
Citation: Shahriar, A.; Mostafa, A.J. A

p-Refinement Method Based on a

Library of Transition Elements for 3D

Finite Element Applications.

Mathematics 2023, 11, 4954. https://

doi.org/10.3390/math11244954

Academic Editors: Joaquim

Infante Barbosa and José

Alberto Rodrigues

Received: 12 November 2023

Revised: 6 December 2023

Accepted: 12 December 2023

Published: 14 December 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

A p-Refinement Method Based on a Library of Transition
Elements for 3D Finite Element Applications
Adnan Shahriar * and Ahmed Jenan Mostafa

Department of Mechanical Engineering, The University of Texas at San Antonio, San Antonio, TX 78249, USA;
ahmed.m@purple.com
* Correspondence: adnan.shahriar@utsa.edu; Tel.: +1-210-803-5230

Abstract: Wave propagation or acoustic emission waves caused by impact load can be simulated
using the finite element (FE) method with a refined high-fidelity mesh near the impact location.
This paper presents a method to refine a 3D finite element mesh by increasing the polynomial order
near the impact location. Transition elements are required for such a refinement operation. Three
protocols are defined to implement the transition elements within the low-order FE mesh. Due to the
difficulty of formulating shape functions and verification, there are no transition elements beyond
order two in the current literature for 3D elements. This paper develops a complete set of transition
elements that facilitate the transition from first- to fourth-order Lagrangian elements, which facilitates
mesh refinement following the protocols. The shape functions are computed and verified, and the
interelement compatibility conditions are checked for each element case. The integration quadratures
and shape function derivative matrices are also computed and made readily available for FE users.
Finally, two examples are presented to illustrate the applicability of this method.

Keywords: p-refinement; 3D transition element; fourth-order transition element; Lagrangian; Gauss–
Lobatto quadrature

MSC: 74S05

1. Introduction

Interest in space activities, including satellite launches, space tourism, deep-space
exploration, and space colonization, has increased in recent years. The development of
long-term deep-space habitats is of interest to the engineering community. These structures
will be exposed to harsh environmental loading conditions, including hypervelocity impact
(HVI) caused by meteoroids or debris. The finite element method (FEM) is a widely used
numerical approach for solving partial differential equations (PDEs) in mathematics and
engineering, especially in the field of structural dynamics [1–3]. However, the solutions of
wave propagation problems cannot be effectively replicated through a standard FEM. In the
case of harmonic wave solutions, it is well known that the accuracy of numerical solutions
rapidly degrades as the wave number increases [4,5]. Novel techniques based on higher-
order discontinuous Galerkin methods exist to mitigate this issue [6,7]. In the field of FEM,
there are two methods of reducing error and improving the ability of the basis functions
to represent the variation of the unknown function over the local domain: (1) increasing
the number of the elements, or h-refinement, and (2) increasing the polynomial order, or
p-refinement. H-refinement techniques have been used widely in conjunction with low-
order vector basis functions. However, very fine meshes are necessary to find reasonable
solutions for problems with short waves—so fine that the numerical solution effort may
be prohibitive. The spectral element approach offers a great solution for resolving this
issue [8–12]. In this case, high-order Lagrangian-based finite elements are employed in
conjunction with particular nodal positions and integration algorithms. In comparison
to typical finite element methods, this method has low numerical dispersion and can be
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particularly effective in explicit time integration. While implementing a high-order element
in a lower-order mesh, p-refinement is needed [13]. However, due to the relatively recent
emergence of higher-order hierarchical vector basis functions, p-refinement approaches
have not been widely researched to date [14–16].

The advantage of p-refinement is that it eliminates the time-consuming mesh regener-
ation procedure associated with h-refinement. The process must be adaptable to benefit
fully from either type of refinement technique. Adaptive refinement uses the error estimate
from a numerical solution at a particular level of refinement to forecast which areas of the
computational domain will most require more degrees of freedom. After that, the process
remedies the issue by allocating more degrees within certain zones. Since they enable most
of the equations in the FEM system to stay constant across refinement levels, hierarchical
vector basis functions are virtually always used for adaptive refinement. Conversely, inter-
polatory vector basis functions would necessitate the replacement of all equations in the
regions that are being refined. Furthermore, unique transition elements are needed in an
interpolatory expansion in order to link regions with varying polynomial degrees [14].

In a three-dimensional finite element application, hexahedron transition elements are
extensively used for p-mesh refinement [17]. When implementing a transition element in
a multi-element mesh, the hanging node problem arises. This violates the interelement
compatibility conditions. Hence, several strategies to circumvent the hanging node prob-
lem have been developed. For two-dimensional applications, variable-node elements for
1-irregular/balanced meshes have been constructed by Gupta, while Morton et al. pub-
lished an extension for three dimensions [18]. These elements utilize piecewise linear shape
functions on their boundaries, so two smaller finite elements can be coupled conformally to
a larger transition element [1]. Gordon and co-workers developed a transfinite interpolation
or blending function method [19], where the functions are identical in certain parts but
not over the whole domain [20]. Scholz developed two- and three-dimensional transition
elements with piecewise linear and quadratic shape functions for mesh refinement pur-
poses [21], where 1-irregular meshes can be generated without introducing hanging nodes.
Developing higher-order transition elements is a challenge. Unconventional elements, such
as the xNy-element concept [14,16], are developed by utilizing linear blending functions
and projection operators to tackle this issue. However, there is still the problem of efficient
mesh generation for these transition elements, especially for three-dimensional models, as
this procedure is very cumbersome [22].

Transition elements are also employed in contact problems [23]. Buczkowski [24]
developed 22- and 21-node elements, and Smith et al. [25] developed 14-node hexahedral
isoparametric elements to analyze contact problems by modifying the reference 8- and
20-node hexahedral elements. The modification of the shape functions of the reference
element needs to be carried out by hand and is very laborious for a 3D element. In
addition to lower-order transition elements, there is also a need for higher-order transition
elements, as they offer higher accuracy when calculating Lagrangian solid dynamics. For
instance, the spectral finite element method [9] uses the interpolation function of high-order
Lagrange polynomials to capture high-frequency wave propagation that benefits fields
such as structural health monitoring [10–12,26] and seismology [8]. Employing transition
elements can reduce the degrees of freedom and computation effort for such applications.

A library of transition elements can mitigate these issues. However, creating a library
is very labor-intensive when higher-order elements are considered. The shape functions of
higher-order elements are numerous and lengthy, so it is extremely difficult to modify and
verify them to form a higher-order transition element. In summary, there is no methodology
for formulating arbitrary hexahedron elements and implementing multi-element mesh that
is programmatically available. Hence, there is no transition element beyond order 2 in
the literature.

This paper develops a method to perform p-refinement that involves three protocols.
The implementation of these protocols is based on a library of transition elements. Six 3D
transition elements of an order up to four are developed to act as a library that can facilitate
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the p-refinement procedure. The development procedure utilizes the GUI developed
in [16]. First, the reference element, the Lagrangian [27] or Serendipity [28] element that
represents a transition element closely in terms of element order, is formulated following
methods available in the literature. The formulation includes the nodal coordinates and
the monomial basis functions of the interpolation function. Next, the generated nodal
coordinates and the monomial basis functions are modified to replicate the transition
element. The nodal coordinates and interpolation function consist of the monomial basis
functions that will be used to formulate the shape functions. The modification of the
monomial basis functions is extremely simple compared to the modification of the shape
functions. However, the method for determining the shape functions is very laborious
and can be carried out by hand for one-dimensional and lower-order two-dimensional
elements [29]. For this reason, the computer algorithm was implemented to automate this
task instead [16]. Finally, the element is verified in terms of local support and interelement
compatibility conditions [29].

The remainder of this paper is organized as follows: Section 2 presents the method-
ology for p-refinement and generating element properties, while Section 3 showcases
the implementation and results for the formulated transition elements. The developed
p-refinement method is verified for an FE mesh that contains all six transition elements de-
veloped in this paper through a patch test [30]. Subsequently, this method is implemented
in two 3D FE meshes and, finally, Section 4 concludes this paper with some final remarks.

2. Materials and Methods

In this section, a procedure is developed to perform p-refinement for the given refined
element. First, the protocol to refine a single element is presented. Then the method based
on the protocol to refine all the elements in the mesh is illustrated.

2.1. p-Refinement Procedure

Assume that element ei is refined as order n, and another adjacent element, ej, needs
to be refined so that it can (1) act as a transition element from order n to order n− 1, and
(2) satisfy the interelement boundary conditions. Due to this dependency of element ej
on ei, the elements ei and ej are termed as master and slave elements, respectively. Three
protocols have been developed to refine element ej, shown as a linear eight-node brick
element, with node numbers ranging from 1 to 8 at the local coordinate [2].

Protocol 1: Only one edge has the highest order. Assume element ei shares an edge
with element ej, where the order of the edge is n, as presented in Figure 1. In this case, the
transition element will have order n only at the edge and order n− 1 everywhere else. This
paper defines the edge by nodes 7–8 in local coordinates.
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Protocol 2: Four edges have the highest order, and that forms the face of the element.
If four edges form an interelement surface, the order at the surface will be n and n− 1
everywhere else. A schematic of this case is presented in Figure 2, where the nodes 5–8
define the interelement surface.
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Figure 2. Case 2 schematic. Numbers 1–8 indicates the node number for a 8 node brick element.

Protocol 3: More than four edges have order n. For protocol 3, there will be several
master elements that form an interelement boundary with the element to be refined (ej).
If there are more than four edges, the order will be n throughout the element space. Two
cases with more than four edges at the interface are presented in Figure 3, where the dark
elements are of order n; hence, the order of the element ej will be n.
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The p-refinement utilizes one transition element for each protocol that follows the
node number presented above. The formulation of these elements is presented in the
next subsection. The shared boundary between elements ej and ej does not necessarily
match the node numbering sequence (7–8 for protocol 1) in local coordinates. Hence,
while implementing the transition elements, the node number of element ej needs to be
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renamed to match the transition element with no number. The refinement is followed by
the refinement of element ej, carried out element by element from the lowest to the highest
distance from the element centroids with respect to ei. The transition of element order
decreases by one as the refinement continues. For 8-noded elements, the distance follows

dij =

∥∥∥∥∥∥
(

∑8
k=1
[
xk yk zk

]
8

)
ei

−
(

∑8
k=1
[
xk yk zk

]
8

)
ej

∥∥∥∥∥∥ (1)

where
[
xi yi zi

]
is the nodal coordinate of node i and ‖.‖ indicates the second norm. A

2D overview is presented for a four-element case in Figure 4, where dij < dil < dik. Hence,
the refinement procedure is carried out on element j first, then element l, and finally k. The
refinement for the whole mesh involves:

1. Creating a set of dij following Equation (1), and sorting from lowest to the highest;
2. For each element associated with the sorted dij, ej:

i. determining all the adjacent elements for ej;
ii. For each adjacent element, obtaining the interelement boundary order;
iii. If the order of the element boundary > the order of ej:

a. Renaming the node number of ej to match the interelement boundary;
b. Refining the element following the protocol.
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2.2. Formulation of Transition Elements

This section illustrates the procedure to formulate and implement a transition element
within a multi-element FE mesh, as presented in Figure 5. First, the nodal coordinates and
the monomial basis function of the reference element are computed. The reference element
is the element that closely resembles the arbitrary element in terms of element order and
type (Lagrangian or Serendipity).

Next, the nodal coordinates and the monomial basis functions are updated to replicate
the arbitrary element. The shape functions for these two inputs are then determined through
computer implementation [3]. If the shape functions can be determined, verification of the
local support conditions will be carried out. Next, the element can be incorporated into
a multi-element mesh if the interelement compatibility is satisfied between the adjacent
elements of different types. If the element is compatible, the formulation is complete and
ready to be implemented for FE applications.

For this purpose, methodology and the toolbox, ShapeGen3D v.1, developed by [16]
is utilized. Here, the element is subdivided into a 3D grid, and the value of the shape
functions is determined for each point. The results are plotted, with the void where the
value of the shape function is 0. Hence, if a surface does not contain a node i, and there is a
void throughout for the value of shape function i, the element satisfies the local support
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condition for that shape function. The interelement compatibility conditions are also
checked and satisfied following the procedure described in [16]. In addition to the shape
function value, the integration points and weights for the Gauss–Lobatto [27] quadrature
was obtained.
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3. Results
3.1. Transition Elements

Six transition elements that enable the transition from the fourth- to first-order La-
grangian element were formulated. All the elements underwent an interelement compati-
bility check to make sure they could form a multi-element mesh. A second-to-first-order
transition element for case 2 is presented in detail in Figure 6. Figure 6A shows the two
elements assembled to form an interelement boundary. The red hollow diamond represents
the nodes of the second order, whereas the black dots represent the nodes of the transition
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element. The interelement boundary is presented in Figure 6B, which shows that the nodes
coincide and shape function profiles corresponding to the node of these two elements
match each other. As all the shape functions corresponding to the common nodes matched,
the ζ = 1 surface of the transition element was compatible with the second-order element.
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Figure 6. Interelement compatibility check between second-order and second-to-first-order transition
elements (case 2). (A) Two elements assembled; (B) interelement surface.

The parameters obtained for each of the elements are

1. Nodal coordinates;
2. Shape functions;
3. Integration quadrature.

The parameters obtained for these transition elements are lengthy and difficult to
describe in a paper. Hence, only the results for the transition element presented in Figure 6
are detailed in Appendix A. Tables A1–A3 present the nodal coordinates, shape functions,
and integration quadrature, respectively. The coordinates are presented in terms of (x, y, z),
which is equivalent to the (ξ, η, ζ) coordinate system used to define isoparametric elements.
Online data containing all the information on the elements can be found as text files (Link:
https://zenodo.org/records/10015183, accessed on 17 October 2023). This will enable
other users to read this and implement the elements to perform p-refinement following the
approach developed in this paper. The name of each dataset with respect to the element
case is presented in Table 1 in the source file name column along with the corresponding
element schematics presented in Figures 7–10.

Table 1. Element description and corresponding dataset name.

Element Description Figure Number Number of Nodes Source File Name

Fourth-order element Figure 7B 125 Fourth_order.txt
Fourth-to-third-order transition element for case 1 Figure 10A 65 Transition_4to3_Case1.txt
Fourth-to-third-order transition element for case 2 Figure 10B 73 Transition_4to3_Case2.txt
Third-order element Figure 7A 64 Third_order.txt
Third-to-second-order transition element for case 1 Figure 9A 28 Transition_3to2_Case1.txt
Third-to-second-order transition element for case 2 Figure 9B 34 Transition_3to2_Case2.txt
Second-order element Figure 6A 27 Second_order.txt
Second-to-first-order transition element for case 1 Figure 8A 9 Transition_2to1_Case1.txt
Second-to-first-order transition element for case 2 Figure 8B 13 Transition_2to1_Case2.txt

https://zenodo.org/records/10015183
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3.2. Verification

For verification, a specimen of dimension 10 m× 10 m× 5 m along the x, y, and z
axes was modeled and discretized using 256 irregular-shaped linear elements. The element
shapes were chosen to be irregular as the patch test would be performed [31]. The material
property was chosen as concrete with a modulus of elasticity, density, and Poisson’s ratio
of 30 GPa, 3000 kg/m3 and 0.3, respectively [32]. One of the elements marked as red in
Figure 11A was refined to the fourth order, and the methodology developed in this paper
was implemented to transition from the fourth to the first order, as presented in Figure 11B,
which produces no hanging nodes. Next, the boundary conditions were applied to restrict
the rigid body motions by enforcing displacement ux = uy = uz = 0 at the x = 0, y = 0 and
z = 0 surfaces, respectively, where ux, uy and uz show this displacement along the x, y and
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z axes, respectively. The patch test was performed, wherein a unit displacement uz = 1 at
all the nodes of the z = 5 surface was applied, and the static solution was obtained in terms
of displacement. The obtained displacement along the z axis is presented in Figure 12A,
which shows a linear profile along the z axis throughout the specimen. The displacement
uz was plotted along the x = y = 0 line, as shown in Figure 13, which shows a linear
profile that confirms that the model passed the patch test. The obtained stress profile was
also observed as being constant throughout the specimen, as shown in Figure 12B, which
provides additional confidence in this method’s capability to produce an accurate solution.
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3.3. Implementation of 3D FE Meshes

Two examples are presented in this section. First, the model developed for the verifica-
tion purpose was subjected to an impact load. Impact load can be replicated through elastic
contact modeling [33]. For the sake of simplicity, instead of a contact model, a loading of
F = sin(2π10, 000t)e(−100,000t)1010 along the z axis at the central node (T; marked as red in
Figure 14) of the refined element was implemented. Such a loading profile can be observed
during the cavity expansion at a hypervelocity impact event [34] as presented in Figure 15A.
With a timestep [35] of 0.001 mili-s, following the central difference time-stepping algorithm,
the displacement profile was obtained. The displacement profiles along z at two nodes
(Nodes S and D of Figure 14) are presented in Figure 15B. The distance between nodes T
and S is 0.551 m, whereas it is 0.1585 for Node D. It is obvious that, as the distance increases,
the wave attenuates. A 3D profile for both displacement and pressure stress profiles is
presented in Figure 16, which shows the propagation of the wave in a qualitative manner.
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Next, a space habitat model with an outer radius of 2.9 m and an inner radius of
2.5 m is presented. The habitat was discretized into 64 linear elements, as presented in
Figure 17A. Scenarios such as meteorite impact cause wave propagation that requires
high-density mesh at the impact point. Such action requires re-meshing corresponding to
the impact location. Instead of increasing mesh density, higher-order elements offer an
excellent solution for simulation wave propagation [8,11,26]. Hence, one of the elements
(red in Figure 17B of the model) was enriched to order four, and the procedure developed
in this paper was implemented to refine all other elements of the model. The obtained
mesh produced no hanging node and a positive definite stiffness matrix. An impact load
similar to the previous case perpendicular to the central node of the refined element was
implemented. The material property was chosen as aluminum with a modulus of elasticity,
density, and Poisson’s ratio of 68 GPa, 2703 kg/m3 and 0.3, respectively. The results in
terms of radial displacement are presented in Figure 18 for three different distances from
the impact node, showing wave decay as distance increases. The nodes T, D, and S follow
the same definition as Figure 14, with the distance from T to D and S being 0.0668m and
0.3202, respectively. The 3D profile for displacement norm and pressure stress is also
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presented in Figure 19A,B, respectively, to provide an overview of the implementation of
this method.

Mathematics 2023, 11, x FOR PEER REVIEW 14 of 18 
 

 

profile for displacement norm and pressure stress is also presented in Figure 19A,B, respec-
tively, to provide an overview of the implementation of this method. 

  
(A) (B) 

Figure 17. (A) Original mesh with 8 node brick element, (B) refined mesh followed by refinement of 
an element to the fourth order. 

 
Figure 18. Radial displacement norm at three different nodes. 

  
(A) (B) 

Figure 19. Isometric view of (A) Displacement norm and (B) pressure stress profile at 0.35 mili-sec 
of the refined mesh. 

Figure 17. (A) Original mesh with 8 node brick element, (B) refined mesh followed by refinement of
an element to the fourth order.

Mathematics 2023, 11, x FOR PEER REVIEW 14 of 18 
 

 

profile for displacement norm and pressure stress is also presented in Figure 19A,B, respec-
tively, to provide an overview of the implementation of this method. 

  
(A) (B) 

Figure 17. (A) Original mesh with 8 node brick element, (B) refined mesh followed by refinement of 
an element to the fourth order. 

 
Figure 18. Radial displacement norm at three different nodes. 

  
(A) (B) 

Figure 19. Isometric view of (A) Displacement norm and (B) pressure stress profile at 0.35 mili-sec 
of the refined mesh. 

Figure 18. Radial displacement norm at three different nodes.

Mathematics 2023, 11, x FOR PEER REVIEW 14 of 18 
 

 

profile for displacement norm and pressure stress is also presented in Figure 19A,B, respec-
tively, to provide an overview of the implementation of this method. 

  
(A) (B) 

Figure 17. (A) Original mesh with 8 node brick element, (B) refined mesh followed by refinement of 
an element to the fourth order. 

 
Figure 18. Radial displacement norm at three different nodes. 

  
(A) (B) 

Figure 19. Isometric view of (A) Displacement norm and (B) pressure stress profile at 0.35 mili-sec 
of the refined mesh. Figure 19. Isometric view of (A) Displacement norm and (B) pressure stress profile at 0.35 mili-sec of

the refined mesh.



Mathematics 2023, 11, 4954 14 of 16

4. Conclusions

This paper developed a p-refinement method and a library of six three-dimensional
transition elements with the highest order of four, in order to perform p-refinement that
gradually decreases polynomial order, element by element, from a refined high-order
element. The shape functions and the integration quadratures were computed for each of
these elements. The local support and interelement compatibility conditions were checked
for each of these elements to verify them. The element properties have been made readily
available to FEM users. The p-refinement procedure was tested on irregular mesh, which
showed no hanging nodes and passed the patch test. Such refinement is useful in simulating
structural vibration due to impact loading, which is presented through two numerical
implementations. This development makes local p-refinement possible in 3D finite element
applications. The application of these research findings can be extended to the discontinuous
Galerkin method applied to wave propagation [6,7], and can help provide competitive
results compared to existing methods. Researchers in the field of FEA can benefit by refining
only one element to reduce the degrees of freedom. Re-meshing corresponding to the
h-refinement can also be avoided, saving computational time and resources.
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Appendix A

Table A1. Node coordinates of the 13-node transition element.

Node No. x y z

1 −1 −1 −1
2 1 −1 −1
3 1 1 −1
4 1 −1 −1
5 −1 −1 1
6 1 −1 1
7 1 1 1
8 1 −1 1
9 0 −1 1
10 1 0 1
11 0 1 1
12 −1 0 1
13 0 0 1

https://zenodo.org/records/10015183
https://zenodo.org/records/10015183
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Table A2. Shape functions of the 13-node transition element.

Ni Shape Functions in Terms of (x,y,z)

N1
xy
8 −

y
8 −

z
8 −

x
8 + xz

8 +
yz
8 −

xyz
8 + 1

8
N2

x
8 −

y
8 −

z
8 −

xy
8 −

xz
8 +

yz
8 +

xyz
8 + 1

8
N3

x
8 +

y
8 −

z
8 +

xy
8 −

xz
8 −

yz
8 −

xyz
8 + 1

8
N4

y
8 −

x
8 −

z
8 −

xy
8 + xz

8 −
yz
8 +

xyz
8 + 1

8
N5

xy
8 −

xy2(z+1)
8 − x2y(z+1)

8 +
xyz
8 +

x2y2(z+1)
8

N6
xy2(z+1)

8 − xy
8 −

x2y(z+1)
8 − xyz

8 +
x2y2(z+1)

8
N7

xy
8 +

xy2(z+1)
8 +

x2y(z+1)
8 +

xyz
8 +

x2y2(z+1)
8

N8
x2y(z+1)

8 − xy2(z+1)
8 − xy

8 −
xyz
8 +

x2y2(z+1)
8

N9
y2(z+1)

4 − y
4 −

yz
4 +

x2y(z+1)
4 − x2y2(z+1)

4
N10 x

4 +
x2(z+1)

4 + xz
4 −

xy2(z+1)
4 − x2y2(z+1)

4
N11

y
4 +

y2(z+1)
4 +

yz
4 −

x2y(z+1)
4 − x2y2(z+1)

4
N12

x2(z+1)
4 − x

4 −
xz
4 +

xy2(z+1)
4 − x2y2(z+1)

4
N13 z

2 −
x2(z+1)

2 − y2(z+1)
2 +

x2y2(z+1)
2 + 1

2

Table A3. Integration quadrature of the 13-node transition element.

Integration Point No. x y z Weight

1 −1 −1 −1 0.11111111
2 1 −1 −1 0.11111111
3 1 1 −1 0.11111111
4 −1 1 −1 0.11111111
5 −1 −1 1 0.11111111
6 1 −1 1 0.11111111
7 1 1 1 0.11111111
8 −1 1 1 0.11111111
9 0 −1 −1 0.44444444

10 1 0 −1 0.44444444
11 0 1 −1 0.44444444
12 −1 0 −1 0.44444444
13 0 −1 1 0.44444444
14 1 0 1 0.44444444
15 0 1 1 0.44444444
16 −1 0 1 0.44444444
17 0 0 1 1.77777778
18 0 0 −1 1.77777778
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