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Abstract: The axially symmetric solutions to the Navier-Stokes equations are considered in a bounded
cylinder Q C R3 with the axis of symmetry. S is the boundary of the cylinder parallel to the axis
of symmetry and S, is perpendicular to it. We have two parts of Sp. For simplicity, we assume the
periodic boundary conditions on S;. On S1, we impose the vanishing of the normal component of
velocity, the angular component of velocity, and the angular component of vorticity. We prove the
existence of global regular solutions. To prove this, it is necessary that the coordinate of velocity along
the axis of symmetry vanishes on it. We have to emphasize that the technique of weighted spaces
applied to the stream function plays a crucial role in the proof of global regular axially symmetric
solutions. The weighted spaces used are such that the stream function divided by the radius must
vanish on the axis of symmetry. Currently, we do not know how to relax this restriction. In part 2
of this topic, the periodic boundary conditions on S, are replaced by the conditions that both the
normal component of velocity and the angular component of vorticity must vanish. Moreover, it
is assumed that the normal derivative of the angular component of velocity also vanishes on Sp. A
transformation from part 1 to part 2 is not trivial because it needs new boundary value problems, so
new estimates must be derived.

Keywords: Navier—Stokes equations; axially symmetric solutions; cylindrical domain; existence of
global regular solutions

MSC: 35A01; 35B01; 35B65; 35Q30; 76D03; 76 D05

1. Introduction

The regularity problem for axially symmetric solutions to the Navier-Stokes equations
has a long history. However, there are only two results where the global regular axially sym-
metric solutions are proved, assuming the vanishing of the angular component of velocity
(see papers [1] by O.A. Ladyzhenskaya and [2] by M.R. Ukhovskii and V.I. Yudovich).

Other results (see the papers cited in [3-7]) describe the existence of global regular
axially symmetric solutions imposing different Serrin-type conditions. The conditions are
such that certain coordinates, either of velocity or of derivatives of velocity or vorticity,
belong to L;(0T; L,(€})) spaces for appropriately chosen parameters p and g.

This paper closely aligns with the results presented by O.A. Ladyzhenskaya, M.R.
Ukhovskii, and V.I. Yudovich, as the vanishing of the stream function divided by the radius
implies the existence of global regular axially symmetric solutions. The aim of this paper is
to provide a proof of the global estimate (24).

The estimate can imply any global regularity of solutions to problem (6), assuming
appropriate regularity of data.

We must emphasize that the methods and proofs presented in this paper are completely
new. The proofs and results in Sections 3, 5, and 6 are original.

Before the formal introduction starts, we outline the main steps of the proof of Theorem 1.
The main difficulty in the regularity theory of the Navier—Stokes equations lies in handling
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the nonlinear terms. We need to transform them in such a way that they can be absorbed
by the main linear terms. In this paper, we consider problems (17)—(20) for functions ® and
I' defined by (16). Applying the energy method, we derive inequality (111) with a strongly
nonlinear term denoted by I.

The main task of this paper is to estimate I3 by quantities that can be absorbed by the
terms from the l.h.s. of (111).

I is estimated in (122). Using notation (132), we derive from (111) and (122) the
inequality (see (134))

(%) X% < ¢1X*7° + ¢p(data),

where ¢; depends on [vp|; .t/ [Vpleor and d > 3,5 > 0.
For 6 > 0, the Young inequality can be applied, so (133) holds. The existence of such a
positive J follows from inequality (173), which can be written in the following form:

() |(D‘§,Qf < ¢ Tl 2,0 + ¢(data),

where ¢, depends on |vp|q yt-

Inequality (**) implies the existence of the positive 6. For § = 0, we were not able to
apply the Young inequality in (x), so we could not prove Theorem 1.

Hence, (xx) is probably the most important inequality in this paper. It is a totally new
result.

In the next step, we eliminate |v,|; ., ot, @ = 12. To show this, we need to delve into
the proof of Lemma 13. To derive (141) from (140), we need the estimate

(s % %) ﬁd < c||T|I?
i clITl1q-
Q

The Hardy inequality implies that (* * *) does not hold for 6 but holds for any number less
than 6. It is denoted by 6. Inequality (x* * *) follows from (202).
Then, we derive (145). Using (133) in (145) yields the following inequality:

, 4
(3 8 %) 10]300,000 < €lOgl o + P(dlata).

To apply the Young inequality in ( * #x), we require that 6/ > %. It is shown in Remark 4
that the inequality holds. We need 6’ to be close to 6. Then, ( * *x) implies (137).

Moreover, to prove (137), we need the existence of such solutions to problem (6), where
v, is not small. The existence of such solutions is proven in Appendix A. Hence, for such
local solutions, we prove global estimate (24). Once we have (24), we can extend the local
solution incrementally over time.

Finally, we can easily derive estimate (152) because |vy|,, ot appears in (137) with
arbitrarily small power.

Using estimates (137) and (152) in (133) implies (24) and proves Theorem 1.

In this paper, we prove the existence of global regular axially symmetric solutions to
the Navier-Stokes equations in a cylindrical domain Q C R3:

Q= {x R x2 + x5 < R? |x3] <a},

where a and R are the given positive numbers. We denote by x = (x1, x2, x3) the Cartesian
coordinates. It is assumed that the x3-axis is the axis of symmetry of Q2.



Mathematics 2023, 11, 4731 3 of 46

Moreover,

Si={xeR: /2 +x3=Rx3€(—aa)},

Sy = Sp(—a)USy(a) and
Sa(ag) = {x € R®: \/x2+x3 < R,x3=a9 € {—a,a}},

where S is parallel to the axis of symmetry and S, (ag) is perpendicular to it. Sy (ag) meets
the axis of symmetry at ay.
To describe the considered problem, we introduce cylindrical coordinates 7, ¢, and z
by the relations
X] =71cosQ, Xp=rsing, x3=z. 1)

The following orthonormal system
e = (cos @,sin@,0), é, = (—sing,cos ¢,0), & = (0,0,1) ()

is connected to the cylindrical coordinates.
Any vector, u, for the axially symmetric motions can be decomposed as follows:

u=up(r,z,t)e +uy(r,z,t)e, +u(r,z,t)e, 3)

where uy, 1y, and u, are cylindrical coordinates of u.
Therefore, velocity v and vorticity w = rotv are decomposed in the form

v =0,(1,2,t)e +0y(1,2,t)Ey + V(1,2 t)E; 4)
and
w = wy(1,2,1)8 + wy(r,z,t)ép + w: (1,2, t)e;. (5)
The paper is devoted to the proof of global regular axially symmetric solutions to the
problem
vi+v-Vo—vAv+Vp=f in QT =Q x (0,7),
divo =0 in QF,
v satisfies periodic boundary conditions on SI =S, x (0,T), (6)
v-iils, =0, wyls, =0, vyls, =0 on S| =8, x (0,T),
v)t=0 = v(0) in Q,
where v = (v1(x,t),v2(x,t),03(x,t)) € R3 is the velocity of the fluid,

p = p(x,t) € Ris the pressure, f = (fi(x,t), f2(x,t), f3(x,t)) € R? is the external force
field, and v > 0 is the constant viscosity coefficient.
Expressing problem (6) in the cylindrical coordinates of velocity yields

U%o Uy
Vnt+ 0 Vor — =5 =Dy Hvg = —prt f
v v
Vgt +0- Vo + 7’% —VvAvy + ur—ép = fo,
Uyt +0- VU, —VAU, = —p, + f, (7)
(rvg) p+ (rv) =0
Ur|Sl =0, U¢|Sl =0, vr;— Uz,r|51 =0,

vi’|t:O == vT(O)r v(p|t:0 - Uq)(o)/ Uz|t:0 = UZ(O)/
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where we have the periodic boundary conditions on S, and

v-V= (Ure_r +0:8;) - V = 0:0; + 020z,

1 ®)
Au = ;(ru,r),r + U 5.
Formulating problem (6) in terms of the cylindrical coordinates of vorticity implies
w
Wyt +v-Vw, — vAw, + vr—zr = WUy + W0r + Fr,
Uy we 2
wet+0v-Vwy — 7wq, —vAwy + vr—z = ;vq,v(p,z + Fy, ©)

Wzt + 0 Vw; —VAW; = Wryy + W30z + F,

wrli=0 = wr(0), wgli=0 = we(0), w:z|=o = w(0)

and we have boundary conditions (7)5 on S; and the periodic boundary conditions on Sy,
where F = rot f and

F = F(r,z,t)é, 4+ Fy(r,2,t)ep + F.(1,2,t)é;. (10)

The function
U =10y (11)

is called swirl. It is a solution to the problem

2
u,t+v~Vu—vAu+7vu,r:rfq, = fo,

u|s, = 0 and u satisfies periodic boundary conditions on S5, (12)

=0 = u(0).

The cylindrical components of vorticity can be described in terms of the cylindrical compo-
nents of the velocity and swirl in the following form

1
Wr = —Ugpz = _;u zs

’

Wy = Vrz — Uz, (13)

v 1
P
Wy = —(1vg) r = Vo, + — = —U.
z r( 9)r =Vpr p U
Equation (7)4 implies the existence of the stream function i, which is a solution to the
problem

4
—A T — ,
lp+1’2 We

¥ls, =0,
1 satisfies periodic boundary conditions on Sj.

(14)

Moreover, cylindrical components of velocity can be expressed in terms of the stream
function in the following way

(0=, + L,

Urr = Pz, Urz = Pz, (15)

1
Vzz = Yrz + %, Vep = P + ;11[]’}, — %

1
Oy = _l/«’,z/ Uz = ;

Introduce the pair
(®,T) = (wr/1,wy/1). (16)
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Formula (6) from [8] implies that quantities (16) satisfy the following equations

Oi+0-VO —V(A+ far>q>— (w0, +wzaz)% =F/r=FL (17)
and
v _
F,t+v-VF—v(A+i8r)l"+2:OCD—F(,,/rEP(P. (18)

We add the following initial and boundary conditions to solutions of (17) and (18)

®ls, =0, I'ls, =0, D, T satisfy the periodic

. (19)
boundary conditions on Sy,
@li—o = @(0), T'|i=0 =T(0). (20)
Next, we express cylindrical coordinates of velocity in terms of ¢ = ¢ /r
Uy = _7’471,2/ Uz = (71/J1),r + 1P = Tlpl,r + 21/’1/
Urr = =1z — P12, Urz = —TP1 2, (21)

Uzz =112 + 24’1,2/ Ozr = 31101,7 + 1P

The aim of this paper is to prove the existence of global regular axially symmetric solutions
to problem (6). For this purpose, we have to find a global estimate that guarantees the
existence of global regular solutions.

Function ¢, is a solution to the problem

2
— Ay~ "1, =@ in Q= (O,R) x (~a,a),

P1lr=r =0,
1 satisfies the periodic boundary conditions on S5,

(22)

where
w1 = wy/r. (23)

We have wy =T.
To state the main result, we first introduce the necessary assumptions.

Assumption 1. Assume that the following quantities are finite:

D1 = [ fllL,an + 12(0) ||, )

Dy = | follL,,an) + [14(0)[| Ly ()
fo=71fy, u=r04,

D = DiDj + ||“,Z(0)||%2(Q) + ||f0||%2(0t)/
D} = D?(1+ D) + |

”,r(O)H%Z(Q) + ||f0||%2(0t) + 1 foll Ly (0,614 /5(51))

where D1 and Dy are introduced in (46) and (52), respectively, and D3 and Dy are introduced in
(159) and (160), respectively. Let

Ds = Dy(D1 + Dy + D3),
D¢ = D) D3,
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where € is an arbitrarily small positive number. Moreover,

D7 = BN, 0t o) + IEEN Ly 0.1 5(00)
@O, g + = 012, 0

is defined in Lemma 16.
Next,

Dg = (P(DZ)(HFY||%2(O,£;L6/5(Q)) + ||F<P||%z(0,t;L6/5(0)))
+12(0)117,(0) + ITO)I7, (0

where F, = F, /v, Fy = Fy /1, ® = %, T = ? and Dg appear in (111).
In Lemma 13, the following quantity is defined

D9(12) = 12Hf(P||L12(0,t;L36/25(Q)) + ||U¢(O)||L12(Q)

Finally, in Lemma 14, we introduce the quantity
Dy = ”f(P/r”Ll(O,t;Loo(Q)) + \|U¢(0)||Lm(o)~
The main result is as follows:

Theorem 1. Assume that Assumption 1 holds. Then, there exists an increasing positive function
¢, such that
[®llvan + ITllviqy < ¢(Di, -+, D). (24)

Remark 1. Estimate (24) implies any reqularity of solutions to problem (6), assuming sufficient
reqularity of data.

To prove (24), we require that 1 and v, vanish on the axis of symmetry.

Proof of Theorem 1. Inequality (113) in the form

d _
1080+ VOB <1+ [ Fodx (25)
O

is the first step of the proof of (24), where ® = — 222 F, = & and

r’ r
Ig/ dx+/
Q Q

Our aim is to estimate I; and I, by a product of norms |||y (), [|Tlly (-
Since the Leo-estimate of swirl v, is bounded by D, (see Lemma 2) and & = —; .,
we obtain the estimates

dx = Il +12.

v
v¢8,7rq>,2

(4
U(paz 7r®,r

|®.
2,0

L < Dz‘ % 2,0

(26)
X
2,0

lpl,zz
L < Dz‘ — 2,0

To examine estimate (26), we recall that i; is a solution to problem (22).
In Lemma 4, we prove the existence of weak solutions to problem (22) and derive the
estimate (56)
P10 < clwile/sa- (27)

In Section 3, we increase the regularity of weak solutions by deriving estimates for higher
derivatives.
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From (82), we have

lpl,rz
r

< c|Izha. (28)
2,0

The estimate holds for the weak solutions to problem (22) because [9] yields the expansion
of i1 near the axis of symmetry

1 = ay(z,t) +ax(z, )2 +az(z, t)r* 4 - - (29)
Hence, {1 , = 2a5(z, t)r and the norm ‘ lplr'” ) €an be finite.
To estimate I, we need '
“”1 < clTzho. (30)
" 20

The estimate holds for such a class of regularized weak solutions to problem (22), where

P1lr=0 = 0. (31)

This means that in expansion (29), we have a1 (z,t) = 0.

The existence of solutions to problem (22) (also see (61)), satisfying restriction (31)
and estimate (30), follows from the theory developed by Kondratiev (see [10]) for elliptic
boundary value problems in domains with cones in weighted Sobolev spaces.

In this paper, the existence is proven in Lemmas 8 and 17. From [10], it also follows
that we can prove the existence of different solutions to problem (22) belonging to different
weighted Sobolev spaces.

The difference between such two distinct solutions is equal to the expression derived
from the Cauchy theorem for complex functions related to contour integration. This is
described in more detail in [11].

Restriction (31) means that we have to work with a very restricted class of weak
solutions to (22). This also means that v, must vanish on the axis of symmetry.

Using estimates (28) and (30) in (25) yields

d ]
SR o + [V < cDall 220 VPlon + / Eddx. (32)
(@)

We have to emphasize that we are not able to prove estimate (24) without restriction (31).
Now, we integrate (120) with respect to time. Then, we obtain

v
T30+ IITIS 5 <2 /7¢<Dl"dxdt’
ot (33)

+ C|F(P|§/5,2,Qt + C|F(0) |%Q

Integrating (32) with respect to time and adding to (33) yields

Hq’”%/(nt) + Hr”%/(nt) < c(D2)

/U—(Pdﬂ"dxdt’
o (34)
+c(D2)(IF [ 50,06 + 1Fglg /50 00) +¢(D2)(|2(0) 5.0+ [T(0)5.0)-

Now, we have to estimate the first term on the r.h.s. of (34).
Introducing the quantity (see (132))

X(t) = [®llvian + Iy (35)
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and recalling that constant Dy is introduced in Assumption 1, inequality (34) takes the form

X2(t) < ¢(Dy) /%"’cbrdxdt’

Ot

+cD3, (36)

where the first integral is called Is.
Using estimate (123) and estimate of L% in the proof of Lemma 11, we obtain from (36)
the inequality

Xz(t) = c(D2)|vy

ot | Pl3 |V<I>|;}§|VF\2“ +cDg, (37)
where 0 = (1—3)e; — 365, d >3, e =¢1+e < 1.
To derive any estimate from (37), we use (173) in the form

@[30 < ¢(Ds + Dg|vg|22 ) IT

12,0t + CD7, (38)

where ¢ can be assumed to be an arbitrarily small positive number and Ds, Dg, and D7 are
defined in Assumption 1. This is a very important estimate because the square of |®|, ¢
depends linearly on | T[[; 5 cyr-

Using (38) in (37) yields the following (the estimate of I3 is described in (122)):

Lg
X2(8) < ol e o [e1(1+ [0g] 2/ %)X 20 + 0] X2~0 + D3, (39)

where ¢ and ¢, depend on Ds, D¢, and Dj.
Since 2 — %9, 2 — 0 are less than 2 Lemma 12 yields the inequality

2¢
2 0 2
olat) T C0lvg o o + D3, (40)

4e
X2 < €0[0¢] oo oy (1 + Vg

where ¢y = ¢(D2, Ds, D, D7).
Setting d = 12 and assuming that v, is not small, we derive (137) in the form

[0/5 ot < Cl0g| 25 + ¢(D2, Ds, Dg, D7, D, Ds), (41)
where by is a positive number.

The smallness of v,, which must be excluded in the proof of (41), is described in
Appendix A.

To prove (41), we have to pass from (140) to (141). Therefore, we need the following
estimate:

/w%dxdt’ < |12 (42)
76/ — 1,2,
Qf

where 6 < 6 and 6’ are very close to 6. Moreover, 6’ is such a number where (42) holds
(also see Remark 8).
Estimate (42) is crucial to the proof of (141), which is very important in deriving (151).
Inequalities (151) and (152) imply the main result of this paper: estimate (24).
Replacing 6’ with 6 estimate (42) takes the form

t

t
¥i 2
/ / Paar' < c / 1712 . (43)
0 Q 0

where the r.h.s. cannot be estimated by [|T'|| ().
Estimate (42) follows from Lemma 18 and imposes the following additional restrictions
on y:
L1 ‘r:0 =0, P1r |r:O =0. (44)
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However, the theory developed in [9] implies that i1 ,|,—o = 0.
Exploiting (41) in (40) yields
X < c(1+ [0p|2%8) 09|25, + ¢(D2, Ds, D, D, Ds, Dy), (45)

where d; and d» are positive finite numbers.
Finally, we find the estimate for |0y, o (see (152)). Using (152) in (45) yields (24).
This ends the proof of Theorem 1. [

The problem of regularity of axially symmetric solutions to the Navier-Stokes equa-
tions has a long history. The first regularity results in the case of vanishing swirl were
independently derived by O. A. Ladyzhenskaya and Ukhovskii-Yudovich, as referenced
in [1,2]. Many references concerning the nonvanishing swirl case can be found in [3].

We have to emphasize that we were able to prove Theorem 1 because the theory of
weighted Sobolev spaces developed in [11] was used.

2. Notation and Auxiliary Results

First, we introduce some notations
Definition 1. We use the following notation for Lebesgue and Sobolev spaces

[l ) = [#lpar [l @n = [#]pat

||”HLM(Qf) = ”””Lq(o,t;Lp(Q)) = |”|p,q,0u

where p,q € [1,00|. Next,

lull s o) = Nulls,or Nullwsy = lullspar

el 0wy = #llkpgor Nleppar = lllkpar
where s,k € NU {0}, H*(Q) = W5(Q).

We need energy-type space V(Q)'), which is appropriate for the description of weak
solutions to the Navier-Stokes equations

[ullvary = ulpear + Vil ar

We recall weighted Sobolev spaces, defined by
koo . 1/2
Hf”[ﬂg(]gﬁ = (/ Z |a{ff|27’2(y+]k)rd1’>
R, /=0

and
1/2

k
1 b2ty = (/ y |Dﬁ2f|2r2(”+“‘k)rdrdz>
QO la[=0

where Q) contains the axis of symmetry, DY, = 971922, |a| = a1 + ap, 0y € NU{0},i =1,2,
k € NU{0}, and p € Ry. Moreover, we have

HY(Q) = Lrp(Q) = Lr(Q),
H)(Q) = Lo (Q)
and
1 £llz,,0) = fl2pu0-
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Lemma 1. Let f € Lp1(QF), v(0) € Ly(Q). Then, solutions to (7) satisfy the estimate

[0,y +v [(IVer? + [Vog + [Vos?)dxar

ot
2 2 (46)

vZ v
+V~/ <7’£ N 7’;?>dxdtl = 3Hf||%2,1(0’) +2||U<O)H%2(Q) = D%.
Ot

Proof. Multiplying (7)1 by vy, (7)2 by vy, (7)3 by v, adding the results, and integrating
over () yield

N =

d
= /(vz + 02 4 02)dx —|—1//(|er|2 + Vo2 + | Vo, 2)dx
@) (@)
2

v Y
+ 1// (rz + rz)dx + /(P,rvr + p2vz)dx (47)
Q Q
= /(f,vr + fovg + f202)dx.
Q

The last term on the Lh.s. of (47) vanishes in virtue of the equation of continuity (7)4 and
the boundary conditions.
Using v = v} + v}, + vZ, (47) takes the form

1d
S5l +v [ (190, 4| Vo, P + |Vos)dx
Q

2 o (48)
+1// <r£ + rg)dx = /(frvr + fovg + f0z)dx.
e} Q
Applying the Holder inequality to the r.h.s. of (48) yields
d
gilola @) < Il @) (49)
where f2 = f,2 +f$0 +f22
Integrating (49) with respect to time gives
121l y ) < 11fllL,, ) + 11000) |y 0)- (50)

Integrating (48) with respect to time, using the Holder inequality on the r.h.s. of (48), and
exploiting (50), we obtain

1
SIo@IE 0 +1//(|er|2 1 [Vopl? + [Vos|?)dxd
Qt

v% 3
4 [ (%4 8 )ttt < 1l (1 61
Ot

1
+[[0(0) I, () + 5120170
The above inequality implies (46). This concludes the proof. [

Lemma 2. Consider problem (12). Assume that fo € Le1(QF) and u(0) € Leo(Q). Then,

)]l Loi) < Ifollze @ty + 11(0) ||y () = D2 (52)
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|572

Proof. Multiplying (12); by u|u|°~%, s > 2, integrating over ) and by parts, we obtain

1d 4v(s—1)
$2

1%
<o lully, ) + 191l 21 + 5 [ (ul) rdz
Q

(53)
= /f0u|u|572dx.
Q

From [9], it follows that u|,—p = 0. Moreover, using boundary conditions, (53) implies

d
L) < ol (54)

Integrating (54) with respect to time and passing with s — co, we derive (52). This ends the
proof. O

Lemma 3. Let estimates (46) and (52) hold. Then,
logllLy0n) < DDy (55)
Proof. We have
v2 v2
/|U(P|4dxdt’ = /rzvfpr—fdxdt' < H”%H%N(Qt) / r—;’)dxdt’ < D3D3.
ot ot Q)
This implies (55) and concludes the proof. [

Lemma 4. Consider problem (22). Assume that wy € Lg;5(Q)), where QO = (0,R) x (—a,a).
Then, there exists a weak solution to problem (22), such that ¢; € H'(Q) and the estimate

l1]l1,0 < clwilessn (56)

holds.

Proof. Multiplying (22); by 1 and using the boundary conditions, we obtain

a
i+ [ 9il-odz = [ wrprds,
,a /

Applying the Holder and Young inequalities to the rh.s. implies (56). The Fredholm
theorem gives existence. This ends the proof. O

Remark 2. We have to emphasize that the weak solution 1 of (22) does not vanish on the axis of
symmetry. It also follows from [9].

From Lemma 2.4 in [8], we also have

Lemma 5. Let f € C®((0,R) x (—a,a)), fl;>r = 0. Let1 <r <3,0<s<r5s <2,

qe [r, 7(3?’::) ] Then, there exists a positive constant ¢ = c(s,r), such that

/q 3-s_3 3_3-s
(L) < 9sn T &7
QO

where f does not depend on ¢.
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Notation 1 (see [11]). First, we introduce the Fourier transform. Let f € S(R), where S(R) is
the Schwartz space of all complex-valued rapidly decreasing and infinitely differentiable functions

on R. Then, the Fourier transform of f and its inverse are defined by

P

1 —iAT 2 o iAT
f(?t)=\/ﬁﬂ!e Y f(adr, f() = flx) = r/ S F)

andfzf f.
H

1(R), we denote a weighted space with the norm

Koy .
el ) = X / 19 220k g,
=

In view of transformation T = —Inr, r = e~ 7, dr = —e™ 'dT, we have the equivalence
Z / |az ‘2 2(p—k+i) TdT’N Z/|az ‘2 2hT 7.0
i=0p

which holds for v’ (t) = u'(—Inr) =u(r), h=k—1—pu.
In view of the Fourier transform (58) and the Parseval identity, we have

+oo+ih k

Z|/\|2]\u M)A = /Daf u2e?dr.

—oo+ih j=

3. Estimates for the Stream Function

(58)

(59)

(60)

In this section, we derive many estimates for ; = ¢/, where ¢ is the stream function,
in terms of [|T||1 5 o + [T[3,00,y¢ (recall that ' = wy). Function ¢; was introduced by Thomas
Hou in [12]. Lemma 6 is proved by applying the energy-type method. Inequalities (85) and
(93) are proved by applying the technique of Kondratiev (see [10]) to problem (61). We

need the inequalities to prove inequality (173), so they are very important.

To prove (85) and (93), we require that ¢1|,—9 = 0; however, the theory developed

by [9] does not imply the restriction.
Recall that ¢ is a solution to the problem

3 .
— V1 — P12z — ;lpl,r = w1 in Q= (0/ R) X (—LZ,(Z),

¥1lr=r =0,
1 satisfies the periodic boundary conditions on S,.

Lemma 6. For sufficiently regular solutions to (61), the following estimates hold

a
1
(wirr + lp%,rz + w%,zz)dx + 7¢%,rdx + (rb%,z |V:0dz
T
Q —a

Q

a
+ [ ¥R lrdz < clrq

and

a
2 2 2 2
/(lpl,zzr + lpl,zzz)dx + / ¢l,zz|f=0dz < C|w1,2‘2,0
(@) —a

(61)

(62)

(63)
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and

a
/ (lp%,rrz + lp%,rzz + lp%,zzz)dx + / lp%,zz |Y =0dz
—a

o (64)

a
+ [ ¥R elrdz < clorzfq.
—a
Proof. First, we prove (62). Multiplying (61); by 1 ., and integrating over Q) yields
1
- / lpl,rrlpl,zzdx - /lp%,zzdx - 3/ ;lpl,rll]l,zzdx = /wllpl,zzdx' (65)
Q Q Q Q

Integrating by parts with respect to r in the first term implies

- /(wl,rwl,zzr),rdrdz‘F/wl,rlpl,zzrdx+/wl,rlpl,zzdrdz
( Q O

Q

— /¢%,zzdx —3/1p1,r1/11,zzdrdz = /wltplrzzdx.
Q Q O

Continuing, we have

a r=R
- /1P1,rlP1,sz dz+/lpl,r’ybl,zzrdx_/lp%,zzdx
“a r=0 o) 0 (66)

—2/1p1,r1pllzzdrdz = /w1¢1,22dx.
Q Q

The first integral in (66) vanishes because ¢ ,7|,—0 = 0, {1 .z|,—r = 0. Integrating by parts
with respect to z in the last term on the Lh.s. of (66), and using the periodic boundary
conditions on S,, we obtain

/¢1,r¢1,zzrdx— /lp%,zzdx+2/¢l,rzlpl,zdrdz = /wllpl,zzdx- (67)
Q Q Q Q

Integrating by parts with respect to z in the first term in (67) and using the boundary
conditions on S,, we have

Q Q

/(lp%,zr + lp%,zz)dx - /(wiz)ﬂ’drdz = - /wllpl,szx/ (68)
Q
where the last term on the Lh.s. equals

a r=R a
2 _ 2
_/lrbl,z dz = /lpl,z
Za r=0 “a

because 1 ,|,—r = 0. Using this in (68) and applying the Holder and Young inequalities to
the r.h.s. of (68) yield

dz
r=0

a
[ Wt e+ [ 9hilimodz < clarlo. (69)
(@) —a
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We multiply (61); by 14, and integrate over Q. Then, we have

3/w1¢u
O

The first term on the r.h.s. of (70) equals

2
1 1 1
W:—/%mﬂmﬂ—/%mﬂmﬂ—/wg%ﬂ% (70)
0 0 0

1 17,k 17
7§/af¢%,rdrd‘z = 75 /wir dz = *5/1}7%’,“:1{612,
A “a r=0 “a

because 91 ,|,—0 = 0 (see [9]). Applying the Holder and Young inequalities to the last two
terms on the r.h.s. of (70) implies

!
[
(@)

Inequalities (69) and (71) imply the estimate

2 a

L

dx+5 [93|  dz<cllpraafn+ loiBa). 7
“ r=R

2 a
1
Wt vt [ L] dxs [43.] e
0 0 Za r=0
. (72)
+ [| dz<clafio
Za r=R
From (61)1, we have
1 2
|¢1,rr %,Q < |7~/Jl,zz %,Q + 3‘ ;lpl,r + |(U1 %,Q- (73)
2,0

Inequalities (72) and (73) imply (62).
Now, we show (63). We differentiate (61); with respect to z, multiply by — ..., and
integrate over (). Then, we obtain

1
/wl,rrzlpl,zzzdx +/¢%,zzzdx + 3/ ;wl,rzwl,zzzdx = _/wl,zlpl,zzzdx- (74)
QO (@) (@) Q
Integrating by parts with respect to z yields
/lpl,rrzll"l,zzzdx = /(lpl,rrz¢l,zz),zdx_/lpl,rrzzlpl,zzdx/ (75)
@) Q (@)

where the first integral vanishes in view of periodic boundary conditions on S;. Integrating
by parts with respect to r in the second integral in (75) gives

_/(lpl,rzzlpl,zzr),rdrdZ‘F/lP%[rZZdX—i-/lpl,rzzlpl,zzdrdzr
@) QO

Q

where the first integral vanishes because

¢1,rzzr|r:O =0, lpl,zzlr:R =0.
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In view of the above considerations, (74) takes the form

/(w%,rzz + w%,zzz)dx + / lpl,rzzwl,zzdrdz
(@)

o (76)

+3/¢1,rz7~p1,zzzdrdz = _/wl,zwl,zzzdx
Q Q

Integrating by parts with respect to z in the last term on the Lh.s. of (76) and using the
periodic boundary conditions on Sy, we have

/(w%,rzz + ¢%,zzz)dx - /aﬂwbizzdrdz
Q

Q

(77)
= - /wl,zlpl,zzzdx-
Q

Applying the Holder and Young inequalities to the r.h.s. of (77) yields

dZ S C|w1,2|%,ﬂl
r=0

a
/(lp%,rzz + lp%,zzz)dx + /lp%,zz
—a

Q

where we used that ¢y ,.|,—g = 0.

The above inequality implies (63).

Finally, we show (64). We differentiate (61); with respect to z, multiply by ¢ ,,», and
integrate over (). Then, we have

1
—/q)imdx— /lpl,zzzwl,rrzdx_?’/;lpl,rzq)l,rrzdx
Q Q Q

(78)
= /wl,ztpl,rrzdx-
(@)
Integrating by parts with respect to z in the second term in (78) implies
- /lpl,zzzlpl,rrzdx = / lpl,zzlpl,rrzzdx = /(lpl,zzlpl,rzzr)rdrdz
Q Q Q
- / lzb%,rzzdx - / lpl,zzlpl,rzzdrdzz
Q Q
where the first term vanishes because
wl,rzzr|r:0 =0, lpl,zzlr:R =0.
Then, (78) takes the form
/ (lp%,rrz + lp%,rzz)dx + / 1,221 rzzdrdz
Q QO (79)

+3/lp1,rz¢l,rrzd7’dz = _/wl,zll]l,rrzdxo
Q 0

The second term in (79) equals

1 a
2
E/’)’Jl,zz

—a

dz
r=0

r
r

R 1 a
dz = _E / w%,zz
0 —a
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because 1 .;|,—r = 0, and the last term on the Lh.s. of (79) has the form
a =R a
3 3 ! 3
2 /arlp%,rzdrdz = 2 / lp%,rz dz = ) / lp%,rz dz
a “a r=0 “a r=R
because 1 z|r—0 = 0.
Using the above expressions in (79) implies the equality
17 3 7
/(lp%,rrz + lP%,rzz)dx - 5 /lp%,zz dz + E /lp% rz dz
a “a r=0 “a r=R (80)
= — /wl,zlpl,rrzdx'
Q
Applying the Holder and Young inequalities on the r.h.s. of (80) gives
n 1 a
/ (lpirrz + w%,rzz)dx - E / lp%,zz dz
a “a r=0
(81)
3 a
+ E /lp%,rz dz < C|w1,z|%,0'
“a r=R
Inequalities (81) and (63) imply (64). This ends the proof. O
Lemma 7. For sufficiently reqular solutions to (61), the following inequality
1
;lpl,rz S C‘wl,z|2,0 (82)
2,0
holds.
Proof. Differentiating (61) with respect to z implies
3
_lpl,rrz - Il’l,zzz - ;lpl,rz = W1,z- (83)
From (83), we have
1
Y| < cllpumho t [$rzzlho Flwizlo). (84)
2,0

Using (64) in (84) yields (82). This concludes the proof. [J

lpl,zz
r

Now, we estimate ‘

2,00

Lemma 8. Lef 11 be a weak solution to problem (61), which vanishes on the axis of symmetry.
Then, such sufficiently regular solutions to problem (61) satisfy the following estimate:

vi, Vi | Y1,
R R
Q Q

r r

)dx < clwi 30 (85)
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Proof. Differentiating (61) with respect to z yields
2
- Al:ljl,z: - ;lpl,zr = W1z,
lPl,Z|Sl = 0/ (86)
1, satisfies periodic boundary conditions on S;.
Applying Lemma 17 (also see Lemma 3.1 from [11]) to problem (86) gives
2 2
2 llbl,zr 1,z 2 2 2
lpl,zrr + 72 + A dx < C(|wl,z|2,(2 + |1P1,ZZZ Z,Q) < C|w1,2‘2,0' (87)
Q
where (63) is used in the last inequality.
To examine solutions to (86) we use the notation
u= lpl,z- (88)
Then, (86) takes the form
2
—Au— TUhr =Wz
(89)

uls, =0,

u satisfies periodic boundary conditions on Sj.

We multiply (88); by ur~—2, integrate over (), and express the Laplacian operator in cylin-
drical coordinates. Then, we have

1 1
—/ <u,rr + ;u,r + u,zz) ur2dx — 2/ ;u,ur*zdx = /wllzurfzdx. (90)
Q Q Q

Integrating by parts with respect to z in the third term under the first integral, we obtain

2

U 3
/ T'Zde = / (u,rr + rll,r) ur*de + /w1,21/l1’72dx. (91)
0 0 0

Applying the Holder and Young inequalities to the r.h.s. integrals, using u = 1P ; and (87),
we derive

Ip%,ZZ dx < 2 lp%,zr %,z d 2 9
1,72 X >~ Cc lpl,ZT? + }’2 + 1"4 X + C|w1,z|2,0. ( )
Q Q
Using (87) in (92) implies (85). This concludes the proof. [J

Remark 3. Lemma 8 is necessary in the proof of global reqular axially symmetric solutions to
problem (6). However, it imposes strong restrictions on the solutions to (6) because the condition
Y1 |,—0 = 0 implies v;|,—o = 0. We do not know how to omit this restriction in the proof presented
in this paper.

Lemma 9. Let y > 0 and wy € H;(Q) Then, for sufficiently smooth solutions to (61), the
following estimate is valid

2 2
2 ¢1,rr Pir 2y 2u 2
Vi + 3 g dx < cR¥ |11 - (93)
0



Mathematics 2023, 11, 4731

18 of 46

Proof. To prove the lemma, we introduce a partition of unity {{()(r)},_1 5, such that

2 .
Y. =1
i=1
and
1 r<r
D) = =0
¢ {0 r>ro+A,
0 r<r
@) () = =0
6 (1’) {1 r>rg+ A,

where ¥y < Rand { () (r),i=1,2, are smooth functions.
We introduce the notation

¢§i) =17, Wp =w{¥, i=1,2.

Then, function (94) satisfies the equations

i i 3 iy P
- 4’§,3r - ‘l’g,iz - ;4’8 = =29, {10 — {0 — ;lPlg(l)

+oll =g, i=1,2,

where the dot denotes the derivative with respect to r.

(94)

(95)

First, we consider the case i = 1. Differentiating (95) for i = 1 with respect to r yields

1 1 3 3 @ 1
_lp§,;?rr - ¢§,V)ZZ - ;¢§,r>r + rlepir) = g,(?’ )

We introduce the notation

Then, (96) takes the form

3 3 .
—Opr — Uzz — ;U,r + ;U = f mn Q?’O/

v|7':1’0 = 0/

vls, satisfies periodic boundary conditions,

where ;) = {x e Q:r € (0,79),z € (—a,a)} and rp < R.
Multiplying (98)1 by r? yields

120, — 310, + 30 = r*(f + v.2,) = g(1,2)

or equivalently
—10,(rd,v) — 2rd,v + 3v = g(r, 2).

We introduce the new variable
T=—Inr, r=e "
Since rd; = —d+, Equation (99) takes the form
—920+20.0+3v =g(e %, z) = ¢'(1,2).
Applying the Fourier transform (58) to (100) gives

A0 +2iM0+ 30 = ¢,

(96)

(97)

(98)

(99)

(100)

(101)
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Looking for solutions to the algebraic equation
A2 42iA+3=0
we see that it has two solutions
A= -=3i, Ay =i
For A & {—3i,i}, we can write solutions to (101) in the form
0= ;.g” =R(1)¢. (102)
A2 +2iA+3

Since R(A) does not have poles on the line ImA = 1—pu = h, u € (0,1), we can use
Lemma 3.1 from [11]. Then, we obtain

co+ih too+ih ,
/ Z IA22D 5247 < c / Z AN |R(A)G'[2dA
—oo+ih j= —oo+ih j=
l+oo+1h l (103)
<c / 1§ 17dA.
—oo+-ih
By applying the Parseval identity, inequality (103) becomes
2
/Z |oLv|2e?TdT < c/ |¢'|2e? T d.
R /=0 R
Passing to variable r yields
Z / |af |2 201+i-2)pdy < c/ |g|2 2(1=2)y gy,
=Og,
Using that ¢ = r?(f + v2;), we have
2 , ,
Y / | o222 ydr < c/ |f + 22| *r?!rdr. (104)

Recalling notation (97), we derive from (104) the inequality

2/|a] |2r2(ﬂ+]'*2)dx < C/|g’(r1)|2r2ﬂdx
e 0 (105)
+C/ ‘lpl,rzz|2r2}‘dx~

In view of (63),

1,222, z2,0- (106)
The first term on the r.h.s. of (105) can be estimated by

|g,(r1)

Q) (07)

20 < c(
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Lemma 6 and inequalities (105), (106), and (107) imply

D)2 (D)2
1 ‘/’,rr| Y ‘
([ (|l,b§,,)rr|2 + 2 + e >r2”rdrdz

(108)
+ / |¢1,rzz‘2dx < C(‘wll %,Q + |w1 %,Q)
Q
Function l[J§2) is a solution to the problem
. " 2
=8y = =291, 80— 8@ 4 2y
3 . 2 -
— ;wlg(z) + w% ) m Qro, (109)
9k =0, p@ =0 for r < ro,

¢(2) satisfies periodic boundary conditions on Sy,

where O, = {x € R3: 7y < r < R,z € (—a,a)} and the dot denotes the derivative with
respect to r.
For solutions to (109), the following estimate holds

2
Lo+ [91la + lloPlla) < clwillio: (110)

2
1970 < clllps,
From (56), (108), and (110), inequality (93) follows. This ends the proof. [

4. Estimates for ® and I’

Let Q) = {(r,z): 7 € (O,R),z € (—a,a)}. Let ® = w,/r,T = wy/r and ®, T are
solutions to problems (17)—-(20).

Lemma 10. Assume that ©(0),T(0) € Lr(Q), F;, Fp € Ly(0,t; Lg5(QY)). Let Dy be defined by
(52) and let

79"c1>r dxdt’ < .

0
L= [

Qt

Then 5 ) ) 5
(D)0 + [T 20+ VIR0 + TN 200)

0 _
/7‘”<1>rdxdt’ + (D) (1B 50
o (111)
+1Fpl2 50 00) + [@(0) 30+ T (0) 3
= ¢(D,) I3 + Ds.

< ¢(D2)

Proof. Multiplying (17) by ® and integrating over (2 yields

1d ., , [ |"®
§E|¢|2,0 + VO30 — /q’ dz
a0 (112)
= /(w,a, +wzaz)%¢dx+ / F.®dx.
Q Q

To derive the second term on the Lh.s. of (112), we consider (17) in

QO={xcR>r<Rz€c(—aa)¢pc(02n)}
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Then, by applying the Green theorem and the boundary conditions, we obtain the second
term on the Lh.s. of (112) on (). Considering that all quantities in (112) do not depend on ¢,
we can omit the integration with respect to ¢ and obtain (112).

Using ®|,—g = 0 and (13), we have

2dt|c1>|m+\vq>|m </ 03 + ws9:) q>dx+/P,q>dx

2 ]
g/( Oy L+ r(:v(P)aZ;)@rdrder/Pr(Ddx

((a 3, >q>+a y cp)dx

. 0 (113)
(mpaz >drdz— / %((aza, rr)q>+az 5, )dx

Q

r=

dz+/v¢(ar 9. — 3,29, )d

r=

r=R
FE®dx = /rv(Paz%d)

—a

dz+1 +/Fr<1>dx,

r=0

Using the periodic boundary conditions on S, the boundary term vanishes because
Ug0|r:R =0, Urlr:R =0, qDlr:R =0, and

a

/ rv(Paz%d)

—a

dz=0
r=0

because [9] implies the following expansions near the axis of symmetry

vp = ay(z, t)r +ag(z, )P + -+,
v, = a1 (z, t)r +ap(z,t)r* 4 - -

and ® = v“
Finally, I < I + I, where

/ vgoa, X,
= (114)
R < [ o
Q
Now, we estimate I; and ;. Recall that % = —11 ;. Then,
_ ly’)l,rz
I < | [0ptr1,, Dz |dx = rv(PTd),Z dx
Q Q
1, _
< Nrogleon| P2Z| (@2l = I,
"l
From (52) and (82), we have (recall that I' = w,):
I < (115)
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Similarly, we calculate
¢l;z
L < |v(p¢1,zzq),r dx < |70<p ‘OO,Q p |(D,r |2,Q
o 2,0 (116)
< cDa|T 22,0l ® |20,
where (85) is used.
Finally, the last term on the r.h.s. of (113) is bounded by
e|®[Z o +c(1/8)|F[E5.0- (117)

Using estimates (115)—(117) in (113), assuming that ¢ is sufficiently small and applying the
Poincaré inequality, we obtain

d

%M’ %Q + ”(D”%Q <cDy|l';

2,0|V®ha+ K350 (118)

Multiplying (18) by I', integrating over (), using the boundary conditions and explanations
about applying the Green theorem appeared below (112), we obtain

1d ¢ =R
Eﬁ\FI%,mLIVFI%,Q—/FZ dz
“a r=0
) (119)
< 2'/:’d>l“dx + [ Fprax.
O O

Using I'|,—r = 0, applying the Holder and Young inequalities to the last term on the r.h.s.
of (119) and using the Poincaré inequality, we derive

d

al

0 _
sa+ITlig < 2/ 7"’(1)1"dx+ c|Fpla/50- (120)
O

From (118) and (120), we have

d
Tl

N %Q + T %,Q) +[|® %Q + [T

/ %9 oTrdxar’
a " (121)

10 < ¢(D2)

+¢(D2) (I1F1E /50 + 1Fole/5.0),

where ¢ is an increasing positive function. Integrating (121) with respect to time yields (111).
This ends the proof. O

Lemma 11. Let the assumptions of Lemma 16 hold.

Let vy € Loo(0,£; Lg(QY)), d > 3. Let 6 = (1 — %)81 — %Ez >0,e=2¢e1+¢p Leteg > 0be
arbitrarily small.

Then,

Lloe 50
I3 < ¢[0g]g o rlc1 (14 109|215 5

+Cz]|vq3|1 |V1"|2,Qf,

; (122)
2,0t

where c1 and cy, depending on Ds, Dg, and Dy, are introduced in L‘f below.
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Proof. We examine
or
Iz = —= !
3 / v~ dxdt
Ot
o r
1— 1
< [ roql" ol | o || 7y et = 1,
Ot
where € = €1 + &3 and ¢;, for i = 1,2, are positive numbers.
Using (52) and applying the Holder inequality in I3 yields
2 1/2
o r
I <D)°* / 0o % |+ dxdt’ —
ra T2 0
ot ’
=D, *LIT/r' 2|, = I3
By the Hardy inequality, we obtain
r €
< C||VF||L () < cR%2|VT |, . (123)
L2,€2 (Qt)

Now, we estimate L,

1/2
dxdt )

q 2/q 1/2
> dt/:| = Ll/

(g
< {O/t |U(p%§a,0</

where1/0+1/0" =1,q =20". Letd = 2¢0. Then,

71 €1

. d 2d

v T d—2¢ 50 q:d—Zs'

Continuing,

2 1/2
—7l72
7.Q

r17£1

L < suplogli [
t .
0

Now, we estimate the second factor L%.
For this purpose, we use Lemma 5 for r = 2. Let 3 =1—¢;. Then, q € [2,2(3 —5)].
Since s = (1 — £1)g we have the restriction2 < g <6 —2s = 6 —2(1 — ¢1)g. Then,

2<g< (124)

3 - 261

and ﬁ > 2foranye; € (0,1).



Mathematics 2023, 11, 4731

24 of 46

Hence, Lemma 5 implies

f 2 1/2
12 = (/ 7;1) dt’>
riTa
0 9.2
(3=s_1 2(3_3=s 1/2

< c(/|c1>|2 T gl )dt’>
= 3

<ol Vel =13

where we used that for 6 = % —11-0=3- 3‘1;5 so the Holder inequality can be

applied.
Using (173) in L3, we have

3 29 %9 29 %
L < C(D ‘vr|20t +D | (P| t||FH120t 7 ) |vq)|20t
7980

— 0 —
:[61(1+|U¢|Oo,0r)|\T||1ZQt+62]|V<D|§Qt L1,

where ¢ and ¢, depend on Ds, Dg, and Dj.
To justify the above inequality, we have to know that the following inequalities hold:

3—s 1
o — 1 12
770 (125)
and 3 3
1-6=>— —* . (126)

Consider (125). Using the form of g and 2, we have

3 s 1 3(d — 2¢) 1
§_§_§>0 SO T—(l_el)_§>0
Hence 3 3 1 3
E—E€—1+€]—§>O SO 51—3(€1+82)>0.
Therefore, the following inequality
3 3
<1 — d)el - 382 >0 (127)

holds for d > 3, and ¢ is sufficiently small. Moreover, (127) implies

d 3
To examine (126), we calculate
3 3(d—2e) _ 3 _ 3 3
E—T—f—l—slfl—f—gs—slfl (1 d)sl—i—dsz. (129)

Since (129) must be positive, we have the restriction

3

3
1 =+ 382 > <1 — d)E] (130)
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Using (128) in (130) implies
1+ §s > Es
A b
so there is no contradiction.
Hence, we have
0 = (1 — Z)sl — gsz, .
1-6=1- 1—§ € —|—§e
= 7))t g%
where d > 3.
Finally,
€ %950 %9 1-0
I < clog |5, o o1 (14 [0 | 259 [TI1Z) o + 2] VDILEE - VT .
This implies (122) and ends the proof. O
We introduce the quantity
X(t) = [1®llvar + ITllvan- (132)

Lemma 12. Let the assumptions of Lemmas 10 and 11 hold. Let 0 = (1 — %)81 — %sz, e=¢€1+¢€p.
Then

2 5 2 ¥ 2
X* < 00|y [y qr (1410910 500) + 0100l [ o o + D5/ (133)

where cg = ¢(Ds, Dg, D7).

Proof. In view of notation (132), inequalities (111) and (122) imply

Loe _1lg
X% < ¢|og g 00,0 ler (1 + |U<P‘§o,(;)f)xl : (134)
+ X' X+ Dg= 0 X220 X2 4 Dj.

Applying the Young inequality in (134) implies
4 2
X2 < coy +cay + Dé.
This yields (133) and concludes the proof. [J

Remark 4. Consider exponents in (133). Then,

4e 4e 2¢
s . (135)
0 (1-3ea—3e (1-3)er - 3e

For &5 small, we have

4 2
521_§+€*/ 5021_§+80*/

d d

where €, and €, are positive numbers that can be chosen to be very small.
For d = 12, it follows that

16 8
(S: §+€*, (5(): g‘f—f(j*. (136)

This ends the remark.
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1646' p — __2:6/(3e1 =)

/
3616/ U = [63-16)(e;—ne3)” and we choose 6’ to

Lemma 13. Assume that e; > aey, s > 1,a =
be arbitrarily close to 6, and

2
D5(s) = s"1fol s oo+ 120 (0) 500 < 0.

Then, excluding cases where either vy =00rvyis small, we have

/ b
1919 00,0 < c[og| sty +¢(Ds, De, D7) + c(Ds + D) (137)
Proof. We multiply (7), by vy|v,|*~2, integrate over (), and exploit the relation 2 = —; ,.
Then, we obtain
1d 4v(s—1)
- lelia+ Vgl 2B = [ pralogldx
Q

(138)
+ /f(pv(,,\v(p|5*2dx
Q

Integrating by parts in the first term on the r.h.s. of (138) and applying the Holder and
Young inequalities yield

z|vgl°dx

< 8]82|vq,|5/2|§,0 +c(1/s)/1p%|vq,|5dx.
Q

By the Poincaré inequality,
[Vl]og

we can estimate the second term on the r.h.s. of (138) by

-1
fol 2= alvelzsa < e1lvglssn + C(l/el)lfsvr;s%,g

Using the above estimates with sufficiently small ¢, €1 in (138) we derive the inequality

1 1
gah’rpﬁ,n + g|v|vq)|5/2|%,0 + g\vq)@s,n

o s s (139)
< cs/lpl\v¢| dx+cs|f4,|2q%,0.

In view of Lemma 2, the first term on the r.h.s. of (139) is bounded by

cs\u|m0t/lp1|vq)|5 6clx<csD2 [vgl%, /lpldx

where 6/ < 6 but 6/ may be assumed arbitrarily close to 6.
Using the estimate in (139) yields

1d

¥i
5 dt|v¢|SQ < csD2 |U(P| / dx+cs|f¢|szs%,ﬂ. (140)

Integrating (140) with respect to time and using Lemma 18, we obtain
/ o
[0pl500 < €152 D5 [0g] 5 & ITIIT 5
2
+os |fqo|525%,5,0t + [09(0)[:0 (141)

/ _ el
= c15°D3 [0p[3, o IT 113 0 + €D (),
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0 =cR¥(1+ ﬁ).

Dividing (141) by |U<p|;_gt implies

/

/ 2 / 2
|U¢|S,Q <cs Dg Hr||1,2,0t +

|U(p |s,oo,Qf 6

Cc
———Di(s). 142
199|002t e D5() (142)

|v¢ 00,0t

The dividing by |04 |«, o is justified because the following two cases are excluded from this
paper:

Case 1: In the case, vy, = 0 the existence of global regular solutions to problem (6) is
provenin [1,2,13].

Case 2: The existence of global regular solutions to problem (6) for v, sufficiently
small is proven in Appendix A .

Since Cases 1 and 2 are not considered in this paper, we can show the existence of
positive constants cy and ¢y, such that

v s—6'
| (P|s,oo,Q’ > G (143)
|v(P 00,0t
and 1
o <q (144
09130
In view of (143) and (144), inequality (142) takes the form
c‘0|v(p|§,w10t < clsz||1”||i2’0t +cc1 D5 (s). (145)
Letd = 12. Then, 6 = 1(3e; — ¢») and (133) for d = 12 takes the form
3 16¢ 5 3 8e
€1 — € € E1 — &
X2 < CO|U¢|1£OO,§)t(1 + |U(P|oof)0t) + CO|U(P|121,OO,§)“ + Ds. (146)
Taking (145) for s = 12 and using (146) yield
¢ 3 16¢ 2
10619 00,0 < 21001500 03 (1 F 091050
?112,00,00t plio, ,Sggt ?loo, 00t (147)
+2[vglyyle by + €Dg + D&,
where C; = 1445&.
To derive any estimate from (147), we need
l6e
<6 148
381 — & ( )
We see that (148) holds for
16+ 6/
—— gy = 14
£1>3~6’—1682 agy, (149)
where a > 11.
In view of the Young inequality, (147) implies
/ b
|v§0|?2,oo,0t < c|v¢|o§f}0, + ¢+ c(Dg + Dd?), (150)

where b = M%. The above inequality implies (137) and concludes the proof. [
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Remark 5. Exploiting (150) in (146) implies the inequality
2 d
X?<c(1+ 99|50 [P0le o + ¢(Ds, D7, Ds, Ds), (151)

where d = % and X is introduced in (132).

To prove Theorem 1, we need an estimate for [0y |, ot For this purpose, we need the
result

Lemma 14. Assume that quantities Dy, Ds, D7, Dg, and Dy are bounded. Assume that f,/r €

L1(0,t; Lo (Q2)), v4(0) € Loo(€).
Then, there exists an increasing positive function ¢, such that

[Vgleo,0f < @(D2, D5, D7, D38, Do, || fo /71, (0,6L00(02))7 [09(0)|eo,0)- (152)

Proof. Recall Equation (7) for v,

1
Vgt +0-Voy—v (AZJ(P — rzvq)) = P1,:09 + fo, (153)

where & = —¢y ..
Multiplying (153) by v, |0, |* 2 and integrating over () yields

1d, dv(s —1)
)

V|06 |22 o + v de
9 2,0 72
(@)

gawrp 5,0
(154)
= /1pllzv§,|v¢|572dx + /f¢v¢|v¢|s*2dx.
Q Q
The first term on the r.h.s. of (154) is bounded by
20l g o [0 s ey [ g2 poglod
Pl log/20 —dx < [ P5hdxtc(1/e) [ ylo P,
0 Q o)
where the second integral is bounded by
rop o [ 191:P10p " 2dx < D3y Ealoplicf.
Q
The second term on the r.h.s. of (154) is estimated by
_ f _
/ |fol lvpl® Yy = / Tq) rvg* Ldx
Q Q
< \rv(p\m/ Jo! o )=2dx < Dzlf‘” 05 2.
P "lsjo0 7
Using the above estimates in (154) and assuming that ¢ is sufficiently small, we obtain the
inequality
1d 2 2 o, | fe -2
EEWM?,Q < D2(|1I’1,z solvelia + - el |-
s/2,Q
Simplifying, we have
1d 2 2 fo
57109 Q<D2(|l/’1,z ot |7 :
24t S  ls/2.0
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Integrating with respect to time and passing with s — oo, we derive
t t f
0O < D3( [Inaadt+ [ || ar) 00 a5y
0 0 00,0)
Since fot |l[)1,Z|go,th/ < X2, we can apply (151). Then (155) takes the form
€ 96115 €0
‘vﬁ”'ooﬂf < D3(1+ |vgo|oogt)|v<p|0§ o -+ D2¢(Ds, D7, Ds, Do)
f (156)
+ D3 / L1t 4 [0, (0)[2 0
0 00,0
Hence, for ¢ sufficiently small, we derive (152). This ends the proof. O
Remark 6. Inequalities (151) and (152) imply
X S ¢(D2/D5/D7/D8/D9/ |f(P |vq’(0) OO,Q) (157)

The above inequality proves Theorem 1.

5. Estimates for the Swirl

Applying the energy method and using the estimate for the weak solution (see
Lemma 1) and Le-estimate for swirl (see Lemma 2), we derive the estimate

1l 0,00 () + Nell iy 0,712 < P(data).

This is a new result. It is necessary in the proof of (173).
In this section, we find estimates for solutions to the problem

u,t+v~Vu—vAu+2v% =rfp=fo in O,

u‘51 = O, in Qt, (158)
u\gz — periodic boundary conditions,
u|;—o = u(0) in Q.
Lemma 15. Assume that D1 and D are described by (46) and (52), respectively. Let u ;(0),u ,(0) €
Lz(Q), f(] € Lz(Qt).
Then, solutions to (158) satisfy the estimates

uz(D)30 +vIVuzl o < ¢(DID3 + [uz(0) 3o + fol3 o) = D3, (159)

) < cD?(1+ D3)

()30 +v(

+[ur(0)[3 (160

Proof. We differentiate (158) with respect to z, multiply by u ., and integrate over Q). To ap-
ply the Green theorem, we have to consider problem (158) in domain Q0 = {x € R3: r < R,
z € (—a,a),¢ € (0,27) }. Then, we obtain

1d, p_
2 dt

v/div(Vu,Zu,Z)df—i-v/|Vu,z|2df
Q Q

(161)
— /U,Z -Vu-udx+ /fo,zu,zdf,
Q

Q
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where dx = dxd¢. The second term on the Lh.s. implies a boundary term, which vanishes
due to boundary conditions. Since all functions in (161) do not depend on ¢, any integral
with respect to ¢ can be omitted.

Integrating by parts with respect to z in the term from the r.h.s. of (161) and using the
boundary conditions on Sy, we obtain

1d

2
§%|u,z|z,0 +v|Vu,

r=R
dz
r=0

a
2 v 2
207 5 / u;
—a

= /U,ZZ - Vuudx —i—/v,z -V, - udx — /fou,zzdx.
(@) Q Q

(162)

The last term on the Lh.s. of (162) vanishes and the first term on the r.h.s. equals

1 1
E /U,ZZ . Vuzdx = E /U,ZZ . ﬁu2d51 = O

o) $

Applying the Holder and Young inequalities to the other terms from the r.h.s. of (162) yields

4
dt
Integrating (163) with respect to time gives

2
00,0)

v, 20 (163)

|“,z|%,Q+V|V”,Z|%,Q < clu %,Q+C\f0

|”,Z(t)|%,0 +V|V“,Z|%,Q <clu zo,nt Uz %,Qf + |“,Z(O)|%,Q

(164)
+ C‘f0|§,gt < CD%DZZZ + [u,2(0) |%Q + C|f0|§,gt-
The above inequality implies (159).
Differentiating (158) with respect to r gives
2v 2v
Up+0-Viuy+v, - Vu—v(Au),+ ol = gt = for- (165)
Multiplying (165) by u » and integrating over () yields
1d 2
5%‘%'2@ + / vy - Vuu,dx — v/(Au),ru,rdx
o o (166)

1 uz
+2v/;u,wu,dx72v/r—'2dx = /fo,ru,rdx.
o 0 a

Now, we examine the particular terms in (166). The second term equals

/v,r -Vuu,rdrdz = /(vr,a,u + 0,0, 1)U rdrdz
Q o}
= /(wr,r”,r + 105 U U pdrdz

Q
= /(rvr,yu,ru,r + 105 U U )drdz
Q

= - /[(Tvr,ru,r),r + (rvg,uy) Judrdz = 1,
Q
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where we use rv, U yu|,—9 = 0 (see [9]). Continuing, we write I in the following form:

I=— /Krvr,r),r + (sz,r),z]u,rudrdz
Q

- / (1O pU gy + YOz Uz |udrdz = I + D.
Q

To estimate I;, we calculate
1
Ly = (rore) r + (10zr) 2 = 10rpr + Orp + 1022

Since v = v,&, + v,€; is divergence free, we have
Oy
vr,r + UZ,Z + 7 == 0 (167)

Since Equation (167) is satisfied identically in ), we can differentiate (167) with respect to r.
Then, we have

Or,r
Urpr + Uzzr + > 2= 0.

Hence,

Then, I; equals
L= —/%urrudrdz.
O

Therefore,
t
/ nat'| < |21 1Z jufear (168)
0 Tloatl T olgar
Next,
| <e(lupla+ lurla)+e1/e)|ulzalvn o+ [v050)-

The third integral in (166) equals

1
J= —v/(Au),ru,,dx = —1// (u,m + (ru,r) + u,m> urdrdz
fo) S

(@)

1
— —1// [(u/,, + ru’r> u,r| drdz+v / 1y (10,7) pdrdz
Q 4 0
1 a 1 r=R
+v/ —uy(uyr) drdz + /u?}zdx = —1// (u,ﬂ + u,r) Uyt dz
b’ o) - ' r=0
)
+v /(”,er +ud)dx + 1// r—’zrdx +2v / U it pdrdz,
Q Q Q
where the last term equals
a =R a
2 _ 2 _ 2
v/(u,,),rdrdz = v/u,, dz = v/u,, dz (169)
r=0 r=R

Q —a - —a

because u ,

r=0 = (Vg + Vg,7)|r=0 = 0.
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To examine the boundary term in |, we recall the expansion of v, near the axis of
symmetry (see [9])
vy = a1(z, ) +ap(z, )P +- - -,

so
u=ay(z,)r* +ax(z, )r* + - -

Then, (1, + %u,) u,rl,—o = 0, and we have to emphasize that all calculations in this paper
are performed for sufficiently regular solutions.
Therefore, the boundary term in | equals

i 1
Ji= _V/ Upr+ ;u,r Uyrr

—a

dz.
r=R

Projecting (158); on S; yields

1
—V (u,rr + ru,r> +2V% == fO on Sl
u 1
S = ( ; - 1/fO)

a
= —21//14?7

—a

Hence,

U ry

S

Using the expression in J; gives

dz.
r=R

a
dz + / fou,r
r=R
—a
The fourth term in (166) equals (169).
Using the above estimates and expressions in (166) yields
1d g

2 2 2 U
§E|”,r|z,0 +V/(M,rr +u’, )dx +1// Tz’dx
0 Q

2
u v
—ZV/—'zrdx S/’ru,ru
r r
(@) Q

+ €(|”,rr|§,0 + |”,r2|%,0) + C(1/8)|”|Zo,0(|vr,r|%,0 + |Uz,r‘%,0)

drdz

(170)

dz.
r=R

+c(1/e)|fol2n+ ‘ / Foityr

Integrating (170) with respect to time and assuming that ¢ is sufficiently small, we obtain

2
u,r

u, ()50 + V(|”,rr|§,0t + ‘”,r2|§,0t) SV

2,0t
(4%
r

u’r
r

tc 1] oo, 00t + C‘”|§o,0t(|vr,r|§,gt + |Uz,r|§,nt)

2,0

t a
u,r(0)|%,0+v//u,2r

0 —a
t a
[ [

0 —a

2,0t
(171)

+elfol3 o + dxdt
R

r=

+

dxdt’
r=R
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Using
u 2 ,02
I dxdt < |v4,r|2 + 2 ) dxdt < cD?
T ’ 72
Of Of
and
t a
2 / 2 2
//u,r dxdt’ < e[Vu,|5q +c(1/e)|url5 o
0 Za r=R ’ ’
t a
//fou,r dxdt’ < eqfusl], o +c(1/£1)|f0|i/325,
0 r=R e o
2 2 2
S 81(|u,rr|210t + ‘u,rz‘zlgt) + C(1/£1)|f0‘4/3,2,55
and Lemmas 1, 2, we have
|”,r(t)|%,0 + V(|”,rr|§,0f + |”,r2|§,nt) < ¢(Df + DDy + DiD3) 172)

+clfol3qr + clfol3 a0 + I1r (0B o
This inequality implies (160) and concludes the proof. [J

6. Estimates for w,, w,

Inequality (173) is the most important inequality in this paper. To prove it, we need
results from Sections 3 and 5 as well as Lemma 2. By the energy method, we derive (174),
where the first term on the r.h.s. is nonlinear. The aim of the proof of Lemma 16 is to show
that

(*) J < clulooar (D1 + [ull 1 06120 IT | 5 0,01 ()

To show (x), we replace w;, w; in | by derivatives of u described by (13) and express
components of velocities v, and v, by derivatives of ¢ using (15). We perform such
calculations in ], where we are able to extract the norm [u/, o). Then, | becomes bilinear.
Then, estimates (46), (159), and (160) imply () by the Holder inequality. Hence, | is
bounded by the quantity, which is linear with respect to the norm of I'. This implies that
the main Theorem 1 can be proved.

Lemma 16. Assume that Ds = Dy(D1 + D3 + Dy) and Dg = D;f‘g“ D3, where D1, and D, are
introduced in (46) and (52), and D3 and Dy are introduced in (159) and (160), respectively. Let

D; = |Fr|é/5,2,gt + |FZ|E/5,2,Qr + \wr(O)ﬁQ + |“JZ<O)|%,Q
+ |f<p|2,s§(D3 + Dy) < oco.
Let & be an arbitrarily small positive number and let vy € Leo(QF).

LetT € Ly(0,t; H(Q)).
Then,

I,

||wr||%/(gt) + HwZ”%/(Qf) +[ @15 o < eDs|T a0

(173)
+ cDg[o|2 T

12,0t + CD7.
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Proof. Multiplying (9); by wy, (9)3 by w;, integrating over (), and adding yield
1
SUwr®)50+lw:(O)50) + vVl o + Vsl o)
2 .
+v TV —v / fi - Vwyw,dSidt —v /ﬁ - Vwyw,dS,dt’
2,0t S; Si
= /[v”w% + 0222 + (Vy2 + Uz )wrw;)dxdt! (174)
Ot
1
+ [ (Bor+ st + 5(1wn(0)Bo + |w:(0) Bo)
Ot
1
=]+ [ (Fur + Fwsdxat + 5 (jo 0 o+ [w:(0) 3 ).
Ot
Since w, = —vy; and vy |,—g = 0, we obtain
—/ﬁ - Vw,w,dS; = 0.
51
Using w; = vy + 07“’, we derive
toa ” ’
—v/ﬁ - Vwyw,dSdt' = —v/ o; <v¢,r + :)) (UW + ;P> Rdzdt' = .
55 0 —a r=R
Since vy |,—g = 0 I; takes the form
toa -
L= —1/// (vwr + W)vw Rdzdt'.
0 —a r r=R
Projecting (7), on Sy yields
1
—v <v¢,rr + rm,,/,) = fp on 5.
Hence,
toa toa 1
L =R / / Fovgr|  dzdt = / / fo <u, - Ru) dzdt'. (175)
r=R r=R

0 —a 0 —a
Using (13) and (21) in ] implies

2
J= / |: - rlzu,zz(lpl,z + mpbl,rz) + (11,7/1,;*) (ﬂwaZ?’ + 2@01,2)

Ot
1
- rju,ru,z(_rwl,zz + 31, + rlpl,rr)] dxdt’ = i+ ]+ s

We integrate by parts in J; and use the boundary conditions on S,. Then, we have

1 1
]1 = / r—zuu,zz(lpl,z + rlp],rz)dxdtl + / ﬁuu,z(lpl,zz + rlpl,rzz)dth/-
Ot O
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Now, we estimate the particular terms in J;,

1 1
i1 = /uu,zzlﬁl,rdedf/‘ < |u|oo,0r u,zz‘Q,Qt ~P1rz ,
Ot r ’ 2
Uy Uz
Jo = /uwl,rzzdxdtl’ < |u|oo,0f W |ltb1/722 2,0tr
o r 2,0t
u u
Ji3 = /ujudxdt/ < |u|oo,Qf 2 M ’
ror 201 T 0
1
Jia = /r—zuu,zzzplrzdxdt’ = /uu,zz ilz’zdxdt’
Qt Qf
lpl,z
< [ulwatltzzhor| =5
= o

where integration by parts can be performed in view of periodic boundary conditions
on S;.
Next, we consider J»,

1 1
. / 12 (1 oy + 2 ) rdrdzdt’ = / 2 (1 2y + 24 2 )drdzdt

1,-2
Of Ot
toa 1 r=R
:// [uu,,(rtplrzr—&—leLz)} dzdt'
0 ~a r r=0
1 2
- /Mu,rr (rlpl,zr + r2’~p1,z> dxdt’
Qf
' 2 2 /
- / Ui » ¢1,zrr - 1721/)1,2 + ;lpl,zr drdzdt ’
Qf

where the boundary term for r = R vanishes because u|,—g = 0. To examine the boundary
term at r = 0, we recall from [9] the expressions near the axis of symmetry

U= al(z,t)r2 +a2(z,t)r4 4+,

SO
u, =2a1(z,t)r + 4ay(z, t)r3 + ..
Then,
1
;uu,r(ﬁpl,zr + 21/)1,2) ~ cr? (rlpl,zr + lel,z)-

The above expression vanishes for » = 0 because 11 , is bounded near the axis of symmetry.
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Now, we estimate the particular terms in Jp,

1 1
Jo1 = /”“,rrrlpl,rzdx‘it/‘ < |”|0<>,Q' ’rlpl,zr ’
2 2,0t

1 , 1
Joo = | [ ke 5ty zdxdt’| < fule o LS
2 r r 2,0

Uy u/r
Jo3 = /”71/J1,Z,rdxdtl < |u|oo,(2f - |1/J1'Z”|2'Qt’
7 " a0t

Qt
uy 1 Uy 1
Joa = /” p lel’l,zdx‘if' < Jufoo, 0 |2 FWz|
o 2,0
Uy , Uy 1
Jos =1 [ u dxdt’| < |u] o p PLAE
o o) 2,0

Finally, we examine J3. Integrating by parts with respect to z, and using the periodic
boundary conditions on Sy, we have

1
3= / Uu— 2 S U rz( 11,22 + 31, + rlpl,rr)dx‘it/
+ / r¢1 227 + 31/)1 rz + 7’1,[71 rrz)dth

Now, we estimate the particular terms in J3,

lpl zZ

J31 =

1
uu,rzripllzzdxdt” < |ut]eo,0rt | 14,2

7
2,0

‘ / "bl " dxdt

J32 = ‘/” Uz, rdxdt
ot

1— 1P1,
< lul, gl -

7

La(0,55Lp¢, (€2))

where ¢y > 0 can be as small as we want. Thus,

u
33 = rz 1,rr
J el e ———y pdxdt’
Qt
1—¢ € lPl rr
< u 0 0 0 T
> | |OO,Qt| (Pl 1"1_80 ZQt/
Uy Uy
J34 = /ulpl,zzzdxdt/’ <uloat | = [W1222]0 0t
o 2,0
u u, 1,
Jas = /u dxdt” < ] o 00t | Yirz ,
O "ot T o

U, Uy
Ja6 = /ulPerzdxdt" < [t oo, 0 ' [Y1rrzlo,00
2 r [ F¥oY
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Summarizing the above estimates, we obtain
]I < C|u|oo,nf ( “,zz|z,nt + ”,zr|z,of + |“,rr|2,of)'
1 1
: *Ebl,rz + 7#)1,22 + 74”1,2
r 20t 1T 20t T 2,0
Uy Uz
+ +|— |l/*71,rzz 2,0t + |¢1,zrr 2,0t
[P Yo) "l
1 1 1
+ |lpl,zzz 2,0t + *lpl,zz + *ll"l,zr + 7¢1,z
r 20 T 200 1T 2,0
1— 1 1
+C|u|oo,50,‘0(’;|22,0t Uz Z/Qt(‘lprlﬂ + ll;izlr >
LZ (O/t;LZ,so (Q)) LZ (Ort;LZ/EO (Q))
Using (52), (159), (160), and the estimates from (46)
u v
- < =2 + ‘U(p,r|2()f <cDy,
" o0t NP ¥oY ’
Uz
7 < |U(p,z|2,Qf < cDq
2,0t
we obtain the following estimate for |,
]| < ¢[D2(D3 + Dy) + D1 D3] <|1P1,rrz 20t + P12zl 0
1 1 1
+ |1/J1,zzz|2,ﬂf + -1z + =12z + *21/11,2
r 200 1T 200 1T 2,0
1780 0] ]- 1 — 7/
+ CD2 D3|Uzp|oo,0t ;lpl,rr + 77¢1,r =7.
Ly(0,5:La,e () L(0,5Lp ¢ (€)))
From (64), we have the following (recall that w; = T'):
|7~/J1,rrz 2,0t + |7~P1,rzz 2,0t + |7~P1,zzz|2,0f < C|F,Z|2,Qf‘ (176)
estimates (82) and (85) imply
“pl” P 2E 1’”12'2 < |l 2|y (177)
P Yol " lat o ’
Finally, (93) yields
1 1
PLAYe + 2% < cRT|y 2,00t (178)
Ly (0,t;L,e (1)) Ly(0,t;La,e (2))

Recall that (177) is valid for ¢4 |,—9 = 0.

This restriction implies that v;|,—¢o = 0, so it is a strong restriction on solutions proved
in this paper.

Using (176)-(178) in ]’ yields

J' < ¢cDa(Dy + D3 + Dyg) [T 2]y o + CD;_£0D3|U<P|22,@ T

1,2,Q0t-

In view of Lemma 15, the term I; introduced in (175) is bounded by

L<clfglystllullapar < clfplyst (D3 + D).
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Using the estimates in (174), we obtain
2 2 2
lwrl[an + llwzlly i + [Pl qr
1—
< ¢Dy(D1 + D3 + Dy) [Tzl + €Dy D300 s [T 11 2,00 (179)

+e(|B G sp0r T ElE/5000) +c(wr(0)30
+w:(0)30) +clfp 2,8t (D3 + Dy),

where we used

/(Frwr + Fw,)dxdt' | < €(|wr|%’Q + Iwzlé,g)
Q
+c(1/e)(|1F[g /5,0 + IF:lg/5,0)-

Hence, (179) implies (173) and concludes the proof. [

7. Estimates for the Stream Function in Weighted Sobolev Spaces

Recall that the stream function ; is a solution to problem (22). To increase the
regularity of weak solutions, we need appropriate estimates for 11, assuming sufficient
regularity of the vorticity wy.

Remark 7. In Lemma 4, the existence of weak solutions to problem (22) satisfying estimate (56) is
proven. Inequality (62) implies that the weak solution belongs to H?(Q) and the estimate holds

20 < clwy

1 2,0- (180)

Assuming that wy, € Ly(Q), estimates (63) and (64) increase the reqularity of ., such that
1. € H2(Q) and the estimate holds

1912l 2(00) < c(|wrzlz0 + |wil0)- (181)

Estimate (181) is derived using the technique of the energy method. However, this method is not
sufficiently robust to derive an estimate for (1 ;4

2,0

Moreover, estimate (181) is not sufficient to prove estimate (24) of Theorem 1. To prove
Theorem 1 we need estimates (85) and (93). To prove the estimates, we need the theory of
weighted Sobolev spaces developed by Kondratiev [10], which is used to examine elliptic
boundary value problems in domains with cones.

Unfortunately, estimates (85) and (93) hold for weak solutions where 1p; vanishes on
the axis of symmetry. This implies that the v, coordinate of velocity must also vanish on
the axis of symmetry. Therefore, Theorem 1 is applicable to a smaller class than the class of
weak solutions. This indicates that the regularity problem for axially symmetric solutions
to the Navier-Stokes equations is only partially solved.

Now, we show the existence of solutions to problem (22) in weighted Sobolev spaces.

Lemma 17. Assume that 1y is a solution to (61). Assume that wy ,, w1 € Ly(Q)).
Then,

1 1
/ (IP%,ZTV + ﬁw%,zr + 1,41‘/]%,2) dx + / lp%,zzzdx
o o (182)

< ¢ [z + fn P)dx.
Q

Proof. To prove the lemma, we need weighted Sobolev spaces defined by Fourier trans-
form (58) and introduced in (59) and (60). Therefore, to examine problem (22) in weighted
Sobolev spaces, we have to derive estimates with respect to r and z, separately. To derive
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an estimate with respect to r, we have to examine solutions to (22) independently, as well
in a neighborhood of the axis of symmetry, such as in a neighborhood located in a positive
distance from it. To perform such considerations, we treat z as a parameter and introduce a
partition of unity {¢(1)(r),¢?)(r)}, such that

2 .
¢ =1
=1

1

and

g(l)(r): 1 forrgro, CZ) "= 0 forr<r
0 forr > 2r 1 forr > 2r,

where 0 < rp is fixed in such a way that 2ry < R.

Let ¢§’) = 0, wgl) = wil® and ¢V = %g(i), ¢ = %g(l‘),i = 1,2. Moreover,
functions ¢ 1) and 4 (2) are smooth.

Then, we obtain from (22) the following two problems

2 . ,
=g =2t = o = 291,00 — g f
2 .
_ 2 i o) (183)
rlplg in O/,
(1)

1[19) satisfies periodic boundary conditions on S,

where
ol = {(r,z2):r>0,z€ (—a,a)},
Sgl) ={(r,z):r>0,z€{—a,a}}
and )
— 8 = g = ) — 2L - nl®)
2
— Zw i@ i 2)
“91g in 0 (184)
l[)§2) =0 on Sy,
lpiz) satisfies periodic boundary conditions on ng),
where
0% = {(r,2):rg<r<Rze€ (—aa)},
Séz) ={(r,z):ro <r<R,ze{—a,a}}.
We temporarily simplify the notation using
1 2
u=p, w=y?,
. . 2 .
f =i =291,8M = g™ = 292, (185)
. . 2 .
b=l = 291,8® — i Z® - 242,
Then, (183) and (184) become
—Au — Eu,r =f in O,
r (186)

(1)

u — satisfies periodic boundary conditions on S,
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and 5
—Aw — SWy = b in QO?,
w=20 on Sy, (187)
w satisfies periodic boundary conditions on ng).
Next, we use the simplified notation
pbc — periodic boundary conditions. (188)
First, we consider problem (186). We rewrite it in the form
— U — §ur =f+uy in o,
’ r ’ (189)
u satisfies pbc on Si.
For a fixed z € (—a,a), we treat (189) as
3 .
— Uy — ;u,, =f+uy in Ry (190)
Multiplying (190) by r? yields
U — 31, = 1 (f + 1) = g(r,2)
or equivalently
—10,(rdyu) — 2ro,u = g(r,z). (191)
Introduce the new variable
T=—Inr, r=e¢ " (192)
Since rd, = —dr, we see that (191) takes the form
—2u+20.u=g(e %,z) = ¢'(1,2). (193)
Utilizing the Fourier transform (58) to (193), we have
A+ 2iA = ¢,
For A ¢ {0, —2i} we have
1 / !
I = ——-¢ =R(A)S. 194
b= Torand =RAG (194)
We introduce the quantity
hik,u) =1+k—p. (195)

Consider the case where k = 0 and u = 0. Then, 1(0,0) = 1. Theorem 1.1 from Section 1
in [10] (also see Lemma 3.1 from [11]) yields the following:

Let f +u., € Lp(R4), and R(A) does not have poles on the line Im A = 1.

Then, we have

+oo+ih(0,0) +00+ih(0,0)
Y AP adr < c / 18'|2dA. (196)
—cotih(0,0) /=0 —cotih(0,0)

Using (60) and /(0,0) = 1, we obtain

2
/2 |0k u|?e*dT < c/ |¢'|?e*TdT.
R /=0 R
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Passing to variable  yields
2, 1 2, 10 2
[0 |~ + ™+ r—4|u| rdr <c [ |f + | rdr. (197)
R, Ry

Using notation (185) and the estimate for the weak solutions, we obtain from (197) the
inequality

1 1
(lp%,rr + ﬁ#ﬁ,r + r4¢%) rdr

R4 Nsupp ¢V
<c / |wr |Prdr + ¢ / (I, + [1|*)radr (198)
R4 Nsupp ¢V R Nsupp ¢
+c / (91,22 rdr.
Ry Nsupp ¢V

For solutions to (187), we have the estimate

12l 2 (0, R)nsupp @) = €Nl ((0,R)supp @)

(199)
Fellwslliy o rnsuppee)
In view of notation (185) we obtain
(|ll]1,rr|2 + le,r|2 + g1 [*)rdr
0,R)N @
(O,R)Nsupp ¢ (200)
<c [ (@l +grzl + gl + i Pyrr.
(0.R)supp ¢
Adding (198) and (200), integrating the result with respect to z, and using (56) yield
1 1
/ <lp%,rr + ﬁw%,r + 1,41/%) dx
o (201)

< C/(|w1’2 + 91,22 |*)dx.
Q

Replacing 1y with ¢y ., and w; with w; ;, we obtain estimate (182) from (201) and (63). This
ends the proof. [

Lemma 18. Assume that y is a solution to (61). Assume that u € (0,1), w; € H'(Q),
Q= (0,R) x (—a,a).
Then,

1 1 1
/ (lp%,rrr + ﬁ¢%,rr + 1741/]%,;’ + 1’61/J%> rzydx + Hlpl H%—[Z(Q)
Q

) (202)
+ /(110%,277 + lpizzr + lp%,zzz)dx <c (1 + Mz) ”wl H%—[l(Q)
Q

Proof. Recall the partition of unity introduced in the proof of Lemma 17. Also recall the
local problems (183) and (184), as well as notation (185). Then, we can examine problems
(186) and (187). First, we examine problem (186).

Applying the Mellin transform, any solution to (190) can be expressed in the form (194).
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In this case, we introduce the following quantity:
(1) =2—p. (203)

Since operator R(A) does not have poles on the line Im A = k(1, i), we have (see Theorem 1.1

from Section 1 in [10])
“oo+ih(1,u) 3

Y [APCD|a2dA
—coti(1u) 10
+00+ih(1,y)1
<c [ LA P
—eotih(Lu) 170

(204)

Using (60) for h(1, ) = 2 — u, we obtain

3
/Z | u|2e2C-NTar
=0
R ) (205)
< c/ Y [0hg! 22T dr,
R /=0

In view of equivalence (59), inequality (205) takes the form

1 1 1
/ (“W|2 + 72\”742 + 174|“r|2 + r6u|2)r2”rdr
R,

<c / ‘(f + Mzz),r|272Vrdr “+c / |f + uzz|272y—27dr,
R, i,

(206)

where z € (—a,a) and u € (0,1).
Integrating (206) with respect to z, and exploiting notation (185), yield

a
1 1 1
/ dz / <¢%,rrr + ﬁlp%,rr + rjl/}%,r + ;,64]%) rzﬂrd”
—4 RN ™
u+ supp ¢ (207)
<cfdz [ (0w +91m) P+ for + gzl 2
—4  Rynsuppg®

For solutions to problem (187) and notation (185), we obtain

a
2
J Y yp—
- (208)

a
2 2
< C/dz(le||H1(R+ﬁsupp§(2)) + ”lpl,zz”Hl(RJrﬁsuppC(z)))'

—a

From (207) and (208), as well as the Hardy inequality (see [14] (Chapter 1, Section 2.16)):

_ 1
/ |y + 1p1,22|2r2" 2rdr < E / |(w1 + lp1,zz),r|2r2Vrdr (209)
R, R
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we obtain

1 1 1
/ (wirrr + rjw%,rr + },744)%,1' + 1,(,11[)%) r2}ldx
Q (210)
<

1
¢ <1 + “le) [|w1 ||%—]1(Q) + /(lp%,zzr + lp%,zzz)dx:| .
Q
Using estimates (56), (62), (63) in (210) implies (202) and ends the proof. [

Remark 8. Since y > 0, the Hardy inequality (209) does not need wy + 1 zz|,—0 = 0.

8. Conclusions

The main result of this paper is the proof of (24). Since I' = w,, /r, we obtain from (24)
the estimate
lwgllvian < ¢(data), (211)

where we used the fact that r < R and R is finite. This means that (211) does not hold for
the Cauchy problem.
Using problem (14) and relation (15), we obtain

10" | L 0,:6(0)) < NP llieo02(00))

(212)
< cllwgll Ly (051,(0)) < ¢(data),
where v = (vy, ;).
Consider the Stokes problem, which follows from (6)
vp—vAv+Vp=—0 -Vo+f in O,
divo =0 in O,
v-iils, =0, wyls, =0, vyls, =0 on ST, (213)
v — satisfies periodic boundary conditions on S3,
v)t—o = v(0) in Q.
Using (212) and the energy estimate (46), we have
10" Vol 015 ,0(0)) < ¢(data). (214)

Assuming more regularity on data than in the proof of Theorem 1, and using the result
from [15], we obtain the following estimate for solutions to (213)

Hvuwsz'/lzz(ﬂt) < ¢(data). (215)

Anisotropic weighted spaces can be found in [16].
The above inequality implies

901114 5(cx) < 9(data) 216)

thus, the increase in regularity holds because in (46) we have || V||, (o) < ¢(data).
Continuing the considerations, we derive the estimate

HUHWZZrl(Qt) + HVPHLZ(Q’) < ¢(data). (217)

The existence of solutions to problem (6) follows from appropriately choosing a fixed point
theorem.
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W;%,’,} (Q)F) is the Sobolev space with mixed norm. We have

H”HW%}](@) = llullz,05L,) + Hayzcu”Lq(O,t;Lp(Q)) + [10rull L, 0,1, (02))-
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author (wz@impan.pl).
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Appendix A. Existence of Regular Solutions to (1) for Small Data

Recall the quantities

v w f F
l/ll:T(P,CUl:T(P,lP]:%,fl:T(P,FlZT(P. (Al)

In view of [12] system (1) is equivalent to the following one

2
Uy +0v-Vup —v (Au1 + ruu) =2uqy, + f1,

2
wit+o- Vwi — v(Awl + rw1,> = 21/{11/{1,2 + Fy,

2 A2
— A1 — g, =, (A2)

periodic boundary conditions on Sy,
uil—o = u1(0),
w1li=0 = w1(0).
Functions u1, wy, {1 have compact support with respect to variable r.

We multiply (A2); by u1|u1|?, integrate over ), and use boundary conditions to yield
the following:

utliq +clfilio- (A3)

We multiply (A2), by wi, integrate over (), and exploit boundary conditions. Then, we
have

4 4 2
E|”1|4,Q +vlulyn < clwilzq

i0+clRl3a (Ad)

d
%|w1 %Q + v|wn %Q < cluy

We introduce the quantity

X(8) =l (H)lia + o1 (D30 (A5)

Then, (A3) and (A4) imply

%X +vX < coX? +G(t), (A6)
where
G(t) = c(LA®)in+IA(HEq) (A7)

We consider (A6) on the time interval (0, T). We assume that for ¢ € (0, T), the following
inequality holds
G(t) < Coko. (A8)

Then, (A6) takes the form

d 1.,
— < — .
th S Coko (koX + 1) (A9)
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Let X = aX’. Then,

dx < o (’I’{‘zx’z + 1).
0
Setting a2 = ko yields

%X’ < covko(X? +1). (A10)

Integrating (A10) with respect to time implies

arctg X' (t) — arctg X' (0) < cov/kot.

Hence,
!
) < BV X0
1= X/(0)1 (cov/kot)
Recalling that X'(0) = %,?O) and setting y = cgv/kot, we obtain

X(0)
(tgy + m)m -

< 5
1— X(O)cot%

T), (A11)

where t < T. Hence, for large T, (A11) holds for sufficiently small X(0) and ko.
Consider (A6) in the interval (0, T). Using (A11), we can write (A6) in the form

Ix+vx<aw, (A12)

where v, = v — cgp.
Integrating (A12) with respect to time yields

t
X(f) < eVt / G(H)e"! dt’ + e "X (0). (A13)
0
Setting t = T implies
T
X(T) < /G(t)dt+e"’*TX(0). (A14)
0

For sufficiently small X(0) and ko, the time interval (0, T') can be chosen to be large. Then,
(A14) can imply that
X(T) < X(0). (A15)

Therefore, the previous considerations can be performed for any time interval (kT, (k+1)T),
keN.
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