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Abstract: In this paper, we consider the high-dimensional consistencies of KOO methods for selecting
response variables in multivariate linear regression with covariance structures. Here, the covariance
structures are considered as (1) independent covariance structure with the same variance, (2) indepen-
dent covariance structure with different variances, and (3) uniform covariance structure. A sufficient
condition for model selection consistency is obtained using a KOO method under a high-dimensional
asymptotic framework, such that sample size 7, the number p of response variables, and the number
k of explanatory variables are large, asin p/n — ¢ € (0,1) and k/n — ¢; € [0,1), where c; + ¢ < 1.
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1. Introduction

We focus on a multivariate linear regression model of p response variables vy, ...,y
on a subset of k explanatory variables x1, . .., xx. Suppose that there are n observations on a
p-dimensional response vector y = (y1,...,Yp)’ and a k-dimensional explanatory vector
x=(xy,...,x),and let Y : n x pand X : n x k be the observation matrices of y and x
with sample size n, respectively. The multivariate linear regression model including all the
explanatory variables under normality is written as follows:

Y NNnXp(x®/Z®IH)/ (1)

where O is a k X p unknown matrix of regression coefficients, and X is a p X p unknown
covariance matrix that is positive definite. Nnxp(-, -) is the normal matrix distribution,
such that the mean of Y is X®, and the covariance matrix of vec (Y) is £ ® I;; equivalently,
the rows of Y are independently normal with the same covariance matrix X. Here, vec(Y)
is the np x 1 column vector that is obtained by stacking the columns of Y on top of one
another. We assumed that rank(X) = k.

In multivariate linear regression, the selection of variables for the model is an impor-
tant concern. One of the approaches is to first consider variable selection models and then
apply model selection criteria such as AIC and BIC. Such a criterion for Full Model (1) is
expressed as follows:

GIC = —2log L(E) + dg, )

where L(@) is the maximal likelihood, & = {®, L}, d > 0 is the penalty term, and g is
the number of unknown parameters given by {kp + 3p(p +1)}. For AIC and BIC, d is
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defined as 2 and log 1, respectively. In the selection of k variables x1, ..., xr, we identified
{x1,..., %} with the index set {1,...,k} = w, and denote GIC for subset j C w by GIC;.
Then, the model selection based on GIC chooses the following model:

j=arg m]m GIC;. (©)]

Here the minimum is usually taken for all combinations of response variables. There are
computational problems for the methods based on GIC, including AIC and BIC methods,
since we need to compute 2k — 1 statistics for the selection of k explanatory variables. To
avoid this computational problem, [1] proposed a method that was essentially thanks
to [2]. The method, which was named the knock-one-out (KOO) method by [3], determines
“selection” or “no selection” for each variable by comparing the model removing that
variable and the full model. More precisely, the KOO method chooses the model or the set
of variables given by R

j={j € w|GICy\; > GICw}, 4)

where wj is a short expression for w\{j}, which is the set obtained by removing element j
from the set w. In general, the KOO method can be applied to a method or criterion, not
only AIC, a general variable selection criterion or method.

In the literature on multivariate linear regression, numerous papers have dealt with
the variable selection problem, as it relates to selecting explanatory variables. When %
is unknown positive definite, [4-6], for example, indicated that, in a high-dimensional
case, AIC and C;, have consistency properties, but BIC is not necessarily consistent. KOO
methods in the multivariate regression model were studied by [3] and [7,8]. The KOO
method in discriminant analysis; see [9], and [10]. For a review, see [11].

In this paper, we assume that the covariance structure was one of three covariance
structures: (1) an independent covariance structure with the same variance, (2) an indepen-
dent covariance structure with different variances, and (3) a uniform covariance structure.
The numbers of unknown parameters in covariance structures (1)—(3) were 1, p, and 2,
respectively. Sufficient conditions for the KOO method given by (4) to be consistent were
derived under a high-dimensional asymptotic framework, such that sample size #, the
number p of response variables, and the number k of explanatory variables were large,
asinp/n — c1 € (0,1) and k/n — ¢ € [0,1), where ¢; + ¢ < 1. Ref. [12] considered
similar problems under covariance structures (1), (3), and (4), an autoregressive covariance
structure, but did not consider them under (2). Moreover, in the study of asymptotic
consistencies, they assumed that k was fixed, but in this paper, k may tend to infinity,
such that k/n — ¢; € [0,1). From the numerical experiments in [12], we know that the
probability of choosing the true model in Cases (1) and (3) results from the following table
(Table 1). In variable selection for multivariate linear regression using the KOO method, the
probability of selecting the true model is shown in the following table. Here, we examine
Cases (1), an independent covariance structure with the same variance, and (3), a uniform
covariance structure.

Table 1. KOO Based on AIC.

k=3 KOO Based on AIC KOO Based on AIC

(n, p) (20, 10) (200, 100) (20, 10) (200, 100)
(1) 0.74 1.00 0.77 1.00
3) 0.47 1.00 0.22 1.00

In this table (Table 1), k is the number of nonzero true explanatory variables, and the
true parameter values were omitted. In [12], k was treated as finite. In this paper, k may
tend to infinity, such thatk/n — ¢; € [0,1).

The present paper is organized as follows. In Section 2, we present notations and
preliminaries. In Section 3, we state KOO methods with Covariance Structures (1)—(3) in
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terms of key statistics. Further, an approach for their consistencies is stated in Section 3.
In Sections 4-6, we discuss consistency properties of KOO methods under Covariance
Structures (1)-(3). In Section 7, our conclusions are discussed.

2. Notations and Preliminaries

Suppose that j denotes a subset of w = {1,...,k} containing k; elements, and X;
denotes the n X k; matrix comprising the columns of X indexed by the elements of j. Then,
Xw = X. Further, we assumed that covariance matrix ¥ had a covariance structure X..
Then, we have a generic candidate model:

MC,j . Y ~ Nnxp(xl®], Zc/i ® Ifl)/ (5)

where ©; is a kj X p unknown matrix of regression coefficients. We assumed that rank(X) = k.
When % is a p X p unknown covariance matrix, we could write the GIC in (2)
as follows:

~ 1
GIC.; = nlog|%;| +np(log2m +1) +d{kjp + Ep(p + 1)}, (6)

where nf]- =Y'(I, —Pj)Y and P; = X]-(X;-X]-)’lx;. When j = w, model M, is called the
full model. /Z\.C,w and P are defined from ic,]’ and P; as j = w, kw = kand Xw = X.

In this paper, we considered the cases in which the covariance matrix . belonged to
each of the following three structures:

(1) Independent covariance structure with the same variance (ICSS).
Yy = (75[,,,
(2) Independent covariance structure with different variances (ICSD).

%y, = diag(o7,...,03),

(3) Uniform covariance structure (UCS).

1-6;;
Yy = ‘TLZz(Pu U)lgi,jép-

The models considered in this paper can be expressed as in (5) with Xy j, %) j, and &,
for X ;. Let f(Y; 0}, %) be the density of Y in (5) with £ = X ;. In the derivation of the
GIC, under the covariance structure £ = % ;, we use the following equality:

—2log max f(Y;0;,%.;) = nplog(2m)
jreef

+ rgin{np log [Se | + tr2_ 1Y/ (1, - Pj)Y}. @)
cj

Let ic,]- be the quantity minimizing the right-hand side of (7). Then, in our model, it satisfies
tric_,,'lY/(In —P;)Y = np, and we obtain

GIC.; = —2log f(Y;0,, ) + dmy;
= nplog |ic,j| +np(log2mr+1) + dmclj, (8)

where m,; is the number of independent unknown parameters under M ;, and d is a
positive constant that may depend on n. For AIC and BIC, d is defined by 2 ([13]) and
log n ([14]), respectively.



Mathematics 2023, 11, 671

40f 15

3. Approach to Consistencies of KOO Methods
Our KOO method is based on

TC,j;d - GICC,(U\] - GICC,(‘]. (9)
In fact, the KOO method chooses the following model:
o = {i | Teja > 0} (10)

Its consistency can be proven by showing the following two properties:

Ql: [F1]= ) Pr(Tj; <0)—0, (11)
Q2: [F2] =) Pr(Tj;>0)—0, (12)
&

as in [11]. The result can be shown by using the following inequality:

Pr(ﬁ;d = j*) = Pr ﬂ “ C,j;d > 0!/ ﬂ “ C’]‘;d < 0”
J€j JEj

=1-Pr| | “Toju<0”J “Toju =0

ISE J&jx
>1- Z Pr(Tc,j;d <0) - Z Pr(Tc,j;d > 0).
J€+ JEjs

Here, [F1] denotes the probability that true variables are not selected, and [F2] denotes the
probability that nontrue variables are selected. Such notations are used for other variable
selection methods. x; is included in the true set of variables if 6 # 0.

Here, we list some of our main assumptions:

Al: The set j. of the true explanatory variables is included in the full subset, i.e.,
j+ C w. and the set j, is finite.

A2: The high-dimensional asymptotic framework:
p—00,n—00, k—o0, p/n—cy€(0,1) k/n—cye0,1),
where 0 < ¢1 +¢p < 1.

A general model selection criterion 7, is high-dimensionally consistent if

Hm Pr(jg = jo) =1,
under a high-dimensional asymptotic framework. Here, “lim” means the limit under A2.

4. Asymptotic Consistency under an Independent Covariance Structure

In this section, we show an asymptotic consistency of the KOO method on the basis
of a general information criterion under an independent covariance structure. A generic
candidate model when the set of explanatory variables is j can be expressed as follows:

Mzz,j Y ~ Nnxp(XjG)j,Zv,j (%9 In), (13)

where ¥, ; = (fg’jlp and (TT%J > 0. Let us denote the density of Y under (13) with

fY; Qj, (77,,]'). Then, we have
—2log f(Y; ®]-,¢7§,]-) = nplog(2m) + nplogaglj

1
+ Ttr(Y — Xj@]')/(Y — X]®])
Uv,j
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Therefore, the maximal estimators of ®; and (75, j under M, ; are given as follows:

~ _ . 1

0; = (X)X;)7'X}Y, 7= @trY’(In —P)Y. (14)
General Information Criterion (8) is given by

GIC,j = nplog ?Ti]- + np(log2m + 1) +dmy j, (15)

where d is a positive constant, and m, ; = k;jp + 1.
Using (9) and (15), we have

Tv,j;d = GICU/w\] - GICv,w

= nplog(1+ Uy ") —dp, (16)
where
4
u, = trY’(I” — Pw)Y = Z yé(ln - P(U)yél
/=1

p
Uyj = trY'(Pw — Pop\j)Y = ) 1y (Pw — Py j)ye-
=1

U /o? i, and Up;/ o2 j, are independently distributed as a central and a noncentral chi-
squared distribution, respectively. More precisely, assume that

E(Y) =X;.0;, (17)

and let 02, = 02 .- Then, using basic distributional properties (see, [15]) on quadratic
forms of normal variates and Wishart matrices, we have the following results:

(1) Ur /05 ~ Xiuiypr
(2) Uyj/ 5, ~ X3(65 7). (18)
(3) Ur L Uy,

where noncentrality parameter Tgr jis defined by
2= 2 t(X.0;.) (Pa — P )X, 0,
'U,j - @ r( ] x ]*) ( w — CL)\]) T ]
Ifj & js, 55,/‘ =0, and if j € j,, in general, Tglj # 0. For a sufficient condition for the

consistency of the KOO method based on GIC, j, we assumed

) 1
A3v :Forany j € js, (522,,]' = O(np),and p/l’ifECl @(53),}4 = 1722;,]» > 0. (19)

Now, we consider thew high-dimensional asymptotic consistency of the KOO method
based on GIC,j in (15), whose selection method is given by j, j.; = {j | T, s > 0}. When
j & j«, from (16), we can write

Tojua = ”PIOg{l +x§/xﬁ1} —dp, m=(n—K)p.

Therefore, we have
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[F2] =) Pr(nplog{l +X§/X2m} > dp)

JEj
= (k—kj,) Pr(U > h) (20)
< (k—k;,) Pr(U > hy),
where

2

U
Xm m—2

_dm_q__P _4d__p

h=e - -, hy=—— . 1)

Note that Iy < h. Then, under the assumption hy > 0, we have
[F2] < (k—k;,)h > E[U*] < (k—k;,)hy > E[U*]. (22)

Related to the assumption iy > 0, we assumed

: np 1 O
A4V.d>m_2—>1_cz,andd—0(n), 0<a<l (23)

The first part in Adv implies hy > 0. It is easy to see that

L) = AR — o) ),

Here, for the first equality, assumption m > 4 is required. Further, ;2 = O(n2(1-%)).
Therefore, from (22), we have that [F2] — 0.

When j € j,, we can write T, ;,y = np log{l + XI%(‘S?JJ) /)(%1} — dp. Therefore, we can
express [F1] as

[F1] = ) Pr(Tyja < 0),
SE

where
7o = Plog {1+ 00
ojd = 108y 1+ T
Assumptions A3v and A4v easily show that
Ty ju — c1log(1+175) > 0.

This implies that Pr(Tv,j;d <0)—0.
These imply the following theorem.

Theorem 1. Suppose that Assumptions Al, A2 A3v, and A4v are satisfied. Then, the KOO
method based on general information criteria GIC, ; defined by (15) is asymptotically consistent.

An alternative approach for “[F1] — 0”. When j € j,, we can write

Toju = nplog{1+x3(52) /2% } —dp.

Therefore, we have
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[F1] = Y Pr(nplog{1+x3(52)/xch } < dp)

ISk
ISE
where, for j € j,,
252 2 2 2
ﬁ- _ Xp((sv,j) _ P—"_(Sv,j E _ ed/n 1 P+(Sy,j —h— 51),]'
| 2, m—2" m—2 m—2

Then, under d = O(n*)(0 < a < 1), A3v in (19) and the assumption Ej < 0 (or
equivalently i < 6]-2/ (m —2)), we have

[F1] <kj, max || 2CE (U]

It is easily seen that

o 2(p+202 ) (m+p—2+82) -
B[] = , (m,]_(z)z(,:_@ 2= =0((n*p) ),

where m > 4 and under d = n“(0 < a < 1) and A3y,

2
~ /o
hi? = —— .
i c1(l—c2)

These imply that [F1] — 0. In this approach, it was assumed that Ej < 0 (or equiva-
lently h < 5]2/(111 —2)).

5. Asymptotic Consistency under an Independent Covariance Structure with
Different Variances
In this section, we assumed that covariance matrix X had an independent covariance
matrix with different variances, i.e., ¥ = ¥, = diag(crgl, . ,abp). First, let us consider
deriving a key statistic Tj,;,y = GICy,w\j — GG w- Consider a candidate model with
E(Y) =X0,
Mpw: Y ~Nuxp(X0, X, @ 1), (24)

Let the density in the full model be expressed as f(Y;©,%;). Then, we have

—2log f(Y;0,%,) = nplog(2m)
z 1
=1

_l’_ -
7
Ty

{”bg‘ﬁ%@ + —(yr — X6;) (ys — X6y) }

=

It holds that

—ZIOg%le%xf(Y;(B,Zb) =np(log2m+1)
T

F 1
+ ) nlog Eyé(ln —Pw)y. (25)
=1
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Next, consider the model removing the jth explanatory variable from the full model
My, oy, which is denoted by Mb,w\]- or M;b, w)\j. Similarly,

—2log max f(Y;0,%;) =np(log2mr+1)
M;b,w\j

d 1
+)_nlog Eyfz(ln =P\ ))ye- (26)
(=1

Using (25) and (26), we can obtain a general information criterion (8) for two models,
My, and My, @\ js and we have

Tb,j;d = GICb,w\] — GICb,w

P
=) nlog (1 + uzgu;;) —dp, 27)

where
ulﬁ:Vé(In_Pw)yb t=1,...,p,
Uy =y (Pw —Pej)ye, £=1,...,p.

Let us assume that
E(Y) =X;,0;, and 0}, = 0} ;. (28)

Then, as in (18), we have the following results:
(1) Uu/q?* N)(fl v =1...p

(2) Uy /04 ~ X3 j0), £=1,...,p, (29)
)
(3) Uy, Uyy, (£ =1,...,p) are independent,

where noncentral parameters &7 -0 are defined by

1 ¢ ¢
0 = g (%.0) (P = Poy) (.17,

with ©, = (99),...,6( )) Ifj & j. o = =0,andifj € j., ¢ b 0 = 0. For a sufficient
condition for consistency of the KOO method based on GIC; ;, we assumed

A3b :Foranyj € j,, lim(n — k)~ léb,]é ’7b;ﬁ > 0, and

lim ~ Zlog{l - k(sw} — 15, > 0. (30)
Piz

Now, we consider the high-dimensional asymptotic consistency of the KOO method
based on T,y in (9), whose selection method is given by j, i.; = {j | Tj ;s > 0}. When
j & j«, we have

[F2] = ; Pr(i nlog{l + Uzgllfel} >d)
J

(=1

p
<y 2 (nog{1+ Upli)'} > a).
idj. =1
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This implies that
[F2] < p(k — ki) Pr(nlog{1+x} /a3y } = d)
=plk—kj,)Pr(V >r), (31)
where
poxao 1
2 _ 4
X N—k=2
1 d 1
_d/n 1 -2 _
r=e ! n—k—2 Ty u—k—2 (32)

Note that rg < r. Then, under the assumption ry > 0, we have
[F2] < p(k—kj,)r2E[V¥] < p(k —kj,)rg *E[V*]. (33)
Related to the assumption rg > 0, we assumed

n

Adb : d
- n—k—2_> 1—0c

,andd =0(n"), 0<a<l. (34)

The first part in A4b implies rg > 0. It is easy to see that

2(n—k—1)

(n—k—22(n—k—4) O((n?)™).

E[V?] =

Further, r; 2 — O(n2(1-9)), Therefore, from (33), we have that [F2] — 0.
When j € j., we can write T}, 3 = n 2521 log{1 + Uy, Ufél} — dp. Therefore, we can
express [F1] as follows: N
[F1] = ) Pr(Ty 4 <0),
JEjs
where
2 (52
_ 1t X1y (51,, ';g) d
Tyja = = ) log{l + 27] - —.
Pi= Xn—k;( n

Assumptions A3b and A4b easily show that

T 2
Th,j;d — Ub,j > 0.

This implies that Pr(Th,j;d <0)—0.
These imply the following theorem.

Theorem 2. Suppose that Assumptions Al, A2, A3b and A4b are satisfied. Then, the KOO
method based on Ty, ;.4 in (27) is asymptotically consistent.
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Let us consider an alternative approach for "[F1] — 0" as in the case of independent
covariance structure. When j € j., we can write

Fl1] = ZPr(i{nlog<1+Xz(

)
i \i=1 k;

¢
P HCAN)
<Y ) Prlnlog|1+ 72 —d<0
j€js 4=1 Xn—kt

Here, for j € j.,

2 (52
X1~£(5b]£) 1+,

‘762 le,...,p,
» By nk=2
1+ 62 5.
= d/”—l bjl . b,j /=1
g =€ P =r Y P /8

where r is the same one as in (32). Note that X%_K((Si j~€)’ £ =1,...,p are distributed as a
noncentral distribution x? (5% i ¢), and they are independent. Then, under the assumption
7; < 0 (or equivalently r < 55]%/ (n —k —2)), we have

P _
[F1] < kj, 1}2 7l E[VZ], s=12,.... (35)
/=1

In the above upper bound, it holds that
Useful bounds are obtained by giving the first few moments of \7j;g. For example,

(1+25v]£)( —k— 1-1—50]5)
(n—k—2)2n—k—4)
B[V = O(n2).

=0(n 1,

E[V7)] =

Then, Bound (35) with s = 2 can be asymptotically expressed as follows:

P
kf* Enb_ﬁﬁE[ ( Z Hh]é) x O )

The above expression is O(n~!) under the assumption that %2521 M, z tends to
a quantity.

6. Asymptotic Consistency under a Uniform Covariance Structure
In this section, we show an asymptotic consistency of KOO method based on a general
information criterion under a uniform covariance structure. First, following [12], we derive
a GIC, ; as in (6), and a key statistic T, j4 as in (9). A uniform covariance structure is
given by
1-9;;
Su=0g(pu ) = op{ (1= pu)Tp + pulply}, (37)
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with Kronecker delta 4;;. The covariance structure is expressed as follows:

1 1

where
a = ‘75(1 —pu), B= 5{1 +(p—1pu}, Gy = 1101/ ’

and1, = (1,...,1)". Matrices I;, — %Gp and %Gp are orthogonal idempotent matrices, so
we have

1 1 11

Sul=parl, Tt =—(1,- =Gy )+ <=

2| = pa u a\P T pr + B p

Now, we consider the multivariate regression model M, ; given by

G,.

Myj: Y~ Nnxp(xj®j, Xy ® L), (38)

where L, ; = aj(I, — p~'Gp) + Bjp~'Gp. Let H = (hy, Hy) be an orthogonal matrix where
h = p‘l/zlp, and let

W] = Y/(In - P])Y and U] = H,W]H

Here, hy is a characteristic vector of ¥, ;, and each column vector of Hj is a character-
istic vector of X, ;. Let the density function of Y under M, ; be denoted by f(Y;®j,«;, B;).
Then, we have

g(zx]-, ﬁj) = —?.logn(ge}xf(Y; 0, aj, ﬁi)
= nplog(27) +n(p —1)loga; +nlogB; + tr‘i’]._luj,

where ¥; = diag( Bj &j, .-, ocj). Therefore, the maximum likelihood estimators of a; and
Bj under M, ; are given by

~ 1 !/ !
= wH,Y (I, - P)Y
& n(P_l)ter (I, — P;)YH,,

1
ﬁ] = ahllY/(In — P])th

The number of independent parameters under M, j is m; = k;p + 2. Noting that ¥
is diagonal, we can obtain the general information criterion (GIC) in (8) for Y in (38) as
follows:

GIC,; = n(p —1)log®; + nlog B} +np(log2m +1) +d(kjp +2). (39)
Therefore, we have
Tu,j;d = GICu,w\] — GICu,w
~ ~ —1 i~y ”) -1
=n(p—1) log{zxw\j(aw) } + nlog{ﬁw\]- (ﬁw) } —dp (40)
= Z]j + sz.

Here, Z1; and Z,; are defined as follows:

b-dp-),

-1
Zyi=n log{l +Vy) (sz)) } —d, 41)

Zyj=n(p-1) log{l + VZ(]-l) (Vl(l))
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using the following V(i), Vz(;), i=1,2:

Vl(l) _ trHéY(In —Pw)YH,, Vz(],l) = trH'zY’(Pw — Pw\j)YHZ/
V1<2) = hllY/(In —Pw)Yhy, V2(1'2> - hllY/(P(U - Pw\f)th'

Related to the distributional reductions of Z; jr Z2j, j=1,...,k we use the following
Lemma frequently.

Lemma 1. Let W have a noncentral Whishart distribution Wy(m,%; Q). Let the covariance
matrix ¥ be decomposed into characteristic roots and vectors as follows:

Y. = HAH’
= (Hl,. . -/Hh)diag()\llql/- . ~/)\hIqh)(H1/ . ,Hh)/,

where Ay > ... > Ay > 0and H is an orthogonal matrix. Then, trH’-WjHj, i=1,...,hare
independently distributed to noncentral chi-squared distributions with mk; degrees of freedom and

; 2 _
noncentrality parameters (Sj = trH;-QH]-.

Proof. The result may be proven by considering the characteristic function of
(trtH{WHy, ... ., trH;WHq) which is expressed as follows (see Theorem 2.1.2 in [15]):

E [eitltrH’IWH1+---+ithtrH;,WHh}
= Eletr(K)]
=1, - 22K|*m/2etr{QK(I,, - 221()*1)},

where K = it HiH| + -+ + it1HqH,;. The result can be easily obtained by checking that
the above last expression equals

q it:
I N —nk;/2 j Py

O
Assume that the true model is expressed as
Myj, 2 Y ~ Nuxp(Xj,0j,, Zus @ L), (42)
where %y . = . (I, — p7'Gp) + B+p~!G,. Using Lemma 1, we have the following lemma.

Lemma 2. Under True Model (42), it holds that

(1) Vl(l) /o, and Vz(]-l)/ . are independently distributed to a central chi-squared distribution

X%p—l)(n—k) and a noncentral chi-squared distribution Xf;—l ((5%]-), respectively.
(2) Vl(z) / B« and V2(].2) / B+ are independently distributed to a central chi-squared distribution x2_,
and a noncentral chi-squared distribution X%(&%]-), respectively.

(3) Noncentrality parameters (5%1» and (5% are defined as follows:

1
53; a—*trHé(Xi* 9;,) (Pw — P\ ;) (X;.0;, ) Hy
1
B«

85 = 7 M1(X;,0;,) (Pw — P j) (X, 0;, ).
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Here, if | & j, then (5%]- = 0and 5% = 0.

Now, we consider the high-dimensional asymptotic consistency of the KOO method
based on Ty ;5 in (27), whose selection method is given by j, s = {j | T ;4 > 0}. For a
sufficient condition for the consistency of j, ;,;, we assumed

A3u: Forany j € j,, 5%]- = O(np), 55]- =0O(n) and

When j & j., we have
[F2) = Y {Pr(Zy; + Z5; > 0)}
J&js
< Y {Pr(Zyj > 0) +Pr(Z; > 0)}
J&js
= (k= k) {Pr(z) > s{) + Pr(z® > )},

Here,
2

7(1) _ Xp-1 p—1

2 _ _ _ 7

X(p—1)(n—k) (p—1(n—k) -2
1) _ od/n _q_ p—1 n_d_ p—1
R s Ty s e (O U pro [y e
7(2) _ X1

Xi—k n—k—2’
@ _dm_,_ 1 @_d 1
° ¢ n—k—2 0 n n—k—2"

Note that s(()l) < s(M and s(()z) < 5(). Then, under the assumption that sél) > 0 and

s((]z) > 0, we have
F2 < (k—k; )| () E[z0)] + (s&) E[(z@) 44
[F2] < ( ]*) 50 ( )7+ S0 ( ) . (44)
Related to assumptions s(()l) > 0 and s(()z) > 0, we assumed
) n(p—1) 1 n 1
Aduzd > (p—1(n—k)—2 - 1—¢f a> n—k—2 1—¢
andd =0(n"), 0<a<l1. (45)

The first part in A4u implies s(()l) > 0 and s(()z) > 0. It is easy to see that
2(p —1*(n—k+1) _
{(p=1D)(n—k) =2}{(p = 1)(n — k) — 4}

2(n—k—1) _ _
k2 kg~ .

E[(z1)?] = o((n*)™),

B(Z2)%) =

Further, (s(()l))’2 = O(n?(1-7)) and (s(()z))’2 = O(n2(1=9). Therefore, from (44), we
have that [F2] — 0.
When j € j., we can write T}, 3 = n 2521 log{1 + Uy, Ule} — dp. Therefore, we can
express [F1] as follows: N
[F1] = ) Pr(Tja < 0),
J€jx
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where

2 (2

_ 1L Xu(‘sb,‘;g) d

Typ = — ) log{l R
P = Xu—ke n

Assumptions A3b and A4b easily show that
T, — log(1+73,) > 0.

This implies that Pr(T, ;,; < 0) — 0, and [F1] — 0.
These imply the following theorem.

Theorem 3. Suppose that Assumptions Al, A2, A3u and A4u are satisfied. Then, the KOO
method based on T, .4 in (40) is asymptotically consistent.

7. Concluding Remarks

In this paper, we considered selecting regression variables in a p variate regression
model with one of three covariance structures: (1) ICSS (an independent covariance struc-
ture with the same variance), (2) ICSD (an independent covariance structure with different
variances), and (3) UCS (a uniform covariance structure). It was proposed to use a KOO
method on the basis of a general information criterion with a penalty term d. We indicated
high-dimensional consistencies of the KOO methods with d = O(n?),0 < a < 1. Ref. [12]
studied the asymptotic consistencies of KOO methods in (1) and (3). However, in their
approach, the number of explanatory variables was fixed; in this paper, the number of
explanatory variables may have tended to infinity. KOO methods may be feasible in com-
putation. The idea goes back to [1], and [2]. However, high-dimensional properties were
recently studied in [7-9,11].

A high-dimensional study of the KOO method under an autoregressive covariance
structure (AUTO), and extending our results to the case of non-normality remain as fu-
ture work.
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