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Abstract: This article explores the generalized Gerdjikov-Ivanov equation describing the propagation
of pulses in optical fiber. The equation studied has a variety of applications, for instance, in photonic
crystal fibers. In contrast to the classical Gerdjikov-Ivanov equation, the solution of the Cauchy
problem for the studied equation cannot be found by the inverse scattering problem method. In
this regard, analytical solutions for the generalized Gerdjikov-Ivanov equation are found using
traveling-wave variables. Phase portraits of an ordinary differential equation corresponding to the
partial differential equation under consideration are constructed. Three conservation laws for the
generalized equation corresponding to power conservation, moment and energy are found by the
method of direct transformations. Conservative densities corresponding to optical solitons of the
generalized Gerdjikov—-Ivanov equation are provided. The conservative quantities obtained have not
been presented before in the literature, to the best of our knowledge.

Keywords: Gerdjikov-Ivanov equation; phase portraits; conservation laws; periodic and solitary
wave; optical soliton; partial differential equations; first integral; exact solutions; solitary wave
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1. Introduction
In this paper we study the generalized Gerdjikov-Ivanov equation of the form,

i+ agu+blgtg+icdqr =i [wgy+A (92" )+ 1 (192")x ), (1)

where g(x, t) isa complex-valued function, which describes the wave profile, g, b, c, «, A and
u are parameters of the mathematical model, where a is responsible for the group velocity
dispersion, b is the coefficient of quintic nonlinearity, « is the coefficient of intermodal
dispersion, c and yu are coefficients of nonlinear dispersion, and A is the coefficient of the
self-steepening term for short pulses.

Equation (1) is a well-known nonlinear partial differential equation for the description
of optical solitons in fiber, especially in photonic crystal fibers. This equation does not pass
the Painlevé test, and the Cauchy problem for Equation (1) cannot be solved by the inverse
scattering transform in the general case. However, at « = A = yu = 0, Equation (1) is an
integrable equation, which has been shown in paper [1].

Equation (1) has been considered at m = 1 in a number of articles. In [2], the au-
thors generated new optical soliton solutions to the perturbed Gerdjikov-Ivanov equation
which was detected by means of the extended direct algebraic method. The perturbed
Gerdjikov-Ivanov equation which describes the dynamics of the soliton in an optical fiber
was investigated in [3]. Using a traveling-wave transformation, the nonlinear perturbed
equation was transformed into two nonlinear ordinary differential equations and reduced
to a first-order ordinary differential equation. Bright, dark and kink soliton solutions were
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found. Optical propagation pulses, such as dark, bright, periodic-singular and periodic-M-
shaped soliton solutions, of the perturbed Gerdjikov-Ivanov equation with perturbation
effects, with various applications in optical fibers, were obtained in [4]. The perturbed
Gerdjikov-Ivanov equation was examined in [5] by taking into account the Jacobi elliptic
function expansion method.

The perturbed Gerdjikov-Ivanov equation with spatio-temporal dispersion was in-
vestigated in [6] by the trial equation method where the complex-envelope traveling-wave
transformation and the complete discriminant system for polynomial method were utilized.
The perturbed optical solitons for the time-space fractional Gerdjikov-Ivanov equation
were investigated with conformable derivatives having a group velocity dispersion and
quintic nonlinearity coefficients in [7], where abundant families of optical solitons in single
and combined forms were found.

A bifurcation analysis and soliton solutions for the generalized Gerdjikov-Ivanov
equation were presented by using the theory of dynamical systems for fixed-parameter
cases in [8]. The cubic—quartic optical solitons for the perturbed Gerdjikov-Ivanov equation
were considered for the scalar case and birefringent fibers in [9]. The optical solitons
to the perturbed Gerdjikov-Ivanov equation in optical fibers were explored in [10] us-
ing the improved projective Riccati equations method to solve the ordinary differential
equation analytically, where the existence conditions of all optical solitons were given.
A new fractional-mapping method based on a generalized fractional auxiliary equation
was proposed and applied to solve the space-time fractional perturbed Gerdjikov—Ivanov
equation in [11], where some exact fractional nonlinear wave solutions were constructed
by Mittag-Leffler function. Exact single traveling-wave solutions to the nonlinear frac-
tional perturbed Gerdjikov-Ivanov equation were captured by the complete discrimination
system for polynomial method and the trial equation method in the paper [12], where
rational-function solutions, solitary-wave solutions, triangular-function periodic solutions
and elliptic-function periodic solutions were obtained. The dark-soliton solutions to the
perturbed Gerdjikov—-Ivanov equation describing the effects of ultrashort (femtosecond)
optical soliton propagation in non-Kerr media were investigated in the paper [13].

Exact solutions of the generalized Gerdjikov-Ivanov equation by means of the traveling-
wave reduction of the first integral were found in [14]. The space-time-perturbed fractional
Gerdjikov-Ivanov equation was studied based on the modified Riemann-Liouville deriva-
tive in [15], and the fractional projective Riccati expansion approach was utilized. The
dynamics of solitons of the perturbed Gerdjikov-Ivanov equation was carried out by con-
sidering transformations and newly well-established methods to obtain optical solitons of
the model in [16]. Some other questions corresponding to Equation (1) were considered
in [16-30].

The purpose of this paper was to find some exact solutions of Equation (1) by applying
the method of direct calculations. It has an advantage over special methods used in the
previously mentioned papers (for instance, see [5,6,31]) as it can provide a more general
class of solutions. There is no need to use a special method, when the exact solution can be
found by integrating the equation. Our aim was also to propose a classification of phase
portraits corresponding to Equation (1) and to write conservation laws for Equation (1)
by means of the direct method. To the best of our knowledge, there has been no works
devoted to the derivation of conservation laws for Equation (1). Finding conservation laws
of partial differential equations is very important for practical applications, since they are
used to check whether numerical schemes are conservative in experiments. This motivated
us to look for conservation laws of the studied equation.

The paper is organized as follows. In Section 2, we obtain the nonlinear ordinary
differential equation corresponding to Equation (1). The bifurcation of phase portraits of
the ordinary differential equation corresponding to Equation (1) is presented in Section 3.
The periodic- and solitary-wave solution of ordinary differential equation at m = 1 and
m = 2 are given in Sections 4 and 5. In the case of an arbitrary value m, exact solutions in
the form of optical solitons are presented in Section 6. Conservation laws corresponding
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to Equation (1) are derived by direct calculations in Section 7. In Section 8, the conserved
quantities are calculated.

2. Nonlinear Ordinary Differential Equation Corresponding to Equation (1)

The Cauchy problem for Equation (1) cannot be solved by the inverse scattering
transform in the general case, so we look for exact solutions of Equation (1) taking into
account the traveling-wave reduction

g(x, 1) = y(z) PR 7 — x _Cyt. (2)
Substituting (2) into Equation (1), we obtain the system of equations of the form

2ay. ¢ +ay Pz + ey’ y: —ay: — Coyz—

3
—2m4+D Ay y, —2muy*™y, =0, )
w C _ 2 5 3 2m+1
y+Coyyz+ayz —aypz +by’ +ey Pz Hay . + Ay ¢ = 0. @)
From Equation (3), we obtain after integrating
_Gta ¢ , @m4+DA+2mpuN 5,  Cp
¥== 2a 40" ( 2a(m+1) +ay2' ©®)

where C; is an arbitrary constant of the integration.
Using Equation (5), Equation (4) can be written as the following after integration with
respect to z

2 2
y§+<“+%+36C1+w+w>yz+(w+%6>y4+

a
2 8a ' 8a 4q 2 4g 8a ' 8a

+

cz (b 5c2) 6 ACi+2uC o,

2ay? 6 9%a 2(14+m)a

(6)

8a(l+m)(2+m) 4a(1+4m)

(4P mE A pm® —22%m — A? 2eam o g
8a (1 +m)2(1+2m) Y 2=

where C; is an arbitrary constant.

3. Bifurcation of Phase Portraits Corresponding to Equation (6)

In this section, we visualize the results from the previous section by analyzing the
stability of equilibrium points of the traveling-wave reduction of the explored equation
and study the bifurcations of its phase portraits using the first integral (6) (see [32]). Let us
write Equation (6) before integration in its canonical form

Y: =70, U3 =—Ay— By3 — Cy5 — Dymel — Ey2m+l _ py2m+3 _ Gy4m+1 _ ;’ @)
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where parameters A, B, C, E, F and H are determined by formulas
A_4wa+a2+2C00c+6cC1+C(2) B_(Dé—i—Co)C C__5c2 b
- 4a2 0 292 7 T 16a?  a’
D— (—)\—Zy)Clm’ E_ ((x—i—CO)/\, F_ c(5)xm+6ym+2)t)’ ®
a?(m+1) 2a? 4a2(m+1)
oo TAptAm L2 Pm A2 G
4a2(m +1)* ' a2’
Introducing into (7) the following transformation
dz = ydg ©)

yields the associated regular system
Yy = y3v, v = 7Ay4 o By6 . CyS o Dy2m+2 . Ey2m+4 . Fy2m+6 o Gy4m+4 — H. (10)

Ignoring the orientation, the trajectories of systems (7) and (10) are identical; therefore,
systems (7) and (10) are topologically equivalent. Due to their first integrals being the same,

they also have the same orbits, with the exception of the straight line y = 0.
The first integral of the regular system (10) is (6), which is written as follows, taking

into account the notations of the current section:
_ 2 Ay2 By4 Cy6 Dy2m Ey2m+2
Hy o =5t T 6 " om T awn

Fy2m+4 Gy4m+2 H

2mtd T Amt2 22

+
(11)

+

Let us conduct the analysis of the equilibrium point stability for the regular
system (10). All of its equilibrium points are located on the y axis (provided that H # 0),
with the coordinate determined by the following equation

A}/4 4 By6 4 Cyg 4 Dy2m+2 + Ey2m+4 + Fy2m+6 + Gy4m+4 4 H= fm(y) = 0. (12)

The stability of an equilibrium point (ys,0) is determined by the eigenvalues of the

following Jacobi matrix
0 vi
J=1_dafm () 0) (13)

dy
where y; solves Equation (12).
One can see that the point (y;,0) is of the center stability type if f,(y) decreases at ys
and ys > 0, it is of the saddle stability type if f,,(y) increases at y; and ys > 0 (if ys < 0,
then the stability type is reversed), and (ys,0) is a degenerate point if f,,(y) has a zero
derivative at the equilibrium point and, therefore, a zero eigenvalue, since the eigenvalues
of the matrix | are determined by the following formula

Mp = iwy? : EZZ’;(%)- (14)

For example, let us explore the case of m = 1. Equation (12) takes the form
(A+D)y*+ (B+E)y°+(C+F+G)y* + H= fi(y) =0. (15)
Making the change of variables y? = w yields
f(w)

4 3 2 _
k k k3=0= ———— 2 1
w* 4+ kyw® + kyw” 4+ k3 =0 C+E+C) (16)
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where
_ B+E _ A+D _ H 17)
'""C+F+G * C+F+G P CHF+G
The discriminant of Equation (16) is as follows:
Do = —ks (27k?;k3 + 4K3KS — 144K3koks — 16K% + 128Kk3ks — 256k§). (18)

Thus, our explored system for m = 1 can have either zero, two, four or six equilibrium
points (ys, 0) = (£+/ws, 0), since Equation (16) can possess at most three positive roots.
Let us introduce the notation

—3ky £ /9% — 32k,
we = - , (19)

8

where w4 are the turning points of the function f;(w), besides the turning point wy = 0.

Based on the control parameter values, the sign of the discriminant (18) and the values
of f1(w~+), there exist the following combinations of roots of Equation (16) (in particular,
we are interested in the positive ones, due to the nature of the substitution y? = w):

1. k120, ky >0, k3 >0, Dg > 0—Equation (16) has no real roots. The system (10) has
no equilibria (Figure 1a).

2. k1 >0,k >0, k3 >0, Dy < 0—Equation (16) has two real negative roots. The
system (10) has no equilibria.

3. k1 >0,k >0, k3 <0, Dy > 0—Equation (16) has four real roots only one of which
is positive. The system (10) has two equilibria (Figure 1b).

4. k1 >0,k >0, ks <0, Dy < 0—Equation (16) has two real roots, one of which one is
positive. The system (10) has two equilibria.

5. k1 20, ko <0, k3 > 0, Dy > 0—Equation (16) may have four real roots, out of which
two are positive, provided that f1(w;) < 0 and w4 € R. The system (10) has two
equilibria of the center type and two saddle equilibria (Figure 2a)

6. k1 >0,k <0, k3 >0, Dy < 0—Equation (16) has two real roots, out of which two
are negative. The system (10) has no equilibria.

7. k1 >0, ky <0, ks <0, Dy > 0—an impossible case.

8 k1 >0,k <0, k3 <0, Dg < 0—Equation (16) has two real roots with one of them
positive. The system (10) has two equilibria.

9. k1 <0,k >0, k3 >0, Dy > 0—Equation (16) has no real roots. The system (10) has
no equilibria.

10. k1 <0, kp > 0, k3 > 0, Dy < 0—Equation (16) has two real positive roots. The
system (10) has two equilibria of the center type and two saddle equilibria.

11. k1 <0, ko >0, k3 <0, Dg > 0—Equation (16) has four real roots, three of which are
positive. The system (10) has four centers and two saddles (Figure 2b).

12. k1 <0, ko >0, k3 < 0, Dy < 0—Equation (16) has two real roots with one of them
positive. The system (10) has two equilibria.

13. k1 <0, kp <0, k3 > 0, Dg > 0—Equation (16) has four real roots with two of them
positive if f(w4) < 0 and w4 € R and no real roots otherwise. The system (10) has
either two centers and two saddles or no equilibria.

14. k1 <0, kp <0, k3 > 0, Dy < 0—Equation (16) has two real roots with two of them
positive if f(w, ) < 0 and negative otherwise. The system (10) has either two centers
and two saddles or no equilibria.

15. k1 <0, kp <0, k3 <0, Dg > 0—an impossible case.

16. k1 <0, ko <0, k3 <0, Dy < 0—Equation (16) has two real roots, out of which one is
positive. The system (10) has two equilibria.
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@ki=1Lk=1k=1 )k =3,k =2 k3 =—15
Figure 1. Phase portraits of system (7) at various parameter values, where parameters kq, ky and k3
are determined by (17).

@ki=1k=-3k=3 (b)k1 =3, ko = =35, ks = =}
Figure 2. Phase portraits of system (7) at various parameter values, where parameters k1, ko and k3
are determined by (17).

All the above cases do not include degenerate equilibria, since for % |ys = 0, we must
have Dy = 0.

The degenerate cases can show the parameter values at which solitary-wave solutions
vanish. For instance, Figures 2b and 3a show how the phase plane may transform from
having four solitary waves represented by homoclinic orbits to two solitary waves. Cases
where degenerate equilibria exist and Dy = 0 are as follows:

—ky£+/k3—4k . K?
1. k3 = 0. Two zero roots and two roots wy» = lflz that are real if kp < 7.

512 512 32

wy = Sty 32k Vggk%% of Equation (16), f1(y) has a zero derivative; therefore, the
equilibrium points vy = +(,/w,0) are degenerate provided that w, > 0. There
may exist one additional positive root of (16) depending on the parameter values,
making it either two equilibria (Figure 4a) or four equilibria for system (10) (Figure 4b).

—9Kk3 432k k. 9k2—32k 4 2 2
2. ks = (=9 +32k1ka) /KT ~32K + Tk _ ks + ’% and 9k% — 32k, > 0. At the root

512 32
Equation (16), fi(y) has a zero derivative; therefore, the equilibrium points

y— = £(y/w_,0) are degenerate provided that w_ > 0. There also exists one addi-
tional positive root of (16), making it four equilibria for system (10) (Figure 3a).

9k3 —32kqkp ) A/9k2 —32k 27k 9Kk K2 —3kq —4/9k%—32k
3. k3:( 1 151)2 122 2 + 4. Atthe root w_ = ——Y 122 of
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Figure 3. Phase portraits of system (7) atk; = =5, ko = 6, k3 = —% — 16?{4373 , Where parameters

k1, ky and k3 are determined by (17).

IS

_ _ _ 77 | 64519 _ _ 23 . _ 2917 , 111/185
@ki==5 k=6, ks =357 + 5= ()i =-3 k=35, k3 = — 1555 + “12800

Figure 4. Phase portraits of system (7) at various parameter values, where parameters kq, ky and k3
are determined by (17).

Based on the above analysis of the equilibrium point stability of the system, we can
choose suitable parameter values for which solitary or periodic solutions of system (7) exist.
Figures 2a,b, 3a and 4b all contain cases for which Equation (7) admits a solitary solution.

4. Periodic and Solitary Waves of Equation (1) atm =1

The solution of Equation (6) in the general case cannot be presented in the form
of quadratures. However, this integral can be calculated in a number of partial cases.
Equation (6) at m = 1 can be written as follows:

a b 52 A 2 A2 7Ac ¢
2§+<__u_u V) o

6 96a 24a 242 324 484 ' 8a

Coc ca ACy Aa) 4 w 3cC  Co?
+(+++>y —|—<2+ i +87+ (20)

To simplify Equation (20), we introduce a new variable (see [33-35])

y(z) =\ V(2); (21)
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we obtain ,
8C AC
VZ2+A1V4—|—B1V3—E1V2—72V+721:O, (22)

where A1, B; and E; are determined by formulas

4b  5¢2 p? A2 Au TAc  cu

Al=———— — ——F — — — = F —— + —,
1737 1222 322 " 442 322 " 6a2 T a2
Coc cx ACy An
Blz?+;+7+afz, (23)
4 Cy®> 2C 2 20C;  4uC; 6¢cC
El:_iw_io_ioa_ai_k 1+ #1_ Cl'
a a? a? a? a? a? a?

At Cy = 0 and Cp = 0, the solution of Equation (20) is the solitary wave of the form

4 E,eVEi(z=20)
V(z) = 2 (24)
4A E + (Bl + em(z—zo))

where z is an arbitrary constant. Solution y(z) is expressed by the formula

1/2
4 E; eVEi(z—20)
() = 18 S (25)
4AE + (Bl + e\/E(Z*ZO))

The solitary wave for q(x, t) can be written as follows:

1/2

Ei(x—Cot—
g (x,t) = 4E eVE1(x—Cot—z0) S P—Cot)—wh). 26)

2
4A1E + (Bl + em(x—cﬂ t_20)>

Here, the function (z) is found as a result of solving Equation (5)

2u+3A—c eVEi(z-20) 1 B Co+u
e A . 27
veE) == UA arcan[ 2 VA E +< 24 )Z @7

Solution (25) is illustrated in Figure 5 at zg = 3.0, A; = 1.0,B; = 2.0 and E; = 5.0.

Figure 5. Solution (25) at zy = 3.0, A1 = 1.0,B; = 2.0 and E; = 5.0.

The general solution of Equation (20) can be found by taking into account the Jacobi
elliptic function. It is well known that the solution of Equation (20) is expressed in terms
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of elliptic Jacobi or Weierstrass functions. The general solution at C; # 0 and C; # 0 of
Equation (20) takes the form

1/2
yz(Z) _ 1 (V4 — Vz) sn2(51 (Z — Zo), kl) + Vy (Vz — Vl) (28)
(Vy — Vo) sn2(51 (z—20), k1) + V-V, !
provided that the following equation
8C 4C?
4 3 2 oL 24 _
AVE+ BV —EV . V+ o (29)
=A(V-V)(V-Vo)(V-V3)(V-V4) =0
has four real roots V3, V5, V3 and V.
Values S; and k; are given by formulas
1
S1=5 \/Al (Vo= V3) (V2 — W) (30)
and
ki = (Vs = V1)(Va = V2) (31)
(Vi = V3)(V2 = V1)

The periodic solution g (x, ) of Equation (1) at m = 1 is determined by Formula (2), taking
into account (28).
Periodic solution (28) is illustrated in Figure 6 at zgp = 1.0,A4; = 1.0,V; = 1.0,

Vo =3.0,V3 = 2.0and V; = 4.0.
8 i 0 2 4 6 8 . 10 12 14 16

Figure 6. Solution (28) atzp = 1.0, A1 =1.0,V; =1.0,V, =3.0,V3 =2.0and V,; = 4.0.

2.00

5. General Solution of Equation (6) at m = 2
Equation (6) at m = 2 takes the form

a C? 3¢C; w4 Coa  Cp?
S¥E-Cot 1+< 1+—+—+JL+i)f+

2ay? 4a 2 8a 4a  8a

+(@ ca Cip Aq) 4+<b 5¢? M+A_C<))y6+ (32)

8a 8a 3a 6a 6 96a+m 12a

A ep\ g (A 2Ap 242N g9
+(8—a+s—a)y+(m Ba 15a)Y =0

Let us assume that the following conditions in Equation (32) are satisfied:

e

3¢ (33)

C2=0, ]/IZ—A, Coz—tx
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Substituting a new variable in Equation (32)
y=W(z)l4, (34)

yields the following equation

16C? 24cC; | 16w | 64 A2Cy?
W2 1w o% W2
=t + ( 2 " a 9 a?c? +
2 2 2 (39)
16b 5c¢ 32 A°Cy 3 4AT
— = — W* =0.
+<3a 3a2 9 azc) Toz 0
Equation (35) can be written in the following form
16 CY 472
W2+ —LW-RW>+NW>+ - W'=0, (36)
a 9a
where N and R are determined by formulas
24cC; 16w | 64 A2Cy?
R=-— - 7
( 2 T a 9 a?c2 )’ 57)
16b  5c¢% 32 A’Cy
N = _2t _0e 38
( 3a 342 9 a?¢ ) (38)
The general solution of Equation (36) is also expressed via the elliptic function
W3 Wy
W(z) = , 39
&) = T W) 25, (2 — o), k) + W (39
provided that the following equation
16C2 47
L_RW+NW2+ 25 wi g (40)
a? 942

has three real roots Wy, W, and Ws3. The values S; and k; are determined by formulas

A
S2= 7y (Ws =W2) W (41)
and
(W3 —Wp) W,
kp =42 22 2 (42)
2TV W - W)Wy

The general solution of Equation (32) is expressed at conditions (33) by the formula

) Wa s 1/4
y3(z) = {(ng — Wy)sn2(S; (z — z9), k2) + WJ .

(43)

Periodic solution (43) is illustrated in Figure 7 at zp = 1.0,a = 1.0,A = 3.0,
W1 = 3.0, Wz =2.0and W3 =4.0.
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155 | 0.8
y 150 . i
0.6
145 -
J 0.4
1.40
1.0
0.2
: 0.0
o 1 2 3 4 5 6
) x

Figure 7. Solution (43) at zg = 1.0,4 = 1.0,A = 3.0, W; = 3.0, W, = 2.0 and W3 = 4.0.
At C; = 0, we have the solitary-wave solution of Equation (35) of the form

36 Ra?eVR(z20-2)
W) = 2 (44)
144 A2 R a2 + (9 Na2+ eﬁ(w—z))

and the solution of Equation (32) of the form

1/4
36 R a2 eVR(z0-2)

S (45)
144 A2 Ra2 + (9 Na2 + eﬁ(zO—z))

ya(z) =

Solution (45) allows us to find the solution of Equation (1) by Formula (2).

Solitary-wave solution (45) is illustrated in Figure 8 at zg = 20.0,a = 2.0,A = 4.0,
R=1.0and N = 2.0.

Figure 8. Solution (45) at zp = 20.0,a =2.0,A =4.0,R =1.0and N = 2.0.
6. Exact Solutions of Equation (1) at an Arbitrary m

There are solitary-wave solutions with additional conditions on the parameters of Equa-
tion (6) at an arbitrary value of m. Assuming

5 2
Ci1=0, C=0 Cy=—-a b=— =

c (2+5m)A
6a "

6m

, (46)
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we have Equation (6) in the form

5A2 w
2 dm+2 . 2 . 47
it gaemen ! Ta¥ =0 “7)
Using the new variable
y(z) = W(z)! /2" (48)
we obtain the equation
W2 - M W?+N W=, (49)
where 5 ) s
4m*w 5m=A
- = =" 50
M a 942 (2m+1) (0)

The solution of Equation (49) is the solitary-wave solution of the form

VM (z—2p)
W(z) = —Me . (51)
4MN + e2VM(z—z0)
The solution of Equation (47) is
1/2m
4 MeVM(z—2)
ys(2) = (52)

" |4 MN + 2 VMG

Solitary-wave solution (52) is illustrated in Figure 9 at m = 3,zp = 2.0, M = 4.0 and
N =3..

Figure 9. Solution (52) at m = 3,zp =2.0,M = 4.0and N = 3.0.

Solution (52) gives a solitary wave of Equation (1). We have obtained that there is a
solution of the generalized Gerdjikov-Ivanov equation in the form of a solitary wave at an
arbitrary value of m.

7. Conservation Laws Corresponding to Equation (1)

Conservation laws are important characteristics of partial differential equations, which
are especially useful in practical applications for numerical schemes testing. In this section,
we find three conservation laws corresponding to Equation (1). In order to look for these
laws, we write Equation (1) as the system of equations of the form (see, for example, [36])

ig+aqu+blgl*qg+ica®qi =ilage+A (g% q)x + p (|97")xq). (53)
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and
—igf taqi +blgltqt —icqg? e =—ilagi+A(qPP" q)x +p (197" g (54

Firstly, let us find the first conservation law of Equation (53). With this aim, we
multiply Equation (53) by 4* and Equation (54) by —q and then add these equations. As a
result, we obtain the following equality:

AT, X,

of1 | 941 55
TR 0, (55)

where T; and X; are as follows:

s o C
=g’ Xi=—ia(q"qx—qq3) + 5 lal* —alq~
(56)

1
_/\(2_7 ’f]|2 (m+1)

|2 m+1
m+1

#m+1|q

In order to obtain the second conservation law, we use a similar approach to the first
law. Differentiating Equations (53) and (54) with respect to x, multiplying the first equation
by g* and the second equation by g, and then adding them yields

d * * aXél) 2 * *
5 0 0x = q4x) + —1 1917 (7 9 — 97 9xx) = (57)
=2(A+mlla" (9% — 7" 9=)],

(1)

where X, is as follows:

. * 4 :
X)) = —ia(q qxx+qq32x—2|6/x|2)—gzb\qléﬂlqlz (9" 7~

—qq3) — (g qx —qq5) — A (197" 9)x 9" — (917" 4")x 9+
+2191*" (9% qx — q43)) —2p 9™ (9% 9x — 9 43)-

(58)

Multiplying Equation (53) by ¢*|q|?* and adding Equation (54) multiplied by —q|q|?*, where
k € N, yields

2)

i 9 0X . .
k+1 E(WHZHﬁJﬂMIZk (4% Gux — qq%) = 0. (59)
where X§2) is as follows:
2
Xé) k+z|‘7|2 (k+2) k+1|q|2 (k+1) _
2m+1 (60)
Sl |2 (ktm+1) _ o ; ip—— |q|2 (kt+m-+1)
ktm+1 k+m+1

Adding Equation (57) and Equation (59) at k = 1 and Equation (59) at k = m, we have the
second conservation law of the form

0T, 09Xy

9f2 942 61
TR 0, (61)

where T, and X, are as follows:

2i (A+ “Ll) | |2m+2

T=a(q g —qqy) +icll' == =

(62)
Xp=aXV +2exP| —2(A+p)xP?
k=1 k=m
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In order to obtain the third conservation law, we apply a similar approach. With this
aim, we multiply Equation (53) by q; and Equation (54) by g and then add these equations.

As a result, we obtain the following equality:

a (que i + 43 q0) +b191* (qqF +q"q0) +ic (@ qxai — 9% qeqr) =
= ia(qxqi — g5 q0) + A (P 9)xai — (197" q%)xq0)+
+u (1917 (q4F — q" 91)].
In the case y = —A,

a(Guxqi + Qoxqe) + 0|1 (qq7 + g ) +ic (P qiqi — a2 geq) =

=ilw(qeqi — q5q) + Mg (92 qf — g5 q0)].

At the next step, we obtain

9 . ? 9 blgl® ot
g @i 0200 = 3 @lad)+ 5 R0+ G i
0 * % * H * *
—7%qq:)) + ( (g q 2qqx))erIqI2 (7" qxt — 4q5%0) =
? d
ax(z (q9¢ —q"q:)) + ( = (0xq" —qiq)+
i iA m—+1 s\m+1y _ (_x\ym+1/ _m+1
Hax G @ (@) = (@ @ )+
9, A

+$ (m ((qm+1)x (q*)m+l . ((q*)erl)xqurl))'

As a result, we obtain the following equality:

o) * o axW
——+iclaP (@ g —qa) + - =0,

where T3(1) and Xél) are as follows:

6
T — blql®

Iql
3 3 (

*“|%|2

iAIqIZ’”

- (m+1 (7" 9x = 94x),
|

Mlqlz’“ -
—m(qﬁh — 4" q1)-

9 0 = q9%) = 5 (07 4x — 7 9%) —

X = a (geqt +qiqe) + (qq; —q"qe) — (qq? —q q) -

(63)

(64)

(65)

(66)

(67)

Differentiating Equations (53) and (54) with respect to x and then multiplying the first

equation by c |q|? g* and the second equation by c |g|2 g, we have

iclql* (9" g —qqxf) +aclg (g qsx+wsx) +gbes_(al®)+

+162qu4 —(q9% — qqx)—lMlqlz — (0" qx —q00)+

iAc|g[?(m+1) 8 o dAem 9o
s e e G P L O s o el (|

7" qx —q4qy))-

(68)
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Further, we take into account the following equality:
aclql*(q* qsx+w3x)—a0|q|2 (0" Qe + 000 — 92 07) =
2 0 B _ 2
= aclql” 57 (0" Gex + 4 Gex +2qx 9% = 34x43) = aclq|” 5= 3(Iql)
d
—3ﬂ6|4\2 2 (0x0) = 52 (aclgl* (191*)xx) —ac (1q[*)x (1917 xx— (69)
J 0
Baclt o (o)) = o ac|q|2 (9P)ax) = 5= (5 ((1g)x)?)
—3a6|q\2 = (a2 q5)-
We transform Expression (68), using Equation (59):
iclgP (g qxt—qqxa=—$<ac|q\2<|q\2>xx> ax<2 (IaP))2)+
a5 ic2 )
+3ﬂC|ql2 < (x4 )—*(*bCILﬂS) ( \ |)—* EoxPh o+
T 4 ot ‘3a [ P 0
T e | Iy e WE v
o 24 a "2 |_; ot a(m+1)(m+2)
_9 ”\76 (2) 9 jACm oGty w
o i & )k:m+1+ax(m+1| 1| (7" 4z — 4.4x))-

Multiplying Equation (53) by 3¢ |q|2 g%, Equation (54) by 3 ¢ ||? gx, and then adding
the resulting expressions yields

. a
316|q|2(qth qxqt)+3acw|2 ~ (qeqy) + ( belgl®)+ -
71

3 2 14 * J 4 % *)) —
+aiclal S (q G — qqx)—a(qul (7" 9x —qqx)) =0

We transform Expression (71) using Equation (59):

2 I .
?)M\ql2 ~ (02 3) = g@cm qqx—qqx))Jrg(fwlqlz(qqt—
9 3ic* (2

N 9
) - 2 Coelal) - 2 (S g + 2 AL xd |t 72)

] 310
+o- (5 lal* (07 9x = 9.42)

Substituting Equation (72) into Equation (70) yields

| * a1 ax®
iclgl? (7" qx =9 45) = 5 + 5, (73)
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where TS(Z) and Xéz) are as follows:
T = g+ K g A jgpim
3 a(m+1)(m+2)
Jr;L iclgl* (9" 9x—qq%),
ac 1 ic2
X = —aclql? (JaP)u+ 5 ((192)x)2 = 2be gl + 5 = X7 74)
k=2
_lac (2 iAc () PACm o (mit) (o« %
=X, 7" x _
p e amAD) 2 | Tt a2 (g gx — 9 43)+
3. N N 3ic? " «
+iclal(qai —q ) + =~ la* (9" 9 — 9.40).
Substituting Equation (73) and using Equation (66), we obtain
0Tz 0X3
273, T3 75
ot ox 0 @)
where TéZ) and Xéz) are as follows:
c? ac Ac
To = —— 6 @t 4 2 (m+2)
3 6a|q‘ +2a|q| +a(m+l)(m+2)|| +
1. b|q|®
+5iclal® (g qx—qqi)Jr%—aqu!z— 76
L ﬂ K ook
3 @0 =00x) = 50,0y (0 4 — A ),
Xs = x5V + x{2.
8. Conservation Quantities
Let us consider Solution (26) and find conservation quantities for it.
Let us consider the following integrals:
0o 00 VE1(x—Cy t—2zp)
L1:/ y%dx:/ 4Eie 5> dx =
— o0 —o0 4A1 Ei+ (Bl _‘_e\/ﬁ(xfcotfzo)) (77)
= L (E — arctan 'y),
VAL \2
2
00 0 4 E, eVE(x—Cot—2))
Lzz/ y‘lldx:/ L 5 | dx=
- "®\4AE+ (B1 + eVE(x—Co f—20)> (78)
= \z/ﬁj (=7 y+ 2 arctan 1y + 2),
1
3
I~ oo VE1(x=Co t—29)
L3:/ y?dx:/ Eie 5 | dx=
e "\ 441 B+ (By + eVFilCot—x)) (79)

Eq

=_— 1 (—2(39%+1)arct 3y (my—2)+ ),
2A1¢AT( (39° +1)arctan y+ 3y (ry —2) + 71)
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o0 ) E2 oVE1(x—Cot—20)
L:/ y%xdx:/ 1 2(1_
—oo 4 AL E + (B1 +e\/E(x7C0tfzo))
2 (B eVE(x=Cot—20) 4 o2 VE1(x—Co t*ZO)) )2dx _ (80)

2
4A1E + (Bl + e\/E(xfco’FZO))
- e (2074 Darctang 4 (v -2) + 1)

By
2VATE]

The density T; gives the conservative quantity for the first solution (26) of the form

where ¢ =

11(1) :/ Re(Tl)dx:/ \q1|2dx:/ yidx = L. (81)

The density T, gives the conservative quantity for the first solution (26) of the form

1§ = /oo Im(Ty) dx =

—00

= [ (=ia(gi g —qai0) +clarl = A+ ) lgr )iz =

o o0 (82)
_Za/ YV udx + (c— A —p) / yidx = (Co +a) / yidx+
A +A
+ / yldx = (Co+ ) Ly + 52 L,
where expression (5) is taken into account.
The density T gives the conservative quantity for the first solution (26)
© © c? xc Ac
1= [7RetaTiydr = [ (= Sl 5 Il G i
fac, o s x balg® 5 2 iaa *
g ™ (01 91 = 1 910) + 5 — a7 g™ = == (91 91x — q1932) —
iralgi? , . . a? —C2 o a(A+c
—W(qlqlx—qlqu)) dx:( 1 0) /wy%dx4r<(4)—
(83)

2 2

c oo 1) le_CZ (X()\+C)
_8> /_ooﬁdx—az /_ooy%xdx:< 1 O)L1+<4 -
H

Co(A+u) Ac ba 3A%* uA p* 52 9
R 7 S S vl e ) R

where expression (5) is taken into account.
Let us consider solution (52) and find the conservation quantities for it. Let us consider
the following integral

S ) 4M€\/M((X*C0 t)—zp) i
Q :/ 2k :/ < > dx =
S (ys)™"dx —c0 \4 M N + e2VM((x~Cot)~z) g

(84)

' ’: I N )
NeVM D e T (N T
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Q:/j;(%x

M 00 (4Me\/M((X*Co t)*zo))% (4MN — 2 VM ((x—Co f)*zo))2
= / T dx = (g5)
4m? J-o (4MN+32\/M((X*CM)*ZO))W+2

vVM  [4M 1 Fz(im)
=5 VN )" T 1)

The density T gives the conservative quantity for solution (52) of the form

11(2) = /_ooRe(T1)dx = /_oo |q5|2dx = /_oo (y5)2dx = ). (86)

The density T; gives the conservative quantity for solution (52)

1 = [ tm(Toydx = [ (~ia (305~ q42) + clal'~

2(A+ 1) g2y ® 2 4
WM\ )dx_Za/ Y- Pydx +c /_ooy dx o
/ g A(m?+2) /°° 20D g (87)
3m m+1 3(m?+m) J-o
+ A(m”+2) c
+3 / ytd ) Qp1 + 5 .
From the condition (46), we receive p = — ZZSmm A, and for T3, there exists a restriction

u = —A. Thus, for T3, we have m = 2.
Density T3 provides the conservative quantity for solution (52) of the form

[ 0 2
) C xc
1; V= [ Re@Bdr= [ (=% 1glt+ 5 lal* —a? o+

5c¢%|q/° iwaa

Iql8 lwlql2 (@ g =qq) + =g = — (@ 0
* 1/\ 4 . nc [
—44x) - |q| (77 4x —qq%)) dx = = /700 ytdx+ (88)
A o0 oo 00
+?‘X Lmy6dx+%/wy10dx—a2 Lmyidx:
ac A A2
:ZQZ_._ Q3—|—%Q5—a20.

The conservative quantities I, I and I3 correspond to the power, impulse and energy
of the solitary wave, respectively.

9. Conclusions

In this paper, we have considered the generalized Gerdjikov-Ivanov Equation (1) in
the case of arbitrary value m. Equation (1) does not pass the Painlevé test and the Cauchy
problem cannot be solved for this equation by the inverse scattering transform. Therefore,
we have studied this equation using the traveling wave reduction. We have found the first
integral of the nonlinear ordinary differential equation and have presented the classification
of the phase portraits corresponding to that equation. Taking into account the classification
results, we have obtained the periodic- and solitary-wave solutions of the differential
equation at various values m. We have constructed the conservation laws corresponding to
Equation (1) by means of direct calculations and have calculated its conserved quantities.
The three integrals of motion obtained correspond to the conservation of the power, the



Mathematics 2023, 11, 4760 19 of 20

momentum and the energy of the optical soliton. These obtained theoretical results can be
useful for practical applications as they are helpful in testing whether numerical schemes
for partial differential equations are conservative.
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