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Abstract: This paper presents an analytical solution to the maximum power point tracking (MPPT)
problem for photovoltaic (PV) applications in the form of an improved fractional method. The pro-
posal makes use of a mathematical function that describes the relationship between power and
voltage in a PV module in a neighborhood including the maximum power point (MPP). The function
is generated by using only three points of the P–V curve. Next, by using geometrical relationships,
an analytical value for the MPP can be obtained. The advantage of the proposed technique is that it
provides an explicit mathematical expression for calculation of the voltage at the maximum power
point (vMPP) with high accuracy. Even more, complex calculations, manufacturer data, the mea-
surements of short circuit current (iSC) and open-circuit voltage (vOC) are not required, making the
proposal less invasive than other solutions. The proposed method is validated using the P–V curve
of one PV module. Experimental work demonstrates the speed in the calculation of vMPP and the
feasibility of the proposed solution. In addition, this MPPT proposal requires only the typical and
available measurements, namely, PV voltage and current. Consequently, the proposed method could
be implemented in most PV applications.

Keywords: PV module; mathematical model; MPP reference generator; maximum power point
trackers

MSC: 00-02; 00A05; 00A06; 00A69

1. Introduction

Nowadays, PV technology is widely used in several applications such as portable
devices, home applications and large-scale projects. However, in order to obtain the
maximum benefit of PV modules, the maximum power must be obtained. With this in mind,
some operating conditions have been identified as the main challenges to be solved [1].
For example, sudden irradiance changes [2], temperature variations and partial shading
conditions [3,4]. It should be noted that if the condition changes, then the maximum power
point also changes and should be recalculated. These problems have been addressed in
many contributions with different approaches.

In the literature, the well-known conventional tracking algorithms, such as Perturb and
Observe (P&O), Incremental Conductance (InC), Fractional Open Circuit Voltage (FOCV),
Fractional Short Circuit Current (FSCC) and others, are very popular due to their ease of
implementation, high rate of success and low computational requirements. However, P&O
and InC are prone to showing oscillatory behavior near the maximum power point (MPP)
and therefore they can provide a low performance. As for FOCV and FSCC, they have poor
accuracy as their main drawback. There are several reviews that show the advantages and
disadvantages of the classical MPPT algorithms [1,2,5]; in such contributions it is shown
that these algorithms can still be useful under certain conditions, such as uniform solar
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irradiation. Moreover, these basic solutions became the basis for more elaborated proposals
that present important improvements in P&O [6,7], FOCV [8] and InC [9] techniques.

In this sense, another approach for solving the MPPT issue can be seen in the use
of model-based non analytical approaches. In these cases, it is possible to find solutions
based on fuzzy logic [10], neural networks [4], amongst others [2,11]. Such solutions
have shown improvements over time and provided more efficient solutions at the cost of
complexity. Over time, hybrid schemes provide even better response to the challenges in
PV applications, as can be seen in reviews and in several contributions [3,4,7].

In general, it is possible to say that the better the performance, the more the complexity,
as can be observed in the reviews [1,2]. In fact, if high efficiency is demanded then high
computation cost and a high number of sensors is a usual requirement. For example,
a highly efficient solution would require the use of voltage, current, temperature and
irradiance sensors.

In order to deal with the disadvantages of elaborated solutions, the improvement
of basic approaches is very attractive [12]. Basically, the main drawbacks of Fractional
Open Circuit Voltage (FOCV) or Fractional Short Circuit Current (FSCC) are the lack of
accuracy at the calculation of the reference voltage at MPP (vre f ) and the periodical connec-
tion/disconnection of the PV module [13]. The main characteristics of FOCV and FSCC are
well presented in several papers in comparison with other methods [1,2,13]. It should be
noted that conventional algorithms are still useful under uniform solar irradiance. For the
case of non-uniform solar irradiance, the conventional techniques have been mixed with
others in order to cope with the accuracy problem with good results [13].

Another interesting approach is the curve-fitting (CF) method [13–18]. This approach
consists of the proposal of an equation that allows the calculation of vre f . This method
makes use of manufacturing information or/and real time measurements in order to
provide a solution [14]. The main disadvantage of this approach is the large amount of data
and knowledge of physical parameters [13,17,18]. Under this approach, some proposals
even require irradiance (G) and temperature (T) measurements. Furthermore, this approach
may require the measurement of vOC and iSC, which can be a disadvantage. Another
important drawback is that ageing is not considered and for this reason some physical
parameters may change (such as vOC, iSC, RS, etc), producing errors in the calculated value
of vre f . However, the main goal of the curve-fitting method is to find an equation that
describes, as precisely as possible, the I–V and/or P–V curves. In this sense, the proposed
equation, so far, provides an explicit solution for the vre f value.

This paper proposes an alternative method for the Fractional Open Circuit Voltage
MPPT technique. The proposal allows us to obtain a precise value for vre f based on some
minimal measurements that should be updated periodically or when a change occurs.
In this way, the main events that change the value of vre f can be faced properly, such as:
temperature changes, sudden irradiation variations, ageing, etc. The proposed equation
requires some minimal measurements that should be updated when a change occurs; this
low data requirement is the main drawback of the CF method. This proposal requires three
points near the MPP and in exchange, it provides a precise value of vre f , dealing with the
inaccuracy problem presented using the basic approaches of FOCV and FSCC. In the long
term, the proposed method can also deal with the ageing problem due to its periodic nature.
Besides, the proposed method does not require measurements of vOC and iSC. Therefore,
PV module disconnections are not necessary. Moreover, the proposed method relies on the
use of some basic algebraic equations that require very few computing resources; this is
important from a numerical analysis perspective [19].

2. Proposed Method
2.1. The MPPT Problem Formulation

A PV module produces electricity in the form of a current or a voltage. Under a
normal operation and with specific climate conditions, temperature, solar illumination, etc.,
the electrical behavior of a PV module can be illustrated, as with Figure 1. In this figure,
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the relationship between current and available power versus voltage is shown. However,
changes in temperature and solar irradiation can change the IV and PV curves and create a
new MPP; these phenomena are widely reported in the available literature.
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Figure 1. Photovoltaic I–V and P–V graphs.

Normally, a complete PV solar tracking system, as is depicted in Figure 2, allows
the obtainment of maximum power by using a proper MPPT strategy and a suitable
controller. Notice that the main contribution of this work is a method for the vre f generation.
In the available literature, a lot of proposals can be found about new control systems that
effectively follow the provided value for vre f ; however, a proper generation of vre f is a
requirement as a previous stage before the controller design. In the following, this paper
proposes a method for the calculation of the MPP voltage value (vMPP)—see Figure 1. Then,
the calculated vMPP voltage value will be used as the vre f voltage by the controller—see
Figure 2.
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Despite the fact that equations for PV modules are well-known, it is not possible to
obtain an equation for the vMPP voltage because the main equation has a transcendental
nature, making vMPP calculation a challenging task. The original equations that describe
the relationship between current and voltage are studied in several papers and exhibit
a dependence of several factors which may be difficult to obtain [17]. Several proposals
of analytical solutions for the MPP problem can be found in [14,17], and they provide
equations for the calculation of a proper vMPP voltage. However, the proposed equations
require the measurement of iSC and/or vOC, photovoltaic current (iPV) and voltage (vPV),
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amongst other information. It should be noted that the measurement of iSC and/or vOC
gives the system a hard time because with the generation of two undesired situations,
short circuit and open circuit, both situations stop the power flow from the PV modules to
the load.

2.2. Proposed Analitycal Solution

In the literature, it is a well-known fact that the mathematical relationship between
voltage and current is expressed using a transcendental equation. Hence, it is not possible
to find an explicit equation for the MPP voltage value (vMPP). This paper proposes the
using of the mathematical relationship between PV power and voltage in order to describe
a small vicinity of the actual PV module operation.

The proposed solution begins with the identification of the zone of interest in the P–V
graph, as in Figure 3.
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Under this proposal, it is stated that the most important zone in the P–V curve cor-
responds to the shaded area because it contains the MPP. It should be clear that, even if
we have the complete curve information, the most important region is where the MPP
is contained. In order to have a definition for the zone of interest, the boundaries stab-
lished via the fractional method are used for this paper and represented with the following
equations [12,13]:

vMPP = k ∗ vOC (1)

with
0.7 < k < 0.9 (2)

In this regard, the present proposal pretends to make an improved fractional method
by considering the established boundaries in the conventional fractional method, (1) and
(2), and the general equation for a circle suggested as the main model of this proposal.
In comparison with other solutions of the same nature, this proposal does not pretend to
generate an equation for the entire PV module behavior, but only for the zone of interest.
It should be noted that, under this approach, only the vOC voltage is required for defining
the initial boundaries.

The proposed model (3) belongs to the circle family and has the following structure:

(x− vc)
2 + (y− pc)

2 = r2 (3)

where the variables x and y are vPV and PV power (pPV), respectively. The point (vc, pc)
represents the coordinates of the center of the circle and r the corresponding radius. The
proposed equation emulates the P–V curve behavior in the zone of interest. By taking
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the first derivative in (3) with respect to x, it is possible to demonstrate that the MPP
corresponds with x = vc, then the MPP problem is reduced to the calculation of the
coordinates (vc, pc), where vc = vMPP.

In order to find the coordinates, the following procedure is proposed:
First, three arbitrary points on the P–V curve, Q1(v1, p1), Q2(v2, p2) and Q3(v3, p3),

must be selected so that these points belong to the zone of interest, as shown in Figure 4.
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Next, we need to find the equations for two perpendicular lines (l1 and l2) to the

segments
→

Q1Q2 and
→

Q2Q3, which can be visualized in Figure 5. It is worth noting that the
intersection of l1 and l2 will define the vMPP. To define the equations for l1 and l2, we need

to find the middle point of the segments
→

Q1Q2 and
→

Q2Q3, which are represented by the
coordinates (x1, y1) and (x2, y2). Also, we need to find the slopes (m11 and m22) of l1 and l2.
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For this, the coordinates (x1, y1) and (x2, y2) can be calculated departing from the
three arbitrary points, as described in (4) and (5):

x1 =
v1 + v2

2
, y1 =

p1 + p2

2
, (4)

x2 =
v2 + v3

2
, y2 =

p2 + p3

2
. (5)

While the slopes are calculated with (6) and (7):

m11 = − 1
m1

= −
(

v2 − v1

p2 − p1

)
, (6)

m22 = − 1
m2

= −
(

v3 − v2

p3 − p2

)
. (7)

Figure 5 contains the main elements of the proposed circle modeling.
In this way, the equations for l1 and l2 are given using:

y = m11(x− x1) + y1 (8)

y = m22(x− x2) + y2 (9)

Finally, the value of vMPP is calculated with the intersection of l1 and l2 and is repre-
sented by Equation (10).

vc = vMPP =
m22x2 −m11x1 + y1 − y2

m22 −m11
(10)

In addition, we can find the values for pc and r. However, these values are not relevant
for the calculation of vMPP.

It is worth mentioning that some operating conditions must be avoided when using
Equation (10), which are summarized in the following:

(a) p1 6= p2 and p2 6= p3,
(b) m22 6= m11,

i.e., the PV power in the three different points, Q1, Q2 and Q3, must be different so that
zero division can be avoided in Equations (6) and (7). Also, the slopes m11 and m22 must be
different to avoid the indetermination of (10). Note that the conditions given in (a) and (b)
can be guaranteed through the MPPT algorithm implementation in a digital processor.

It should be noted that all the previous elements of analytic geometry are widely
known in the available literature. However, this proposal provides a solution to the MPP
problem with minimum measurements and computing requirements.

3. Experimental Results

The experimental validation of the present MPPT proposal is presented in this sec-
tion. For this, two scenarios have been considered, which are detailed in the following
subsections:

(a) Case 1: Offline test using I–V and P–V curves.
(b) Case 2: Online test under a closed-loop control operation.

In case one, the characteristics (I–V and P–V) curves of a PV module were obtained by
using a variable resistance connected in the PV module terminals, as described in Figure 6.
Hence, three operating points were selected as shown in Table 1. Then, by applying
the proposed method in this paper, the voltage at the maximum power point (vMPP)
was calculated departing from (10). For case two, a closed loop control operation was
implemented in a digital platform, as illustrated in Figure 2.
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Table 1. Numerical evaluation with Solartec S72MC-175.

Parameter Value Equation

Q1(v1, p1) Q1(35.51, 174.52) -
Q2(v2, p2) Q2(36.57, 174.90) -
Q3(v3, p3) Q3(37.10, 174.44) -
(x1, y1) (36.04, 174.71) (4)
(x2, y2) (36.835, 174.67) (5)

m11 −2.7894 (6)
m22 1.11521 (7)

vMPP 36.28 V (10)

3.1. Case 1: Offline Test Using I-V and P-V Curves

In this case, the curves of the Solartec S72MC-175 PV module were obtained by using
the simulation test bench depicted in Figure 6. The proposed test bench was implemented
in Psim software and the functional model was used for the PV module.

The functional model in Psim requires VOC, ISC, maximum power voltage (VM)
and maximum power current (IM). The parameter values included in the datasheet are
VOC = 44.40V, ISC = 5.30A, VM = 36.30V and IM = 4.82A. The I–V and P–V curves were
obtained by varying the load resistance value (RL). These measurements are presented in
Appendix A. Note that the exact value for vMPP corresponds with VM = 36.30V. With this
information, the effectiveness of the proposed method can be evaluated.

Once the I–V and P–V curves were available, three points were selected to feed the
proposed algorithm. As a result, it was possible to calculate the vMPP voltage using
Equations (4)–(7) and (10). The numerical evaluation of the proposed method is summa-
rized in Table 1.

In addition, Figure 7 shows all the elements considered in the proposed method.
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Finally, the error between the exact and calculated voltage values is presented in
Table 2. In the table is also included a comparison with the error produced using the typical
fractional method (see fourth column).

Table 2. Calculated error for vMPP voltage.

Exact
vMPP

Calculated
vMPP

Fractional Method
vMPP

Proposed
Method

Error (%)

Fractional
Method

Error (%)

36.30 V 36.28 V Between 31.08 V
to 39.96 V 0.05% 14.3% (worst

case)

Where the error value can be calculated with:

Error(%) =
|vexact − vcalculated|

vexact
× 100 (11)

It should be noted that this section serves just for validation of the proposed method.
Using the offline information provided by the I–V and P–V curves, it was possible to calcu-
late the vMPP value with minimal error. However, in real life applications, the calculation of
vMPP must be carried out in real time. This situation is addressed in the following section.

3.2. Case 2: Online Test Using Closed Loop Control

In order to validate the proposed method, an experimental test bench was built
considering the elements showed in Figure 2. A Chroma programmable DC Power Supply,
model 62050H-600S with Solar Array Emulation capabilities was used as the power source
and connected to a dc-dc Boost converter with a rated capability of 350 W. Table 3 contains
the main parameters of the power converter. A series connection of six batteries was used
as load with 12 volts in each battery. The proposed MPPT algorithm and the closed loop
controller were implemented in a DS1104 dSpace digital board with a sampling frequency
of 70 kHz. The PWM technique, for the dc–dc converter, was implemented with analog
circuits at a frequency of 10 kHz.

Table 3. Parameters of the dc–dc boost converter.

Parameter Value

Mosfet IRFP250N
Diode STTH30R04W

L 1.5 mH
Cin 30 µ F
Cout 680 µ F

Figure 8 shows the simplified diagram of the experimental platform including dc–dc
boost converter details. The complete experimental platform is shown in Figure 9 and
illustrates the mentioned elements.
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It should be noted that the control strategy is based on a previous contribution of the
authors and is based on a high-performance input–output linearization controller; details
about the controller can be found in [20].

First, three arbitrary points of the PV curve were required as the input information of
the proposed algorithm. This can be accomplished with an induced change in the setpoint
reference of the closed-loop control. Figure 10a shows two setpoint changes (upper side)
and their corresponding PV power (lower side). Its corresponding PV curve is illustrated
in Figure 10b. The obtained results are summarized in Table 4 for a solar irradiance of
500 W/m2.
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Figure 10. Three arbitrary points of the PV curve with 500 W/m2. (a) Experimental generation of
three points with setpoint changes and (b) location of the three points in the PV curve.

Table 4. Experimental selected points under an irradiance of 500 W/m2.

PV Module Q1(v1,p1) Q2(v2,p2) Q3(v3,p3)

Solar Array Emulator (27.0 V, 73.72 W) (28.0 V, 75.30 W) (31.0 V, 75.55 W)
Calculated vMPP 29.69 V

Exact vMPP 29.73 V
Error % 0.13%

In order to prove that the proposed methodology can be applied under different
conditions, another set of points were generated with a solar irradiance of 1000 W/m2.
Figure 11a shows the setpoint changes (upper side) and their corresponding PV power
(lower side). Its corresponding PV curve is illustrated in Figure 11b. The obtained results
are summarized in Table 5.
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Figure 11. Three arbitrary points on the PV curve with 1000 W/m2. (a) Experimental generation of
three points with setpoint changes and (b) location of the three points on the PV curve.

Table 5. Experimental selected points under an irradiance of 1000 W/m2.

PV Module Q1(v1,p1) Q2(v2,p2) Q3(v3,p3)

Solar Array Emulator (28.00, 146.70) (31.00, 147.70) (32.00, 143.50)
Calculated vMPP 30.14 V

Exact vMPP 30.00 V
Error % 0.46%

Notice that in Tables 4 and 5, the vMPP value was calculated with Equation (10);
such an equation involves purely algebraic operations, thus making a very fast algorithm.
Another benefit is the absence of a voc and isc measurement, making this proposal less
invasive than other solutions. This is important because the measurement of voc or isc
produce a temporal stop of power flow from the PV module to the load. In addition, the
arbitrary selected points of the P–V curve were selected according to (1) and (2).

It should be observed that the time between setpoint changes (∆t) in Figures 10 and 11
can be reduced. The employed ∆t was selected only for the validation of the proposed
algorithm and to clearly show the proposed method: ∆t ∼= 0.25s.

In real time applications ∆t will be limited by the settling time (ts) of the closed-loop
controller. This situation is observed in Figure 12, where after the calculation of the new
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vMPP value and its corresponding actualization, a set point change occurs and ts is required
in order to obtain a new measurement under steady-state conditions.
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Considering the transient response under a closed-loop controller, the following
criteria of ∆t selection is proposed.

∆t > 2 ∗ ts (12)

In the present experiments, the closed-loop controller allows us to establish ts with the
following relationship:

ts = 7 ∗
(

1
fsw

)
, (13)

where fsw stands for the PWM switching frequency on the dc–dc boost converter. More
details about the high-performance closed-loop controller can be found in [20].

Based on the previous relationships, the minimum required time to perturb vre f for
taking a new measurement will be

∆t(min) = 14 ∗
(

1
fsw

)
. (14)

In the experiments, and with fsw = 10kHz, we have ∆t(min) = 1.4ms as the time
required to take a new measurement, which is illustrated in Figure 12, where ts = 0.7ms.

Finally, the flowchart for the proposed method is included in Appendix B. The
flowchart shows that the measurement of vOC is only needed at the beginning of the
operation. As a starting point, it is suggested that vMPP = 0.8 ∗ voc and then Q1, Q2 and
Q3 can be measured. Next, by using the proposed method, a new vMPP can be calculated.
Then, the update of the voltage reference is applied by making vre f = vMPP. Note that the
flowchart includes a delay time (tD); this time is required between each iteration and is a
user-defined parameter.

4. Discussion

In this paper, an improved Fractional Open Circuit Voltage (FOCV) MPPT method
was presented, which requires only three points of the P–V curve of PV modules. Here, an
analytical equation has been proposed in this paper by using the classical circumference
equation, thereby allowing the calculation of the voltage at the maximum power point
(vMPP). This proposal has been validated through numerical and experimental tests by
considering a closed-loop operation in the power converter. Furthermore, there is no need
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for iSC measurement; also, vOC would be required only at the beginning of the day, making
it ideal for online applications. Currently, sudden irradiance changes produce changes in
iSC and have minimal impact in the vOC value. For this reason, the proposed method can
be employed to deal with this phenomenon. In contrast, temperature changes produce a
direct impact on the vOC voltage value, just as reported in the literature. For this reason,
the proposed method flowchart includes an initial measurement of vOC. However, after
the initial measurement of vOC, it is no longer required for the calculation of vMPP. Indeed,
the proposed method produces minimal interference between the PV module and the load
by avoiding the measurement of iSC and reducing the number of times vOC is measured.
Additionally, this proposal copes with the main disadvantage of analytical approaches that
require a huge amount of data from manufacturer datasheets. As a final characteristic, the
proposed algorithm has very few computational requirements.

Finally, note that the proposed method includes elements of the CF approach. In
addition, the present proposal is considered as an improved FOCV method because it
uses the same boundaries. However, in comparison with the regular FOCV, the proposed
method can be used to calculate a precise value of vMPP.
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Appendix A

Table A1. PV module data.

Solartec S72MC-175

V I P

0.53 5.3 2.809
15.90 5.29 84.26
18.55 5.29 98.30
21.20 5.29 112.30
23.85 5.29 126.21
26.50 5.27 139.87
28.00 5.26 147.32
30.21 5.22 157.75
32.33 5.14 166.18
34.45 5.01 172.77
35.51 4.91 174.52
36.04 4.85 174.91
36.57 4.78 174.90
37.10 4.70 174.44
39.22 4.24 166.37
40.80 3.68 150.27
41.87 3.14 131.61
42.93 2.37 102.15
43.99 1.13 50.00
44.40 0 0
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