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1. Introduction

Throughout the text, K stands for an arbitrary field of characteristic 2. In almost all our
constructions, K is arbitrary. There are a few instances where K is required to be infinite.
We will point out these instances.

1.1. Lie Superalgebras in Characteristic 2

Roughly speaking, a Lie superalgebra in characteristic 2 is a Z/27Z-graded vector space
that has a Lie algebra structure on the even part and is endowed with a squaring on the
odd part that satisfies a modified Jacobi identity; see Section 2.1 for a precise definition.
Because we are in characteristic 2, those Lie superalgebras are sometimes confused with
Z/27Z-graded Lie algebras, though they are totally different algebras due to the presence of
the squaring. They can, however, be considered as a Z/2Z-graded Lie algebra by forgetting
the super structure. The other way round is not always true in general.

The classification of simple Lie superalgebras into characteristic 2 is still an open and
wide problem. Nevertheless, Lie superalgebras in characteristic 2 admitting a Cartan matrix
were classified in [1], with the following assumption: each Lie superalgebra possesses a
Dynkin diagram with only one odd node. The list of non-equivalent Cartan matrices for
each Lie superalgebra is also given in [1]. Moreover, it was recently showed in [2] that each
finite-dimensional simple Lie superalgebra in characteristic 2 can be obtained from a simple
finite-dimensional Lie algebra in characteristic 2, hence reducing the classification to the
classification of simple Lie algebras, which on its own is a very tough problem. As a matter of
fact, there are plenty of (vectorial and non-vectorial) Lie superalgebras in characteristic 2 that
have no analogue in other characteristics; see [2-4] and the references therein.

It is worth mentioning that the characteristic 2 case is a very tricky case, due to the
presence of the squaring. It does require new ideas and techniques.
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1.2. Hom-Lie Superalgebras in Characteristic 2

The first instances of Hom-type algebras appeared in the physics literature; see, for
example, [5], where g-deformations of some Lie algebras of vector fields led to a structure
in which the Jacobi identity is no longer satisfied. This class of algebras was formalized
and studied in [6-8], where these algebras were called Hom-Lie algebras since the Jacobi
identity is twisted by a homomorphism. The super case was considered in [9], where
Hom-Lie superalgebras were introduced as a Z/2Z-graded generalization of the Hom-
Lie algebras. The authors of [9] characterized Hom-Lie admissible superalgebras and
proved a Z/27Z-graded version of a Hartwig—Larsson-Silvestrov Theorem, which led to
the construction of a g-deformed Witt superalgebra using o-derivations. Moreover, they
derived a one-parameter family of Hom-Lie superalgebras deforming the orthosymplectic
Lie superalgebra osp(1]2). The cohomology of Hom-Lie superalgebras was defined in [10].
For other contributions, see, for example, [11,12] and the references therein. Notice that all
these studies and results were performed over a field of characteristic 0.

1.3. The Main Results

The main purpose of this paper was to tackle the positive characteristic and provide a
study of Hom-Lie superalgebras in characteristic 2. We introduce the main definitions and
some key constructions, as well as a cohomology theory fitting a deformation theory. In
Section 2, we recall some basic definitions and introduce Hom-Lie algebras and Hom-Lie
superalgebras over fields of characteristic 2 and some related structures. We show that
a Lie superalgebra in characteristic 2 and an even Lie superalgebra morphism give rise
to a Hom-Lie superalgebra in characteristic 2. Moreover, we provide a classification of
Hom-Lie superalgebras in characteristic 2 in low dimensions. In Section 3, we consider
the representations and semidirect product of Hom-Lie superalgebras in characteristic 2.
The structure map defining a Hom-Lie superalgebra in characteristic 2 allows a new type
of derivation called a*-derivations, discussed in Section 4. In Section 5, we introduce the
notion of the p-structure and discuss the queerification of restricted Hom-Lie algebras in
characteristic 2. Section 6 is dedicated to cohomology theory. We construct a cohomology
complex of a Hom-Lie superalgebra g in characteristic 2 with values in a g-module. This
cohomology complex has no analogue in characteristic p # 2. In the last section, we provide
a deformation theory of Hom-Lie superalgebras in characteristic 2 using the cohomology
we constructed previously.

2. Backgrounds and Main Definitions
Let V and W be two vector spaces over K. Amap s : V — W is called a squaring if

s(Ax) = A%s(x) forall A € Kand for all x € V, and the map

(x,y) — s(x+y) —s(x) —s(y) is bilinear. 1)

2.1. Lie Superalgebras in Characteristic 2

Following [4,13], a Lie superalgebra in characteristic 2 is a superspace g = gg & gj over
K such that gg is an ordinary Lie algebra, g1 is a gg-module made two-sided by symmetry,
and on g1, a squaring, denoted by s, : g7 — gg, is given. The bracket on gg, as well as the
action of gg on g7 are denoted by the same symbol [+, -]. For any x,y € gy, their bracket is
then defined by
[,y = s(x +y) — s(x) = s(y).

The bracket is extended to non-homogeneous elements by bilinearity. The Jacobi
identity involving the squaring reads as follows:

[s(x),y] =[x, [x,y]] forany x € gjand y € g.

Such a Lie superalgebra in characteristic 2 will be denoted by (g, [-, -], s)-
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For any Lie superalgebra g in characteristic 2, its derived algebras are defined to be
(fori > 0) ' o ‘
0% =g " =[g", "] +Span{s(x) | x € (a")1}.

A linear map D : g — g is called a derivation of the Lie superalgebra g if, in addition to
D([x,y]) = [D(x),y]+[x,D(y)] foranyx € gjandy € g, we have )
D(s(x)) = [D(x),x] foranyux € g;. 3)

It is worth noticing that condition (3) implies condition (2) if x,y € g1.

We denote the space of all derivations of g by der(g).

Let (g, [, -]g,5q) and (b, [, -]y, sy ) be two Lie superalgebras in characteristic 2. An even
linear map ¢ : g — b is called a morphism (of Lie superalgebras) if, in addition to

¢([x,yls) = lo(x),9(y)]ly foranyx e ggandy € g, wehave
p(sg(x)) = sp(e(x)) foranyx € gy.

Therefore, morphisms in the category of Lie superalgebras in characteristic 2 preserve
not only the bracket, but the squaring as well. In particular, subalgebras and ideals have to
be stable under the bracket and the squaring.

An even linear map p : g — gl(V) is a representation of the Lie superalgebra (g, [-,-],s) in
the superspace V called the g-module if

o([x,y]) = [p(x),p(y)] forany x,y € g; and p(s(x)) = (p(x))* forany x € g;.  (4)

Remark 1. Associative superalgebras in characteristic 2 lead to Lie superalgebras in characteristic
2. The bracket is standard, and the squaring is defined by s(x) = x - x, for every odd element x.

2.2. Hom-Lie Algebras in Characteristic 2

A Hom-Lie algebra in characteristic 2 is a vector space g over K and a map « € End(g)
together with a bracket satisfying the following conditions:

[x,x] =0, af[x,y] =[a(x),a(y)] and [a(x),[y,z]]+ O (x,y,z) =0, forallx,y,z € g.

Such a Hom-Lie algebra will be denoted by (g, [+, -], «).

A representation of a Hom-Lie algebra (g, [-, |4, ) is a triplet (V, [+, -]y, B), where V is a
vector space, B € gl(V), and [, -]y is the action of g on V such that (for all x,y € g and
forall v € V):

[a(x), p(0)]v = B([x,0lv), (% ylg, B(0)]lv = [w(x), [y, olv]v + [a(y), [x, olv]y. )

Writing Equation (5) using the notation of Equation (4), we put pg := [+, -]y and obtain
(forallx,y € g):

ppla(x))oB=PBop(x), p([x,ylg)op=p(a(x))ey)+pe(a(y))o(x). (6)

2.3. Hom-Lie Superalgebras in Characteristic 2

Our main definition is given below. Due to the presence of the squaring, our ap-
proach to define Hom-Lie superalgebras in characteristic 2 will differ from that used in
characteristics p # 2; see [9].

Definition 1. A Hom-Lie superalgebra in characteristic 2 is a quadruple (g, [-, -], s, «) consisting of
a Z/27-graded superspace g = g5 & g1 over K, a symmetric bracket [-, -], a squaring s : g1 — gg,
and an even map « € End(g) such that:
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@ (g, vc\%) is an ordinary Hom-Lie algebra;
(i) g7 is a gg-module made two-sided by symmetry, where the action is still denoted by the bracket
['/ ']/'
(ii)) The map
g1 x 01 = 8y (vy) = s(x+y)+s(x) +sy) (7)

is bilinear and induces the bracket on odd elements; namely, for any x,y € gy:

[x,y] = s(x+y) +s(x) +5(y);

(iv) The following three conditions hold:

[s(x), a(y)] [a(x), [x,y]] forany x € giandy € g, )
a([xyl) = [w(x),a(y)] forany x,y € g, ©)
a(s(x)) = s(a(x)) foranyx € gy. (10)

Remark 2. (i) The Jacobi identity on triples in {go, 91,01} and {g1, 91,91} follow from condi-
tion (8). We, therefore, recover the usual definition of Hom-Lie superalgebras [9].

(i1) Since we are working over a field of characteristic 2, skew symmetry and symmetry coincide
since —1 =1 (mod 2).

(iii) We may want to consider Hom-Lie superalgebras in characteristic 2 without condi-
tions (9) and (10), which corresponds to the multiplicativity of the structure map .

Let (g, [-,-]g,5q,&) and (g/, [-, -] 47,54, &") be two Hom-Lie superalgebras in characteris-
tic2. Amap ¢ : g — g’ is a morphism of Hom-Lie superalgebras if the following conditions
are satisfied:

([ Je) = [9().9C)]g, posg=syo, goa=a'og. an

Two Hom-Lie superalgebras (g, [+, -], 54, &) and (g, [-, -]y, 54/, &) are called isomorphic
if there exists a homomorphism ¢ : g — ¢’ as in (11) that it is bijective.

Let (g, [, ], s, &) be a Hom-Lie superalgebra in characteristic 2. Let I be a subset of
g. The set I is called an ideal of g if and only if I is closed under addition and scalar
multiplication, together with

[I,g] CI, a(I) C Iand s(x) € I whenever x € I N gj.

In particular, if the ideal I is homogeneous, namely I = INgg®INg; = [ I,
then the condition involving the squaring reads s(x) € I; for all x € I;. In addition, the
superspace g/ ! is also a Hom-Lie superalgebra in characteristic 2. The bracket and the
squaring are defined as follows:

x+Ly+I = [xy]+I forallx,yeyg,

s(x+1I) = s(x)+1 forallx € gy,
while the twist map & on g/ is defined by
d(x+1I)=a(x)+1 forallx e g.

We will only show that the squaring is well-defined. Suppose that ¥ —x =i € Ij;
we have
s(%) =s(x+1i) =s(x)+s(i) + [x,i] =s(x) mod (I).
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In the following proposition, we will show that an ordinary Lie superalgebra together
with a morphism gives rise to a Hom-Lie superalgebra structure on the underlying vec-
tor space.

Proposition 1. Let (g, [+, -], s) be a Lie superalgebra in characteristic 2, and let « : g — g be an
even superalgebra morphism. Then, (g, [-, -|a, Sa, &), Where [-,]o = ao[-,]and s, = wos,isa
Hom-Lie superalgebra in characteristic 2.

Proof. The first part of the proof is given in [9]. We have to check Equations (1) and (8).
Indeed, let A € K, and let x € g;. We have

sa(Ax) = a(s(Ax)) = a(A%s(x)) = A%a(s(x)) = A%sq(x).

On the other hand, for any x € g; and y € g, we have

[s0(x), a(y)]e = a([a(s(x)), a(y)]) = a?([s(x), y]) = a*([x, [x, y]])
= a([a(x),a([x,y])]) = [a(x), [x,ylala- O

More generally, let (g, [-, -], s, &) be a Hom-Lie superalgebra in characteristic 2, and
let B : g — g be an even weak superalgebra morphism (the third condition of (11) is
not necessarily satisfied). Then, (g,[-,']g := Bo[,],sp := Bos,acp)is a Hom-Lie
superalgebra in characteristic 2. The proof is similar to that of Proposition 1.

Example 1. Consider the ortho-orthogonal Lie superalgebra g := 0053(1\2) (see [1,4])
spanned by the even vectors , x2, 2 and the odd vectors x1,y; with the non-zero brackets:

X, y1]l =[xy =h [hxl=x1, [hyl=y1, [xvil=x, [y2x1]=w,

and the squaring;:
s(x1) =x2, s(y1) = 2.

Let us define the map « on the vector space underlying 0053 (1]2):
a(x1) = 61x1 + Sy1, a(y1) = e1x1 +ey1, a(x2) = Mh+Axa + Azy,
a(y2) = prh + Paxz + Baya, a(h) = mh.

A direct computation shows that the map « is a morphism of Lie superalgebras if and
only if (where we have put for simplicity T := 1 + dye1 + J1€2):

m=0+T)? Pi=ee, Pr=¢, Ps=¢e, M=060 I=20 I=20;
together with
e T=e TP = T=T?=5T=6T"=6T=6T>=T(1+T)=0. (12

The only solutions to Equation (12) that do not produce the zero map are given by T = 0.
We can, therefore, construct a Hom-Lie superalgebra by means of the map &, depend-
ing on three parameters, as in Proposition 1. So, we have
a(x1) = d1x1 + by, a(y1) = e1x1 +eay1, a(x2) = 61620 + 6732 + 03y,
a(y2) = e1e2h + €3x + €3yn, a(h) = h.

such that 1) ¢ SLy(K).
52 5
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In particular, we have the following Hom-Lie superalgebra in characteristic 2, which
we denote by oogg (1|2), defined by the brackets:

X1, v1la = X2, y2]a = h, (1, x1]a = %1, [ y1]e = ex1+ 11,
(X2, y1]e = X1, (Y2, X1]a = X1 + 11,

with the corresponding squaring:
s(x1) =xp, s(y1) =¢eh+ e2xy + Y2,
and the twist map:
a(xy) =x1, a(yy) =ex1+y1, a(xp) =x3, a(yp) =ch+ e2x, +y2, a(h)=h,
where ¢ is a parameter in K. We recover the Lie superalgebra oogg (1]2) for e = 0.

2.4. The Classification In Low Dimensions

Let us assume here that the field K is infinite (for instance, algebraically closed). For
the classification of Hom-Lie algebras and superalgebras in low dimensions, see [14-20].

2.4.1. The Case sdim(g) = 1|1
Assume that gy = Span{e} and g; = Span{f}. We set
ale) =Me, a(f) =Aaf, sg(f) =pe, e =0, [ef]=1f.

It follows that [f, f] = s(2f) —2s(f) = 2s(f) = 2pe = 0. Calculations on the conditions
lead to

pYA2 =0, Aoy =AY, pAy = pAd.
These are all Hom-Lie superalgebras up to an isomorphism:

(i) Abelian: the twist is given by a(e) = Aje, a(f) = Apf, where (A1, A;) # (0,0).
(i) [e f] = f,s(f) = 0: there are two twists given by:

a1(e) =e, a1(f) = Apf, where Ay #0, ap(e) = Ae, ax(f) =0, where A; # 0.

(iii) [e, f] = 0,s(f) = e: the twist is given by a(e) = A%e,a(f) = Af, where A # 0.

As the field K is infinite, we have a family of Hom-Lie superalgebras.

2.4.2. The Case sdim(g) = 1|2

Assume that g5 = Span{e} and g; = Span{ f1, f»}. We define the brackets as (where
a;, by € Kfori,j=1,2):

le, fil = a1fi +asfa, e fo] = bifi +bafo,

and finally, the squaring as (where p; € K fori =1,2,3):

s(fi) =p1e, s(f2) =p2e, s(fi+f2) =pse

Let us consider a linear map « by which we will construct the Hom-structure.
As a preserves the 7 /27Z-grading, and by using the Jordan decomposition, we distinguish
two cases:

Case 1: Suppose that « is given by (where s, t1, 1, € K):

ale) =se, a(fi) =tfi,  a(f2) =rfa

A direct computation shows that there are only the following sub-cases:
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Sub-case 1a: We have p3 = p1 +p2, p1 #0, s =13, pa (s +13) =0and a; = b; = 0 for
i = 1,2. Here are the two possible cases:

p3=p1+p2, p1 #0, p2 =0, s =1, a; = by = a; = by = 0, r, arbitrary; or
03 =p1+ P2, p1,02 #0, s:t%, =71, a=by=ay=0by=0.
Sub-case 1b: We have p; = pp = p3 = 0 together with
bi(ty +5s12) =0, borp(145) =0, ayt1(14+5s) =0, ax(rp +st1) = 0.

We can disregard this case, because it produces a Lie algebra instead of a Lie superalgebra.
Sub-case 1c: We have p1 + p + 03 # 0, p1 # 0, together with

2
s =171 = tiry, pzf% = T’%pz, am=by=a,=0b,=0.
Here are the two possible cases:

P1+P2+P37£0, 01 #0, szO,S:t%:fﬂ’z, rp#0,a1=by=a,=0b, =0; or
P14 02403 #0, pr,2#0, s=13, t1 =12 #0, a1 =by =a, =b, =0.

Case 2: Suppose that « is given by (where s, t; € K):
ale) =se, a(fi)=tfi, alf) =fittfo

A direct computation shows that there are only the following sub-cases:
Subcase 2a: We have p1, p2 # 0, but p3 arbitrary, together with

a1 =ay,=by=by=0,s=1, p1(1+1t1) = t;(02 + p3).
Subcase 2b: We have p1, p3 # 0, but pp = 0 arbitrary, together with
g =a=b=b=0,s= t%, p1(1+t) = tp3.

Subcase 2c: We have p1 # 0, but p; = p3 = 0, together with

m=a=bi=bp=0,5s=1,t1=1.
Subcase 2d: We have p; = 0, p2 # 0, but p3 arbitrary, together with

ap=a,=b;=b=0,s= t%, t1(p2 +p3) = 0.

Subcase 2: We have p; = pp = 0, but p3 # 0, together with

m=ay=by=b;=0,s=0, t; =0.

The tables below summarize our finding. We find it convenient to order the Hom-Lie
superalgebras into two groups: (i) type I comprises those for which the go-module structure
on gj is trivial; (ii) type II comprises those for which the gg-module structure on gj is
not trivial.

Remark 3. We do not explore the possibility of isomorphisms between the Hom-Lie superalgebras
in Tables 1-4.
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Table 1. Type I (i.e., [gg, 97) = {0}) with a(e) = se, a(f1) = t1 /1, a(f2) = r2fo.

The HLSA  The Squaring s The Conditions
*Un) - e 01 #0, s =1,
Ay s(f2) = 0 i
ro arbitrary
s(fi+tAf2) = pie
s = e,
(f1) P1 pups £0,
Ay s(f2) = pae, L
) s = tl,rz =1
s(fi+Af2) = (o1 +A%p2)e
s = e,
A SE?; _ gl p1 #0, p1 +p3 #0,
3 2 ! S:t%:tlrz,rg#o
s(fitAfa) = ((1+A)p1+Ap3)e
s(f1) = pie
1 s(f2) = p2e, p1,p2 #0, p1+p2+p3 #0,
! s(AitAR) = Api+(1+Npatpsle  s=8 t=ry 1 #0
+o1e

Table 2. TypeI (i.e. [g5, 97] = {0}) with a(e) = se, a(f1) = t1/1, a(f2) = f1 + t1.f2.

The HLSA  The Squaring s The Conditions
s(f1) = p1e -
As s(f2) = p2f2 p1,02 #0, p3 = H Loi +p2,
s(fitAfa) = Mo+ (1+A)p2)e s=1£
+(Ap3 +p1)e
s(f1) = p1e 1+t
A6 S(fz) _ 0[ P1/P327é 0/ P3 - t] Plx
s(fitAfa) = (Alpr+p3)tp1)e s=1h
s = e,
(f1) 1 o1 40,
A7 S(fz) = 0’ S:t1:1
S(fl—‘r)\fz) = p1(1+/\)€
s(f1) =0 p2 # 0, p3 arbitrary,
AR = e SN
s(fi+Af2) = Alpa+p3+Apa)e ’
s = 0,
(1) p2 #0,
Ag s(f2) = p2e, S= P, £0
s(fi+Afa) = Apoe v
s(f1) = 0,
p3 #0,
Aqg s(f2) = 0 s—t =0
S(fl + /\fz) = Apge
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Table 3. Type Il (i.e., [gg, 97]) # {0}) with a(e) = se, a(f1) = t1f1, a(f2) = r2fo.

The HLSA The Squaring s (90, 9] The Conditions
- s=1,
1 2 N = 0, o, fo] = bifs+bofs 1="12, .
s(fi+Afa) = ai,ap, by, by arbitrary
_ =1
s(h) =0 le. il = mf, T
B, s(f2) = 0 6f] = bof t1 # 12,
s(fi+Af) = 0 12 2J2 ay, by arbitrary
_ 0,1,
’ > A _ 0 le, o] = bifi+bfo teemT
s(fi+Af) = ay,ay, by, by arbitrary
S(fl) - 0, [e,fl} — 0, S ;A 0/ 1/
By S(fz) = 0, [ef} _ f t1 #0,1p =0,
s(A+Af)) = 0 Al T by arbitrary
s(f1) =0 sl = o s#0,1,
Bs S(fz) = 0, [e f } _ f t1 =158y,
s(fitAf2) = 0 12 L1 by # 0 and arbitrary
_ 0,1,
s(f1) = 0 e, fil = aofs, s7
Bg s(f2) = 0 e f] = 0 t1 # sy,
s(fitAf) = 0 1J2 ay # 0 and arbitrary
_ 0,1,
s(f1) =0 e, il = axfa, o7
B7 S(fZ) = 0, [e f } — b f Ty = 0/
s(fitAfa) = 0 1)z 2J2 ay, by arbitrary

Table 4. Type Il (i.e., [gg, 97] # {0}) with a(e) = se, a(f1) = t1 f1, a(f2) = f1 + t1.f2.

The HLSA  The Squaring s [90, 91] The Conditions
_ =1,
s(f1) =0 le. il = mf, ’
BS S(fz) = 0/ [e f} - b f +a f tl :0/
s(fitAfa) = 0 1J2 L2 ay, by arbitrary
s(f1) =0 e,fi] = 0 s# 1L
B9 S(fz) = 0/ [E f } — b f tl = 0/
s(h+Af2) = 0 12 11 by # 0 and arbitrary
S(fl) - 0, _ s=1,
Big s() _ 0 le, f1] a1 f1, 40,
le. ol = mfa
s(fitAf) = 0 a1 # 0 and arbitrary

3. Representations and Semidirect Product

Definition 2. A representation of a Hom-Lie superalgebra (g, [-, 14,54, ) is a triple (V, |-, -]y, B),
where V is a superspace, B is an even map in g{(V'), and [-, -]y is the action of g on V such that

[a(x),B(v)]ly = B(x,v]y) foranyx € gandv €V,
[ yle, Bo)lv = [a(x), [y, 0lvlv + [a(y), [x,0lv]y foranyx,y € gandv eV, (13)
[sa(x), B(0)]y = [a(x), [x,0]v]y foranyx € gjandv € V.

We say that V is a g-module.
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Sometimes, it is more convenient to use the notation pg = [-, -]y and write:
ppoa(x) = Popp(x) forany x € g,
ep(lxyla) o B = ppla(x))e(y) +ppa(y))p(x) forany x,y € g, (14)
pﬁosg(x)ol[i = p/g(zx(x))opﬁ(x) for any x € g.

Theorem 1. Let (g, [+, -]q,Sg, &) be a Hom-Lie superalgebra and (V, [-, -]y, B) be a representation.
With the above notation, we define a Hom-Lie superalgebra structure on the superspace g ® V =
(g5 + Vo) @ (g1 + Vj), where the bracket is defined by

[x+0,y+w|gev = [x,y]g + [x,w]v + [y, 0]y forany x,y € gandv,w € V,
the squaring sq v : 91 + Vi — g5 + Vp is defined by
Sg+v(x +v) =s4(x) + [x,0]y forany x € gj and v € Vi,
and the structure map xgqy : gV — g @ V is defined by
Agqv(x +0) = a(x) + B(v) forany x € gandv € V.

The Hom-Lie superalgebra (g ® V, [, -] gav, Sg+v, &gav ) is called the semidirect product of
(9, -]g,5g, &) by the representation (V,[-, -]y, B).

Proof. Checking Axioms (i) and (ii) of Definition 1 is routine; we can refer to [9]. We should
check the conditions relative to the squaring. Let us first check that the map sy ® V is
indeed a squaring. We will check only the first condition. For all x +v € g7 ® V7 and for all
A € K, we have

Sgav(A(x +v)) = sg(Ax) + [Ax, Av]y = A2sg(x) 4+ A%[x, 0]y = A2sg®v(x + ).
Now, forallx +v € g ® V;and forally +w € g ® V, we have
[sgev(x +0),ag0v(y + w)|gev = [sq(x) + [x,v]v, a(y) + B(w)]gav
= [sa(x), &(y)lg + [s4(x), B(w)]v + [a(y), [x, 0]v]v
= [a(x), [x,y]qglg + [a(x), [x, w]v]v + [a(y), [x, o]v]v.
On the other hand,
[agav (x+0), [x + 0,y + wlgev]gev = [a(x) + B(v), [x,ylg + [x, w]v + [y, 0]v]gav
= [a(x), [x,ylglg + [a(x), [x, w]v + [y, 0lv]v + [[x,y]g, B(0)]v
= [a(x), [x,ylglg + [a(x), [x, w]v + [y, olv]v + [a(x), [y, o]v]v + [a(y), [x, 0]v]v
= [a(x), [x,ylqglg + [a(x), [x, w]v]v + [a(y), [x, o]v]v.
Therefore, Equation (8) is satisfied. Now,
gy (Sgav (X +0)) = agav(sg(x) + [x,0]v) = a(sg(x)) + B([x, 0]v)
= a(sq(x)) + [a(x), B(0)]v = sg(a(x)) + [a(x), B(v)]v = sgav (a(x) + B(v))
= sgav(agev(x +0)).

Therefore, Equation (10) is satisfied. [
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In the following proposition, we show how to twist a Lie superalgebra and its repre-
sentation into a Hom-Lie superalgebra together with a representation in characteristic 2.

Proposition 2. Let (g, [-,-]q,54) be a Lie superalgebra and (V, p) a representation. Let « : g — g
be an even superalgebra morphism and B € gl(V') be a linear map such that p(a(x)) o p = pop(x).
Then, (g, [, g, Sqa, &), Where [-,-]gu = a0 [+, :]gand squ = a 0 sq, is a Hom-Lie superalgebra
and (V,pg, B), where pg = B o p, is a representation.

Proof. We have already proven in Proposition 1 that (g, [, -] g.a, Sga, ) is a Hom-Lie super-
algebra. Let us check that (V, pg, B) is a representation with respect to (g, [, *]g,asSg,a, &)-
Indeed, the first condition is provided by the hypothesis, while the second and the third
ones are straightforward. Let us check the last one. For any x € g; and v € V, we have

[sq(x), B(0)]v,p = Bla(s4(x)), B(0)]v) = B*([sg(x), ¥]v),

and

[2(x), [x, 9]y glv,p = Bla(x), B([x, vlv]v) = B*([x, [x, ©]v]v).

The equality follows from the fact that [sq(x), v]y = [x, [x,v]y]y. O

Example 2. The classification of irreducible modules over 00% (1|2) having the highest weight
vectors was carried out in [21]. We will borrow here the simplest example. Consider the Hom-Lie

superalgebra ooglr% (1|2) with the twist a given as in Example 1. We consider the oo%} (1|2)-module
M with basis: (even | odd)
my,ms | my.

The vector my is the highest weight vector with weight (m1) = (1). The map B is given as
follows:
B(my) = dymy + dams,  P(m3) = exmy + eams,  P(ma) = my,

where the coefficients 61, 62, €1, €2 are given as in Example 1.

Here, we will introduce another point of view concerning the representations of
Hom-Lie superalgebras in characteristic 2, inspired by [22].

Let V = V5 @ Vj be a vector superspace, and let § € GL(V) be an even map. We will
define a bracket on gl(V), as well as a product as follows (where 8~ is the inverse of B):

[f 8lguvy == Bofo Blgop l+Bogopifop™t forallf,gegli(V), (15)
sav)(f) = PBofo Blfop™! forall f € gl(V);. (16)

Obviously, sy y)(Af) = /\ng[(v)(f) forall A € K and for all f € gl(V);. Now,
the map:

(£,8) = squv)(f +8) + 5q1v) (f) +5qu(v)(8) =Bofop 'gop t +pogop ' fop™

is obviously bilinear on gl(V); as well.
Denote by Adg : gl(V) — gl(V) the adjoint action on gl(V'), i.e, Adg(f) = Bofop !,

Proposition 3. The brackets and the squaring defined in Equations (15) and (16) make
(0UV), [ lguv), Sqi(v), Adg) a Hom-Lie superalgebra in characteristic 2.
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Proof. The map Ady is invertible with inverse Adg-1. Let us check the multiplicativity
conditions:

[Adg(f), Adg(g)lgiv) = [BofoB ' Bogo B g
=po(pofopl)op l(Bogop ) op I +po(pogopt)opi(Bofop ) op !
=po(Bofop logop l)op i +po(pogop lofopl)op!

= Adg([f, glgi(v))-

Similarly,
sguv)(Adg(f) = sgi)(BofoB ) =Bo(Bofop )oplo(Bofopt)op!
=Bo(Bofoptofop ) op ™ = Adg(syv))-

For the Jacobi identity, let us just deal with the squaring. The LHS of the Jacobi identity
reads (for all f € gl(V); and for all ¢ € gl(V))

[sqiv) (), Adg(D)givy = Bosg)(f)op topogoptopt+
+popogoptoplosyy)(f)op!
= PPo(foplofoplogtgoplofoplof)jop?
The RHS reads
[Adg (f), I, 8l aivy = BPofoB2olf,glgwy 0Bt +Bolf 8lawyofoptop!
= PPofopPo(pofoplgop Tt +pogopifop)op!
+Bo(Bofopigop Tt +pogopTifopt)ofop?
= PPo(foplofoptogtgoplofoplof)op® O
Theorem 2. Let (g, [, -]y, 5q, &) be a Hom-Lie superalgebra in characteristic 2. Let V be a vec-
tor superspace, and let B € GL(V) be even. Then, the map pg : ¢ — gl(V) is a representa-

tion of (g,[,]g, 8, ) on V with respect to B if and only if the map pg : (g,[,]g, 55, %) —
(8U(V), [ lgu(v), Sq(v), Adg) is a morphism of Hom-Lie superalgebras.

Proof. Let us only prove one direction. Suppose that pg : g — gl(V) is a representation
of (g,[, g 84,&) on V with respect to B. Since pg(a(x)) o = Bop(x), forall f € g, it

follows that
plg(x) oaw=pPop(x)o /3_1 = Adg op/g(x).
Now,
op([xylg) = ppla(x))op(y)op " +pp(a(y)) cp(x)op™

= ppla(x))opoptopg(y)opt+ppla(y)opoptops(x)op!
= BOPﬁ( x)op~ 109,3( JoB '+ Bops(y)optopp(x)op?
= [op(x), pp(y)]gi

For the squaring, we have

0p(sg(x)) = ppla(x))opp(x)op
= Bopg(x)optopg(x)op!
= Sg[(V)(pﬁ(x))‘
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It follows that pg is a homomorphism of Hom-Lie superalgebras in characteristic 2. [

Corollary 1. Let (g, [-,-]g,Sq, &) be a Hom-Lie superalgebra in characteristic 2. Then, the adjoint
representation ad : g — gl(g), which is defined by ad.(y) = [x,ylg, is a morphism from
(g/ ['r '}g/ 0‘) to (g[(g)r ['/ ']g[(g)/sgl(g)IAdﬂc)'

4. a*-Derivations

Let (g,[-,-],5,&) be a Hom-Lie superalgebra in characteristic 2. We denote by a*
the k-times composition of &, where a? is the identity map. We will need the following
linear map:

ad e () 1 y = [0 (x), 65 ()] (17)

Definition 3. A linear map D : g — g is called an «*-derivation of the Hom-Lie superalgebra g if

Dowa = waoD, namely D and o commutes. (18)
D([xy]) = [D(x),a" ()] + [@"(x),D(y)] foranyx € gyandyeg. (19)
D(s(x)) = [D(x),af(x)] foranyx € g;. (20)

Remark 4. Notice that condition (20) implies condition (19) if x,y € g1.

Let us give an example. Let x € g such that a(x) = x. The linear map ad ox(x) : y —
[x, 2% (y)] (see Equation (17)) is an a*-derivation. Let us just check the condition related to
the squaring. Indeed,

ad 0k (%) (s(y)) = [x, a“(s(1))] = [x, (" (y))] = [[x, ()], " ()] = [adox () (), 2" (v)]-

Let us denote the space of a-derivations by det”(g). We have the following proposition.

Proposition 4. The space dex*(g) can be endowed with a Lie superalgebra structure in characteris-
tic 2. The bracket is the usual commutator, and the squaring is given by

Spert(g) (D) = D?  forall D € verd(g).

Proof. As we did before, we only prove the requirements when the squaring is involved.
Let us first show that D? is an a?*-derivation. Checking the bracket is routine. For the
squaring, we have (for all x € g7):

D*(sg(x)) = D([D(x),a*(x)]g) = [D*(x), " (a(x))]g + [" (D (x)), D(a*(x))]
= [D?(x), 6% (x)]g + [#*(D(x)), a"(D(x))]g = [D?(x), a®(x)]4.

Before we proceed with the proof, let us re-denote the space det*(g) by b for simplicity.
Now, for all D € h; and for all E € h;, we have (for all x € g):

[sp(D), E]p(x) = [Dz, Elp(x) = D?0E(x)+Eo DZ(x).
On the other hand,
[D,[D, E]gly(x) = [D,D o E+ Eo DJg(x)
=Do(DoE+EoD)(x)+(DoE+EoD)oD(x)
= D?0 E(x) + E o D*(x).

Therefore, [sy (D), E]ly = [D, [D, E]yly. O
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The space det*(g) is actually graded as der*(g) = @der}(g), where derf (g) is the space
of ak—derivations, where k is fixed. Indeed, we have

[veri(g),ver] (g)] Coerf, (g) and s(derf(g)7) C very,(g).

Example 3. We will describe all a*-derivations of the Hom-Lie superalgebra oo%) (1)2) 4 introduced
in Example 1. First, observe that

w2k = 0 = 1d, a2kt — «, forallk>0.

The case of a°-derivations:

(Even) DY) = hi®y;+xQUy;,
(Even) DY = x1®@xf+1y1®y],
(Odd) D§ = x1@h+h Qy;+y1 ;.

The case of a-derivations:

(Even) D} = hoy;+xQy;,
(Even) D} = ex1 @y} +x1®x] +y1Qy;,
(Odd) D} = ex1®@y;+x10h +h Qy; +11 Q3.

5. p-Structures and Queerification of Hom-Lie Algebras in Characteristic 2

We will first introduce the concept of p-structures on Hom-Lie algebras. In the case
of Lie algebras, the definition is due to Jacobson [23]. Roughly speaking, one requires
the existence of an endomorphism on the modular Lie algebra that resembles the pth
power mapping x — x” in associative algebras. In the case of Hom-Lie algebra, there
is a definition proposed in [24], but it turns out that this definition is not appropriate to
queerify a restricted Hom-Lie algebras in characteristic 2, as done in [2] in the case of
ordinary restricted Lie algebras. Here, we will give an alternative definition and justify
the construction.

Definition 4. Let g be a Hom-Lie algebra in characteristic p with a twist «. A mapping [pla : g —
g, a— alPle s called a p-structure of g, and g is said to be restricted if:

(R1) ad(x[Pl) o aP~1 = ad(a?~1(x)) cad(aP2(x)) o---cad(x) forall x € g;
(R2) (Ax)lPle = APx[Ple for all x € g and forall A € K;

R3) (x+y)Ple = xlPle 1 ylPla ¥ s,(x, y), where s;(x, y) can be obtained from
1<i<p-1

ad(aP"2(Ax +vy)) cad(a’ 3 (Ax+y)) o---oad(Ax +y)(x) = Y. isi(x, y) AL,

1<i<p-1

Let us exhibit this p-structure in the case where p = 2. The conditions (R2) and (R3)
read, respectively, as

2, a(y)] = [a(x), [x,y]] and (x+y)Pe = 22 4y 4 [y,

Proposition 5. Twisting with a morphism o an ordinary Lie algebra with a p-structure gives rise
to a Hom-Lie algebra with a p-structure. More precisely, given an ordinary Lie algebra (g, [-,-])
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with a p-structure and a Lie algebra morphism «, then (g, [, -]a, &), where |-, | :=wa o [-,], isa
Hom-Lie algebra with a p-structure given by

xlple . apfl(x[p])_

Proof. It was shown in [25] that, if (g, [-,-]) is an ordinary Lie algebra, then (g, [-,|«),
where [, ]y := ao[,-] is a Hom-Lie algebra. Now, let us show that the map [p]. de-
fines a p-structure on the Hom-Lie algebra (g, [-,]4). Indeed, let us check Axiom (R1).
The LHS reads

ad (<71 ) 0 7 (y) = (11, 01 ()] = (o (), (1)) = P (5, ).
The RHS reads

ad(aP~(x)) oad(aP2(x)) o---oad(x)(y) = [«P 1 (x), [P 2(x),..., [%, Y]a]a

= a([a? ! (x), a (@2 (x), [ ([ y))]) = aP (%[, (1 y]]) = P ([P y)).

Axiom (R2) is obviously satisfied. Let us check Axiom (R3). Indeed,

(x4 y)Pe = ()P = o ("M AR si<x,y>>

1<i<p-2

Now,
ad(aP2(Ax +y)) oad(a? 3 (Ax +y)) o oad(Ax +y)(x)
= [aP2(Ax +y), [@P 2 (Ax +y), ..., [Ax + Y, Xa]a
= a([aP?(Ax +y), a0 P (Ax +y), [, a((Ax +y,2]))])
=P N ((Ax+y, [Ax+y, [ .., [Ax+y,x])
— aP1 ( y isi(x,y))\i_1> = Y P Y(si(xy)AL
1<i<p-1 1<i<p-1
The proof is now complete. [

Proposition 6. Let g be a restricted Hom-Lie algebra in characteristic 2 with a twist map «. On the
superspace b := g & I1(g), where I1(g) is copy of g whose elements are odd, there exists a Hom-Lie
superalgebra structure defined as follows (for all x,y € g):

ylo =[x yle, (0, yly =I5, ylg),  sp(T1(x)) = xP.

Proof. Let us check that the map sy, is indeed a squaring on h. The condition s, (AII(x)) =
A2sp(I1(x)), for all A € K and for all x € g, is an immediate consequence of condition (R2).
Moreover, the map

(I1(x), T1(y) = sy (TL(x) + T1(y)) + 5 (TL(x)) + 8 (11(y)) = (x + )P+ Py = [,y

is obviously bilinear because it coincides with the Lie bracket on g.
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Let us check the Jacobi identity involving the squaring. Indeed, for all y € b and
for all TI(x) € h;, we have

[sy (TT(x)), a()]y = [, a(y)]p = [P, a(y)]g = [(x), [x,y]gls-
On the other hand,
[a(T1(x)), [T1(x), ylply = [1(a(x)), TI([x, y]g)]y = TI([I1(a(x)), [x, ylglp)
= IT([a(x), [x,y]g]y) = [a(x), [, ylg]s-
For all T1(y) € b7 and for all I1(x) € h;, we have
[s (T1(x)), a(TT(y))]y = [x, a(TT(y))]y = (12, a(y)]g) = T([a(x), [x,y]glg).
On the other hand,
[a(T1(x)), [TT(x), TT(y)]g )y = [[T(a(x)), 5 (T1(x) + T1(y)) + s (T1(x)) + s (TT(x)]
= [[(a(x)), (x + )P 4+ 2P 4 yPR] = [T(a(x)), [x, ylgly = T([a(x), [x,¥]glg). O

Proposition 7. Let g be a restricted Lie algebra in characteristic 2 and b := g & I1(g) be its
queerification (see [2]), defined as follows (for all x,y € g):

[yl =[x, ylg,  [T1(x),y]y :=T1([x,y]g), sp(II(x)) = 2.

Let o« : g — g be a Lie algebra morphism. Let us extend it to & on b by declaring a(I1(x)) :=
IT(a(x)) for all x € g. Then, twisting the Lie superalgebra by along & is exactly the queerification of
the Hom-Lie algebra g, obtained by twisting g along . Namely,

ba = (9 ©11(g))a = gu & I1(ga)-
Proof. Let x,y € g. We have

[xry]f]& = &([X,y]h) = “([xfy]g)'
On the other hand,

[x/y]ga@l_[(ga) =[x, y]g. = a([x,y]g)-
Similarly, one can easily prove that
[T1(x), ylp, = [T1(x), Y] g, ar1(gs)-
Let us only prove that their squarings coincide. Indeed, for all x € g, we have
sp, (T1(x)) = @ 0 55 (T1(x)) = a(x).
On the other hand,

Sgeati(an) (T1(x)) = 2P = a(+2)). O
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6. Cohomology and Deformations of Finite-Dimensional Hom-Lie Superalgebras
6.1. Cohomology of Ordinary Lie Superalgebras in Characteristic 2

In this section, we define a cohomology theory of Lie superalgebras in characteristic 2.
The first instances can be found in [26]. Let g be a Lie superalgebra in characteristic 2 and
M be a g-module. Let us introduce a map:

prg; x A'g— M, (21)

with the following properties:
(i) p(Ax,z) = A%p(x,z) forall x € g, forall z € A"gand forall A € K.
(i) Forall x € g1, the map z — p(x, z) is multi-linear.

For n = 0, the map p should be understood as a quadratic form on g; with values in M.
We are now ready to define the space of cochains on g with values in M. We set (n > 1)

XCc Y (gM) = {0},

XC%g;M) = M,

XCYg; M) := {c|wherec:g— Mislinear},

XC"(g; M) := {(c,p) | wherec: A"g — M is a multi-linear map and (22)

pigy X A"25 5 Misa map as in (21) such that
p(x+y,2) +p(x,2) +p(y,2) = c(x,y,2)
forall x,y € g; and z € A" 2g}.

We define the differential 9=' : XC~1(g, M) — XC%(g, M) to be the trivial map. The
differential 9° is given by

20 XC%g, M) — XCl(g, M) m — °(m),
where 2°(m)(x) = x - m. The differential 9" is given by

ol :XCl(g,M) — XCz(g,M) ¢ (dec,q),

where
de(x,z) = c([x,z]) +x-c(z) +z-c(x) forallx,ze€g; 23)
q(x) = ¢(s(x)) +x-c(x) forallx € gj.
Now, for n > 2, the differential 0" is given by
" XC' (g, M) — xcrl (g, M) (c,p) > (d"c,d™ ),
where
d"c(zy,...,zZys1) = Z zi-c(z1, - 25y Zng1)
1<i<n+1
+ Z C([Z[,Zj},zl,...,ii,...,Z’}‘,...Zn.’-]),
1<i<j<n+1
d”p(x,zl,...,zn,l) = x'C(x,Zl,...,Zn,1)+ Z Zi'p(-xlzllu'/z/\l'/"'/znfl) (24)
1<i<n—1
+e(s(x),z1,...,24-1) + Z c([x,zi), %21, 21y e e Zn—1)
1<i<n-1
+ Z p(x/[zilzj}/zll"’/z/\i/"’/%/"’/2”71).
1<i<j<n—1

Theorem 3. The maps " are well-defined. Moreover, for all integers n,
DnJrl od" = 0.

Hence, the pair (XC*(g, M),0*) defines a cohomology complex for Lie superalgebras in
characteristic 2.
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The proof of the theorem will be given next when considering the cohomology of
Hom-Lie superalgebras that reduce to ordinary Lie superalgebras when the structure map
is the identity.

6.2. Elucidation forn = 2,3

Let us first exhibit the sets of cochains in the case where n = 2, 3.
Ifv € Mand a,b € g, we can define the cochain (v®a A b, q) € XC?(g, M) such that
the quadratic form is q(x) = a(x)b(x) v for all x € g;. The polar form associated with q is

By(x,y) = (a(x)b(y) +a(y)b(x)) v forall x,y € gy.

Recall that, to each quadratic form q with values in a space M, its polar form is the bilinear
form with the values in M given by: By(x,y) := q(x +y) +q(x) +q(y).)

In particular, we can define the cochain ¢ = v ® a A a, where g(x) = v(a(x))? for all
x € gandc(x,y) =0forall x,y € g.

Similarly,ifv € Manda,b € g%‘, butc € g, we can define the cochain (v®@aAbAc,p) €
XC?(g, M) such that the map p is

p(x,z) = (a(x)b(x)c(z) +a(z)b(x)c(x) + a(x)b(z)c(x))v forallx € gyandz € g
Now, a direct computation shows that

plx+y,2) +p(x2) +p(y,2) = (a(x)b(y)e(z) +a(y)b(x)e(z) +a(z)b(x)e(y)) v
+(a(2)b(y)e(x) + b(z)a(x)c(y) + b(z)a(y)e(x))v
= o (@AbAc)(x,y,z).

A one-cocycle c on g with values in an g-module M must satisfy the following conditions:
x-c(z)+z-c(x)+c([x,z]) = 0 forallx,zeyg, (25)
x-c(x)+c(s(x)) = 0 forallx € gy. (26)
A two-cocycle (¢, q) on g with values in M must satisfy the following conditions:
0 = x-clyz)+c(xyl,z)+ O (xyz) forallxyzc€Eyg, (27)
0 = x-c(x,z)+z-q(x) +c(s(x),z) +c([x,z], x] (28)
forall x € g; and forall z € g.

6.3. Cohomology of Hom-Lie Superalgebras in Characteristic 2

Let (g,[,‘],s,«) be a Hom-Lie superalgebra in characteristic 2 and (M, B) be a g-
module; see Definition 2. The space of n-cochains is defined similarly to (22) with a slight
difference with respect to the degree 0 space and an extra condition, that is

Boc=co(aN---Aa), and Pop=po(aA---Aun). (29)
XCHeM) = {0},
XCUgM) = {meM|B(m)=manda(x) (y-m)=x-(y -m)foralxyc g},
XCi(g;M) = {c|wherec:g— M islinear and satisfies Equation (29)}, (30)
XCi(g; M) := {(c,p) | wherec: A"g — M is a multi-linear map satisfying Equation (29) and

p:gi X A""2g — Mis a map as in (21) satisfying Equation (29) such that
p(x+vy,2) +p(x,2) +p(y,z) = c(x,y,z) forall x,y € g7 and z € A" 2g}.
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One-cochains are just linear functions c on g with values in an g-module M such that
Boc = coua. Let us define the differentials in our context. First, let us define 90 and d}.

20 XCY(g, M) — XCl(g,M) m— dom,
where ddm(x) = x - m for all x € g. Additionally,
ol XCl(g, M) — XC2(g,M) ¢ (dic,q),

where
dic(x,z) = c([x,z]) +x-c(z)+y-c(x) forallx,z€g;

q(x) = ¢(s(x))+x-c(x) forallx € gj. (31)

Note that these definitions are consistent as, shown by the following lemma.

Proposition 8. The differentials 00 and 9, are indeed well-defined; namely, Im (29) C XCL(g, M)
and Im (d}) C XC2(g, M).

Proof. Let us first deal with 20. We have

dym(a(x)) = a(x) -m = a(x) - p(m) = p(x - m) = p(dym(x)).

Therefore, Equation (29) is satisfied. Let us now deal deal with d}. We will only prove
that q satisfies Equation (29). Indeed,

q(a(x)) = c(s(a(x))) +a(x)-c(a(x)) = c(a(s(x))) +a(x) - Ble(x))
= Ple(s(x))) + Bx - c(x)) = B(a(x)).
On the other hand, we have
a(x+y) +ax) +aly) = cls(x+y))+(x+y)-clx+y)+els(x))
+x-c(x) +c(s(y) +y-cly)
= c(lxy) +y-clx) +x-cly) = dpe(x,y). O

A one-cocycle c on g with values in an g-module M must satisfy the following condi-
tions:

x-c(y)+y-c(x)+ce([x,y]) = 0 forallx,yeg, (32)
x-c(x)+c(s(x)) = 0 forallx € gy (33)

The space of all one-cocycles is denoted by Z. (g; M).
Now, for n > 2, the differential o}, is given by

" XCyi(g, M) — XCi* (g, M) (c,p) = (dic, dip),
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where

dic(zi,...,zus1) = Y, " Nz)clza,o o Zie s Zns)
1<i<n+1

+ Z C([Zi,Zj],O((Zl),...,fi,...,fj,...ﬂc(zn+1)),
1<i<j<n+1

dlp(x,21, ..., z0-1) = & (%) -e(x, 21, zp1) +o(s(x),a(z1), ..., a(z,1))

+ Y @) ez i Ze)
1<i<n-—1

+ Y c(wzilalx),alz1),.. ., 2. a(zp-1))
1<i<n-1

+ ) p(a(x), [z, 2], 2(z1), -, Zip oo e a(20o1))-
1<i<j<n—1

In particular, for n = 2, the differential is given by

0; 1 XCi(g, M) — XCi(a, M) (c,p) = (dic, dzp),

where
d2c(z1,22,23) = a(z1)-c(z,23) + c([z1,22], &(2z3))+ O (21,22, 23) forall z1,2,23 € g;
dZp(x,z1) = a(x)-c(x,z1) +afz1) - p(x) +c(s(x),a(z1)) + c([x, z1], a(x))

forall x € g7, and forall z; € g.
A two-cocycle is two-tuple (¢, p) satisfying the following conditions:
0 = afzs) clz1,22) +c([z1,22], #(z3) )+ O (21,22,23) forallzy,zp,z3 €g, (34)
0 = a(x)-c(x,z1) +a(z1) - p(x) +c(s(x), a(z1)) + e([x, z1], a(x)] (35)

forall x € g; and forall z; € g,

The first step here is to show that the map 9} is well-defined, for every twist a. By
doing so, we give a proof to the first part of Theorem 3 in the case where & = id.

Proposition 9. The maps d" are well-defined; namely, Im (%) C XCIi1(g, M).

Proof. Forall x,y € g; and for all zy, ..., z, € g, we have
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dip(x+y,z1,...,2n)

= oc"_l(x—l—y) co(x4vy,z1,...,2p1) + Z 2" 1(z;) p(x+y,z1,-- 200 Z0-1)
1<i<n-1

+e(s(x+y)az1),... a(za1))+ Y. cllx+yzlalx+y),alz),... % ... «(z4-1))
1<i<n—1

+ Z p(zx(x+y),[zi,zj],a(zl),...,ii,...,ij,...,oc(zn,l)).

1<i<j<n—1

=dip(x,z1,...,20) +dpp(y, 21, ..., 2n) +rx"‘1(x) oy, 21, 2n-1)

+a" Ny) elx,z1,. . 20 1) + Y " Nz) ey, 20, B Zn1)
+e([xyla(zr), ..., a(za-1)+ Y, o([xzila(y),a(z1),..., 2, ..., 0(zy-1))

+ Y ozl alx),a(z1), ... 2 a(zao1))

1<i<n—-1

+ Y cla(x)ay), [ziz]a(z1),. . Zie e Eye s 0(2021))
1<i<j<n—1
=dip(x,z1,...,zn) +dpp(y, 21, ..., 2n) +dic(x,y,21,. .., 2n),

where we have used the fact that s(x +y) = s(x) +s(y) + [x,y] and

p(x"i‘]/lzl/-'-/zn—l)+p(xrzlz'--/zn—1)+p(]/121/~-/zn—1) = C(xlylzll"'lzn—l)'

O

Theorem 4. For all n > 1, we have dl! 0 0"~! = 0. Hence, the pair (XC}(g, M),0};) defines a
cohomology complex for Hom-Lie superalgebras in characteristic 2.

In order to prove this theorem, we will need the following lemma.

Lemma 1. If (c,p) € XC}(g, M), then:

(@) " Mx) - (a"2(x) c(z1,...,2n)) = " 2(s(x)) - c(a(z1),...,a(zn)) forall x € g1 and
forallzq,...,z4 € g.
(i)  a(z)-(zj-c(z1,.-,20) +alz) - (zi-c(z1,.--,20) = [2i,2j] - c(a(z1),...,a(zn)) for

all z1,...,z, € g.
Proof. Let us only prove Part (i). Using the fact that foc =co (a A --- A a), we obtain
" Hx) - (0" 2(x) - c(ze, .00 z0)) = s(a" 2 (x)) - Ble(z1, - .- Zn))
=a"2(s(x)) - (c(a(z1),...,a(zy))). O

Proof of Theorem 4. Let us first show that 9} 09) = 0. Indeed, for all x,y € g and
meE XCg(g;M), we have

dyodym(x,y) = x-dym(y)+y-dym(x)+dgm(x,y]) = x-(y-m)+y- (x-m)+[x,y] -m
= a(x)-(y-m)+a(y)- (x-m)+[xy]-p(m)=0.

On the other hand, for all x € g; and m € Xcg(g; M), we have

q(x) = ddm(s(x)) +x-dim(x) = s(x) -m+x- (x-m) = s(x) - B(m) +a(x)- (x-m) =0.
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Let us now show that 9% 0 0"~! = 0 for all # > 1. To show that d” o d#~1(c) = 0 is
routine, see for instance [10]. Let us show that d” o d?~!(p) = 0. This would imply that

97 00" 1(c,p) = 0. Actually, the computation is very cumbersome, so we will break it into
small pieces. First, we compute:

Al od" V(p)(x,21,. .., zn_1) = & N(x) - d" e(x, 20,0, 20o1)

n—1

+ Y M z)di e (xze, B zee) AR e(s(x), (z1), L a(zgm))
i=1
n—1 —

+ 2 d;’flc([x,zi],oc(x),oc(zl),...,zx(zi),...,rx(zn,l))
i—1

+ Y (a(x), [z 2l alz), 6z, a(z), e (20)-
1<i<j<n—1

There are five terms in the expression above. We will compute each term separately.

Part 1: Z (xz_l(zi)d”_lp(x,zl, ey Zie e Zn1) =
1<i<n-1

+ ) Nz - (W (%) e, 21, E e Zp1)
1<i<n-1

+ Z oc”_z(zj)p(x,zl,...,zAi,...,zAj,...,zn_l)+c(s(x),uc(zl),...
1<j<n—-2

+ Y c([x,zi],nc(x),a(zl),...,@,...,uc(z]-),...,a(zn,l))

1<j<n—2

+ ) p(a(x), [z, 2], a(z1), ... a(zp), oo a(zp), oo a(zi), o 0(zno1)))
1<i<j<n-2

Part 2: o1 (x)d" e(x,z1,. .., zp1) = & H(x) - [0 2 (x)e(z1, ..., Zno1)

+ Y "2zl z, 5 ze) Y, ozl a(zr), . alzi), . al(zee))
1<i<n-1 1<i<n—1

+ ) c([z,-,z]-},oc(x),oc(zl),...,@,...,@,...,m(zn,l))}.

1<i<j<n—1

Part 3: d"e(s(x),a(z1), ..., a(zp—1)) = & 2(s(x)) - c(a(z1),...,a(zp_1))

1<i<j<n—1

+ Y s, a(z)] ) R, 0 (2 1)-

1<i<n-1
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Partd: Y dilc([x,z)a(x),a(z1), .., (), ..., &(z5 1))
1<i<n-1
= ¥ W@ (xz]) o), a@), ), a(ze)
1<i<n—-1

+ Z " Nz)) - e([x, zi), a(x),a(z), ... a(zy), ... a(z), ..., 0(zy_1))
1<i<n-2
+olllx, 2, €(0)]62(z1), 02 (z0), - 022 -1))
+ Y oz aly)) 0,03 @), 02 (z), a2 (z), 0P (2))
1<j<n—1
+ Y el @]z az), 2 (@), 02 (@), 6 (z)
1<i<n—-1
+ Y cla(fn ), i (x), [0(z), a(z0)],a2(z1), - 02(z), ., 62(20), - 02(20), - 0% (2n1))].
<u<v<n—1
Part5: ) dﬁflp(a(x),[zi,zj],zx(zl),...,05/(,27),...,@,...,&(2”,1))
1<i<j<n—1
=1 ) 1[a”*1(x)~C(a(x),[zi,zj],ac(zl),...,@,...,@,...,a(zn_l))
<i<j<n—
+ IZ a”fl(zl)p(a(x),[z,-,z]-],tx(zl),...,07(27),...,0127),...,J;zl\),...,a(zn,l))
1<Ii<n—-1

where

—

Tijuo = (a2 (x), a([2i,2j]), [a(zu), a(20)], 02 (21), ... 02(z:), ... 02 (2}), ..., 02 (z0), .., 02 (20), - ).

Now, using Lemma 1, a direct computation shows that

Part1 + Part 2 + Part 3 + Part4 + Part5=0. O

Now, we are ready to define a cohomology of Hom-Lie superalgebras in characteristic 2.
The kernel of the map 9}, denoted by Z} (g; M), is the space of n-cocycles. The range of the
map 97!, denoted by B (g; M), is the space of coboundaries.

We define the nth cohomology space as

Hj (9; M) := Zy(g; M)/ By (g; M).
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Remark 5. The cohomology defined above coincides when o = idg and B = idyy, with the
cohomology of Lie superalgebras in characteristic 2 defined in the previous section.

Example 4. We compute the second cohomology of the Hom-Lie superalgebra oo%) (112)q defined

in Example 1. We will assume here that the field K is infinite:

(i) The cohomology space Hﬁ(oo%(HZ)a;K) is trivial. Recall that, in this case, the map
B =1d.

Let us first show that cocycles of the form (0, p) are necessarily trivial. In fact, the condition
p =powande # 0imply that

p(x1) =0 and p(y1) = m (arbitrary).

Choose By, = myj, where m € K. A direct computation shows that d2B,, = 0. Let us
compute the corresponding qp,. Indeed,

m(x1) = Bu(s(x1)) = Bu(x2) =0,
and
am(y1) = Bu(s(y1)) = Bu(eh1 + €x2 + y2) = m.
It follows that (0,p) = (d2 By, qm), and hence, its cohomology class is trivial.
Let us now describe two-cocycles of the form (c,p). A direct computation shows that
c1=x] Ay +x3Ay5, c=h] Ayl +x] Ay,
are the only cochains verifying both conditions c; o (x A &) = c; and d2c; = 0 for i = 1,2. Let us
describe the corresponding ps. We have

-1

pi(x1) = e, pi(y1) = my (arbitrary)

pa(x1) = 0 p2(y1) = my (arbitrary)

We then obtain that 92(c1,p1) = 92(c2,p2) = 0.
Let us now describe the coboundaries. Choose by = h} + e~ 'x}. It follows that
diby = X AyF 4+ x5 Ays.
Now,
qu(x1) = ba(s(x1)) = b (x2) =7,

and
a1 (y1) = bi(s(y1)) = bi(eh + *xp + y2) = 0.

Choose by = y7. A direct computation shows that
diby = hi Ay +xi Ays, and qp = 0.
It follows that

(c1,p1) = (d3b1,91) + (d3Bm, = 0,0m,), and  (c2,p2) = (d3by, 42) + (d3By, = 0, dm, ).

Therefore, the cohomology space H2 (oo%) (112)o; K) is trivial.

(ii) Let us now compute the cohomology space: H2 (oog% (112) s oog% (112)a)- Recall that, in
the case where « = 1d, this cohomology space has only two non-trivial two-cocycles.

The case where e # 1: the space H2 (ooglr% (112); ou%) (1|2) is generated by the non-trivial
two-cocycles:

(caypa), (cs5,p5), (co,p9), (c10,p10), (c11,p11), (c12,P12),
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g = exy @B AX;+Ex QI AYF 431 @xF AXS + 2 ®xF Ay + X Ay}
2 @ X3 Ays 4+ ey1 @ B Ay + v @ x5 Ay,
s = mM@hAy; +x1@h] Ay] +x1®x7 ANy3,
o = hi®@h}AxX]+eh @b Ay +ex; @xFAY; +exa @b AXT +€2x @ by Ay}
+e2x, @ X; A Y5+ e @ X5 AYT + Y2 OB AV + 12 @ X5 A3,
clo = m®xyAy,
= Mx3AYy; +x1Q@x] Ay; +x1 @ x5 Ay +exp @x] Ay +exa @ x5 Ays,
2 = X1 QY] AX]+ex1 @I} ANy] +exa @ x] Ay] +exo @ x5 ANy;
TY1 @R AYT Y @ X1 Ay,
and
pa(x1) = h, pa(y1) = Em+Exatep,
ps(x1) = 0, ps(y1) = 0O
po(x1) = x1, po(v1) = O
po(x1) = x2, po(n) = en+ex+y,
pu(x1) = x, pu(nr) = 0,
pi2(x1) = x2, pr2(n1) = O
The case where e = 1: the space H2 (oa%) (1)12); 00! i (1 |2)s) is generated by the non-trivial

two-cocycles:
(carpa), (cs5,p5), (cro,p10),  (c11,P11)-

6.4. Deformations of Hom-Lie Superalgebras

The deformation theory of Hom-Lie superalgebras in characteristic 2 will be discussed
here. As a result, we also cover the Lie case, namely & = Idg. Over a field of characteristic
0, the study was carried out in [10,27,28].

Let (g, [~, -],s,tx) be a Hom-Lie superalgebra over a field K of characteristic 2. A
deformation of g is a family of Hom-Lie superalgebras g; specializing in g when the even
parameter { equals 0 and where the Hom-Lie superalgebra structure is defined on the tensor
product g ® K[[t]] when g is finite-dimensional. The bracket in the deformed Hom-Lie
superalgebra g; is a K[[t]]-bilinear map of the form (for all x, y € g):

oyl = [yl + ) clxy)t

i>1

while the squaring s, with respect to K[[t]], on the Hom-Lie superalgebra g; is given by
(for all x € g7):
se(x) = s(x)+ ) pi(x)f
i>1
where (c;,p;) € XC2(g; g) such that c; is an even map and p; : g7 — gp, for all i > 1. We
will assume that co(+,-) = [-,-] and po(-) = s(-).

According to deformation theory, we call a deformation infinitesimal if the bracket [-, -];
and the squaring s;(-) define a Hom-Lie superalgebra structure mod (t?) (degree 1), that
is[-,-]t=1[,]+c1(-,-)tand s¢(-) = s(-) +p1(+)t. A deformation is said to be of order n if the
bracket [-, -]; and the squaring s;(-) define a Hom-Lie superalgebra structure mod (#"*1),
that is

[, 4+ Y L)t andsi() =s()+ Y pil)

1<i<n 1<i<n
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Afterwards, one tries to extend a deformation of order n to a deformation of order
n + 1. All obstructions are cohomological, as we will see.

Theorem 5. Let (g, [, -], s, ) be a Hom-Lie superalgebra in characteristic 2 and (gy, [, ¢, St, &)
be a deformation. Assume that (c1,p1) # (0,0). Then:

(i) (c1,p1) is a two-cocycle, i.e., (cy, 1) € Z2(g; 9).

(if) For n > 1, consider the following maps:

Cu(x,y,z) = Z ci(cj(x,y),a(2))+ O (x,y,2), forallx,y,z € g,
l;,r]‘]<:nn

Qu(x,y) = Y, cilpj(x),a(y)+ Y cilcj(x,y),a(x)), forallx € grandy € g.
i+j=n i+j=n
ij<n ij<n

A deformation of order n — 1 can be extended to a deformation of order n if and only there
exists (cn, pn):
(Cn/ Qn) = Di (Cn/ pﬂ)

Proof. (i) Checking that c; satisfies the condition (34) is routine; see [10]. Let us deal with
the squaring s;. We have

[st(x), a(y)]e = [s(x) + }_ pi(x)t', a

iz1 . 4 L
)+ Ll an)it+ Dlpi el + 3 6, an)it %)
i> i> 1,j>
On the other hand,
a(v), [yl = [a<x>,[x,y1+;ci<x,y>tf1t
= [a(x), [yl + Y cila(x), [ yDE + Y [w(x),ci(x,y)] (37)
i>1 i>1

+ Lo cila(x), ¢, y)#.
Collecting the coefficient of ¢ in the condition [s¢(x), a(y)]: = [«(x), [x, y]¢]:, we obtain

c1(s(x),a(y)) + [a(y), pi(x)] + er(a(x), [x, y]) + [a(x), e1(x,y)] = O,

which corresponds to Condition (35). Therefore, (1, p1) is a two-cocycle on g with values
in the adjoint representation.
(ii) Let us first show that the pair (C, Qy) is a cochain in XC®(g, g). Indeed,

Qulx1 +x2,y) = }cilpj(x1 +x2), a(y)) + cilcj(x1 + x2, ), (21 + x2))
ij
=)_ci(pj(x1) +pj(x2) +¢j(x1,%2), a(y)) + cilcj (2, ) +¢j(x2,y), a(x1) + a(x2))
i

= Qu(x1,y) + Qulx2,y +Z i1, x2),a(y)) + cilej(x,y), a(x2)) + ci(ej(x2,y), a(x1)))

= Qn(xlfy) + QH(XZI ) + Cn(x1/x2/]/)~

Collecting the coefficients of " in (34) leads to C;, = d%cn ; see [10]. Let us deal with
the squaring. Consider the coefficient of " in the condition [s¢(x), a(y)]: = [a(x), [x,y]¢]t
and using Equations (36) and (37), we obtain (for all x € g; and y € g):
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cn(s(x),a(y)) + [pn(x I+ 2 g y)) = cnla(x), [xy)) + [a(x) en(x,y)]
i+j=n
i,j<n
+ Y cila(x),ci(x,y)).
1+] n
1,j<n

Let us rewrite this expression. We obtain

dapn(xy) = 3 ciw(x),ci(xy)+ Y cpilx)a(y)).
1+j=n 1+j=n
ij<n i,j<n

Therefore, (Cy, Qu) = (d2cn, d2pn) = 02 (cn, pu). O

Now, we discuss equivalent deformations.

Definition 5. Let (g,[,],s,a) be a Hom-Lie superalgebra in chamcteristic 2. Let
(gt, [, *]e, s, 0) and (g, [-, 14,81, &) be two deformations of g, such that [, ]0 =1[,]o=1[,]
and 89 = sy = s. We say that the two deformations g; and §; are equivalent if there exists a
K([[t]]-linear map T : g; — @t of the form T(a) = idg(a) + Y1 T;(a)t forall a € g, which is an
isomorphism of the Hom-Lie superalgebras. -

Theorem 6. Two one-parameter formal deformations g¢ and §; of g given by the collections (c,p)
and (¢, p) are equivalent through an isomorphism of the form T = idg + Y ;1 t'7; if and only if T
links (c,p) and (¢, ) by the following formulae (for all n > 0):

Y u@xy)= ), clt(x),w(y) foralxycyg, (38)

i+j=n i+j+k=n

Y ndi() = ) alvh)+ Y pi(m)+ Y gllm), w®)]). (9

i+j=n i+j=n 2i+j=n u+v+j=n
1<u<v
1<j

In particular, if n = 1, we obtain

™\

1vy) = ay)+alxy)+xa@]+y,ak)], foradlxycsg,
Pr(x) = pi(x) +lsx) +oalx)], foralx e g

Hence, (¢1,91) and (c1,p1) are in the same cohomology class.

Proof. Checking Equation (38) is routine; see [10]. Let us check Equation (39).
We have

T(gf(")):T<S(">+Zﬁi( ) )+ Ym0+ Y i)+ Y (s

i>1 ij>1 j>1
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On the other hand, we obtain

se(t(x)) = s<x+27fi(x)ti>+Zpi<x+2n(x)ti>tj

i>1 i>1 i>1

= () + L s(n0) + Clx )t + Ypy x+ zr,(x)tl
i>1 izl i>1 i>1
= s(x)+ Y s(m))P + Y[, ()] + Y pi () + Y pi(wi(x)) 2
i>1 i>1 z>1 il
+ Z Cj(x,’f, )tz+]_|_ Z Z C] Tu ( ))t]-i-u—H)
i,j>1 l<]1<u<v
= Y @)+ + ¥ m)E T + Y ¢(m(x), w ()
i,j>0 i,j>0 1<j1<u<vw

The result follows by identification. [

As a consequence, we have that, when the second cohomology group is trivial, the Lie
superalgebra in characteristic 2 has no non-trivial deformation. Such Lie superalgebras in
characteristic 2 are called rigid.

Corollary 2. Infinitesimal deformations over K[[t]]/(t?) are classified by element (c,p) of the
cohomology group H2(g; g), where c is even and Im(p) C go.
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