ji, J.L.; Zhu, Z.N. On a nonlocal modified Korteweg-de Vries equation: Integrability, Darboux transformation and soliton solutions.
Commun. Nonlinear Sci. Numer. Simul. 2017, 42, 699–708. [CrossRef]

7. Ji, J.L.; Zhu, Z.N. Soliton solutions of an integrable nonlocal modified Korteweg-de Vries equation through inverse scattering
transform. J. Math. Anal. Appl. 2017, 453, 973–984. [CrossRef]

8. Ma, L.Y.; Shen, S.F.; Zhu, Z.N. Soliton solution and gauge equivalence for an integrable nonlocal complex modified Korteweg-de
Vries equation. J. Math. Phys. 2017, 58, 103501. [CrossRef]

9. Song, C.Q.; Xiao, D.M.; Zhu, Z.N. Reverse space-time nonlocal Sasa-Satsuma equation and its solutions. J. Phys. Soc. Jpn. 2017,
86, 054001. [CrossRef]

10. Fokas, A.S. Integrable multidimensional versions of the nonlocal nonlinear Schrödinger equation. Nonlinearity 2016, 29, 319–324.
[CrossRef]

11. Rao, J.G.; Zhang, Y.S.; Fokas, A.S.; He, J.S. Rogue waves of the nonlocal Davey-Stewartson I equation. Nonlinearity 2018,
31, 4090–4107. [CrossRef]

12. Geng, X.G.; Wu, J.P. Riemann-Hilbert approach and N-soliton solutions for a generalized Sasa-Satsuma equation. Wave Motion.
2016, 60, 62–72. [CrossRef]

13. Wang, K.D.; Geng, X.G.; Chen, M.M.; Li, R.M. Long-time asymptotics for the generalized Sasa-Satsuma equation. AIMS Math.
2020, 5, 7413–7437. [CrossRef]

14. Sasa, N.; Satsuma, J. New-type of soliton solutions for a higher-order nonlinear Schrödinger equation. J. Phys. Soc. Jpn. 1991, 60,
409–417. [CrossRef]

15. Kodama, Y. Optical solitons in a monomode fiber. J. Stat. Phys. 1985, 39, 597–614. [CrossRef]
16. Wang, M.M.; Chen, Y. Novel solitons and higher-order solitons for the nonlocal generalized Sasa-Satsuma equation of reverse-

space-time type. Nonlinear Dyn. 2022, 110, 753–769. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1103/PhysRevE.91.033202
http://www.ncbi.nlm.nih.gov/pubmed/25871233
http://dx.doi.org/10.1140/epjp/i2016-16148-9
http://dx.doi.org/10.1016/j.cnsns.2016.06.015
http://dx.doi.org/10.1016/j.jmaa.2017.04.042
http://dx.doi.org/10.1063/1.5005611
http://dx.doi.org/10.7566/JPSJ.86.054001
http://dx.doi.org/10.1088/0951-7715/29/2/319
http://dx.doi.org/10.1088/1361-6544/aac761
http://dx.doi.org/10.1016/j.wavemoti.2015.09.003
http://dx.doi.org/10.3934/math.2020475
http://dx.doi.org/10.1143/JPSJ.60.409
http://dx.doi.org/10.1007/BF01008354
http://dx.doi.org/10.1007/s11071-022-07663-5

	Introduction
	Darboux Transformation for the Nonlocal gSS Equation (5)
	Periodic Wave Solution, Breather-like, and Breather Solutions for Equation (5) with the Zero Seed Solution
	Double Periodic Solution, 1-Breather-like, and Breather Solutions
	Interaction Solution of Double Periodic Wave and Breather

	Soliton, Breather, and Periodic Wave Solutions for Equation (5) with the Nonzero Seed Solution 
	Soliton, Breather, and Periodic Wave Solutions 
	Interaction Solution of Hump–Soliton, Breather, and Periodic Wave Solutions

	Conclusions
	References

